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READER 


T may be expeCted that I ſhould here, by way 
of Preface , give an account of the enſuing 
Treatiſe,, ſomewhat more fully than is done 
in the Title-page : Both as ro the Deſign 
thereof, and the Meaſures I have taken un 
the purſuance of it, 

I have been ſeveral times called upon by 
divers, in-purſuance of an Intimation made, 
in the cloſe of my Matheſis Univerſalis , or 

| Opus Arithmeticum , as purpoling to follow 

it with a Treatiſe of ALGEBRA, ( which was then intended ſoon 
after, to follow ,, but hath 'been by many igcident Diverſions hitherto 
delayed; ) to perform that Promiſe or Intimation ſo made. | 

Whictt hath-given occaſion to this Treatiſe : Which, as to the Bod 
of it, was fini Bed, and ſent up to Loxdop, in order to be then Printed, 
inthe Year 1676, though many pieces of it, here inſerted, were written 
many. Y.cars. before. | 

And ane ſheer of it (as a Specimen) was then Printed, but the proſe- 
cution: thereof hath been diverted (and, in the mean time ſome Ad- 
ditions made to it, ) *till about the beginning of A»g»/t, in the Year 

(now laſt paſt) 1683. 
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Since that time ?till now , it hath been in the Preſs, and is now 
finiſhing, according to the Delign then publiſhed, 

It contains an Account of the Original, Progreſs, and Advance. 
ment of ( what we now call) Algebra, from time to time ; ſhewing 
its true Antiquity (as far as I have been able to trace it ; ) and by 
what Steps it hath attained to the Height at which now it 1s. 

That it was in uſe of old among the Grecians, we need not doubt ; 
but ſtudiouſly concealed (by them) as a great Secret. : 

Examples we have of it in Exclid, at leaſt in Theo, upon him ; who 
a{cribes the invention of it (amongſt them) to P/ato. : 

Other Examples we have of it in Papprs, and the effects of it in 
Archimedes, Apollonizs, and others, though obſcurely covered and 
diſguiſed. 

But we have no profeſſed Treatiſe of it (among them) ancienter than 
that of Drophantus, firſt publiſhed (in Latin) by Xylander , and ſince 
(in Greek and Latin) by Backetus, with divers Additions of his own ; 
and Re-printcd lately with ſome Additions of Monſieur Fermar. 

That it was of ancient uſe alſo among the Arabs, we have reaſon to 
believe, (and perhaps ſooner than amongſt the Greeks; ) which they 
are ſuppoſed to have recewed (not from the Greeks, but) trom the Pey- 
ſans, and theſe from the Indians. 

From the Arabs (by means of the Saracens and Moors) it was brought 
into Spaiz, and thence into Ezeland (together with the uſe of the 
Numeral Figures, and other Parts of Mathematical ].carning , and 
particularly the Aſtronomical, ) before Diophantus ſeems to have 
been known amongſt us: And from thole we have the name of 
ALGEBRA. 

And indeed moſt of the Greek Learning came to us the ſame way ; 
the firſt Tranſlations of Enclid, Ptolemy, and others, into Latin, 
being from the Arabick Copies, and not from the Greek Originals, 

The uſe of the Nameral Figures ( which we now have, but the 
_ had not) was a great advantage to the improvement of 
Algebra. ; 

Theſe Figures ſecm to have come in ule, in theſe Parts, about the 
Eleventh Century (or rather in the Tenth Century, about the middle 
of it, if not ſooner ; ) though ſome others think , not *cill about the 
middle of the Thirteenth ; and it ſeems they did ſcarce come to be of 
common uſe *till about that time. 

Archimedes (in his Arenarins) had laid a good Foundation of ſuch a 
way of Computation , (as he hath indeed, there and elſewhere, of 
molt of thoſe new Improvements, which later Ages have advanced;) 
Though he have not fitted a Notation thereunto. 

The Sexageſimral Fraftions (introduced, as it ſeems, by Prolemy ) 
did but imperfeQly ſupply the want of ſuch a Method of Numeral 
Figures. 

T he uſe of theſe Numeral Figures hath received two great Improve- 
ments.” The one is that of Decimal Parts, which ſeems to have been 
introduced ( filently and unoblerved ) by Regiomontanas , in his Tri- 
70no0metrical Canons, about the Year 1450 ; but much advanced 1n 
the laſt and preſent Century, by Simon Stevin, and Mr, Briggs , &c. - 

And this is much to be preferred before Ptolemy's Sexagelimal way, 
as is ſhewed by the comparative uſe of both, 
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And therefore Briggs, Gellibrand, and others, have attempted the 
introducing of this , even in thoſe caſes where the Sexagelimal is yer 
in uſe : Which doth 1n good meaſure, now obtain ; ( and, daily more 
and more.) And would, no doubt, have obtained abſolutely ere this 
time, did not the Old Tables heretofore Calculated, make it ſome- 
what neccllary to retain (in part) the Sexagelimal. 

The other Improvement is that of Logarithms, which is of great 
ule, eſpecially in Aſfronomical and other 7 rigonomerrical Calculations ; 
introduced by the Lord Neper, and rerfefled by Mr. Br:ggs ( about 
the beginning of this Century.) The ground and practice of which 
is here declared, 

And theſe things, though they be not properly Parts of Alzebra, 
are yet of great advantage in the practiſe of ir. 

The firſt printed Author which Treats of Algebra is Lucas Pacriolus, 
or Lucas de Burgo, a Minorite Fryer, of whom we have a Treatiſe in 
Italian, Printed at Venice in the Year 1494 , ( ſoon after the firſt In- 
vention of Printing,) and Re-printed there, a while after. 

But he therein mentions Leonardus Piſaxus, and divers others more 
ancient than himſelf, from whom he Learned it ; but whoſe Works 
are not now extant. . | 

This Fryer Lucas,in his Summa Arithmetica & Geometrica,(for he hath 
other Works extant) hath a very full Treatiſe of Arithmetick in all the 
parts of it; in Ivtegers, Prattions, Surds, Binomials ; Extraction of 
Roots, Quaaratick, Cubick, &c. and the ſeveral Rules of Proportion , 
Fellowſhip , about Accompts , - Alligation , and Falſe Poſition , (lo fully, 
that very little hath been thereunto added to this day : ) And (after 
all this) of A/zebra, with the Appurtenances thereunto, (as Surd 
Roots, Negative Quantities, Binomials, Roots Univerſal , the ule of 
the Signs Plus, Minus, or -|- —, @&c.) asfar as Quaaratick Equations 
reach, but no farther. | 

And this he tells us was derived from the Aras, (to whom we are 
beholden tor this kind of Learning,) without taking notice of Dro- 
phantaus ( or any other Greek Author ) who it ſeems was not known 
here in thoſe days. | 
After him followed Sriphelius (a good Author,) and others by him 
cited, who alſo proceed no farther than Qsaaratick Equations.. 

Afterwards Scipio Ferrens, Cardan, Tartales, and others, proceeded 
to the Solution of (ſome ) Cubick Equations. 

And Bombell; goes yet farther, and ſhews how to reduce a Biquadra- 
tick Equation (by the help of a Cabick) to two Quaaratichs. | 

And Nonnius or Nunnez (in Spaniſh ;) Ramus, Schonerus, Salignacus , 
Clavins, and others, (in Latin,) Record, Digs, and ſome others of our 
own, (in Ezgliſb; ) did (in the laſt Century) purſue the ſame Subje&t, 
in different ways ; but (for the moſt part) proceeded no farther than 
Quaaratick Equarions, 

In the mean time, Dzophantus, firſt by Xylander (in Latin) and 
afterwards by Bachetus (in Greek and Latin) was madepublick ; whoſe 
method differs much from that of the Arabs (whom thoſe others fol- 
lowed, ) and particularly inthe order of denominating the Powers ; ' 
as taking no notice of Swrſolids, but uſing only the names of Square 
and Cube , with the Compounds of theſe. 

And 
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And hitherto no other than the unknown Quantities were wont to, 
be denoted in Algebra by particular Notes or Symbols; but, the knowg 
Quantities, by the ordinary Numeral Figures. 

The next great ſtep, for the improvement of Algebra, was that of 
Specious Arithmetick, Nh introduced by Vzeta about the Year 1 590. 

This Specious Arithmetick , which gives Notes or Symbols (which he 
calls Speczes) to Quantities both known and unknown, doth (without 
altering the manner of demonſtration , as to the ſubſtance,) furniſh us 
with a ſhort and convenient way of Notation ; whereby the whole 
proceſs of many Operations is at once expoſed to the Eye in a ſhort 
Synoplis. : _— 

By help of this he makes many Diſcoveries, in the proceſs of Alzebra, 
not before taken notice of, 

He introduceth alſo his Numeral Exegeſis, of afteQed Equations , 


extraCting the Roots of theſe in Numbers. Which had before been a 
plied to ſingle Equations , ſuch as the extraQting the Roots of Sywares, 


Cubes, &c. ſingly propoled ; but had not been applied (or but rarely) 
to Equations attected, 

And in the Denomination of Powers, he follows the order of Dzo- 
phantus ; not that derived from the Arabs, which others had before 
uſed. 

The method of Vera is followed, and much improved, by Mr. Ough- 
rred in his Clavis (firlt publiſhed in the Year 1631.) and other Treati- 
{cs of his; and he doth, therein, in a brief compendious method, de- 
clare in ſhort, what had before been the Subject of large Volums : And 
doth, in few ſmall pieces of his, give ns the Subſtance and Marrow 
of all (or moſt of) the Ancient Geometry. 

And for this reaſon , I have here inſerted a pretty full account of 
his method , together with an Inſtitution for the pra&tice of 4/gebra 
according thereunto. And, though much of it had been before taught 
in the Authors above mentioned, yet this I judged the moſt proper 
place to inſert ſuch an Inſtitution z becauſe by him delivered in the 
molt compendious form. | 

And in purſuance of his method, and as an Exemplification thereof, 
I have here added. (beſide fome Examples of his own) a Diſcourſe of 
Angular Settions, and ſeveral things thereon depending. But this 
(that it might not ſcem toogreat a Digreſſhon in the body of the Book) 
] have ſubjoined at the end as a Treatiſe by it ſelf; as, for the like 
Reaſon, I have done ſome other things ; to which the principal Trea- 
tiſc doth (in the proper places) refer. 

Mr. Harriot was contemporary with Mr, Oughtrea, (but elder than he, 
and died before him,)and left many good things behind him in writing. 
Of which there is nothing hitherto made publick , but only his Algebre. 
or Analytice, which was publiſhed by Mr. Warzer, ſoon after that of 
Mr. Ozehtred, in the ſame Year 1631. 

He alters rhe way of Notation , uſed by Vietz and Onzhrred, for 
another more convenient. | 

And he hath alſo made a ſtrange improvement of A/z&rs, by dil- 
covering the true conſtruQtion of, Compound Equations, and how they 
be railed by a. Multiplication of Simple Equations, and. may therefore be 
reſolved into f{uch, | 
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By this means he-ſhews the number of Roots ( real.ar imaginary) 
in every Equation, and the Ingredients of all the Coefficients, in each 
degree of AﬀeQtion. | 

He ſhews alſo how to increaſe or diminiſh-the Roots (yet unknown) 
by any Exceſs, or in any Proportionaſligned; to:deſtroy ſome of the 
intermediate Terms; to turn Negative Rootsinto Affirmative, or theſe 
into thoſe; with many other things very advantagious in the praCtice 
of Algebra. | 

And amongft other things, teacheth ( thereby) to reſolve, not 
only. Qaadrazicks, but all Cubick Equations; even thoſe whoſe Roots 
have, by others, been thought Ivexplicable, and but Imaginary. 

In ſum, He hath taught: (in-a manner ).: all that which hath ſince 
paſſed for the Carreſien method of Algebra; there being ſcarce any thing 
of (pure) Alzebra in Des Cartes, which was not before in Harrior ; 
from whom Des Cartes ſeems. to. have. taken; what he hath (that is 
purely Algebra) but without:naming him. 

Bur the Application thereof to Geometry, or other particular Sub- 
jeas, (which Des Cartes purſues, ). is not-the buſineſs of that Treatiſe 
of Harriot, (but what he hath handled in,other Writings of his, which 
have not yet the good: hap to be made publick ; ) the deſign of this 
being purely Algebra, abſtraCt for particular SubjeQts. 

Of this Treatiſe here is the-fuller account inſerted, becauſe the Book 
it ſelf hath been-bur little known abroad,; that it may hence appear 
to-what eſtate Harriot had brought Algebra before his death. 

After this follows an account of Dr. Pe/Ps method, who hath a par- 
ticular way of Notation, by keeping a Regiſter (in the Margin) of the 
ſeveral Steps in his Demonſtrations , with. References from one to 
another. . 

Of this, ſome Examples are here inſerted of his own, and others in 

imitation thereof ; with intimation how that innumerable Solutions 
of Undetermined Caſes are by his method eaſily diſcoverable, where 
great Mathematicians have thought it a great work to-find out ſome 
one. 
On this occaſion there is a farther Diſcourſe of Undetermined Queſtions, 
and the Limitation of them, and particularly of the Rule of Aligation ; 
and of (what they call) Geometrical Places ; which are of a like nature, 
and but the Geometrical Conſtruftion of ({ome of) theſe Undetermined 
Queſtions. 

After this is a Diſcourſe of Negative Squares, and the Roots of them ; 
on which depend (what they call Imaginary Roots of Impoſſible Equa- 
tions ; ſhewing, what is the true Import thereof in nature, with 
divers Geometrical Conſtruttions ſuiting thereunto, 

And here alſo ( though by way of Digreſhon , as to the principal 
Sabject ) is account given of ſeveral Geometrical ConſtruQtions, not 
only of Quadratick, but even of Cubick and Biguadratick Equations. 

Then follows a Diſcourſe of the method of Exhauſtions ( uſed by 
Ancients and Moderns,) with the foundation of it. 

And in purſuance thereof, the Geometris Indivifibilium of Cavalcrins ; 
ſhewing the true import thereof, and its agreement with the Ancients 
method of Exhauftions ; as being but a compendious Expreſſion thereof, 
and grounded thereupon; not any way contrary or repugnant there- 
unto. 

Con- 
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Conſequent to this, is the Arithmetica Infinitorum: , which depends 
alſo on the method of Exhauſtions ; taking that to be Equal , which is 
proved to differ by leſs than any aſlignable Quantity. 

And laſtly, the method of Infinite Series , (as of late they have been 
called) or continual Approximations, (grounded on the ſame Principles;) 
ariſing Principally from Diviſion, and ExtraCtion of Roozs in Species, | 
Infinitcly continued, : 

With ſeveral Examples of the Application thereof, to the Squaring 
of Curve-lined Figures, ReCtifying of Curve Lines, Planing of Curve 
Surfaces, and many other perplexed Inquiries. And a Vindication 
of the method of Demonſtration therein uſed. 

Which is an Arithmerick of Infinites upon Infinites, For when as the 
Luotient of Diviſion, or the Root extracted, in Speczes; doth not Ter- 
minate , but run on Infinitely, (much after the manner of ſome ordi- 
nary FraQtions, when reduced to Decimals ;) an Infinite Series of theſe 
(continued as far as is thought neceſſary,) is Collected accordingto the 
method, in the Arithmetick of Infinites, for Terminated Magnirudes. 

This was introduced by Mr. Iſaac Newton, and hath been purſued 
by Mr. Nicbolas Mercator, and others, | 

And it is of great uſe for the ReCtifying of Carve Lines, Squaring of 
Curve-lined Figures , and other abſtruſe Difficulties in Geometry ; eſpe- 
cially where the Enquiry doth not end in a determinate Proportion , 
explicable according to the commonly received ways of Notation. 

And on this occalion, 1s inſerted a Diſcourſe of I»finite Progreſſions 
Geometrical; (which, when decreaſing , become Equivalent to Finite 
Magnitudes,) firſt uſed by Archimedes, and ſince purſued by Torriceline, 
«ne Vincent , Tacquet, and others. With the Reſult of two or more 
ſuch Progreſſions compounded. 

Several other Diſcourſes are, partly inſerted in their proper places, 
and partly ſubioyned at the end, that they might not ſeem too great 
Dn. 

nd particularly a Treatiſe of the Coo-Cuntizs (a Body Compounded 
of a Cone, and a Weage,) with the SeCtions thereof; conſidered in the 
{ame manner as the SeCtions of a Cope uſe to be conſidered. 

A Treatiſe of Angular Seftions , (a Subjet handled by Viet, and 
others,) with other things thereon depending ; together with a ſhort 
(bur full) account of Trigowomerry. 

A further Treatiſe of the Angle of Contatt ; in purſuance of a former 
Treatiſe on that Subject. Wherein is further diſcourſed what concerns 
the Compoſition of Magnitudes, Inceptives of Magnitades, Compoſition of 
Motions, and other things hereunto relating. 

A Treatiſe of Combinations, Alternations, and Aliquot Parts : A Sub- 
je&t diſcourſed of, by Schooren, Pell, Kerſey, and others. 

With many other things, which may be ſeen in the Table of Chap- 
ters; but, more fully, in the Treatiſe it ſelf. Much of which are 
Additions of my own , where I apprehended a defect (in what I met 
with in others) which ſeemed needful to be ſupplyed. | 

But I do not pretend ſo to have gleaned all thoſe Authors who have 
Written on this Subje&, as to have left nothing worthy to be there 
ſought, in the Authors themſelves, ( eſpecially as to the Accommo- 
dation thereof to particular SubjeQs : ) But have rather direCted to 


. thoſe Authors where ſuch things are to be found. 
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And I have been the leſs able ſo to do (if 6 would have done: it 2 
becauſe I did not. delignedly read them aver to this purpoſe, nor 
(when E did-read them) did. make ColleAions (as I went along) in 
order to ſuck a deſign, - But have rather (qut of my memory) inſerted 
(in-their proper places) fuch, things as the Order and Method of the 
Diſcourſe ſeemed to call for ; and (on-ſuch occations) had recourſe to 
the refpedtive Authors. - - | 
«Thoſe whodefire a filler account of ſuch things as I have but briefly 
couched ; may, for that purpoſe, conſult Fzera, Oughtred, Harriet,Cartes, 
Shyſuw, and others ; and (in Engliſh) Mr.Ke/; who hath publifhed a 
Compleat Volume of Algebra (with the Appurtenances thereunto) in 
Two Parts, i 

But my deſign being, 'tq trace this of Azalyticks (as the Greets call'd 
it). or 4/z«bra (as the 4rab1) from its firſt Qriginal (as near as1 could) 
by the ſeveral Steps whereby it hath proceeded : Mine Eye was chiefly 
onthe ſeveral Advances which from time to time it hath made. Omit- 
ring, ns the.moſt part , the Accommodations thereof to particular 

ubjects. 2 

And herein I have endeavoured, all along, to be juſt to every one : 
Aſcribing, as near as I could, every Step of —— to its own Author ; 
or at leatt to the moſt ancient of thole in whom 1 found it. 

If I have any where: mifled of this (aſcribing to a latter what was 
due to ſome. former Writer; it is either becaule t had not read the 
more ancient , or did not there heed it when 1 ſo read , or at leaſt did 
not remember jt, when I was Writing. . And I ſhall be willing to be 
reified, in what I have any where miſtaken. 

There may yet perhaps ( notwithſtanding all, my care) be ſame 
difficulty to ſatisfy all Readers, as't9 what I have, or what I have 
not;taken notice of, Who may think there are divers things omitted - 
' (and doubtleſs there are ſo) which might deſerve to be taken notice ** 

of; or but briefly touched, which might have deſerved a fuller diſcourſe; 
and ſome thiogs inſerted,” which (in their opinion) might have been 
ſpared, or needed nat to haye heen {0 fully bandled. 

But as to ſuch things , 1 muſt be content to leave my {elf to the Rea- 
ders.Candor ;. or leave the Readers themſelves to ſatisfie one another. 
Amongſt whom, ſome may-be found to Blame , what anather Com- 
mends, and ſome to Commend, what angther Blames. 

And I have endeavoured all along to repreſent the ſentiments of 
others with/Candor, and to the beſt advantage : Not Studiouſlly fſeck- 
ing oppottuaities of Cavilling , or greedily catchipg at them if offered. 
{For there is no man can Wrye fo warily , but that he may ſometime 
give I { tap. Cavilling, to thoſe who ſeek it.) And have been 
careful to put the beſt Conſtruftion on their Words and Meaning ; 
and, if need be (as ſometines there js) to; belp an incommodious ex- 
preflion, by.one (as at leaft; edito.me) more iatelligible and better 
agreeing (or more fully) to their own meaning; (without reproach- 
ing them for the wantoffuch:) For it many times happens, that, a 
' Man lights .on a good notion ; which he hath not the happinels to ex- 
preſs ſo intelligibly, as perhaps another may'do for hic. And if here 
(ſometimes) I have ſo done (as 1think Ikave;) Ido not therein wrong, 
either the Author or the Reader. 
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As to the Printing of it ; I could not avoid lying under ſome diſ. 
advantage therein. By reafon that I could not my ſelf'be at hand rg 
attend the Preſs. For it is not every Printing-houſe , that. is' provided 
with ſuch variety of Chara&ters as would be neceſſary to ſuit fuch an 
occaſion as this. And, to have all ſuch caſt a-new for this purpoſe ; 
would be a matter of great charge. 

For preventing of which, I judged it moſt expedient. (though I'was 
obliged to be my ſelf at wt to make fe of that of Mr. Joh 
Playford (in London; ) which , by Mr. William Godbid (while he liv'd) 
and {ince by himſelf, is plentifully ſupplyed with fuch Furniture, on 
purpole to be ready for ſuch occaſions. + L7HIO grid 

On this occaſion ; not- having the opportunity of ſceing the Sheets 
before they were wrought off at the Preſs : It could:not be avoided , 
but that, in a Work of this nature (ſo different from the Printers com- 
mon Road )) divers miſtakes muſt needs eſcape. | 

Wherein yet I was much aſſiſted by the friendly care and diligence of 
Mr. Edward Pagit (ſometime Maſter of Arts of Trinity College in .Cam- 
bridge, and now Maſter of the Mathematick School in Chr:t- Hoſpital 
at London;,) a perſon very well skilled in this kind of Learning. Who, 
notwithſtanding his other occaſions ( which give him a full imploy- 
ment) hath been pleaſed to do me the favour (and give himſclt the 
trouble) to ſee to the CorreCting of the Preſs; eſpecially as to what 
is peculiarly Mathematical , wherein the ordinary CorreCtors were 
leſs acquainted. 

But all this care, could not hinder but that, either by a miſtake of 
the Copy (which was far from being fair Written , moſt of it having 
never been Written more than once ; nor could well be truſted to be 
Tranſcribed by a fairer hand ; left ſuch Tranſcriber , unacquainted 
with the ſenſe, ſhould, in giving it a fairer CharaQter , give it more 
material faults ; ) or ſome other the like accident : Some Errors have 
paſſed unobſerved. 

Yet as few as ( conſidering the Circumſtances ) could well be ex- 
pected. And moſt of them 4 which are material ) ſuch as in another 
Book would not have been worth the noting : being bur literal faults, 
which in a common diſcourſe the Eye would ( either not ſee, or) 
eaſily Corre&t : Though here the miſtake or miſplacing of a Point or 
Letter , be more than (in another diſcourſe) the omiſſion or miſtake 
of a Word. 

And theſe (ſuch as they are) I have been careful to Colle& (for 
the Readers eaſe ; not, to the Printers diſparagement , whom I have 
no great cauſe here to blame ;) that thoſe being CorreQted, the 
Reader may, with leſs heſitance , paſs over the difficulties of Com- 
putation. 

Beſide which, if there be ſome others which I have not obſerved; it 
is to be hoped, that thoſe who ſhall be ſo skilful as to diſcover them, 
w1ll have skill enough to Corre& them. | 

And Three Copies (at leaſt) of theſe (one for the Bodleyan, another 
for the Savilign Library at Oxford , and a third for the Royal Sociery,, 
at Londoy ;) T intend to have accordingly Corrected with a Pen, that, 
from one of them, who ſo pleaſe may Corrett his own. 


* 


As 


CEEDODT oe 3 OE ES 

to the Reader. 
| As to the Propoſals that were made for Subſcriptions ; I have no 
more to ſay , but that thoſe were Propoſals ( not of mine, but) of 
the Bookſeller who was corterhdd in the Printing of them (and for 


his advantage and incouragement: ) Who, if he be thought to have 
= a greater price onit, than on oxi Books _ alike bulk ; hath -—_ 


for ity: TIE; of 987; is. bninels of 

T le and 0 % bert x Impre 

% to the _— S Fe ro ecauſe 
yers afe == $I Foo ot e Books the 


dearer. 


Laſtly , As at the Inſtance of thoſs ( whether of the 
or of the Royal Society) who are $killed in theſe Afﬀairs, 1 _ under- 


taken the Work; ſoto their Acceptance Irecommend it. 


Nov. 20. . 1684. 
-» FOHN Wh LIS. 
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© Algebra. 


F the Nature of ALGEBRA, and divers Names 
thereof. 
Chap. II. Of Algebra i» Euclid, Pappas, Dio- 
hantus, «xd ix the Arabick Writers, 
Chap. III. Of the Numeral Figures, zow in uſe, 
from whence we had them. 
Chap. IV. How Ancient tbe uſe of Numeral Figures hath been in theſe 
parts of the World. 
Chap. V. The uſe of the Numeral Figures. 
Chap. VI. The method of Archimedes for deſigning great Nignbers. 
* Chap: VII. Of Sexageſimal FraQtions. ” | 2 | 
Chap. VIII. Of Decimal Frat#ions ; and the uſe of them in the ſeveral 
arts of Arithmetick. | 
Chap. IX. The Antiquity of Decimal Fractions. 
Chap. X. Reduttion of Fraftions or Proportions , #0 ſmaller terms, as 
near 4s may be to the juſt value. 
Chap. XI. The ſame applied in particular to the Proportion between the 
Diameter axd Perimeter of 4 Circle. 0 
Chap. XII. Of Logarithms ; heir Invention and Hſe. 
Chap. XIII. Of Leonardus Piſanus, Lucas Pacciolus,Cardane, Tartalea, 
Nunnes, Bombel, and other Writers of Algebra before Vieta. 
Chap. XIV. Of Francis Vieta , and h# _ Arithmetick. 
Chap. XV. Of Mr. Oughtred , and his Clavis. 
Chap. XVI. Addition, SubduCtion, Multiplication , Diviſion, and 
ExtraCtion of Roors in Specious Arithmetick. 
Chap. XVIL The Grounds of the foregoing Operations explained. 
Chap. XVIII. The like Operations i» Frattions, 
Chap. XIX. Of Proportion, 
—_ XX. Compoſition of Proportions ; 4nd other Operations relating 
Fo FReMm. 
Chap. XXI. Of Progreſſion , Aritrhmetical and Geometrical. 
Chap. XXII. The Nature and Compoſition of Squares , Cubes, andother 
Powers 
Chap. XXII. Extrat#Fing the Root of Squares, Cubes, and other Powers, 
or Figurative Numbers, 
Chap. £XIV. Of Mixt ExtraQtions ; or the Roots of AﬀeQted Equa« 
ti0ns. 


Chap.l. 


Chap. XXV. 


& The Contents. 
, Chap+XXV--Of Surd Roots. \ Joo 
Chap. XXVI. Several Ligatures, or Comſpendious CharatFers ; and the uſe 
\ them, © = - 
Chap. XXVII. The Nature-of Equations, with Preparatory Operations 
ro the Solution of thems. | | 
\Chap..XX VIM. «The Reſolution of Quadratick Equations. 
Chap. XXIX. The Accommodation of Algebra , to Geometry , and 


other Snhbjets, 
[Note, That, in Printing, theſe twolaſt Chapters, are, by miſtake, tranſpos'd.] 


Chip. XXX: Of Mr. Harriot's Alocbre ; and the firſt Seition of it. 
Chap. XXXI. . Of Mr. Harriot's ſecond Settion ; and particularly of Equa- 
tions Sieple and Compound ; and how theſe are y arr of thoſe. 
Chap. XXXII. | His Derivation of Quadratick Equations, 
Chap: XXXIIL His Derivation of Cubick Equations. 
Chap. XXXIV. His Derivation of Biquadratick Equations. | 
Chap. XXXV. A /ike Derivation of Superiour Equations. And forming 
' bz Canonical Equations, from theſe Originals. 
Chap. XXX VI. Of Diſlolving Compound Equations. 
Chap. XXX V1I. - The Compoſition , Coefficients. 
Chap. XXX VIII. Of Changing Affirmative Roots into Negatives ; and, 
- Negatives ito Affirmatives, on 
Chap. XXXIX. Of Mr. Harriot's third Sei#0n ;, concerning Secundary 
Cqnonicals ,, wherein ſome Places be wacant. 
Chip. XL.” Hi fourth Settion; concerning the Number of real Roots, 
Chap, XLI: His fifth Sefion , concerning Common Equations, 
Chap. XLIL He ſixth Seftion, and if concerning Multiplying and 
Dividing «»known Roots; for avoiding Fraftions axd Surds. 
Chap. XLLI. Of his Addition aud Subduction i #nknown Roots ; and 
 thertby deſtroying the Second Term, ts: 
Chap. XLIV. The uſe thereef in Reſolving Quadratick Equations. 
Chap. XLV. The »ſe of the ſame, for Reſolving Cubick Equations. 
Chap. XLVI. Another method for Reſolving Cubick'Equations: 
Chap. XLVII. Exerating the Cubick Root 7 « Binomial. 
Chap. XLVIII. This extended to Roots thought Inexplicable. 
Chap. XLIX. Of the other two Roots ;n Cubick Equations. 
Chap. L. Extrai#ing the Roots of 9ther Binomials, 
Chap. LI, The reft of Mr. Harriot's ſixth Sedtion ; concerning Biquadra- 
tick Equations, | 
Chap. Lli. Of Mr. Hartiot's ſecond part ; concerning the Numeral Re- 
ſolution of AﬀeCted Equations. | 
Chap. LI. 4 Ange of Particulars , in Harriot's Algebra; and 
the Eſtate to which he had reduced it | 
Chap. LIV. Some Examples of the Application thereof to particular 
Subjefts. JM 
Char? LV. 4 Rule of Des Cattes , -for Diſſolving 4 Biquadratick 
Equation into Two Quadraticks. | 
Chap. LVI. Of other like Rules , of Hudden, Merry, Bartholide, &s. 
with other Improvements. 4 
. Chap. LVII, Of Dr. Pell ; And particularly concerning Problettis Im- 
 'perfely Determined, + | | £2 


be ha Þ. Lv, 


The Contents. 


Chap. LVIII. Of the Rule of —_—_— as commonly delivered; my 
«s perfected by Bachetus. + 

Chap. LIX. Dr. PelPs rf ex phe, in an Example of his own. 

Chap. LX. Another Example , in Imitation of his. F 

Chap. LXI. The ſame rare otherwiſe explained. 

Chip. LXII. The Application of rhe phe Solution 50 the Particiittr 
Caſe 4.4 

ck LXIII. Another method for the like Que jon. | 

Chap. LX1V. Of what the Ancients called Places. 

Chap. LXV. Other Examples of the ſame kind, L 

Chap. LXVL 0 9, Neg Negative Squares , axd their Imaginary Roots. , 

Chap . LXVII. The ſame Exemplified in Ge 

Chad. LXVII. The ouheoar. ar Conſtruftion atconmodited rhereunto. 

Chap. LXI1X. Other Geometrical Conſtruftions thereunto relating. 

Chap. LXX. The Geometrical ConſtruQtion of Cubick and Biquadra- 
tick Equations. X 

Chap. LXXI. Of Impoſſible Roots 3» Superior Equations. i) 

Chap. LXXII. 4 Reeepiratarhia of the Solutions of Quadratick and Cubick 
Equations. 

Chap. LXXIII. The method of Exhauſtions. | 

Chap. LXXIV. Of Cavallerius his method of Indivilibles, 

Chap. LXXV. of the Arithmetick of Infinites. : 

Chap. LXXVI. The ſame apphed to Conick Seftions, and other like 
SeQtions of Solids by « Plain. 

Chap. LXXVII. The = applyed to the ReQifying Curve-Lines, and 

ing Curve-Surfaces. 
Crop, LXXVIII. Of the Demonſtrations «ſed i» the Arithmetick of 
nfinites. 

Chap. LXXIX. Of Monſieur Fermat”s exceptions to it. 

Chap. LXXX, Of Mosficer Bulliald*s Bock Ad Arithmeticam Infint- 
torum-. 

Chap. LXXXIT. Of two or more Series conwetted. | 

Chap. LXXXl. Roots Univerſal o ffs ſuch connetted Series; in order to 
the Squaring of the Circle or El 

Chap. LXXXIIl. The Quadratare of the Circle , or to be expreſſed in 
any received way of Notation. 

Chap. wit .The ſame expreſſed , in the way of Approximation , by 

_ Interpolation 

Chap. LXXXV. Another method of Approximation,by Mr.lſaac Newton, 

Chap, LXXXVI. A methodof Approximation, according to Archimedes. 

Chap. LXXXVII. IT by Diviſion, aud ExtraQtion of Roots, 
in Species ; proceeding in an Infinite nw" 

Chap. I. Examples of ſuch Series ar 

Chap. LXXXIX. This = pared to the Re 
Decimals and Senagntionk, 

Chap. XC. The like relating to the Sq Squaring of the Hypecrbola. 

Chap. XCI. The Dottrine of Infinne Series , farg profecuted by 
Mr. Newton. 

Chap. XCII. Application hereof to the Circle and Eli _ 

Chap, XCIIL. Alike Application of it to the Hyperbota. 

_ XCIV. A new method of Extrafting Roots, in Simple and Aﬀetted 

quations. 


; 


from Diviſi 10N, 
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Chap, XCV. 


The Contents. 


Chap. XCV. Examples of the Application thereof, in many Ca | y 
Chap. XCVI. Of Geometri | Proceeſſuns N Inknitely _——_ 
Chap. XCVII. - An Exemplificarion of this method, occaſioned by 4 Letter 
of P. Bertet. —_— _ 
Chap. XCVIII. 4 method of Approaches for Numeral Queſtions 
boneg by a Problem of Monſieur Fermat. ——— 


Chap. XCIX. The ſame further purſued,” 1: hh 1 
Chap. C. A Concluſion of the whole, '\ 
Cono-Cuneus. 


Body reſembling in Part a Conus , in Part a Cuneus, Geometri- 
_ cally conſidered ; and the Seftions thereof. 


. # 


a —_ a ——_— 


Angular Sections. 


Chap.1. T HE Duplication and BiſtQion.of aw Arch or Angle. 
Chap.II: The Triplicationesd TriſeQ&tion of a ar or Angle, 

Chap. III. The Quadruplation and Quadriſettion of au' Arth or Angle. 

Chap. IV. The Quintuplation a»4 QuinquiſeQion of 4» Arch or Apgle. 

Chap. V. The Sextuplation aud SextiſeQtion of az Arch of Avghe. 

Chap. VI. The Proportion of the Baſe to the Legs of « Triawgle, according 

45 is the Angle at the Top of it. 
Chap. VII. Application thereof to particular Caſes. 
Chap. VIII. Of the Canon of Subtenſes, a»d Sines; of Tangents «l/o 


and Secants. 
Chap. IX. Of Angles compared with the Arches on which they Band. 


"_ 


Defenſe of the Treatiſe of the Angle 
of Contact. 


Chap.I FIHE Angle of Conta@ # of No-magnitude. 
Chap.II. The Objeions of Clavius anſwered. 

Chap. III. Leotaud's Objeiions anſwered. 

Chap. IV. The ſame further Illuſtrated, 

Chap. V. Concerning Compolition of Magnitudes. 

Chap. VI. Inceptives of Magnitudes. 

Chap. VII Of he Compoſition of Motions. 


Com- 


by ? 


Combinations, Alternations; . and - 


Aliquot Parts. 


Chap.I.G"YF the wariety of Ele&ions, #2 Choile, . i» taking or Jeauing 
One or More , out of a cevtdjm Number of things propoſed. ; 
Chap. II. Of Alternations ; or the different change of Order in «ny Num- 


ber of things propoſed. 


Chap. II. Of the Diviſors, a#d Aliquot Parts , of a Number pro- 


peſea. 


Chap. IV. Mozſieur Fermat's Probleras , comerning Diviſors and Aliquot 


Parts, 


Additions; and Emendations. 


F the firſt Introduttjon of Nameral Figures. 
- Of Diflolving Compound Equations. © 
Geometrical ConſtruQtions of ſame _—_— 


Further Examples of the Arithmetick'of Inflnires. 


Equzpollence cf che different Deſignations, of Sines; Tanpents, Secants, 


and Verſed-lines. 
Of Trigonorietry. 
= - 
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Abour Printing a TxEATt1ISE of 
ALGEBRA, 


HisTroRicar and PracTticar: 


Written by the Reverend and Learned Dr. John Wallis ( Savilian 


Profeſſor of Geometry in the Univerſity of Oxford ), con- 
taining not only a Hiſtory, but an Inſtitution of ALGEBRA, 
according to ſeveral Methods hitherto in praice ; with many 
Additions of bis own. 


Noe ooos ooo T contains an Account of the Original, Progreſs; 
S&. + G3 Z1 and Advancement of ( what we now call ) Algebra, 
| from time to time, and by what ſteps It hath at- 

tained to that height at which now it is. 

Alſerting, That it was in uſe of old among the 
Grecians; but ſtudiouſly concealed as a great Se- 
cret. 

Examples we have of it in Euclid, at leſt in 
Theon, upon him; who aſcribes the invention of it 
(amonglt them) to Plaro, 

| Other Examples we have of. it in Pappms, and 
the effects of it in Archimedes, Apollonixz, and others, though obſcurely cove- 
red and diſguiſed. ; 

But we have no profeſſed Treatiſe of it (among them) ancientfr than that 
of Dijophantus, firſt publiſhed (in Latin ) by Xylander, and ſince (in Greek and 
Latin ) by Bachetws, with divers Additions of his own and reprinted lately 
with Additions of Monſieur Fermat. 

That it was of ancient uſe among the Arabs (and perhaps ſooner than 
afniong!t the Greeks ) , which they are ſuppoſed to have received from the Per- 
fians, and theſe from the Indians. 

From the Arabs (by means of the Saracens and Moors ) it was brought into 
Spain, and thence into England (together with the uſe of the Numeral Figures, 
and other Parts of Mathematical Learning, and particularly the Aſtronomical ) , 
before Diophantus ſeems to have been known 2mongſt us. And from thoſe we 
have the naitie of Algebra. | 

And indeed molt of the Greek, Learning came to us the ſame way, the firſt 
Tranſlations of Euclid , Prolomy, and others, into Latin, being from the Arabic 
Copies, and not from the Greek Originals. 

That the uſe of the Numeral Figures (which the Greeks had not) was a great 
advantage to the improvement of Algebra. 

Theſe Figures ſeem to have come in uſe in theſe Parts abont the middle of the 
Eleventh Century ( about the year 1050), though ſome others think not "till 
about 2co years after, and it ſeems they did fcarce come to be of common 
uſe *til! about that time. 

The Sexageſimal Frattions (introduced it ſeems by Prolomy ) did but imper- 
fetly ſupply the want of ſuch a Method of Numeral Figures. 

The uſe of Numcral Figures have received two great Improvements, Tlie 
one is that of Decimal Parts, which ſeems to have been introduced ( ſilently 


k. _ . 
v4? 
ALEIEEEELCT) 


£ 
© 
» 
[-] / 
C 
9 [ 
0 
I 
S 
. 


PROPOSAL 


——— 


and unobſerved) by Regiomontanw, in his Trigonometrical Canons, about the 
year 1450, but much advanced in the laſt and preſent Century, by Simon Stevin 


and Mr. Briggs, &c. 
And this 15 much to be preferred before Prolomy's Sexageſimal way , as is 


ſhewed by the comparative uſe of both. 

The other Improvement is that of Logarithms, which is of great uſe in Aſftro- 
omical and other Trigonometrical Calculations, introduced by the Lord Neper, and 
perfected by Mr. Briggs (about the beginning of this Century). The ground 
and praGice of -which is here declared. 

And theſe things, though they be not properly Parts of Algebra, are yet of 
great advantage in the praCtiſe of it. 

The firſt printed Author which treats of Algebra is Lucas Pacciolus, or Lucas 
de Burgo a Minorite Fryer , of whom we have a Treatiſe in raljan, printed at 
Venice in the year 1494, ( ſoon after the firſt Invention of Printing. ) 

But he therein mentions Leonards Piſanws, and divers others more ancient 
than himſelf, from whom he learned it, but whoſe Works are not now extant. 

This Fryar Lucas, in his Summa Arithmetica & Geometrica, (for he hath other 
Works extant ) hath a very full Treatiſe of Arithmetic in all the Parts of it ; 
in Integers, Frattions, Surds, Binomials; Extraction of Roots, Quadratic, Cubic, &c., 
and the ſeveral Rules of Proportion, Fellowſhip, about Accomprs, Alligation, Falſe 
Poſition; and of Algebra, with the Appurtenances thereunto, as far as Quaararic 
Equations reach, but no farther : and this he tells us was derived from the Arabs, 
(to whom we are beholding for this kind of Learning, ) without taking notice 
of —_— (or other Greek Authors), who it ſeems was not known here in 
thoſe days. 

After him followed Stiphelizs (a good Author) , and others by him cited , 
who alſo proceed no farther than Quadratic Equations. 

Afterwards Scipio Ferreus, Cardan, Tartalea, and others, proceeded tothe Solu- 


tion of (ſome ) Cubic Equations. 
And Bombell; goes yet farther, and ſhews how to reduce a Bgnadratic Equation 


(by the help of a Cubic ) to two Quadratics, 

And Nornnins (or Nunez, in Spaniſh ) Rams, Schonerns, Salignacus, Clavixs, and 
others, (in the laſt Century ) purſued the ſame Subject, in different ways ; but 
( for the moſt part ) proceed no farther than Quadraric Equations. 

In the mean time, Diophantus, firſt by Xylander (in Latin ), and afterwards 
by Bachetus was made public, whoſe Method differs much from that of the Arabs 
( whom thoſe others followed), and particularly in the order of denominating 
the Powers; as taking no notice of Surſo/;ds, but uſing only the names of Square 
and Cube, with the Compounds of theſe. 

And hitherto no other than the unknown Quantities were wont to be denoted 
in Algebra by particular Notes or Symbols, but the known Quantities by the ordi- 
nary Numeral Figures. 

The next great ſtep, for the improvement of Algebra, was that of Speciowus 
Arithmetic, firſt introduced by Yieta about the year 1590. 

The Specioiss Arithmetic, which gives Notes or Symbols ( which he calls Species ) 
to Quantities both known and unknown, furniſheth us with a ſhort and convenient 
way of Notation ; whereby the whole proceſs of many Operations is at once 


expoſed to the Eye in a ſhort Synopſis. "Fl 
By help of this he makes many Diſcoveries, in the proceſs of Algebra, not 


before taken notice of. 

And he introduceth his Numeral Exegeſis, of affected Equations, extraCting 
the Roots of theſe in Numbers. Which had before been applied to ſingle 
Equations, ſuch as the extrafting the Roots of Squares, Cubes, &c. ſingly pro- 
poſed ; but had not been applied to Equations affected. And in the Denomi- 
nation of Powers, he follows the order of Diophantw, not that derived from the 
eArabs, which others had before uſed. 

The method of Yieta is followed and much improved by Mr. O»ghtred in his 
Clavis (firſt publiſhed in the year 1631) and other Treatiſes of- his; and it doth' 
in a brief compendious method declare in ſhort what had before been the Sub« 


ject of large Volumes. 
Je - And 


And for this reaſon, here isa pretty full account of his Method inſerted, toge- 
ther with an Inltitution for the practice of Algebra according thereunto; and 
though much ot it had been before taught in the Authors above-mentioned, yet 
this was thonght the molt proper place to inſert ſuch an Inſtitution, becauſe by 
him delivered in the moſt compendious form. 

And in purſuance of his Method, and as an Exemplification thereof, there 1s 
here inſerted a i)iſcourſe of Angular Seftions,and ſeveral things thereon depending. 

Mr. Harrior was contemporary with Mr. Ongbtred, but died before him, and 
left many gocd things behind him in writing, of which there is nothing hitherto 
made public, but only his Algebra or Aralyrice, which was publiſhed by Mr. War- 
ner ſoon after that of Mr. O«ghtred, in the ſame year 16371. 

He alters the way of Notation, uſed by Yiera and Onghrred, for another ntore 
convenient. 

And he hath alſo made a ſtrange improvement of Algebra, by diſcovering the 
true conſtruction of Compound Equations, and how they be raiſed by a Multipli- 
cation of Simple Equations, and may therefore be reſolved into ſuch. 

By this means he ſhews the number of Roots (real or imaginary) in every 
Equation, and the Ingredients of all the Coefficients, in each degree of Aﬀection. 

He ſhews alſo how to increaſe or diminiſh the Roors, yet unknown by atly Ex- 
ceſs, or in any Proportion aſfligned ; to deſtroy ſome of the intermediate Terms, 
to turn Negative Roots into Affirmative, or theſe into thoſe ; with many other 
things very advantagious in the praCtice of Algebra. 

In ſum, He hath taught (in a manner) all that which hath ſince paſſed for 
the Carteſian method of Algebra, there being ſcarce any thing of (pare) Algebra 
in Des Cartes, which was not before in Harrior, from whom Des Carres ſeems to 
have taken what he hath, that is purely Algebra, but without naming him. 

But the Application thereof to Geomerry, or other particular SubjeCts, is not 
the bulineſs of that Treatiſe, (but what he hath handled'in other Writings of 
his, which have not yet the good hap to be made public;) the deſign of this 
being purely Algebra, abſtraCt for particular Subjects. 

Of this Treatiſe here is the fuller account inſerted, becauſe the Book it ſelf 
hath bcen but 1i:zle known abroad ; that it may hence appear to what eſtate 
Harriot had brought Algebra before his death. 

After this follows an account of Dr. Pel's Method, who hath a particular way 
ot Notation, by — a Regiſter ( in the Margin) of the ſeveral ſteps in his 
Demonſtrations, with References from one to another. 

Of this, ſome Examples are here inſerted of his own, and others in imitation 
thereof; with intimation how that innumerable Solutions of undetermined Caſes 
are by his method eaſily diſcoverable, where great Mathematicians have thought 
it a great work to find out ſome one. 

On this occaſion there is a farther Diſcourſe of Undetermined Queſtions, and 
the Limitation of them, and particularly of the Rule of Alligarion, and of 
( what they call) Geometrical Places, which are of a like nature, and but the 
Geometrical ConſtruCtion of ( ſome of ) theſe Undetermined Queſtions. 

After this is a Diſcourſe of Negative Squares, and the Roots of them, on 
which depend ( what they call) imaginary Koors of impoſſible Equations, ſhewing 
what 1s the true Import thereof in nature, with divers Geometrical Conſtructions 
ſuiting thereunto. 

Then follows a Diſcourſe of the Method of Exhauſtijons (uſed by Ancients 
and Moderns), with the foundation of it. 

And in purſuance thereof, the Geomerrica Indiviſibilium of Cavalerins, ſhew- 
ing the true import thereof, and its agreement with the Ancients Method of 
Exhauſtions, as being but a compendious Expreſlion thereof , and grounded 
thereupon. | 

Conſequent to this, is the Arithmerica Infiniterum, which depends alſo on the 
method of Exhauſtions; taking that to be equal, which is proved to differ by 
leſs than any aſſignavle Quantity. 

And laſtly, the method of infinite Series, or continual Approximations, (groun- 
ded on the ſame Principles) ariſing principally from Diviſions and Extraction of 
Roors, in Species, infinitely continued ;, invented by Mr. 1/aac Newton, and purſued 


by 


by Mr. Nicholas Mercator, and others, which is of great uſe for the reQtiſying of 
Curve Lines , {quaring of Curve-lined Figures , and other abſtruſe Difficulties in 
Geometry, | | 

Several other Diſcourſes are in ſeveral places inſerted ; as, Of Aliquore Parts, 
and other Queſtions depending thereon z and divers other particulars , which 
will be ſeen in the Work it ſelf. 

The whole being written in Ergliſh, is ſubmitted to the Royal Sociery, to be 
printed or otherwiſe diſpoſed of as they pleaſe; and if printed, will contain 
(95 is ſuppoſed) about three or four Quires of Paper. 


PROPOSAL. 


T* E Council of the Royal Society have approved this Treatiſe, and to encou- 
rage the Bookſeller to print, it, have agreed to give Security to take 
off 6e Books in Quires as ſoon as printed at Three Half-pence each Sheet, and 
as much each print of a Plate of Schemes ; and ſeeing ſuch a Subſcription is not 
ſufficient to incite an Undertaker, others that are deſirous to promote this kind 
of Learning, (which contains the very Kernel of the Mathemarics in it) are deſired 
to Encourage the Bookſeller to proceed, by ſubſcribing to take off a Book or more 
at the Rates aforcſaid, paying or advancing towards each Book Five Shillings 
in hand. | 

RicnaryD Davis, Bookſeller in the Univerſity of Oxford, having under- 
taken the Printing the aboveſaid Treatiſe , doth propoſe, 

i. That he will begin printing the ſame by or before the Firſt day of Auguſt 
next, 1683. and print conſtantly two Sheets every Week 'till the whole be finiſhed, which 
i the greateſt Expedition can be made in a Work of this Nature. 

2. That the ſaid Book, ſhall be printed on the ſame Paper, and with the ſame Letter, 
as this Sheet of Propoſals. 

3. He 1s willing to'accept of all Subſcribers, that will pay in their five Shillings in 
part for each Book, ( after the Rate above-mention'd) betwixt this and the firſt of De- 
cember, 1633 z aſſuring all Men, that whatſoever Subſcriptions ſhall be tender d after- 
ward, will not be accepted under four Shillings above the Rate of Three Half-pence per 
Sheet for every Book; and that no Subſcriptions will be taken after the firſt of Fe- 
bruary following. | 

4: Thar the ſaid Book, ſhall be ready to be delivered to each Subſcriber ( by the 
Per ſon to whom they ſubſcribe ). by St. T homas's Day, 1684. each Perſon paying upon 
the Delivery of every Book what it ſhall. amount to more than fite Shillings paid at ſub- 
ſeribing after the Rate aboveſaid. 

For the Eaſe of the Subſcribers, they may pay in their Money either to Richard 


Davis in Oxford, or to any of the Bookſellers under-named, from whom they ſhall 
receive Acquittances under the Hand and Seal of Richard Davis aforeſaid, and this 


Sheet grat# to any one that delires it. 


Ben. Tooke at the Ship, and W. Xerrilby at 
i he Biſhops-head,in $, Pauls Churchyard. 

Fincham Gardiner at the White-horſe in 
Ludgate-ſtreet. 

T. Sawbridge at the Bible on Ludgate-hill. 

Tho. Dring at the Harrow in Fleer-ftreer, 
at the corner of Chancery-lane. 

Facob Tonſon at the Judges-head in Chan- 
cery-lane near F ry an 

Gabriel Kunholt at the Kings-head againſt 
the Mews, near Charing-croſl, 

Henry Mortlack, at the White-hart in 

eſtminſter-hall, and at the Phenix in 

St. Paul's Church-yard. 


Do Subſcribe for 
| Bhs Hand this day of 


Thomas Sawbridge at the Flower-de- Luce 
in Little-Britain. 

Brab. Ailmer at the Three-Pidgeons againſt 
the Royal-Exchange in Cornhill. 

Richard Green in Cambridge. 

George Roſe in Norwich, 

Sampſon Evans ? , 

Toh t ——_ 4 inWorceſter, 

John Courtney Senior, in Sal:sbury, And 

Richard Lambert in Tork, 


Subſcriptions are likewiſe taken by 
Mr. George Tollet, Profellor of the 
Mathematics in Dublin. 


Book after the Rate above-mention'd. Witneſs 
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THER I 
Of the Nature of ALGEBRA, and divers Names thereof. 


zHAT we commonly call Algebra, is by a Greek, name 
PT At Called 'Ardauns, Or 'Araaumyin” Analyſis, or Analytic : 
Which imports a Reſolution or Diſlblving, of what 
is ſuppoſed to be compounded or made up, in ſuch 
manner as$gkhe caſe required. | 
The Natne may be properly attributed to divers 
of the ordinary Parts or Operations of Arithmetic. 
As to Subduttion, Diviſion, and Extrattion of Roots, 
(Square, Cubic, &c.) : 
For S«bduttion is but the reſolving (or taking aſun- 
, der) of what is ſuppoſed to be made by Addition : 
| And Diviſion, of what is ſuppoſed to be made up by Awtiplication : And Extra- 
ion of Roots, a reſolving of what is ſuppoſed to have been made up by Squa- 
ring, Cubing , &c. | 
As, when from the Number 5, we would ſubdn&t 3, and ask what remains? 
We ſuppoſe 5 to be compounded or made up, by Addition, of 3-and ſome other 
number, (which, for the preſent, 'till'we know what it is, we may pleaſe to call 
A, or by ſome other name at pleaſurez) and enquire, what is that other number 
A? (which being added to3 (or 3 toit), will make 5 :) 'That is, ſuppoſing 5 
equal to 3A (or 3 and A), we enquire the value of A. For it mult be pre- 
G1med, that in 5 (the whole) there are the Parts 3 and A, before they can be 
rted. 
F So when we are bid to divide the number 12, by 4; we ſuppoſe 12 to be com- 
pounded or made up, by Adwlriplication, of ſome other number by 4; and'en- 
4 quire, what that other number is? (Which being mulriplied by 4, will produce 
I 2 That is, ſuppoſing 12 equal to 4 A (or 4 times A), we enquire the yalue 
of A. | 
So, when we are to Extra@t the Square Root of 16; we ſuppoſe 16 to be 
made by the multiplication of ſomewhat into it ſelf; and enquire; what that is? 
( which being multiplied into it ſelf, will produce 16:) That is, ſuppoling 16 to 
be _ to AA, (that is, A times A, or A multiplied into A) we enquire the 
Yalue of A. 


B And 


_—_— 


m_ --”. 
-— 4 þ 


Of the nature of Algebra. Caar.l. 


And ſo, if we ExtraCt the Cubic Root of 125; we ſuppoſe 125 made up by 
the continual multiplication of ſome Number into it ſelf cubically ; and enquire, 
what that Number is? ( which being cubically multiplied, will produce 125 :) 
That js, ſuppoſing AAA (or A times, A times, A; or A multiplied into A, and 
the: ProduCt hereof aggin into A,) equal to 125; we enquire the value of A. 
And the like reſpeCtivaly in other Powers. 

And, upon theſe Enquiries duly proſecuted, we ſhall find, in the firſt of theſe 
caſes, the value of A to be 2; in the ſecond, 3 in the third, 4 ; in the fourth, 5: 
And ſo in other caſes, as the caſe ſhall require. 

Thus Addition, Multiplication, and the Conſtitution of Powers, (Square,Cubic,&c.) 
are Synthetical Operations, ( or Compoſitions: ) Swubduttion, Diviſion, and Extra- 
Gion of Roots, are Analytical Operations, (or Reſolutions:) And the like in other 
Operations reſpectively. 

Byt theſe Operations, though truly Analytical, yet (becauſe they are ecaſie ) 
are not here principally intended : But others, where the Compoſition is more 
perplex and intricate; and conſequently the Reſolution more difticult. And the 
artificial Reſolution of ſuch perplex Compoſitions, is commonly called by the 
name of Algebra, or Analytics. 

The Invention of this Analyſis or Reſolution, Theo aſcribes to Plato; and it is 
by Theo defined; (as Fieta renders it) Aſſumpti queſiti tanquam conceſſi, per conſe- 
quentia ad verum conceſſum: \ taking of that as granted, or confelled, which is 
enquired after. And thence going back by conſequences to what 1s confeſſedly 
true. And contrariwiſe, Syntheſis or Compoſition is by him defined, Aſſumprzo 
conceſſ: per conſequentia ad One itt finem & comprehenſionem; A taking of what is 
granted, and thence proceeding by conſequences, to the attainment of what is 
ſought or cnquired after. | 

In Arabic, it is called Al-gjabr W'al-mokabala : From the former of which 
words we call it Algebra. The Arabic Verb Gjabara, or, as we ſhould write that 
ſound, in Engliſh letters, jabara, (from whence comes the Noun Al-gjabr, ) ſigni» 
nifies, to Keſtore, and (more eſpecially) to reſtore a broken Bone, or Joynt;. ta 
ſet a broken Bone, or a Bone out of joynt : And is of kin to the Hebrew Gabar, 
which ſignifies, Ta be ſtrong, The Arabic Verb Kabala, ( fram whence comes the 
Noun Al-mukgbala) ſignifies, to Oppoſe, are, or {et one thing againſt another. 
So that their Al-gjabr W'almokabala ma ihe, the Art of Reſtitution and Com- 
paring; or, the Art of Reſolmion and Equation. Lucas de Burgo (the ancientelt 
European Algebraiſt that I have met with) expounds it by Reſfaurationss & Oppo- 
ſitions Regula., 

One main work of it (though not the only) is this: A Quantity, as yet un- 
known, (which they commonly call a Root ) is ſuppoſed (by ſuch Additions, Sub- 
duCtions, Multiplications, Diviſions, and other like Operations as is propaſed,) 
to be ſo changed, as at length» to become equal to a known Quantity, compared 
with it, or ſet over againſt; which comparing, is commonly called an Equarion : 
And by reſolving ſuch Equation, the Root (fo changed, transformed, or luxated) 
is (as1t were) put in joynt again, and its true value made known: Which I take 
to be the true import of that Arabic name given to this Art. 

Golius, in his Arabic Lexicon, expounds it to be ( Reduttio partium ad totum, ſqve, 
Frattionum ad Integritatem,) A reducing of Parts to the whole, or FraCtions to 
Integers; (asif it imported, what we commonly call, a Reduttzon of Frattions. ) 

And this, many times, proves to be the caſe. As, for inſtance; Suppoſe 2 
number (yet unknown) which we will call A, to be firſt divided into three 
_ parts, (each of which will therefore be + A, a third part of A;) and ane 
of theſe Parts (* A) to be then doubled, (which will therefore be * A, two third 
parts of A;) which part ſo doubled, we are told, is 16: The Queſtion is, what 
was that unknown number, which we called A, which amounts to thus much? 
Suppoſing two third parts of A to be 16, (or F A = 16,) how much is the whole 
of A? which, upon due conſideration, we ſhall find to be 24. (For if $ A= 16, 
then is A=24,) where, from the value of a Part, we collect the value of tht 
whole. But the full extent of Algebra doth reach much farther than to the 


Reſolution of {ſo caſic a caſe. 


The 
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The Jralians have given it the name” of Regala rei & cenſus: For what Dio- 
phantus calls 'Anuds, Avvaws, KIE@ 3 ( which in Latin are wont to be render'd, 
Numer, Poteſtas, Cubus , or Radix, Quadratum, Cubm, or Latus, Quadratum, Cu+ 
bus; and what we call the Roor, the Square; the Cube; ) are called by Jtalian Wris 
ters (at leaſt ſome of them) Kes, Cenſus, Cubws, (the Thing, the Improvement, and 
the Cube : ) And ſo Regula Rei & Cenſhs, is, with them, as much as (iv our form of 
ſpeech) The Rule of the Root and the Square: | , Lithh 

Now, what we call the Roor ( Radix, being by them called (Res ) the , 
which is (in their Language) Coe, (a word corfupted from the Latin Cauſ«, 
whence alſo comes the French Choſe;,)-hath given occaſion to the name of Coſſick, 
Numbers, (by which are meant, the Roor, the Square, the Cube, and other conſe+ 
quent-Powers or Dignities, as they are wont to be called ;) and The Rule of Coſt, 
that is, Reoula Coſe, or Regula Rei : And is what we uſe to call Algebra. 

And; ir like manner, they giving the name of Cenſus (or /mprovement, ) to what 
we call the Square ( Quadratum,) or the Power ( Poteſtas, Advauis;) hence comes 
the barbarous word Zenzm, for Quadratus;, the Zenzic Root, for the Quadratic 
Root ; Zenzizentic, for Biquadratic z Zenzicubic, for Quadrato-cubic ; and the 
like. 

Ard hence it is, that Þ, xz, &, (Notes derived from the Letters r, z,c,} come 
to be the Characters of Res, Zenzms, Cubus;, or (as we call them) the Koor, the 
Square, the Cube, Like as Bz and 4 (both derived from the Letter Rr, come to 
be the Notes of Radicality. 

Cardan gives it the name of Ars Magna; (whetein he follows Lucas de Burgo, 
who calls it, in 1ralian, Arte magjore;,) and others, other names, as to every ane 
ſeems meer. 


— 


CHAP. IL 


Of ALGEBRA '# Euclid, Pappus, Diophantus, 
Rs and in the Arabic Writers. 


T is to me a thing unqueſtionable,What the Ancients had ſomewhat of 
like nature with our eMlgebra; from whence many of their prolix and intri- 
cate Demonſtrations were derived. And I find other modern Writers of 

: the ſame opinion with me therein. As is to be ſeen frequently in the Wri- 

tings of Yan-Schooren, and others. As alſo the Preface to Mr.O ed's Clavis! - 

"the Learned Dr. Barrow (I am told) hath written an Exercitation (hugh 

not yet extant) about Archimedes's Method of Invention; and concludes, that: 
uſed an Algebra at that time. And in an ancient Manuſcript Volume in the Savi- 
lian Library, containing divers Treatiſes Mathematical, I find, amongſt others, 
the Title of one remaining (though the Treatiſe it ſelf be cur out,) in theſe 
words; Liber de Arte Notoria, ſecundum onium ; which may ſeem to have 
been ſomewhat of this nature, (vnleſs poſlibly by Ars notoris be there 

as ſometimes it is, a kind of 2dagic; and by Apollonixs, not Pergens, but Tya- 
nes. | 

But this their Art of Invention, they ſeem very ſtudiouſly to have concealed> 
contenting themſelves to demonſtrate by eApagogical Demonſtrations, ( or redu-' 
cing to Abſurdity, if denied,) without ſhewing us the method, by which they firſt 
found out thoſe Propoſitions, which they thus demonſtrate by other ways. 

Of which, Nuies or Noniue int his Algebra (in Spamſh ) fol. 114.6. ſpeaks' 
thus: O how well had it been if thoſe Authors , who have written in Mathematics, 
had delivered to us their Inventions, in the ſame way, | and with the ſame Diſcourſe, 
44 they were found out! And not as Ariſtotle ſays of Artificers in Mechanics, who 
us the Engines they have made, but conceal the Artifice, to makg them the more admired! 
The method of Invention, in divers Arts, is very different from that of Tradition,whereit 
they are delivered. Nor are we 10 think, that all.theſe Propoſitions in Euclid and Ar- 
chimedes were in the ſame way found ont, as they are "oh d t0 4, * | 
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Yet ſome few of ſuch Inveſtigations we have in the five firſt Propoſitions of 
Enclid's thirteenth Book ; I mean, in the Greek Edition, and in the old Latin Tran- 
flation out of Arabic, (and was therefore in the ancient Arabic Tranllation:) Not 
in Clavixe's Latin Paraphraſe. And even what we there have, ſeems to be the 
work of Theo, or ſome othet ancient Scholiaſt, rather than of Exclid himſelf. 
But whoever were the Author of it, it is thence manifeſt to have been ancient. 
And we have divers othet Examples of it in Pap. 

But themoſt that we have of Algebr« in the Greek Writers, is that of Diophanns 
Alexandrinu , who is ſaid to have written thirteen Books of it ; whereof we 
have fix extant, entituled, Arichmericorum Libri ſex , and another De numerss Mult- 
angulss, And I am told, that the Learned Iſaac Yoſſi beheves the reſidue to be 
extant in Manuſcript in the Works of the Emperour Leo, remaining in the French 
King's Library at Pars. : 

 Abal-Pbaragi, xn Arabic Hiſtorian, ſuppoſeth him ( and Themiftims) to have 
lived about the time of Jjian the Apoſtate, about the year of our Lord 360. 
John Gerard Yoſſuws (with others whom he cites) ſuppoſes him to have lived about 
the time of the Emperour Antonin (about the lame time with Claudine Prolomens, ) 
and therefore about the year of our Lord 150 ; and reckons him to be the firſt in« 
inventer of Algebra, (not Geber, who lived long after ;) that is, (for ſo I under- 
ſtand him) the firſt who did in that manner methodize Algebra; for the thing it 
ſelf I take to be more ancient, and is aſcribed to Plaro, as is before ſaid. And 
elſewhere (cap. 10.) he ſeems to aſcribe it to Machomer filius Moſis ; that is, (for 
ſo1 there underſtand him) as firſt amongſt the 4rabs: W herein he follows Cardar, 
who (De Sabtilitare, lib. 16. and in his Algebra) aſcribes the invention of it to this 
Arabian, and ſeems to think he had alſo the denomination of Geber from this Art. 
( Alpharagizs calls him Mohammed ben Muſa, and reckons him to have lived abour 
She-year of Chriſt goo. Eutychixs placeth him about the year 850.) However 


(though this may be a miſtake of Cardan) there was about the ſame time (in the 


ninth Century) Geber an Arabiar, eminent in Aſtronomy, who wrote a Comment on 

Prolomy's Almagiſt, ( ſince printed in Latiz at Noriberg, 1533.) but whether the 

o_ with Mobammed ben Muſa, and whether eminent for Algebra , I cannot 
rm. 

Stevinus (in his Geography, where he treats of his Siecle ſage, or Learned Age, 
believes both this, and other parts thematics, to have much ancienter 
amougſt the Orientals, than any L they, had from the Greeks; and reckons 
not only Diophantxs, but even Euclid, Prolomy, and Hipparchwi, to be much later than 
thoſe of his Learmed Ape, and to have had their Learning from ſome remainders 
of theſe,after that moſt of the Monunnts of that Age were periſhed. Of which 


we way ſee his Reaſons or Conjettures in that place cited. 
However, it is not unlikely that the Arabs, who received from the Indians the 


Numeral Figures (which the Greeks knew not), did from them alſo receive the 
uſe of them, and many profound Speculations con them, which neither La- 
rata Greeks did know, till that — —_— rm AO from thence. 
From the Jndiens alſo they might | their Algebra, rather t rom Di 

who only of the Greeks wrote of it,and he but late,and in a method very rr” erent 
ram theirs:) For ſure it is, they had a great deal of other good Learning, beſide 
what they had from the Greeks, and that very carly. And the Saracens, when they 
were ſo careful as to have all the moſt conſiderable Greek Authors tranſlated into 
Ah abis to gain their Learning ; it is not to be doubted, but they uſed the likein- 
duſtry to gain the Learning of the Perſuavs, Indians, and other Orientals, whoſe 
Lang e ic{ differed from their own. And the name they give it (eM-gjabr 

p gn. fr ) ſtems to have no affinity with any Greek. name; which yet they 
uſe in ſome meaſore to preſerve, when they had ir thence, as we ſec in the words 
Al-mageſts, Al-gorsſm, and ſome others. But I return to Diophantwe. 

The Appellations which Ds uſeth, are Mords, 'Agdudsy Ayayus, KyiCGr, 
Anrayudyazus, AuayuntG, Keri @. For which his Marks or Notes are, u*, c, 
Kina dd SE, xx, ©c. Which in Latin are wont to be called, VUnitas, Namerns, 
Quadrarns , Cubrs, Quadratoquadratus, Quadratocubrs, Cubocubus , &c, And to 
be nated (except that of Vuirac, which was ſuppoſed not to need a Charafter) 
by theſe marks, N. &. C- 22. QC. CC. &c. Where Q, always implies 


wo 
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two dimenſions; C, three dimenſions : And therefore ©Q2 four dimenſions ; 
QC, five dimenſions; CC, fix dimenſions, &e. 

Atter Diophantus (if not before, alſo) this Learning was purſued by Arabic 
Authors (but little known in Emrope for a long time). From them it had the 
name of Algebra; not (as ſome would have it) from Geber, whom they conje- 
cture (without any good ground that I know of ) to bave been its firſt inventer ; 
but (as was ſaid before) from its Arabic name, Al-gjabr W al-mokgbala, 

Divers Writers ('tis ſaid )- there are of Algebr« in that Language, and from 
them (I ſuppoſe) the Denominations of Diophentue (if from him: they learned 
it) came to be changed; and (beſide the Denominations of Root, Square, and 
Cube,) that of Swr/olids (firſt, ſecond, third, &c.) introduced. Byr I rather 
think the Arabs, either of themſelves, or from ſome others, had it ry = 
ro goon and think this reckoning of Fore:rs (by Surfolids, &c, ) di 

a1, 

With theſe Arabs all ſorts of Mathematical Learning flouriſhed, and was im- 
proved, for a long time together, while in Exrope it was very niuch 
Amongſt whom were Maimen, Almeon, Alchindwus, — _ anne, Alfar«- 
bius, Giber, Mahometes, Bagdadinus, Mahometes ben Muſas, Thebit, Haly, tid; 
Alhazen , and divers others. To whom I may add alſo ſome Perſians and'Tarters, 
as NINETY Shah-colgims, Vleg-beig, &c. whoſe Aſtronomical Tables 
are yet in being. 

From thoſe Arabians we have the names of Almageſt, Azimuth, Almatanter, Ze- 
nith, Nadir, Almanack, Algoriſm, Algebra,"&c. And divers other Arabic words 
(now diſuſed) we find retained in Regiomontanus, Purbachims, and others before 
them, who either tranſlated Arabic Authors, or at leaſt derived their Learning 
from them. As I find in divers of thoſe Manuſcript Authors, which I have ſeen, 


concerning the Afrrolabe (whoſe Parts they deſcribe by Arabic names), and other 


Mathematical Learning. : 
They tranſlated Exclid, Prolomy, Ariftorle, and divers others of the Greek Anthors 
into Arabic; and out of the Arabic we had our firſt Tranſlations of d,' Pro- 
lomy, and other Greek, Authors, into Latin, before thoſe out of the G A 
thing of it ſelf notorious, and io alſo atteſted by Yoſſime, (after, Sir Henry Sevil : } 
Emnchdem Latini Tranſlatum habuerunt prins ex Arabico quam ex Greco fomte, Quem» 
admodum & ame CC, & infra, annds, non alia Ariſtorelis, Galen, P. j, Mjornm- 
gue multorum , interpretatio in manibus erat, quam ex Arabica werſſone Latine, vel 
Semibarbaro, potine, expreſſa. And by Sir Herry Savil, in his ſecond Lefture on 
Exclid, almoſt in the ſame words. And from them we received not only our Al- 
nn Jon t may of Mathematical Learning; brought by the Afoors into 
=, and from a” > ns aan Exrope, about the year of our 
Load 1100, or ſomewhat ſooner, 
this account, I find that divers of our own Nation, about the twelfth 
and thirteenth Century, (not farisfied with the Philoſophy of the Schoolmen,) 
were inquiſitive into the Arabic Language, -and the Learning 
therein contained. 

As Adelardws, (a Monk of Bath) whom Yoſſime placeth about the year 1130. 
who for that purpoſe travelled into Spain, Egypr, and Arabia; and (as Yoſſuw tells 
vs) tranſ}ated Exciid (and ſome other Arabic Authors) out of Arabic into Latin , 
Anno hoe CLOCKXX. Athelardue frve Adelardus, Anglns, Monachus Bathonienſis, 
Enclidis Geometriam ex Arabico. vertit Latine. Nec, Arabice ſciviſſe, mirandum + 
Quando non modo Galliam, Germaniam, Italiam, adiit; ſed etiam Hiſpaniam, e/Eqyp- 
tam, Arabiam ipſam; L 

And Robertus Rezinenſis ( Robert of Reading ) who travelling into Sp«i on the 
account of the Marhemarics, did there tranilate the Alcoran out of Arabic into 
Latin, inthe year 1143. (wappeare by his Epilogue to that Tranſlation, and the 
Preface of Petrus Clunjacenſis thereunto.) —— 

About the ſame time &( of fomewhat ſooner ) Guilielmns de Coachis (Willian 
Shelley) is ſaid to have travelled into Spain to furniſh himſelf with Arebic and 
Ack al Learning ; and brought from thence divers Arabic Books. 

And, ſoon after, Daniel Morlacus ( Morley ), about the year 1196. made ſeves 
ral Journeys into Sp4jn on the like account, where (at Toledo) frabic and Marhe- 
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matical Learning were in great requeſt (brought thither by the A4oors) which 
in other parts of Europe were ſcarce known. And theſe brought with them that, 
kind of Learning into England very early, with ſtore of Arabic Books. T 

A particular account of theſe Travels of Shelley and Morley was a while fince, 
to be ſeen in two Prefaces, to two Manuſcript Books of theirs in the Library of 
Corpus-Chriſti College in Oxford, but hath lately (by ſome unknown hand) been 
Cut out, and carried away ; which Prefaces (one or both of them) did alſo make 
mention of the Travels of Athelardus Bathonicnſis, and are, to that purpoſe, 
cited by Yoſſius out of that Manuſcript Copy. Who ever hath them, would 
——- kindneſs (by ſome way or other) to reſtore them, or at leaſt a Copy of 
Them. 

About the ſame time were Fohannes Sarwburienſis, Rogerus Infans,. and divers 
others of the Engliſh. ot 

Before theſe times, the Arabic Language, and Greek, it ſelf, being bur little 
known in theſe Parts, Mathematical Learning was but very rare, and ſſenderly 
improved in Exrope, We had indeed in England, Althelmus or Adelmus, whom 
Voſſues placeth about the year 680; and Walſridns Ripponenſss, placed by him at 
690; and Bede (the moſt eminent of that Age) at 730; and Albinus or Alcur ., 
74s, (a Scholar of Bede) at 760; but Euchd and Prolomy were unknown: to 
them, Boerhius and St. Augaſtin being their moſt Claſſic Authors for ſuch Lear- 
ning. | = 
But after theſe times, having received from the Arabs divers Tranſlations of 
Euclid, Prolomy, Ariſtotle, and other Greek Authors, with divers improvements in 
Philoſophy, Aſtronomy, Geometry, and other parts of the Mathematics, theſe 
Studies were ſtrangely advanced, and eſpecially in England, where (beſide thoſe 
above-mentioned) we had Clement Langthon, whom Yojſins placeth about 11703 
Gervaſus Tilburienſis, about 1210; Johannes de Sacro Boſco, about 1232; Rober+ 
tus Lincolnienſis (Robert Groſthead) about the ſame time; Roger Bacon, about 1255 3 
Johannes Peccam ( or Johannes Cantuarienſis ) about 1276; Odingtonus , about. 
1280; Johannes — about 1330; Kobert Holcot ( or de Northamprona) 
about 1 340; Johannes Eſtwood ( de Aſhenden), about 1347 3 Glimitonus Langley, 
about 1350; Nicolaus Linnenſis, about 1355; John Killingworth,, about 1360 z 
Richard Lavingham, about 1370 ; Simon Bredon, about 1396 3 Fohn Sommer, about 
1390; John Walter, about 1400; William Batecombe, about 1410; Wilkam But- 
toner, about 14603 who were, many of them, very eminent, as in other kinds 
of Learning, ſo particularly in the Mathematics; and divers of their Works 
areextant in our Librarics, which have not yet been printed. _ 

Beſides others whom Yoſſius mentions not ; as Adamus de Aariſco ( Adam 

Marſh), contemporary with Greſthead Biſhop of Lincoln, intimate with him, and 
commended by him ; Bradwardine, and Read, and divess others about that Age. 
.' That of Fohn Eſtwood (or Eſtwyde, or Eſhwood, or Eſhwid, or Eſchuyac,) de Aſhen- 
den,. (or Eſhenden, or Aſhenton, or Ayſden, for ſo many ways I find it written) I 
find printed at Yerzice, inthe year 1489, under the name of Summa Aſtrologie Fudi- 
Cialis de Accidentibus mundi, que Anglicana vulgo nuncupatur, foannis Eſchuidi viri 
Anglici, peritiſſimi ſcientie Aſtrologie ; (which I mention, becauſe his printed name 
difters ſo much from the Manuſcripts.) And (for the age of it) in two ancient 
Manuſcript Copies, I find it thus ſubſcribed, Completa eſt hec compilatio trattatus 
ſecundi ſumme FJuazicialis de Accidentibus Mundi, 13 die menſis $ y_ Anno 
Chriſti 1348, (which I take to be the Author's own words.) And then follows, 
Explicit ſumma Fudicialus de Accidentibus Mundi ſecundum magiſtrum Fohannem de 
Eſtemdene, quondam ſocium Aule de Merton in Oxonia, The one of theſe Manu- 
ſcripts is in the Bodleyan Library, the other in the Savilian. 

And I gueſs, that Robertus de Holcor (mentioned by Yoſſins), and Robertus de 
Northamptona, vp whom, in the Savitian Library, we have ſome Mathematical 
Tracts in 4 S.) might be the ſame perſon, (but am not ſure of it,) becauſe I 
find (in the County of Northampton) a Village called Holcor (about fire Miles 
diſtant from the Town of Northampton, Northward), and another called Hulcor 
(about as far Southward from Northampton), where, within a few years laſt paſt, 
(as I am told: by one who knew the perſon) lived one of that name (/Jwlcor of 
Huleort ) whoſe Anceſtors had lived there for a long time ; (from ſome of whom 


perhaps 
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perhaps that place might take the name,or they fromit.) Now both of theſe places 
being ſo near to the Town of Northampton, and within the County, it's not at all 
- unlikely, that (in thoſe days, when, for want of Surnames, Men were wont to 

be diſtinguiſhed from the places of their Birth, or of their Abode) the ſame per- 
ſon might be indifferently called Robertus de Holcor, (Halkor, or Holkgth,) and pr 
ts de Northamptona. 
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CHAP. III. 
Of the Numeral Figures now in uſe, from whence we had them. 


Mongſt the Improvements in Mathematics (and particularly in Arith- 

metic), which we received from the Afoors and Arabs, that of the 
Numeral Figures, which we now uſe, is very conſiderable: Ten in 
=. number; 1, 2, 3,4, 5, 6,7, 8, 9, 0- 

Which though they be not juſt the ſame with thoſe of the Arabic, yet they 
are, moſt of them, ſo little different from them, that it cannot be doubted but 
that our Figures are derived from theirs. And thoſe of former times (when 
theſe Figures came firſt into uſe) were yet more like to the Arabic Figures, than 
thoſe we now uſe, which, in proceſs of time, are by little and little ſenfibly 
varied from what at firſt they were: As is manifeſt, if we compare thoſe we 
now uſe, with thoſe which were then uſed when Printing firſt came in; and much 
more if compared with thoſe of ancient Manuſcripts before Printing, 

And thoſe of Maximus Planudes, (whom Yoſſins placeth about the year 1370; 
but Kircher in his Arithmologia thinks him to have lived about 1270, and to have 
dedicated ſome of his Works to the Emperour Afichael Paleologus ) are almoſt juſt 
the ſame with thoſe of the Arabs, of whoſe Arithmetick, in Greek, we have two 
Manuſcript Copies in the Bodleyan Library. 

But when I ſpeak of thoſe Figures as brought to us from the Arabs, Ido not 
ſo much mean thoſe very Characters which we now uſe, (though it be true of them 
alſo) as of the way of Computation by them; each of them, beſide their own 
particular value, receiving a ſeveral Denomination, according as they ſtand in 
the firſt, ſecond, or third place, and fo forth, as far as occaſion ſerves, each place 
exceeding that below it in Decuple Proportion; and then, whether weretainjuſt 
the ſame Figures, or others ſomewhat varied from them, ( according as the fa- 
ſhion of Letters in divers Countries, and divers Ages, do uſe to vary,) it is much 
one. 

Before theſe Figures were introduced, while we had no other ways of Notation 
for Numbers than that. of the Latin, by a few Numeral Letters, MDCLXVI; 
or of the Greeks by the Letters of the Alphabet, a, C, y, ft, &c. ( like as before 
them, the Hebrews, Arabs, and other Orientals, did alſo dekgn Numbers by the 
Letters of their Alphabet :) The exerciſe of PraCtical Arithmetic, eſpecially in 
large Numbers, was but-very lame, in compariſon of what now it is. 

As will appear very evident, if we look into Etocus (in his Commentary on 
Archimedes, De dimenſions Circult), or other of the Ancients, to ſee how trouble- 
ſom a thing it was with them to multiply, divide, or extract the Root of a large 
Number. ; 4 

And ſo likewiſe in Bede, or athers, to ſee what perplex Rules they are fain to 
giveintheſe caſes, which are now diſpatched with a great deal of eaſe. 

And the like in a Fragment, we heve in Manuſcript of the Second Book of 
Pappus's Colleftions, which is all employed in Rules for the PraCtice of Multipli- 
cation of great Numbers, much like thoſe of Bede. 

Or if, without. conſulting thoſe Authors, we do- but confider which way we 
ſhould go abour firſt to deſign, and then to extract the Square or CubicRoot of a 
Number of ten or twenty places ( as-we now deſign it.) , if we bad noother way 
toexprefs it, than by thoſe Numeral Letters, MDC EXVL 
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'Tis true, the Arabs had, and yet have, a way of expreſfling ſmall Numbers in 
like manner as the Greeks and Hebrews ) by Letters of the Alphabet. And here- 
in they follow the order of the Hebrew Alphabet ; which I therefore think was 
anciently the order alſo of the Arabic Alphabet, though later Grammarians (for 
putting thoſe Letters together, whoſe Figures are like, and differ but in Diacriti- 
cal Points) have now diſpoſed the Arabic Letters in another order. 

But bclide that, (which in great Numbers would be very troubleſom) they have 
another way much more.convenient (by ten Numeral Characters, altering their 
Values according to the places wherein they ſtand) as now we have, and which we 
borrowed from them. 

Theſe Figures, which are wont to be called Numer; Barbarici , ſuppoſe 
(for the year) 1676, (in oppoſition to what are called Numeri Romani , 
MDCLXXVI:) or Ciphre Saracenice, or Arabice, (becauſe from the Saracens 
and Arabians they came to us:) How long they have been in uſe amongſt them, 
we cannot certainly tell; but that with the Arabians and Perſians they have been 
much longer in uſe than with us, I take to be very certain. 

Nor do the Arabians pretend to have been the firſt Authors hereof, but do 
aſcribe them to the [ndians, from whom they borrowed them. Of which I have 
(in my Opus Arithmericum, chap.z 1.) cited an eminent Teſtimony out of Al-Sephad;, 
in his Commentary on a Poem of Tograjs, where he aſcribes to the Indians, three 
things whereof they glory to have been the Inventors ; the Book of Golaila Wa- 


damna (of a like nature with our eſop's Fables;) the Game of Cheſs; and the 


Numeral Figures. 

And Maximus Planudes (in his Book before cited) calls it Aoz-97x3 Ir), and 
Sygogopia. xd] "Ives, The Indian way of Computation ; and ſays expreſly, Te 5 ual 
 evre "Irdd tv, And theſe Figures are Indian Figures. 

And a Treatiſe of Algorithm in Verſe, of Fohannes de Sacro Boſco, (or at leaſt 
ſubjoyned to that of his in Proſe, and at leaſt as ancient as it,) begins with theſe 
two Veries: | 


Hac Algoriſmus ars preſens dicitur , in qua 
Talibus Indorum frutmur bis quinque Figuris , &c. 


Tis therefore I think not to be doubted, but that we had theſe Figures, partly by 
the way of Greece (as thoſe of Maximus Planudes a Grecian, ) and partly by the 
way of Spain (and by this eſpecially, and before the other) from the Moors there, 


who had them from the Saracens or Arabians, and theſe either from the Indians - 


immediately, or at leaſt they from the Perſians, and theſe from the 1n- 
dans. 

And to this I find the Learned Gerard Yoſſixs to incline (in his Book De Scien- 
tii: Mathematicts, chap. 8.) rather than to that of Daſypodius, who thinks them 
derived from the Letters of the Greek Alphabet. And Yoſſims directs to that Rule 
which will ſoondetermine it, to wit, 1f any of the Oriental Nations have Letters or 
Figures, which do reſemble theſe of ours, thoſe in likelihood are the Authors of them : 
Which 'tis ſure enough, that thoſe of the Arabians do; and that ſo nearly, that 
if they had been known to Daſypodirg, he would not himſelf have doubted it. 
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+ Theſe Figures Yoſſizs ( in the place cited ) calls Siphers, ( Barbaras numerorun 
Notas quas Siphras dicimus, &c.) and chuſeth to write it with S rather than C 
or Z, as dedncing it from the Hebrew Saphar, (numeravit, deſcripſit,) and applies 
it indifferently to all thoſe ten CharaCters: And ſo it is commonly uſed by many 
others, who call them the Arqpic, or Saracen, Siphers or Ciphers, And —_ our 
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ſelves, to Cipher or tocaſ# Account are uſed promiſcuouſly for the skill of uling theſe 
Figures. And in allution to that general ſignification, I ſuppoſe, it is, that wris 
ting in obſcure or unuſual GharaQters is called, writing in Cipher; of which 
Baptiſta Porta hath a Treatiſe, entituled, De Zipherss, five furtivss literarum notis; 


Burt the word Cipher, however now it comes to be uſed (ſynecdochically) of all the 


ten, yet did-originally belong to what we commonly call. a Cipher, that.is, 0, 
(which denoteth mone;) and the Arabs (from whom we have it) call it Tfiphron, 
from T ſaphera, (i. e. Vacuum eſſe, inane eſſe, to be void or empty) which anſwers 
to the Hebrew 7 ſaphar (with Tſade) avolavit; not from Saphara, which anſwers 
to the Hebrew Saphar (with Samech) numeravit : And fo Maximus Planudos writes 
it, and applies it particularly to that note of Nul/iry. For (having recited the 


nine ſignificant Figures) he adds, Tan 5 iryir 7 giua, 3 xenta 1 Giopas, xe] "Ines 


owdivoy. Ou Sy. They add, ſaith he, (belide thoſe nine) 4 Figure, which they call 
Tziphra, which, with the Indians, denotes none. And again,*H 5 TG 39496) vTw5O;3 
i.e, The T ſipher « thus written, 0: And therefore I think the word is as well writ- 
ten with C as with $; the Letter c (as we in England commanly pronounce it 
Lefore e and 5) having a ſound like 5, but ſomewhat harder, (as when we write, or 
ſome of us, to adviſe, with 5, but ro give advice, with c;) and therefore fitter to 
expreſs r/. | 

To this way of Arithmetic, by theſe Numeral Figures, they give the peculiar 
name of Algoriſm, (a word which, I believe, is not to be found any where uſed more 
anciently, nor for any other, than this way of Practical Arithmetic,) being an 
Arabic name, compounded: by them of their Arabic Article A!, with the Greek, 
'Apduss , (in like manner as Prolomy's Almagiſt, is by them ſo called from Al and 
wezicn.) The Arabic name of Algorithm, or Algoriſm, being of the ſame age with 
us, as is the Arabic way of Calculation, or Practical Arithmetic. It was anci- 
ently called alſo by another name, Abacus; which Lucas de. Burgo (the firlt prin- 
ted Author of this kind) ſuppoſeth to have been corruptly ſpoken for Arabicxz, 
as coming to us from the ow | 


— 


CHAP. 1V. 


How ancient the nſe of the NuMERAL Ficukes hath 
been in theſe Parts of the World. 


S to the Time when theſe Numeral Figares began firſt to be in uſe 
amongſt us; Yoſſixs tells us (in the place cited), That they have not 
been in uſe above 350 years; at leaſt, not 400 years at the utmoſt. 
Non niſi anni ſunt CCCL, ſaltem infra Quadringentes, quod eas Sifras 

accepimus, Which Book being written about the year 1650, (as appears by the 
date of the Epiſtle prefixed ;) it is as much as to ſay, they were not in uſe till 
the year 1300; or, at the fartheſt, not before 1250. '7! 

But I take them to be ſomewhat more ancient than ſo, perhaps not in common 
uſe, but at leaſt in Aſtronomical Tables : For I ſuppoſe they were firſt of all 
admitted in the Aſtronomical Tables, which we tranſcribed from the Moors or 
Arabs ; and afterwards, by degrees, came into common uſe; till at length they 
began to be generally uſed in all Arithmetical Operations, as being much more 
convenient for that purpoſe, than other ways of deſigning Numbers: 

I know that in the Editions which we now have of Boerius, Bede, and other 
ancient Authors, theſe Figures are now frequently uſed : But I do not believe 
they were found in the ancient Manuſcript Copies,from whence theſe printed Co- 
pies were taken; but, in thoſe, all their Numbers were expreſled by the Zatin 
Numeral Letters, (and in divers ancient Manuſcripts I have fo ſeen it:) And 
therefore I do not bring thoſe as an argument of their Antiquity, nor do l be- 
lieve they were in uſe (in theſe weſtern Parts) when. thaſe Authors were firlt 
writtes. my | 
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But that they are ſomewhat more ancient than Yoſivs mentions, I' judge 
for theſe Reaſons : "x 

Firſt, 1 find in our Savilian Library divers ancient Manuſcripts in which 
theſe Figures do occur; (in ſome, perpetually; in others, very frequently.) 
Amongſt which, there be two compleat Volums of Aitronomical Fables, for all 
the Celeſtial Motions, and rwo Calenders for the Ecclefiaſtical Account ; all of 
them fairly written in excellent goodVellum, with great accuratcneſs and coſt ; 
which I judge from divers circumſtances there appearing, to have been written 
not long aſter the year 1 200, at leaſt before 1250 : Belide many other Aſtrono- 
mical Treatiſes, ( tranſlated divers of them out of Arabic ) which appear to be 
much about the ſame age. 

But when I ſay, not long after 1200, I do not know, but ſome of them may 
haye been written a good while before that time, eſpecially thoſe two. Volums of 
Aſtronomical Tables : For they are ( one or both of them) the Tables of A4r- 
zachel, a Moor in Spain, whom Yoſſis ſays to have been eminent in Spain, about the 
year 10$0; (but ſays alfo, that ſome others judge him to have been more anci- 
ent.) His Tables are accommodated to the Meridiar. of Toledo; and were writ- 
ten, I preſume, in eArabic, (becauſe, by a oor, and accommodated to the Ara- 
bian year,) but tranſlated into Latin, and ſo brought into England, by ſome of 
ours, who went on purpoſe into Spars to learn the Arabic Language, and to be 
acquainted with this kind of Learning z which was then to be learned no where 
but of the doors, and out of Arabic Authors : Which Authors were not to be 
underſtood, nor the Tables tranſlated into Latin, without knowledge of the 
Arabic Figures, (or, as they be there called, /ndiar Figures) retained (with ſome 
little alteration) in the Zariz Tranſlations, which we have. 

Finding therefore, that divers of our own Nation (to ſay nothing of others) 
did on this account travel into Spain; as Adelardus, about the year 1130; and 
Retinenſis, about 1140 3 Shelly, about 1145 3 Morley, about 1180; it muſt needs 
be, that theſe Figures were in uſe with us, a good while before the year 1250 :; 
And, that they came into uſe, at the ſame time with this ſort of Arabic Learning. 
And thoſe who tranſlated the Arabic Authors into Latin, (amongit whom was 
Johannes Hiſpanicus or Hiſpalenſis, whom Yoſſis placeth about the year 1146) 
tnuſt needs be thought to have made uſe of theſe Figures, which we find uſed in 
the oldeſt Manuſcripts (that I have yet ſeen) of the Latin Tranſlations of thoſe 
Arabic Authors. 

And that not only the firſt Copies of theſe Tranſlations, but even theſe parti- 
cular Books, are more ancient than the Alphonſine Tables, (firſt) publiſhed, as 
Voſſizs tells us, in the year 1270; others ſay, in the year 1252; becauſe when 
theſe were once made, thoſe of Arzachel grew out of date: And whoever would 
be at the coſt and care to have Aſtronomical Tables ſo fairly written, would 
chuſe to bave thoſe which were lateſt, and reputed moſt accurate. 

'Tis certain alſo, that Joba-nes de Sacro Boſco,whom Yoſſims places about the year 
1232, (and wha dicd in the year 1256) was not only acquainted with them , but 
hath left oneor two Treatiſes De Algoriſmo ; ſhewing the uſe of theſe Figures in 
all the parts of Arithmetic, and doth appropriate to them the name of Algori/mus, 
Two Copies we have of it in Manuſcript ; one in the Boaleian Library, the other 
in the Savilian : Which Art he divides into nine Parts; Aumeration, eAddition, 
Swubtrattion, Mediation, Duplation, Adultiplication, Deviſion, Prepreſſion, and Extrattion 
of Roots, Square and Cubic; Which are there performed much in the ſame manner 
as they are at this day. | 

And to this Treatiſe in Proſe, there is (in both Copies) ſabjoyned another in 
Verſe (as was the faſhion of thoſe times) to the ſame purpoſe : Which therefore 
1 judge to be his alſo, though his Name be not put to it ; and if not, 'tis at leaſt as 
ancient z for his in Proſe cites this in Verſe. 

Now he dying (of a good age) in the year 1256, (and being well verſed in 
theſe Studies) we may well think, this Treatiſe might be written divers years 
before 1250. And though, of ſome other Books, where we find ſuch Figures 
uſed, it may be thought they might poſſibly be uled in later Tranſcripts, though 
the Originals had been written with the Roman Numbers, (as was ſaid before of 


Boetius, Bede, and others) yet, in theſe, it muſt needs be, that the Figures are 
as 
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® ancient as the Original, becauſe the ſcope of the Book is to teach the uſe 
of them. 

And in whatever Authors we meet with the name of Algoriſm; fo 01d, at leaſt, 
we may conclude the uſe of theſe Figures to have been. | 

In another Book of the ſame Author, Fubawnes de Sacro Boſco, which is De 
op, (of which we have an ancient Manuſcript Copy, wherein 

cheſe Figures are alſo uſed,) he ſays expreſly (which ſhews the time wherein it 
was firſt written) Ab. incarnatione Domini elapſi ſunt 1235 anni; and therefore 
more ancient than either 1300 or 250. 

I find alſo by a Treatiſe of Robert Groſthead (Biſhop of Lincoln) , De Computo 
Eccleſiaſtico, with a Calender annexed (fairly written in an ancient Manuſcript in 
Vellum ) that they were ufed by him alſs, who flouriſhed about the fame 
time, He was made Biſhop of Lincoln in the year 1235, and:died in the year 
1253: | 
And Roger Bacon, whom Yoſſiue placeth about the year 1255, (a perſon ſo well 
Skilled, and fo inquiſitive into all kind' of Learning, and particularly into theſe 
Studies, and fo well acquainted with Arabic Learning, and, ſo intimate with the 
perſdns laſt mentioned, (as we find him to have been) cannot be thought to have 
been ignorant herein. | 

; Alexander de Villa-ati, Dolenſis, whom Foſſius ſays to have lived about the 
year 1240, and to have- written of Arithmetic, and Eccleſiaſtical Computation, 
did, I preſume, therein make uſe of theſe Figures. For though I do not remem- 
ber that I have ſeen theſe Books, (at leaſt not under that name 3) yer theſe bein 
then in uſe, and ſo convenient for that purpoſs, -it is nor likely that he woul 
wave thei, and make uſe of Numeral Letters, which are much more troubleſom 
and inconvenient. | 

We have alſo, in Manuſcript, another Freatife of Algori/-r, of Fordanus, (whom 
Foſſius placeth about the year 1200, and Contemporary with that Campanus, who 
wrote De Computo Eccleſiaſtico;,) entituled, Algori/mws Fordant, tam in Integrs 

in Frattonibus, demonſtratns ; in which, the uſe of theſe Figures, and the way 
of numbering by them, is with great accuracy d&fribed and demonſtrated. 
Which A4lgoriſmus of his is very different from his Arirhmerica, publiſhed and 
Uluſtrated by Faber Srapmlenſss ;, yer fo, as it may very well be judged, by, his man- 
norof demonſtration, to be a work of 'the fame man. ' And the Manuſcript it ſelf, 
as appears by the hand, and by the ſhape of the Figures, is very ancient. 

And in the ſame Manuſcript Book, wherein that' of Fordanws, and ſome other 
fmall pieces are written, [ find at the-end of it two Celeſtial Schemes, relating 
to the year 1226; the one of them is called Fjg«ra Am, repreſenting the Poſi- 
tion of the Heavens on arch 22. 1216 ; the other, Figura'Conjunttionis Saturni 
& Martis, ſhewing the Poſition of the Heavens at.the time of that ConjunCtion, 
which happened the ſame year, Oitober 4. 1216. They are both of them deſcri- 
bed by theſe Numeral Figures; and, in likelihood, were calculated about that 
time, in order to ſome Aſtrological PrediCtions to be made thereupon. And it © 
happens, that this laſt page of that Piece, proves to be the latter leaf of that fame 
Piece of Parchment, which begins that Baok of Algoriſmns Demonſtratus, and 
thevefore later written than it. | 

I find them alſo uſed in an ancient Treatiſe of Ecclefiaſtical Computation, in 
Verſe, called Maſſ# Comput, of which I have ſeen divers Copies in Manuſcript, 
(and I think it is alfd _ :) The Verſes of which, 1 nd frequently cited in 
later Computiſts. - And-(though I do not know: the Author) that we may not 
doubt of the age, the Work it ſelf deelares it; for, where he teacheth how to find 
the Solſtices and Equinodtials at that age, he telkns, That in 120 years they go 
back one day; and that at the birthof Chriſt, the Winter Solſtice was on Chri/#- 
214; day; but falling backwards one day in 120 years, and ten times 120 years 
(that is, 1200) being then paſt, it was now come back from the 25th to the 1514 
of December. His words are theſe: 


Solftitium quivis horam precedit in annis, Solſtitium legimus Chriſto naſcente feiſſe- 

Cumque diem faciant wiginti quetuor hore, | Centum Viguts dccies pam praterive 

Ants viginti centumque dies datur ung. | Anni. Six. devis precedis mera diebus. 
C2 But 
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But though we may hence gather the age of this Work to have been about rhe 
year 1200; yet I confeſs it doth not, from hence alone, follow certainly, that 
theſe Figures were then in uſe, however we now find them in ſome of thoſe Copies 
which we have; for it's poſlible, that in the firſt Original; the numbers here (as 
well as in Bede's Books, De Computo,) might. be defigned by Numeral Letters: And 
1d in one Copy I find it to be. But in others, the Numbers are deſigned by the 
Numeral Figures ; and (theſe appearing otherwiſe to have been in uſe at that 
time) we may as well think, they were ſo uſed in this: Yet ſo, as that the Nume- 
ral Letters were in uſe alſo, as even to this.day they are. 

Beſide what hath been already ſaid, we: have alſo a Treatiſe of Aſtronomical 
Tables of Robertus Ceſtrenſis, (according to the Dottrine of Albategnius Aracenſss ) 
by him accommodated to the Meridian of Zondon, and adjuſted to the beginning 
of the year 1150, beginning the year at the firſt of 2Aarch (that the Intercala- 
tions in February might cauſe no diſturbance in numbering the days); having be- 
fore (as he there tells us) compiled a like Treatiſe adjuſted to the Meridian of 
Toledo, (according to Abenezra, or Abenarza, whom in that he follows) beginning 
at Fan. 1. 1149. (as, he doth this from March 1. 1150.) which argues, that he 
lived about that time, and that theſe Figures were then in uſe: For the Latin 
Numeral Letters are altogether improper for Aſtronomical Tables, nor do I be- 
lieve that any ſach were ever written by thoſe Letters: Though ſome indeed have 
been written by the Greek, Numeral Letters (as thoſe of Prolomy), which, though 
leſs convenient than the 1ndzar Figures, are yet much fitter for that purpoſe than 
the Lat Letters, 

I am not ignorant that Bale, amongſt his Writers of an uncertain time, mentions 
one Kobertus de Ceſtria; and ſays, that Leland thinks he might have lived about 
the time of Richard the Second; that 1s, about the year 1380. But either that 
mult be another of that name, or elſe Leland miſtakes his age: For it isnot likely, 
if he lived about x 380, he would have adjuſted his Tables to a time fo long paſt, 
(thoſe for Toledo, to the beginning of the year 1149; and thoſe for London, to the 
end of itz) but rather (as in fuch caſes is uſual) to his own time, (as Prophativs 
Jude doth his, to the year 1300, when himſelf lived.) Nor doth he therein take 
notice of the Alphonſive Tables, and divers others which were more ancient than 
the year 1380; but only of Albategni« (whom Yoſſins placeth about the year 
888), and Aben-Ezra (whom Yoſſi placeth about 1 145:) Nor do I find him to 
mention any more late than that time. 

I ſhould rather have taken it for Roberts Ceſtrenſes, made Biſhop of Cheſter by 
Wiliam the Conquerour, in the year 1085 (according to Simeon Dunelmenſis ), or 
1087 (according to Rudulphus de Diceto), or 1088 (according to Godwin ); whom 
Duxclmenſis reckons alſo by the name of Robertus Ceſtrenſis, as preſent amongſt 
others at a Council of Biſhops under Anſelm, in the year 1192. But Godwin 
calls him Robert de Limeſey, and ſays, he died in the year 1116, which is too ſoon 
for our purpoſe. Nor do I meet with any thing concerning his skill in Mathe- 
matics. And it is not likely that he would begin his Tables from the year 1149, 
or 1150, a time then to come,z and therefore it muſt be ſome other of that name, 
ſomewhat later, who lived abcut the year 1150. 

And I doubt not, but if we make ſearch in our old Manuſcripts about that age, 
we may find the uſe of them in the 12th and 13th Century, if not before. 

. To this, I add what have lately ſeen. At the Pariſh of Helmden in Northampron- 
ſvire, (in the houſe of Mr. William Richards, now Miniſter there) on an ancient 
wooden Mantle-tree to the Chimney in his Parlour, (perfeCtly black with age and 
ſmoke, but firm and hard,) there is carved work (well enough for that age) from 
the one end to the other ; and about the middle of it this date, in old Carving, not 
yet defaced,) A* DO' M® 133. But both the Letters and Figures of an antic 
ſhape, agreeing with that age. | 
-- $0 that I do not doubt, but that they have been inuſe amongſt us in England, at 
leaſt as long ago as the year 1133; not only in Aſtronomical Tables (though firſt 
introduced on that occaſion), but elſewhere alſo: Which is near 150 years before 
the tinic that Yoſſis mentions. 

Nor need it appear ſtrange to any, that of this number «1 33, the Thouſand is 
exprelled by 27”, or the word 44leſimo (of which that is an abreviation), and qr 
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the latter part in Figures, 1333 for that was (and ſtill js) very uſual. . Thus ia 
the Treatiſe of Roberts Ceſtrenſis above-mentioned, I find it thus written, 4n- 
nus namque Solaris in tercentum 65 aies atque unins aies quartam partem diſtinguitur. 
And again: Quibus executis, hos omnes dies in 30 multiplica,. & Pg cons ſum- 
mam per decem millia 631 divide. (Where we .have tercentum 65, for 365; and 
decem millia 631, for 10631.) And the like elſewhere. ._ . | Y 

Since theſe things were written, I find in P. Adabillon's Treatiſe De re Diploma- 
tica, ( printed at Paris, 1631.) Lib.1]. Cap. XXV. $ Y. mention made, of a 
Bull of Pope Stephen the Ninth, (cited out of Ughellas's Jralia Sacra, Tom, I, 
col. 465.) thus dated : Data ammo Incarnations MLV IT Indiltiene XI. with this 
Note of Mabillon ; Ubi pro XI pomtur 11, vitio libraris qui pro Romanis numeris Ara- 
bicus ciphr as male expreſſit. | 

The words in —_— are thus: Scriptum per manus Gregoris notaris & camerari 
Santte Apoſtolice ſedis in menſe Novembris die 1 9 indittione 2. Datum Rome 10 Ka- 
lendas Decembris per manus Humberti ditti Epiſcopi Silve Candide & Bibliothecarii 
Sante Romane & Apoſtolice ſedis, anno Deo propitio 1057. . Pontificarus Domini Ste- 
phani noni primo, inditt.2. Where Mabillon ſuppoſeth, that in the Original (or 
at leaſt in ſome Copy whence this was taken) it had been written (in both 
places) 1ndi&. 11. (in theſe Arabic Figures) for Eleven; but the Tranſcriber 
( taking them to be the Koman Numbers for Two) expreſled it by-2. And if in- 
deed it were ſo in the Original, it is an argument that theſe Figures were then in 
uſe (though perhaps but rarely) in the year 1057: (Or at leaſt in the year 
1058, for ſo perhaps it might be written, the Indiftion for the year of our 
Lord 1057, being but 10; ſo that here ſeems to have been another miltake in the 
copying 3 where, for MLVIIL, he puts 1057 inſtead of 1058, which might eaſily 
happen, if one of the three laſt ſtrokes did in the Original begin with age to 
diſappear ; unleſs we chuſe rather to fay, that they did, at Sepr. 25. begin to 
reckon a new IndiCtion, which was ſometimes done, but not conitantly, as Ma- 
billon in that Chapter obſerves.) But this Argument is only conjeCtural, becauſe 
we are not ſure what it was in the Original. 

And Mabillon himſelf takes no notice of it : For I find him there, Z1b. 1L. 
Cap. XXVTIT. $ X. thus to ſpeak: Invent hoc loco quedem adjicere de notis nume- 
Ticts, qite in conſignandis Diplomatum calcults adhibite ſunt ab antiquiss He note 
duplicis ſunt gener; , nempe Numert Romant & Arabici, quas vulgus cifras appeliat. 
Recentior eſt harum cifrarum uſus, quas Arabes ab Indis ſeculo X, Hiſþanos ab Arabibus 
feculo XITI, accepiſſe cum alizs cenſet Athanaſins Kircherus in Arithmologia ſua Part.l. 
Cap. IV.] Aadait Papebrochin: in Propylei, Nam.1g. earum uſum ante bella ſacra uſum 
2101 fuiſſe. Ego vero nullum deprehends ante ſeculum XIV. "Thus Mabillon. 

But for the Reaſons above-mentioned, I take the uſe of them in Europe ta 
have been much older than ſo: Not perhaps in the date of Charters and Legal 
Records, (for in ſuch we find, even to this day, they are ſcarceadmitred, our, 
Lawyers, in their Records, conſtantly making uſe of the Latin, Numbers, 
MDCL.XVI ;) bur, at firſt, in Aſtronomical Tables, and Algorithmical Opera- 
tions, and then by little and little in common uſe. And the Arabs I believe had 
them much earlier than the tenth Century. ofa | | 

And (if I be not miſtaken or miſinformed) Hermanyw Contraftus (whomYoſ- 
ſis placeth about the year. 1050, and Sir Henry Savile in a Manuſcript of. us, 
about 1045) was acquainted with them, and taught the uſe of 'them, ia his time. 
But I think, his Figures were in ſhape much different from thofe we now uſe, aud 
ſaid to be borrowed from ſome Caldearn writer,and called by names of Caldean Ex- 
tration. But it is not the ſhape of the Figures, (which vary from day to day, as 
the ſhape of Letters alſo doth,) but the way or manner of-uligg them, which 
we are now enquiring after. Of him I find mention in an ancient Manuſcript in 
the Bodleian Library, That from Hermannus and Prodocimus they had learned the 
Abacus, which is another name for Algoriſmus. Nor were they then ſo well skil- 
ful in Oriental Languages, but that they might eaſily miſtake a name, and write 
Caldaan for Arabic Author. — Marr 

Upon the whole matter therefore I judge, that about the middle of the ele- 
venth Century, or between the year of our Lord 1000,.and 14100, theſe Numeral 

Figures came into uſe amongſt us in Exrope, together with other Arabic — q 
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firſt, onthe account of Aſtronomical Tables, and other Mathematiczl Books ; and 
then by little and little into common practice. . 

But the firſt (I think) who hath publiſhed any thing of this nature in print, is 
Lucas de Burgo, in Italian, in the year 1494 3 and after him (as Baleo informs us in 
his Logiſtica) Stephanus a Rupe, in French, with whom Srifelizs, in his Arithmetic, 
cites alſo Adam Riſen, a German, (and all theſe, with their A4{goriſm, treat allo ot 
Algebra: ) For though Hermannus Contraltus, Prodocimus of Padua, Johannes de 
Sacro Boſco, Fordanus Nemerarius,, Leonardus Piſamis, and others, had written 
thereof before; yet that was before Printing was in uſe: Nor do I know.(though 
ſome other of their Works be yet extant) that their Writings on this Subject 
have yet been printed, but are either not extant, or only.in Manuſcript. 

Beſides thoſe above-named (and before moſt of them) . is that of Judacrs Clich- 
rovers, who in the year 1503, (andagain in 1522,) publiſhed a Treatiſe of Faco- 
buu Faber Stapulenſis (whoſe Scholar he had been), entituled, «4 Epitome or ſhort 
Introduttion ito Boetws's Arithmetic, with his own Commentary thereon, To 
which Treatiſe of Speculative Arithmetic, he ſubjoyns his own Treatiſe of Pra- 
tical Arithmetic, or Praxis numerandi, quem Abacum vocant. And, to both theſe, 
one much more ancient'(of an Author to him unknown), with this Title,Opuſculun 
de praxi numerorum, quod Algoriſmum vocant. Of which laſt,lI find an. ancient Manu- 
ſcript Copy in- the Savitian Library, ſubjoyned to that Algoriſm of Sacro-Boſca , 
which I judge to be much of the ſame Antiquity with it, (about the year 1250, or 
ſooner) and the moft ancient of any yet printed ; where we ſee, Clichroveus uſeth 
both names, of Abacus and Algoriſmus, for this Praxis numerorum, by theſe Nume- 
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CHAP YV. 
The Uſe of the NumMERan Frounkts. 


HE uſefulneſs of theſe Numeral Figures ( which we have received 

from the Arabs, and they from the Indians.) is exceeding great in all 

Parts of Arithmetic. And this way of Algori/m is fo advantageous 

beyond all ways of Numbering, or Notation of Numbers, before in 

vſe, that ſince the introducing thereof, (which-quickly came to be generally re. 

ccived when it wasonce known) we have now-no other way of Practical Arithmetic 

but it. In ſo much, that we, to whom it is now known, cannot but wonder how 

it was poſſible for the Ancients to manage great Numbers without it. And cer- 

tainly, ſuch vaſt Numbers as we are now wont to conſider, could not in any tole- 

rable way be managed, if we had no other ways of deligning Numbers than by 
the Latin Numeral Letters, MDCLXVI. 

-- *Tis true, the Ancients had the fame way of diſtributing Numbers that we have, 
collecting Units into Tens, and Tens into Hundreds, and Hundreds into Thouſands, 
and theſe into Myriads, and ſo onwards to Myriadsof Myriads. 

But they wanted a convenient way of Notation or Deſignation of them, pro- 
portional to that diſtribution: In fo much, that when they came to Thouſands or 
Myriads, they had ſcarce any more convenient ways of deſigning them, than by 
words at length, for want of Figures. 

And it was thoughta Paradox incredible, (as appears by Archimedes in his Are- 
narins) that it was poſſible to deſign a Number ſogreat, as that of the Sands on whe 
Sicilian ſhoar: Whereas he there demonſtrates, that the number, not of thoſe only, 
but of ſo many as would fill the whole World as high as the Fixed Stars, even ac- 
cording to the Hypotheſis of Ariſtarchus; that is, (as we now ſpeak) not only 
according, to the Prolomear, but even according to the Copermcan Hypotheſis, is 
much leſs than what, in this way, we ſhould deſign by an Unit, and 63 Ciphers ; 
1900,00c0 | 0000,0000] 0000,0000[ 0020,0000| 0000,0000] 0000,0000] 0000,2000, 0000,0009 : 
Which is a number now manageable with much eaſe. 
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'Tis true, that:the uſe of theſe Numeral Figures. is not peculiar ta Algebra, but 
they are of uſe in all the pafts of Practical Arithmetic ; and it may ſeeratherefote 
a.digreſſion from my preſent delign, to diſcourſe of it. But, though not pecu- 
liar to Algebra, they are yet ſo neceſſary for the convenient exerciſe of it, that 1 
may well reckon the introducing of them to be a great improvement of this. And 
Voſſine tells us, (citing Stevi to the ſame purpoſe) That the Greeks and Romans 
could not be perfect Arithmeticians, or good wa raiſts, for that they wanted the 
Numeral Figures, which we had.from the Arabs ; without which, they were not 
able to expreſs Decimal Periods. Yidentur Greci & Romani non potwiſſe perfetts eſſe 
Arithmerics, vel Algebre gnart, propter defettumn notarum Arithmeticarum, quas ab Ara- 
bbas accepimus. Sine illes enim non valuere Decimarum. periodos exprimere. Jo. Ger. 
Voſlius, #2 Addendss ad cay. g. de Scientizs Mathematigs. © And Algehrs (by what we 
have already ſaid) ſeems to. have come to us from.the Arabs, at the ſame time, 
aud, together with the Numeral Figures. 

In what manner theſe Numeral Figures are made uſe.of in all the Parts of Pratti- 
ca. Arithmetic, in whole Numbers and Fraftions, would be toa great adigreſſian 
re Gere ; Nor is it neceſlary, becauſe it is to be had-inall Books of Praftical 
4righmeric. i} 

And. though there bave been many Improvements of this Algoriſm, or Pradtical 
Arithmetic, by particular compendious Rules invented for. more convenience; 
tnce we karned it from the Arabs; yet becauſe it is for ſubſtance. the ſame with 
theigs, L will pot infſb on all the particulars of that kind, leaving them to be obſer 
ved in Writers of this Subject. And what of this may ſeem, necellary, will come 
a3 kigly where we ſhall ſpeak of Decimal Frattions: "7 

There are two Improvements very conſiderable, which we have added there- 
'unto ſince we received it from them; to wit, that of Decimal Fraitions, and thas 
bf Logarithms. 

But before I ſpeak of either of theſe, I ſhall here inſert a ſhort account of the 
method deſcribed by Archimedes, for the expreſſing of Numbers vaſtly great ; and 
ſhew how that anſwers our preſent way of Notation. 

And ſhall then ſay ſomething of Sexageſumal ary (and the uſe of them), in- 
ſtead of which, the Decimal Fractions are now introduced. 

And then proceed to thoſe xgwo improvements but now mentioned, 


——_—— 


CHAP. VI. 
The Method of Archimedes for deſigning great Numbers. 


HOUGH the Greeks ( as is faid) , and the Zatins after them, (till 
of late) had not that way of Notation which (by help of the 1ndian 
Figures) we now have; yet in caſe of great Numbers they had an 

. expedient anſwering thereunto, though Jeſs convenient: Which Ar- 

chimeges (whole invention I ſuppole it was) acquaints.us with, in his Book, enti- 

tyled, Yayuwins, of Arengrius;z and which be had before declared (as he there tells 
$) 19 a former Treatiſe on that Subject, written th Zexxippes, entituled (as it 
cems) *Az2ze?, or Principles : Which Book, I ſuppoſe, is no where now extant. 

Bur the ſubſtance of it 15 preſerved to us in his Arengriys, as I have ſhewed in my 

Egitipn of that Treatiſe, and aiy Notes ypon if: And it istothis pyrpoſe. 

He firlt ſuppoſerh 3 Rank of Numbers, from Ore, in continual Proportion, 
(which we now call a Geomerrical Progreſſion, whoſe firſt Term is 1.) as, e, C, 44 
Cd, 4, &c- 

"And it is the ſame with what we now baye been wont to call Cofſic Numbers, 
and thus expreſs, (or to this purpoſe) 1. V. Q.C.QO. cc. or, 1. A. Ag. Ac. Aq9- 
or, 1,7, 7.7%. r*, &c. as we ſhall aſter ſheyy. 

He then demonſtrates, that uw any ſuch Progreſſion (what ever be the Ration 
thereof, or the continual Multiplier), the Produ of any two of them (multi- 
plied one into the other) is equal to ſuch other in that Rank, whoſe place vn 
n 
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ned incluſively) is to be denominated by a number equal to the Denominators of 
both thoſe, wanting 1. As for inſtance, y (which is the third) into « (which is 
the fifth), produceth (ſuppoſe) », which ſhall be the ſeventh ({ denominated by 
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Or (which is in effeCt the ſame) if (excluſive of the firſt Term «, or x,) each 
be denominated by its diſtance from 1 ; then is the Exponent, or Denominator of 
the ProduCt, equal to thoſe of the two Factors taken together: As, r* into r*, 
is 75, (becanſe 24-4=63) that is, 77 rrrr=rrrryry, 

And this is what we now call Logarithms, (that is, Aiqay dpbads, The number of 
the Proportions compounded; as if a be Denominator of a Ration or Proportion, 
then is 444 the Denominator of three ſuch Rations compounded.) For the Lo- 

arithms are the number of places of ſuch Geometrical Progreſſion z or Numbers 
in Arithmetical Progreſſion, anſwering to ſuch in Geometrical Progreſſion ; and 
conſequently, the ſum of thoſe anſwering to the Product of theſe ; which is the 
main Myſtery of the Logarithms. | | 

This being thus laid down in general, he applies it in particular to the Decuple 
Proportion, according to which, they and we are wont to diſpoſe of Numbers ; 
and ſo a, C, y, 4, « &c. Is One, Ten, a Huudred, a Thouſand, a Myriad, (or ten 
Thouſands) and ſo onward according to the number of places in that Progreſ- 
ſion, anſwering to what we call the number of places in our Notation by Indian 
Figures, | 
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Now whereas we uſe to reckon by Thouſands, and Thouſand-thouſands, &c. 
that is, by Periods (as we call them) of three places; they reckoned by Myriads, 
and Myriads of Myriads, &c. that is, by Periods of four places. 

And then (proceeding by greater ſteps) a Myriad of Myriads (that is, an Unit 
in the ninth place, or an Unit with eight Ciphers, as we write it) he calls Nume- 
70s primos, (we may call it, The firſt Claſſis;) and ſuch Unit (that is, one Myriad of 
Myriads) he calls, An Unit of the ſecond Numbers (Unitas numerorum ſecundorum ), 
or of whe ſecond Claſſis; and ſo onwards for eight places more, to the third Num- 
bers, or third Claſſis : And in like manner to the fourth, fifth, &c. as far as that of 
a Myriad of Myriads of ſuch Claſſes, each conſiſting of eight places; that is, as 
far as an Unit followed with 8 Myriad of Myriads of Ciphers, according to our 
Notation ; or 1, with 8,00c0,c000, Ciphers. | 

And yet if this Number be not thought large enough, let all theſe (faith he) 
be called the Firſt Period; and this Unit, an Unit of the firſt Numbers of the 
ſecond Period ; and (after ſo many places more) an Unit of the firſt Numbers (or 
Claſſis) of the third Period; and ſo onward to a Myriad of Myriads of ſuch 
Periods: The laſt Unit of which, that is, one Myriad of Myriads, of the Myrio- 
myreſimal Claſſes, of ſuch AMyrio-myreſimal Period, anſwers (in our Notation) to 
1 followed by 8; 0000, 0000; oc000, 0000, Ciphers: Fhat is, 1 with Eight 
Myriads of Myriads of Myriads of Myriads of Ciphers. 


Or (as we uſe to diſtinguiſh Numbers, into Periods of three places, for Thou- 


* fands; or, of ſix places, for Millions) 


1 With 
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Millions of Millions of Ciphers. So that Archimedes did not want mearnsof' 
ligning Numbers vaſtly great. _ - | | WM - 

Now that ſuch Number is indeed vaſtly great, is made evident by what he there 
demonſtrates, (and it is the deſign of that Book) That a Thouſand Myrinds of the 
ſeventh Numbers (or ſeventh Claſlis), that is, (as we wtite) an Unit with'g3 Ci- 
phers, is abundantly more than would be the number of ſo many Sands (ſo ſmall, 
as that Ten thouſand of tiiem ſhall be leſs than one ſeed of Poppy) as wonld make 
2 bulk much greater than is the whole World, even according to the Hypotheſis 
of Ariſtarchus, or (as we nuw ſpeak) the Copernicaz. Hypotheſis; which fappoſeth 
the great Orb, wherein the Earth (according to him) moves ronnd abobt' the 
Sun, or (as others ſpeak) the Sun about the Earth, is but as a Point, or inconſide- 
rably ſmall, in compariſon to tae Orb of the Fixed Stars 5 ſuchas is theBody of 
our Earth, in compariſon to that great Orb, in which the Earth or Sun is fuppoſed 
to move. FY i 

And if the ſmalleſt number of 64 places be more than that of ſo ſmall Sands, 
which conſtitute ſo great a bulk z wit will be a number, whoſe places [ag w 
now ſpeak) would be more than Fourſcore thouſand Millions of Millions | * 'G 
great a Number wiil that Method of Archimedes ſerve to expreſs: Which is 
more than the namoer of ſuch Sands, as would make up morethan 79 Thouſand 
Millions of Millions of ſuch Worlds. _— __ 

Accordingly (putting M, or MY, or Mu, for Myriads, as they uſed to do before 
the uſe of the Indies Figures) Archimedes would thus expreſs ſuch Numbers. 


% 
| 


9 t {7 ' 1 ohad 
99 49. ES 
999 4%. . #44" 6 as + 

9999 1 > (2 
CE 1, or M, M', My. , > L123 OS 
949999 49748, or 8Mu. $240. 

99, 9999 249794, or 49M. 8249. 

9999999' 49M. 840. 
$9999,9999 IAA. $249. Or perhaps, 940M", 949M, 


1,0000,0000 MM, or MM. 


, And thus far Archimedes ſuppoſeth them to be pretty well provided before 
IS tIme. | 6 
But then for expreſſing Numbers vaſtly great, it would be expedient, ag here 
' they have M' for AMyriads, and M* tor Monades (or Units), ſo to apply ſome"ather 
Character for Claſſes and Periods, if there ſhould be occaſion to proceed ſofar. * 
This Doctrine of Archimedes, ( concerning his Nomenclatxre of Numbers) re. 
duced to our preſent way of Notation, is to be thus expreſſed. ** TY 
An Unit of his Firſt Numbers (or firſt Claſs of Numbers, :'s þ + Þ i 
A Myriad of Myriads of his Firſt Numbers, which is, OR 
An Unit of his Second Numbers (or Second Claſs, ) To hn _—_ 
An Unit of his Third Numbers, . . + .* i; + 1[o000,0000 ,0000, 
An Unit of his Fourth Numbers, .. , . 1]0000,0000|0000,0co0}0000,0000, 
An Unit of his Fifth, Sixth, Seventh, Eighth, Ninth, &c, of the firft Period. ' 
1 with Ciphers, 32. 40. 48. 56. 64. &e. WONT, : 21 
An Unit of his 4yrio-myreſimal Numbers (or Myrio-myreimal Claſs) of it 5-" 2 
t with 7,9999,9992 Ciphers, &, 9007 11, -2Mum 
A Myriad of Myriads of his Myrio-myreſimal Numbers of bis firſt Period ; whichs, 
An Umt of the firſt Numbers of his ſecond Period, OE FC 
1 with 8,c020,0000 Ciphers. | 9 | CT 
An Unit of the ſecond Numbers of his ſecond Period, 4 
1 with 8,0000,0008 Ciphers. 
An Unit of the third Numbers of his ſecond Period, 
1 with $,0000,0016 Ciphers. 


1 with $0, O00 3 ©00, C0 000, 000, Ciphers: That is, 1 with Eighty or oa | 


| 
| 
| 
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gf Prolomy); and are continued in uſe with us td this day. 


An Unmt of the fourth, fifth, ſixth, &c. Numbers, of his ſecond Period, 
1 with Ciphers, 24- 32. 40. &c. More than 8,0000,0009. 
An Unit of the Myrio-myreſimal Numbers of his ſecond Peridd , 
I __ Ciphers 799999992, if1ore than 3,0c05,cooc: That is, 
1 with 15,9999,9992 Ciphers. E 
A Myriad of Miyriads of the Myrio-#yrefimal Numbers of his /tt##4 Periods ; 
which 1s, _ | "OE" M8 
An Unit of the jirft Numbers of his third Perio, 
__ 1 With 16,0000,0000 Ciphers. | 
An Unit of the fir abers of his fokrth, fifrb, &c. Period, 
-_ 1 with Ciphers 24,0000,0009. 32,0000,0C00. &c. 
An Vrir of the firjt Numbers of his Myrid-myreſimal Period , 
. 1 with 7,9999,9992,0000,0c0, Clphers. | 
An Unit of the Myrio-myreſimal «mg 7 o his 2-yriv-myreſimril Period , 
.1with 7,9999,9999,9999,9992, Glphers. | 
Spain of Arid; of the Myrio-myreſivral Numbers, of his 44#10-myrefimal 
 'xwith G ©000,00003 0000,0000, Ciphers ; or(as we aſe toUiFide numbers). 
Wl with $6,000; 000,000; 000,000, Ciphers: That is, (as we ufe to pro- 
nce it) 4 
: 'T with'Exghty thouſand Atlhions of Millions of Ciphers. 
And thus far proceeds Archimedes in his Womtettlarmre of Ningtbers there deſcri- 
bed, which muſt therefore needs be more than abundantly ſufficient, for any occa- 
ſion which can be preſumed to happen; when as (which he there demonitrates) 


1 with 63 Ciphers is abundantly more than the numbers of Sands (though ſovery 
ima!l) as would make a Bulk fo great as ts the Whole World , even according 


to the Hypotheſis of Ariſtarchus, or the Copernican Hypotheſis. 


CHAP. VII. 
Of SESAGESIMAL FRACTIONS. 


[ET 


HE Ancients, befbre the introducing of Algoriſm by the Vumeral 
7ghrcs now in viſe, (finditig it tronbleſome to 'exprefs and maiage 
F rele divers Denomunators, eſpecially when they are to be 


ao... ag 2 Ted by-great Nurhhers ; 'and trobubleſom aKo to expreſs andima- 
nage Integers, q they happen to be great Numbers) thovglic ficto Uividean 
Jnreger into 69 Parts, Which they called atv, which now we call Mines, or 
Scruples; and each of theſe into 69 Parts, which they called Seebrds ; arid (if there 
were yet need of greater exaCtneſs) each of theſe itto'60 Thirds; hd each of theſe 
into as many Foxrths; and ſo pnward, as far 'fs there was occalion ; Which they 
balled Sexageſms, or Sexageſimal Parts, 
. And (to avoid, z t Numbers) # Colteftion-of 'i&ty Intepers they called a/Sexa- 
ere z and Oxty © Finch, a Second Sexagtne;, and fixty of theſe, a Third; tird fo 
onward, asthere Was occaſion. | 

Thus, for 2, the fourth part of an Integer, (be ithbitr, day, degree, or what- 
ever glfe) they-put 4s (that is, I5 minutes ) ; 'for $, they 'put 7' 30” (that is, 7 
minutes, and 3o ſeco ; which iSexattly the fame ih value: And: for +, (becauſe 
this.caunot be exacHy exprelled in Sexageims) they would put 8*, (which is pretty 
near, but ſomewhat too little;) 'or 9' (Which'is yet nearer, hut ſomewhat 'too 
much); or (if theſe be not exatt*enough for the preſent purpoſe) '8' 24”, or 
8' 34" 17"; or yet more accurately, if need be, 'till they come to fomuch exact- 
neſs, as that the ſmall rematning differnie miphr ſafely be neglted. 

And ſuch Sexageſms were uſed not only by Ptotomy, (by whom they ſeem to have 
been firſt introduced) and other Greek Writets,' but by the 4rabsalſo (in imitation 


©9 
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So for 22507 5, (which is the number of days, whereby the Arabic years.of 

the Hegira begin later than our Account by the. years of our Lord) they put 

252; that is, 1 third Sexagene, 3 ſecand'Sexagenes,-3 firſt Sexagenes, 

and $5 days. And this account we meet with in the Aphon/oq Tables, and (of 
later time) in thoſe of Lansbergins, 42 2:4 

And for the better expediting the work of Multiplication and Diviſion in 

theſe Sexageſis and Sexagenes, they had a Table for that purpoſe, in ſuch form 


we. 
dg” '53. 3 


&&c. &e. iOb 5. "| &C. 


And ſo onward as far a; Cope ann akes 60.00. : _ 2” 
Which Tables they c nto a Square or Tri n, extendi 
from 1 to 60; 'of like nature with what we altthe Pythagorical Table for Multi- 
plication, extending from x to ro. a5] | W315. 

Such a Sexagenary Table there is (or ſhould be, if not torn out) in Blandevi/'s 
Exerciſes, with a Deſcription, and Directions for the uſe: of it ; firſt publiſhed 


as this : 
| I) 0-1) | 5 (ot 
44 0.4. 8 225 
&c. , &c. : a | &c. : Oc. 
' 10 1.4” 1 2.1 
10 by = makes xt  * 11- by $4 makes = | 
C13 2.10 C14 2.34 
Ec. . &c, = 44 &e.' * ec. 
| C30Y* eiyo Y WT _- 
19.30 3:4 2 
$0 by $5 Sm 22 $0 by w makes Shae | 
33 | 16.30 F3 A 44-10 


about the year 160c, or fooner; (for it is' mentioned ia the Preface to his Theoricy, 
publiſhed in the year 602, as having been then teceived with gaod approbation) 
and reprinted a ſeventh time in the year 1636, And the like in other Writers. of 
Aſtronomical or Sexageſimal Fxaftions. | | | 

- And then they had 'other Tables or Rules to determine the Denomination of 


the Product; as thus: Multiplication of 
'C Primes 


. Integers into < Thirds 
- {#Fourths, 


i [ : , 


Seconds into 


The ſum of all which Particulars, are equivalent to this one General, The 
Exponent of the Product, (that is, of the = part thereof ) is equal to the Expo- 
2 nens 
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gf Prolomy ); and are continued in uſe with us td this day. 


An Uni of the fourth, fifth, ſixth, &c. | Numbets, of his « Jriond _ 
1 with Ciphers, 24+ 32. 40. &c. more than $.6000,00089. 


An Unit of the Myrio-myreſimal Numbers of his ſecond Perigd , 
1 with Ciphers 7599999 9924 | more than 3;o0c05,co0c : That is 5 


1 with 15,9999,9992 Clip 
A Arad of 2 AV AAT / he Aoib-tyre ial Numbers of his /##4 Periods ; 


which 15 
An Umit of the firſt Numbers of his thitd Periotl, 


1 with 16,0000,0000 Ciphers. 
An Unit of the ff Numbers 6 of his fakrth, fifrh, &c. <—_— 
1 with Ciphers 24,0000,0009. 32,0000,0C00. £ 
An Unit of the Gf Numbers of his Myrio-myrefimal Perivd, 


. 1 with 7,9999,9992,0000,0c0, Ciphetrs. 
An Unit of the Rk aoveſlaul Numbers of his Myrio-mnyreſitral Period , 


with 99,9999,9992, Ciphers. 
Myriad 3 567 o f the 449 Gri0-myroſovcl Numbers, of his 4#10-myreſimal 


2 | 
| poo 4 ©£000,00003 0000,0000, Ciphers; or » we uſe troaiFide numbers} 
1 with 86,000; 000,000; 000,000, Ciphers : hat 1s, (as wet ufe to pros 


hounce it) 
1 with'Eighty thouſand Millions of Millions of Ciphers. 


And thus far proceeds Archimedes ih his Womehelanwe of Ningthers there deſcri- 
bed, which muſt therefore needs be more than abundantly ſufficient, for any occa- 
ſion which can be preſumed to happen when as (Which he there demonſtrates) 
1 with 63 Ciphers 1s abundantly more than the numbers of Sands (though ſovery 
ſinall) as would make a Bulk fo great as is the Whole World, even according 


to the Hypotheſi 5s of Ariſtarchus, or the Copernican Hypotheſ is, 
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err 


E Ancients, befbre the ncradacing of Algoriſm by the Numeral 
wy Ts now in te, (finditig it tY6nb!eſomie to 'exprefs and manage 
op of divers nominators, eſpecially when they are to be 
ET ar urhhers ; 'ard troubleſom aKoto txpreſfsandima- 

pen to ki preat Numbers;) thovglir fir to Uividean 


inge en 
Jnr r into g's ich "che called x4, Which now we call Mimnes, or 


= and each of theſe into 69 Pitts, which ehey called Seebrds ; 9rd (if there 
4 yet 1 need of ict exactnels) each of rhtſt itto'60 Thirdsz4hd each of theſe 
into as many Fowrth:; and fo'pnward, 4s far'ds there was occaſion ; ; Whick'they 
Ealled Sexageſms, or Sexage ſimal Parts. 
"— {oo t Re 2 ColteQtion-of ſity Intepers they called a/Sexa- 
ene, 'and f Cop, A _C 'Sexagtne; and lixty of theſe, a Third; tird fo 
onward, asthere W asoccaſioh 
Thus, for $ the urth part of - mind , (be it hbitr, day, degree, or what- 
ever £lfe) the (that is, 1 &); for #, they 'put 7' 30” (that i is, 7 
micites, and 30 = Sk Sex IPMy th fame in value: And for 2 >, (becauſe 
in Sexageſms) they would put 8', (which is pretty 


Tthip.caunot be exattly eopreſen 
*near, but ſomewhat too little;) 'or 9' (Which'is' Yet nearer, but ſomewhat too 


much); or (if theſe be not ant enough for the .preſent purpoſe) 8' 34”, or 
8' 34" 17"; or yet more accuratel T if need be, 'rill they cone to fomuch exact- 
neſs, as that the ſmall remafning difference mighr ſafely be negleted. 

And ſuch Sexageſms were uſed not only by Ptolomy, (by whom they ſcem to have 
been firſt introduced) and other GreekWritets, but by the 4-abralſo (in imitation 


© 


ee oe _—  - 


S4 F_ E F \ ape. } 
makes = \_ $by<. @ inakes = 
| 0.4 8 025 | 


Sc. - &e, © | &6c : © &c. 
' 10 1.4 T2 _ 
wild 3, I FL.&0 , 2 2,12 | 
10 by = makes - 11 by $2 makes god | 
13 | 2.10 % 14 2-34 
hg "2 *s. al e&e.! * &e. 
| f 20 N | 1y.0 . FO'F © » *4 1.40 
| 19.30 | —_ 
39 by $1 Smt | «yp J® by wy Wakes = 
| [TFY «16.306. 53. A 44-19 
&e. &s. $454? | Of. :- 


And ſo onward as far as, 60 Sn ies 60.00. 1 | 7:1," cod 
Which Tables they contraQted into a Square or Triangular = extending 
from 1 to 60; 'of like nature with what whey rope Pythagorical Table for Multi- 
plication, extending from x to ro. | abba utt] 81 
- Such a Sexa Table there is (or ſhould be, if not torn out) in Blandevi's 
Exerciſes, with a Deſcription, and Directions for the uſe: of it ; firſt publiſhed 
about the year 160c, or fooner; (for it is mentioned ia the Preface to his Theories, 
publiſhed in the year 602, as having been then received with good approbetion) 
and reprinted a ſeventh time in the year 1636. And the like in other Writers. of 
Aſtronomical or Sexageſimal Frations. | | * 
And then"they had 'other Tables or Rules to determine the Qenomination of 
the Product; as thus: Multiplication of | oy 
'C Primes 
\Seconds 
. [ntegers into < Thirds 
"1 Gare 


: &c. 


Primes 
+ | Er. | _ \Seconds 
| /\ | Primes into C{Thirds /> niakes <Fourths,»  . + 14 
| ' FFourths'\ ' 1 T, - to 3 

Sd ) 6 &s. | 162064 

Seconds - Fourths,.z 

Thirds Fi 
Seconds into < Fourths > makes <Sixths, 


Fifths Sevenths 
&c. Ec. 


The ſam of all which Particulars, are equivalent to this one General, The 
Exponent of the Product, (that is, of the __ part thereof ) is equal to the Expo- 
2 nens 


20 


F Of Sexapeſimal F raftions. C H ae.VIL 


nent of both the Faftors put together. As 1o' by 11” makes 1"56""; and 10' by 
12” makes 2” ©”, &c. So 10” by 10” makes 1" 40", &c, 

My meaning is, That ſuch Tables they had (expreſſed in Numeral Figures) 
of later times, ſince thoſe Figures were in uſe z, but before, they muſt be expreſſed 
in ſuch a way as this, viz. 


I1* into 1IT', makes VI”. 
HT into IV”, makes XII”. 
IV* into III”, makes XII. 


(That is, 4 Sexagenes into 3 Seconds of the Sexageſins, makes 12 of the firſt 
Sexageſms; becauſe + 1 — 2 = — 1.) 


XVI” into X””, makes CLEX*; that is, II'”, XLy. 


(Which they find for expedition, by conſulting their Sexageſimal Table, as 
we do the Table of Multiplication z where finding XVI in the top, and X in the 


ſide, they have, in the Square anſwering to both, 11, XL.) 
XLV' into LIV”, makes XL”, XXX", 


Concerning this Proceſs, by Sexageſimal Multiplication, &c. and the Demon- 
ſtration' of it, we have a learned and accurate Treatiſe in Greth, of Barlaam a 
Monk ( Barlaamus Monachw ), under the Title of Logiſtica (Aozz56), whom Voſ- 
ſira (cap. 18. De Scientizs Mathematics ) placeth about the year 1350, (but mi- 
ſtakes it for a Treatiſe of Algebra: ) It is publiſhed by Fohn Chambers (then a 
Fellow of Eaton College) with his Latin Tranſlation, and Notes upon it, in the 
year 1600, encouraged thereunto by Sir Henry Savile, who chanced to light ona 
Greek Manuſcript thereof abroad, and did himſelf, from thence, tranſcribe ir. 

But this way of Multiplication and Diviſion in Sexageſimals, proves ſo perplex 
and troubleſom (notwithſtanding ſuch a Table at hand), that (ſince the Indian 
Figures came in uſe, whereby we may with more convenience manage great Num- 
bers, )/it is thought leſs trouble (when there is: occaſion to Multiply or Di- 
vide) to reduce all to the loweſt Denomination; and then, having performed that 
Work (of Multiplication or. Diviſion, or both) to reduce it back again to the 
ſeveral Denominations. 7 | 

As, for inſtance: Suppoſing the Lunar Month of ConjunCtion (from New-moon 
to New-moon), according to the Moon's middle Motion, to be 299 12* 44' 3” 10”, 
proxime; and I would compute, how much the Moon moves from the Sun in 
6* 5* 14' 16" 35”. I know well, that there be many Aſtronomical Tables compu- 
ted, to expedite ſuch Operations, ( which here I do not meddle with ;) but with- 


out ſuch Paragory Tables, my Work muſt ſtand thus : 


If 29% 12344 3" 10'*, (that is, 11 43* 44' 3 10”) 

Give 360 Degrees, (that is, 6' 10?, ſix Sexagenes of Degrees ;) 
Then 6* 5* 14*16” 35”, (that is, 2) 29" g'14” 16" 357, 

Will give, how much? 


Now if I —_— work it by the Sexageſimal Tables of Multiplication, the 
Work would be, lo perplex, that I will not here repeat it ; and therefore it is 
thought better to reduce the firſt and third Numbers to the loweſt Denomination, 
that 15 (here) to third Scruples. 


? 
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29% 12* 44' 3" 10", 6* O14 x6" 35”. 
x 24 x 24 
116 144 
53 +$ 
—_ 149 14 16" 35”. 
708 44' 3" ro”. x 60 
_ 8940, 
42480 +14 
+ 44 8954 16* 35”. 
42524' 3" 10", x 60 
—_ 537240 
2551440 +16 
- $37256"35" 
2551443" 19. x 60 
— 32235360 
153086580 +35 
10 OT 
— -— 32235395 + 
153086590". — 
And then the Work will ſtand thus : 


If 153086590 Third, give 360 Degrees z 
Then 32235395 Thirds, give How many Degrees ? 


| Where multiplying the Third Namber by. the Second, and dividing by the 
Firſt, I ſhall have the number of Degrees ſought in Iotegers, with the common 
Fraction annexed ; which being reduced to Sexageſimals, will give the Anſwer in 
Degrees, Minutes, Seconds, &c. Or I might have reduced the 360 _—_ into 
Thwrds alſo, (which muſt have been done, if to theſe Degrees there had been an- 
nexed Firſt, Second, and Third Adinures, ) and then the Anſwer had been in Third 
Minutes; and theſe to be reduced to Deprees; Minntes, &c. 

Which Operation, though it be troubleſom enough, is yet more expedite than 
by the Sexageſimal Multiplication and Diviſion, ſince the time that we have lear- 
ned (by help of the Numeral Figures) to manage great Numbers; which in Pro- 
lomy's time were not in uſe. : 3 | 

nd in like manner , whatever other come-to be ſo multiplied. | | 

According to this Sexageſimal Method, Prolomy divides the Radius or Semidia- 
meter of a Circle into 60 Parts, (and conſequently the whole Diameter into 1203) 
and each of thoſe Parts into 60 Minutes ; and each of theſe into as many Seconds ; 
and fo forward, as far as occaſion requires. And ingly, the Arch anſwe- 
ring to ſuch a Chord (that is, the ſixth part of the Circu ; whoſe Chord 
equals the Radius) into 60 Degrees, (and conſequently, the whale Circumference 
into 3603) and each of theſe Degrees into Minutes, Seconds, &c. by a continual 
Sexagenary Diviſion. 

And conſonant hereunto, he makes his. Table of Chords or Subtenſes, 
__ Parts, Minutes, and Seconds,) anſwering to the ſeveral Arches in a 
Circle. | ; "4 | 

Inſtead of which, the Arabs or Saracens have introduced (as more expedient) 
their Table of Sines (or half Chords of the double Arch), expreſſed in like 
manner by Sexageſimal Parts. -. + nn 

Which they rather did in imitation of Prolomy, than that they were neceſſitated 
fo to do, having the uſe of Numeral Figures as we have, which Prolomy and 
others of the Ancients had not. TT 

Bur Arzachcl therein differs thus far from Ptolomy, that be divides bis Diame- 

| meter 
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nent of both the FaCtors put together. As lo'by 11” makes 1"5c"; and 10' by 
12” makes 2” &”, &c. So 10” by 10” makes 1" 40", &c, 

My meaning is, That ſuch Tables they had (expreſſed in Numeral Figures) 
of later times, ſince thoſe Figures were in uſe ; but before, they mult be expreſſed 


in ſuch a way as this, viz. 


I11* into IIT', makes VI”. 
IT into IV”, makes XII”. 
IV+ into III”, makes XII. 


(That is, 4 Sexagenes into 3 Seconds of the Sexageſins, makes 12 of the firſt 
Sexageſms; becauſe + 1 —2= — 1.) 


XVI” into X””', makes CLX"; that is, II'", XLy. 


(Which they find for expedition, by conſulting their Sexageſimal Table, as 
we do the Table of Multiplication z where finding XVI in the top, and X in the 


ſide, they have, in the Square anſwering to both, 11, XL.) 
XLV' into LIV”, makes XL”, XXX". 


Concerning this Proceſs, by Sexageſimal Multiplication, &c. and the Demon- 
ſtration of it, we have a learned and accurate Treatiſe in Greek, of Barlaam a 
Monk ( Barlaamus Monachw ), under the Title of Logiſtica (Aoz53), whom Voſ- 
ſins (cap. 18. De Scientits Mathematics) placeth about the year 1350, (but mi- 
ſtakes it for a Treatiſe of Algebra: ) It is publiſhed by Fohn Chambers (then a 
Fellow of Eaton College) with his Latin Tranſlation, and Notes upon it, in the 
year 1600, encourayed thereunto by Sir Yerry Savile, who chanced to light ona 
Greek Manuſcript thereof abroad, and did himſelf, from thence, tranſcribe it. 

But this way of Multiplication and Diviſion in Sexageſimals, proves ſo perplex 
and troubleſom (notwithſtanding ſuch a Table at hand), - that (ſince the Indian 
Figures came in uſe, whereby we may with more convenience manage great Num- 
bers, ) it is thought leſs trouble (when there is: occaſion to Multiply or Di- 
vide) to reduce all to the loweſt Denomination; and then, having performed that 
Work (of Multiplication or Diviſion, or both) to reduce it back again to the 


ſeveral Denominations. | 

As, for inſtance: Suppoſing the Lunar Month of ConjunCtion (from New-moon 
to New-moon), according to the Moon's middle Motion, to be 29% 12* 44' 3” 10”", 
proxime; and I would compute, how much the Moon moves from the Sun in 
6* 5* 14' 16” 35”. I know well, that there be many Aſtronomical Tables compu- 
ted, to expedite ſuch Operations, (which here I do not meddle with ;) but with- 


out ſuch Preparatory Tables, my Work muſt ſtand thus : 


If 29% 12344 3"10'?, (that is, 1143? 44' 3" 10") 

Give 360 Degrees, (that is, 6' 109, ſix Sexagenes of Degrees ;) 
Then 6* 5 14416” 35”, (that is, 2) 29* 514 16" 3507, 

Will give, how much? 


Now if I were to work it by the Sexageſimal Tables of Multiplication, the 
Work would be To lex, that I will not here repeat it ; and therefore it is 
thought better to reduce the firſt and third Numbers to the loweſt Denomination, 
that 1s (here) to third Scxuples. 


a _ b "i... P IIs —_ 
ef I . L oY 
$1 _ 
; "cnt > 
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294 12% 44' 3" 10", 64 $\ 14'16" 35”. 
Xx 2.4 x 24 
116 144 
53 +$ 
_ 149 14 16" 35”. 
7038 44' 3" ro”. x 60 
—_ 8940, 
42480 + 14 
+ 44 8954' 16" 28%. 
42524' 3" 10, x 60 
— 537240 
2551440 +16 
+3 gamge 35" 
2551443" 10”, x 60 
— 32235360 
153036580 +35 
10 917g. art 
— -—_ 32235395 » 
And then the Work will ſtand thus : 


If 153086590 Thirds, give 360 Degrees z 
Then 32235395 Thirds, give How many Degrees ? 


Where multiplying the Third Namber by. the Second, and dividing by the 
Firſt, I ſhall have the number of Degrees ſought in Integers, with the common 
Fraction annexed ; which being reduced to Sexageſimals, will give the Anſwer in 

Minutes, Seconds, &c. Or I might have reduced the 360 Degrees into 
Thirds alſo, (which muſt have been done; if to theſe Degrees there had been an- 
nexed Firſt, Second, and Third Ames, ) and then the Anſwer had been in Third 
Minutes; and theſe to he reduced to Deprees, Minutes, &c. 

Which Operation, though it be troubleſom enough, is yer more expedite than 
by the Sexageſimal Multiplication and Diviſion, ſince the time that we have lear- 
ned (by help of the Numeral Figures) to manage great Numbers; which in Pro- 
lomy's time were not in uſe. SF: | 

And in like manner , whatever other come to be ſo multiplied. ' 

According to this Sexageſimal Method, Prolomy divides the Radius or Semidia- 
meter of a Circle into 60 Parts, (and conſequently the whole Diameter into 1203) 
and each of thoſe Parts into 60 Minutes; and each of theſe into as many Seconds ; 
and fo forward, as far as occaſion requires. And accordingly, the Arch anſwe- 
ring to ſuch a Chord (that is, the ſixth part of the Circu whoſe Chord 
equals the Radius) into 60 Degrees, (and conſequently, the whale Circumference 
into 3603) and each of theſe Degrees into Minutes, Seconds, &c. by a continual 
Sexagenary Diviſion. 

And conſonant hereunto, he makes his. Table of Chords or Subtenſes, 
(in % Parts, Minutes, and Seconds,) anſwering to the ſeveral Arches in a 
Circle. | ; 

Inſtead of which, the Arabs or Saracens have introduced (as more expedient) 
their Table of Sines (or half Chords of the double Arch), expreſſed in like 
manner by Sexageſimal Parts. = 

Which they rather did in imitation of Prolomy, than that they were neceſſitated 
fo to do, having the uſe of Numeral Figures as we have, which Prolomy and 
others of the Ancients had not. «: ad 

Bur Arzachecl therein differs thus far from Prolomy, that he divides bis Diame- 
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meter into 3©0 Parts, which Prolomy divides but into 120; and hath therefore 
leſs need of Subdiviſions. ©" "F6 

The Reaſon why the Ancients did thus reduce their ordinary Fraftions all to 
one kind of denomination, was, to avoid the trouble which would ariſe from the 
different denomination af Fractions; which (when they had not the helps that 
now we have) would be very great; and therefore choſe to admit of Approxi- 
mations, many times, inſtead of accurate Equalities. <' 

And why they choſe the Number 60, rather than any other Number, was, be- 
cauſe if they had made uſe of 22, or ſuch other ſmall number, they would be put 
upon a neceſſity of the more Subdiviſions; and a number much greater than this 
they could not well manage (there being, even in this, trouble enough): And, of 


- numbers about this bigneſs, this was thought moſt conventent, as being moſt 


capable of exaCt Diviſions, without being put to the neceſſity of Approxima- 
tions or Subdiviſions ; admitting, for Diviſors, the fix firſt numbers, 1, 2, 3, 4, 5,6, 
(which none leſs than it cagdo) and as many more anſwering to them, 10, 12, 15, 
20, 30, 60, (that is, Twelve. in all:) There being no Number leſs than it, admit- 
ting of ſo many Diviſors; nor can any, greater than it, admit of more, which is 
not at lealt twice as great; Which cannot be ſaid again of any greater Number, 
'till we come to 360. And this is-that which is made the number of Degrees in 
the whole Circle. 

And this Diviſion of Integtrs into Sexageſms, (Minutes, Seconds, Thirds,&c.) 
eſpecially in the parts of Arches, Angles, Time, and Motion ; the Arabs have re- 
tained, in imitation of the Greeks (or Egyptians), and we. from them, even to 


this day. 


—_—_ © need « 
La 


CHAP. VIII. 


Of DyciMAL FRACTIONS, and the Uſe of them 
in the ſeveral Parts of Arithmetic. 


INCE the Introduftion of Algoriſm. by Numeral Figures in Europe, 
whereby great Numbers are now manageable with much eaſe ; theſe Sexa- 
genes, (Primes, Seconds, &c.) above Integers, though not wholly laid 
aſide, (becauſe of the Alphonſine Tables, and thoſe of LZ«nsberg, and ſome 

others) are mnch difuſed : And1nſtead of 1" 3” 3* 35%, we chuſe to ſay, 227015. 


And fo did the Arabs before us. ; 
And inſtead of S:xageſms, we have (which the Arabs or Saracens had not 


done that I know of) introduced Diſms, Centeſms, &c. which we call Decimal 
Parts, £ k | 

For ſince that each of theſe Figures, in what place ſoever, does ſignifie ten 
times as much as the ſame, in the place next elow it towards our right hand ; and 
but a tenth pert of what it ſignifies in the place next above it toward our left 
hand : Therefore, in like manner, as the firſt, ſecond, and third places aboye that 
of Units, ſignifie Tens, Hundreds, Thouſands, &c. ſo by the firit, ſecond, and 
third places below that of Units, will ſfignthe Tenth, Hundredth, and Thouſandth 
Parts, &c. 

Thus inſtead of 3+, or 3* 7' 30”, we ſay 3.125; that is, 3 7432; or, z Inte- 
gers, and 125 Milleſms. ; 

The great advantage of theſe Decimal Parts or Frattions, now introduced, 
beyond the Sexagelimal formerly in uſe, confifts maivly'jn this; That by this 
means, Fraftions are now-managed intheſame way, and with like caſe, as Integer 


Numbers. > 
Not that the value of all Fraltions whatſoever may in ſuch form beaccurately 


expreſſed, (for this cannot always be, neither 1n this, nor in the Sexagefimal way 3) 
but becauſe many times it may be done exactly, (as# = 0.125; ) and when it can- 


not be done exactly, yet (as inthe Sexagelimal way) we may come very near the 
: truth, 


* 3 


4 
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tfuth, to what degree of approximation we pleaſe; as 4} =0:3433 or (if this be 
not preciſe enough for the caſe in hand) } = 0.333333 of} ==0.3333333333 5 
or yet with farther preciſeneſs as we pleaſe. 

When therefore there is need of Mathematical ExaQneſs, we muſt be content 
toungergo the trouble of working by ordinary Fractions, and (if need be) by Surd 
Nutnbers: But where a near Approach will ſerve, it is much more caſie (and exact 
enough) to do it in this way. 

Thus if we were to add theſe Numbers, 1224, r0&, 34, 37+; 2, :34+—42. 
It would be very troubleſome ſo todo, without this help z and when done, it wobld 
not be ealie to apprehend the true value, ſo deſigned, as in Mathematical Exatno 
it were to be done. But in this way, it is much morecafie both to operate andt3o 
apprehend. 


123 =12:33 $33 -þ 
IOz <ZIOF 
77 =00.28 
377 203445455 — 
V2 =01.41421 
4: 3/2 =01.25928 


umn =29-241 37+ 


That is, 29 $3232 proxime; which is more eaſie to comprehend, than 265248 
+4/2-|-4/n:3—v/2. And yet even this is much more convenxat thas can be 
etherwiſe expreſſed, without the help of Numeral Figures. | 

And what is here ſaid of Addition, may in like mauner be underſtood of Sub- 
duttion: As if, out of 103, we were to ſubdn&t 27+; or, ont of that whole 
Aggregate but now mentioned, we were to ſubdut 77 : Whuch arc tius-per- 

ormed. 


do3 ami 29.24137 + 
3 7+= 345455 — $7 = 0.28 
Reſts 7.04545 + Reſts 28.96137 + 


Now if the whole Number above expreſſed were to be multiplied by 4 385 » 
that is, by 4.13596, the Operation 18 caſie; juſt in the ſame manner as tor 
Integer Numbers. 


29:24137+ 
4.13597— 


20468959 
26317233 
14620685 + 
2.3393096 
2.924137 
116.965 45 


122.403497 578g 


* 


Only great care is here to be taken, that we-give'to-every place its duewalue, 
and rightly aſſign the place of Units; for which-we-eret0.0 l6s/Rule : 

As many as ere the places of Deoimal Parts of both the Fattors put together , 
(be they equal or unequal) ſo many muſt be in'the Produtt. 

For in like manner, in common Multiplication, if one or both the!Faftorsend 
in Ciphers, theſe being ſet aſide tilt the Work be diſpatched-in the ocheriFi 
fo many Ciphers are then to be adjoined in the ProduR, asarei ; 
(As 200 into 3000, makes 600000.) | 

So here, for- Decimal Parts : Becauſe-in the-Multiplicand there be 5, and-alſo 
5 in the Multiplicator ; therefore in the Product there muſt be 10 places of Ie- 
cimal 


_— 
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mimal Parts: And therefore the ten laſt Figures being ſeparated (by a Point or 
Line) for Decimal Parts, the other three are Integers. 

Or thus ( as Mr. Ozghtred directs): Aſſigning to each place 1s proper Expo- 
nent, according as it is above or below that of Uaits, to wit; che place ot Unirs,o z 
thoſe above it, -- 1, 2, + 3, &c. and thoſe below i., — 1, — 2, — 3, &c. 
the Exponent of each particular Product, is the aggregate of thole which belong 
to the particular Factors. : 

As (in the preſent caſe), 7 into 7 (the Exponents of whoſe places are — 5 
and — 5) make 49, with the Exponent — 19; which therefore beiongs to the 
Tenth place of Decimal Fractions. And the ſame 7 in the jaſt place of the Mul- 
tiplier (whoſe Exponent is — 5) into 2, the Þighelt place of the \Multiplicand, 
(whoſe Exponent is - 1) makes 14, with the Exponent — +4. (=— 5+ 1), 
which therefore belongs to the fourth place of Decimal Parts, (which added to 
6, thither tranſmitted from ti:e place next below it, makes 20 for that tourth 
place; that is, 2 in the third p} 2 oft Decinals.) Aid fo of the relt. 

The Produdt therefore is 122. 034 37573 that is, 122 54443224287, 

And this would be the exact value of the Product, upon ſuppolition, that the 
value of the Factors were exactly expreſled. 

But becauſe in ſuch caſes the laſt Figure hath uſually ſomewhat of uncertainty, 
(as here, 7 in the Multiplicand 15 ſomewhar too little; and in the Mulcipher, 
ſomewhat too big ;) therefore, ſo far as this doth influcace the Product, (which 
is here in the fifth place of Decimals, aid ſo forward, ) we are uncertain ; 1o that 
here the ProdudCt certain is no more than 121.4035 ©; that is, 122 7538. 

And for this reaſon, (becauſe the reit of the \v ork is uſeieſs) we may abridge 
the Operation, by leaving out {o-much of it as will be uncertain, preſerving only 
ſo much as will be necellary ro determine what we may ve ſecure of, (rowit, 
one or two places beyond what we would determine, becauie of what ay thence 
be transferred upon the addition. of Particulars, as in the former Example. 


29-241 37-- 
4.13597 — 
116.96548 -|- 
2.924137 
2.339310 — 
146207 — 


26317 + 
20.;7 — 


122.40350Z 


Which is much more intelligible than 111 43824; + 4 35315tt þ yu: 
g2$$342 — / 6147533352223; which in Mathematical exaCtneſs js the true 
value, and which cannot, without the uſe of Numeral Figures, 'be cxpretſed but 
with much more trouble: As any man will ſoon find, it he go to expreſs it in 
words at length, or by the Numeral Letters, or by any other way formerly 
in uſc. 

And thovgh this value, expreſled in Decimal Parts 122.403 x, be not in Mathe- 
matical ExaCtneſs the juſt valve; yet it is near cnough for ſuch Operations as 
wherein we content our ſelves with Approaches; or, if not ſo accurate as we 
delire, we may (by continuing the ſeveral Operations to farther places of De- 
cimal Parts) reduce it to greater exaCtneſs as far as we pleaſe. 

In Diviſion likewiſe , where the Diviſor is not an Aliquot part of the Dividend, 
(ſo as that the Quotient be an Integer number ;) inſtead of the ordinary Fra- 
Ction which is wont to be annexed to the Integers, (by ſetting the Remainder of 
ſuch Diviſion as the Numerator of a Frattion, whoſe Denominator is the Divi- 
ſor, ) adding to the Dividend (below the place of Units) what number of Ci- 
phers we pleaſe, the Operation may be continued in Decimal Parts, 'till either 
the exaCt value be had, or at leaſt an Approximdtion to what accurateneſs we 


think fit. 


And 
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And the ſame method ſerves for reducing ordinary Fractions to Decimals : For 
(the Numerator of a Fraction being in the nature of a Dividend and the Deno- 
minator; of a Diviſor;) if to the Numerator, or Dividend, we add wha: num- 
ber of Ciphers we pleaſe (below the place of Units), and thea by the Denomi- 
nator as a Diviſor, proceed to divide, we ſhall have a Quotient in Decimal 
Parts, of the ſame exa&t value with ſuch Fraction, or ſo near it as we ſhall 
think neceſlary to approach, | 

Thus, 2846498 divided by $1225, gives for Quotient 35p1$3+ ; or in Dect- 
mals, 35.0446045 —- | 


2846498. (35-0446045— 


1225 
— «+ 
409748. 
81225: 
400125. 
3623.0 
$122 5 
000 G0 
— .. 6 37.9 360 
SER 363 4+ xy ro 
© 230 02 40974 3 ©903g0 : 
0. 284649 8.53 FF (35.0446045 — 
374-000 4225.9 255 y2y © 
81 225 8X22 2 2Z22X 
324 900 8x x 42x 
ws ft. 83 $8 
49-1000 | 
81 225 
48 7350 
t% - M 
-3650O ; 
: COO 
7 . 365000 
81225 
324900 
.0401000 
81225 


And the Fraction ;3}, is reduced to this Decimal 0.28; and + to 0.333333. 


z GO | X XXx2X71 
7.4g00 (0:28 #.3 3g929f9g (0.3333333+ 
2 5-5 F-3333TF 


- 


The Rule here for determining the place of Units in the Quotient, is this: 
So long as the place of Units in the Diviſor ſtands under an Integer Figure, the . 
Figure of the Quotient is an Integer; but when the Units place of the Diviſor 
comes to ſtand under a Decimal part, then is the Figure of the Quotient ſuch a 
Decimal part. | 

For this is a general Rule: Whatever be the place of the Dividend over the 
Units place of the Diviſor, ſuch is the place of that Figure in the Quotient 
which belongs to this poſition of the Diviſor. 

And by this means it will come to paſs, That as many as are the places of De- 
cimal Parts in the Diviſor and Quotient both together, ſo many will be the pla- 
ces of Decimal Parts in the Dividend. | 

And here alſo much of the labour may be ſaved ; if either we need not fo 


much exaCtneſs as ſo many places of Decimal Parts afford; or if the laſt Figure 
E in 
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in the Dividend or Diviſcr be uncertain (as oft it is), that is, not exaCt, but 
only near the matter, (ſomewhat too great Or t00 little 3) for, in this caſe, all 
beyond this Fignre will be uncertain: And in ſuch caſes, (adding one or two Ci- 

hers, whereby to cſtimate the better what would be brought hither from the 
ollowing places) the latter part of the Work may as well be omitted, and both 


the Dividend and Diviſor (beyond that place) curtailed. | 
Thus, (in the former example) if 8 the laſt Figure of the Dividend be un- 


certain ( whether ſomewhat too big, or ſomewhat too little,) all beyond that 
will be uncertain alſo; and if 5, the laſt Figure of the Oiviſor, be uncertain, all 
beyond 9 (which ſtands juſt over it) will alſo be uncertain. So thar it will be 
needleſs to purſue the Operation further, (unleſs for a place or two, becauſe of 


what would be brought from the following places.) 


$1225) 2846498.0 (35-0446 


243675- 
409748. ” 
406125. 3T 9 36 
* TR 362 445 
3623.00 47974 3 Bf 
3249 09 234649 $8.ZZ (35-0446 
"— S$X225. 
374-00 X22 F. 
_ _ 822 25. 
- 49-10 8 r zz 
43 74— $ zz 
0.36 + 


The moſt therefore that we can here be ſure of in the Quotient, is but 
35-0446 proxime; for according as 8 (the laſt Figure of the Drvidend) is too 
big, or too little z ſo is 6, the laſt Figure of the Quotient : And therefore, while 
we arc uncertain of that, we are uncertain of this alſo. And if 5 (the kaſt 
Figure of the Diviſor) be uncertain, we can then (for like reaſon) be ſecure of 
no more than 3 5.044 -}-- EE. ... 

Of ſuch Abridgment of Operation in Multiplication ame wiſfion, Mr. Ough- 
zred (in his Clavis) gives ſeveral Examples in Aſtronomical i For 
inſtance: As 1600co (the whole Sine), 1s to 39875 (the Sine of 23* 30, the 
Sun's greateſt Declination)) : So is 80go2 (the Sine 54 Degrees, the Sun's Lon- 

itude at 8* 24'), To the Sine of the Sun's Declination there. Which is thus 
| nos; to be 32260, the Sine of 13* 49 13" proxime. 
| Here, becauſe in the Multiplication of 86902 by 39875, the Hift Fignre is 


preſumed not to be accurate ; and becauſe, if it were accurate, the five laft Fi- 


gures are to be cut off, becauſe of the D*vition by x00000;) therefore he faves 


the labour of finding thoſe Figures which would be uncertan, or (if were 
certain) are to be caſt away ;z and preſerves only thoſe that Rand 


The whole Operation would be thus : 


80902 
39975 
404510 
$56314 
647216 
728118 
242706 


10b000) 32259167250 (32260, proxiae. 


But inſtead thereof; he works only ſo much of it, as ſecures what of it is to 
be of uſe, ueglefting to work what is to be caſt away. 
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80902 
39895 


24271 — 
7281 -|- 
647 -+ 
Ex__ 

4 -|- 


Dn ———____G_—_——d 


322.60 proxime. 


Which is therefore the Sine of the Sun's Declination at the 24th Degree of 
Taurw ; that is (by the Tables) of 18* 49' 14”. 

And (to prevent miſtakes) he gives this Drrection : Under that place which 
you would have ſecured, (that is, in this, under the ſixth place from the end, be- 
cauſe five are to be cut oit,) ſet the Units place of the Diviſor, (that is, here, 
the Figure 5,) and write the relt in the inverſe order ; 


 S0902  8cygo2 
Thus: CLg5E Or thus : ___ 


And then, let each Figure of the Multiplier begin to multiply that of the 
Multiplicand, which is juſt over it, (but ſo, as to have reſpect to what would be 
brought thither from the following places;) and the ſum of theſe (ending in 
the ſame place) gives you ſo much as was to be ſecured: As in the former 
Example. 


Again: As 137638 (the Tangent of 54 Degrees, the Sun's Longitude at 
& 24), To 126223 (the Tangent of its Right Aſcenſion, 51% 3& 43"): So is 
10c000 (the Radins), to the Co-line of its greateſt Declination. Which hence 
is found to be 91706, the Sine of 66* 30'; or'the Co-ſine of 23* 30', the Sun's 
greatelt Declination, or the Obliquity of the Zodiac. 


5 
Sy 
g7X & 
2348 8 
137635) 226z223.5 (91706-- 
13767398 * 
F376 4 — 
X37 6 -+ 
"of 


And in caſe the Radius were not one of the Terms given, the Advantage 
would be dotible; the one as to the Multiplication , the other as to the Di- 
Vition. 

Now for as much as in reducing other Frattions to Decimal-Parts, it fo falls 
out ſometimes, (as 1s already ſaid) that the true value may: be exactly expreſſed 
in Decimals (as In 3 = 0.125 3) ſometimes only by continual Approximation (as 

| E 2 C 4 
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in ; =0-3333-[-3) it were proper here to declare, In what caſes the one, and 
in what calcs the uther doth happen; with ſome other Obſervations concerning 
the fame. But for ſome reaſons, I chuſe to refer that Speculation to another 
place (toward the end), where it will be of uſe to illuſtrate the nature of Infi- 
wite Series there handled. | 

The f:me method of D-cimals is, in like manner, of uſe in Extratting of Surd 
Roots, (Square, Cubic, &c.) to wit, In cate a Number be not a juſt Square, or 
other Power as is ſuppoſed; (fo that having proſecuted the Extraction as far as 
we can in Integers, we have ſomewhat remaining:) We may proceed, by way of 
Approximation, to what accuracy we pleaſe, (foas not to miſs, of the true value, 
one Tenth, Hundredth, Thouſandth, or yet a ſinaller part, of an Unit ;) by ad- 
ding, below the place of an Unir, ſo many Punctations of Ciphers, (that 1s, ſo 
many Two's, for the Square Root; ſo many Three's, for the Cubic; ſo many 
Four's, for the Biquadratic, Cc.) as the delired accuracy doth require ; and then 
proceeding in the ſame manner as we do in Integers. Thus we ſhall have, in the 
Root {© found, as many places of Decimal Parts (adjoined to the Integers) as 
were the PunCtations ſo addcd. 

As for inſtance; y/ 2 (or the Surd Root of 2), which is more than 1, and leſs 
than 2 ; we ſhall, by this means, find to be more than 1 78, but leſs than 1 74; and 
more than 1 72;, but leſs than 1 723; more than 1 7££4, bur leſs than 1 7* ; and 


ſo onward as far as we pleaſe. 


2. (1.4142 


I 
1.00 
24 + 638 
-96 X 4XYgfO+3 6 
.@4<0 CO REELELE (1.4142 
281 # 24812482 
22882 
119099 Ba 
2824 
11296 
60400 
28282 
56554 
3536 


So for y/: 3—y2: (the Root Univerſal of 3 — 4/2) that is, of 3, wanting 


the Square Root of 2 that is, of 3, wanting 1.4142 + (as is already foung); 
that is, of 1.5853 —- 


1.5853 (1.2592 -|- 3. 
0 —1.4142-7- 
.58 1.5558— 
23 2 
44 
1458 
245 
CN | 2 
23300 4 716 
2509 XYAF3X93& 
22581 xr.yg8ySP2Pf8 (1:2592þ 
por: Ro x 2245 IgSz 
25182 CTFF2 
50364 - 
21536 And 
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p y,O 
And we ſhall find it to'be more thin 1.2592, and almoſt r.2593 ; that is, 
1.2593 proxime. Gre vince 8] »” £1 
So, it we be to extradt the Root of a FraCtion, or of an Integer with a Fra- 
tion annexed, we are firſt to reduce them to Decimal Parts, and then proceed 
as before. Suppoſe 4 = 0.28, or 10+ = 10.5, their Roots, will be mare than 
0.5291, but lefs than 0.5292 and more than 3.2463, but leſs than 3.2404: And 
if need be, either of them may be yet reduced to greater exaCtneſs. 


0.28 (0.5291 -|- 


5 
25 
300 1J3 
102 3965919 
204 C.23 5G I99 (0.5291 -|- 
5@9z498 r 
—_ xx&g 5 
1049 S 
9441 | 
15902 
10581 
5319 
10.50 (3-2403-- 
3 
9 
1.50 
- r PS. | 
1.24 XY ZSZ 'S 5.91 : 
"2600 rg.52 322908 (3.2493 + 
"= 3 6244489 
644 Fi 
2576 
240000 
64803 
194409 
45591 


But here is to be noted alſo; (as was before noted in Diviſion), that incaſe the, 
laſt Figure of ſuch Number propoſed (as it- oftet: happens) .be not exaCt, (but 
ſomewhat either too big, or too little,) all beyond that place. will be uncertain 
alſo; and therefore ſo much of the Work as is beyond it, (except we pleaſe to 
add a place or two, for keeping account what is to be brought hither trom the 
following places) may be ſpared, and the Work curtailed. | 

As, when for 3— 4/2, we take 1.5858, (where the laſt Figure is not exact, 
but ſomewhat too big ;) it had been ſufficient to work ſo far, and cpt off what is 
beyond that Figure, (ſince all that is nncertain, and therefore uſeleſs:) And this 
Operation ſubjoined, as ſufficient as that before deſcribed. 


s 7 

X4J7 | 
xX:5358 (1.2593 _ 
X . - 


IX 
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zY 
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And the ſame Abridgment is of uſe even where the laſt Figure is certain; ſince 
that the Figure of the Root or Quotient (which here we ſeck) may be aſccr- 
tained, with6ut the whole proceſs of a long Train, and obſerving the Remain- 
_ beyond ſuch place as- we think ſufficiently accurate for our preſent par- 
poſe. 

Thus, y/ 2 (the Surd Root of 2) may, by the addition of ſo many Ciphers as 
before, be aſcertained to many more places, as in this following Operation : 
For which, without this Abridgment, there muſt have been added cight Ci- 
phers more. 


xY7 
X959 
x 63808 
# 4r98436 
2.39 gI3889 (1.41421356 proxime. 
_d 1 


2X 
28 r 


And what is here ſhewed in the Quadratic, is in like manner to be applicd to 
the Cubic, Biquadratic, and other Roots of higher Powers; both as to the addi- 
tions of ſo many PunCtations of Ciphers as we pleaſe, and as to the cutting 
off ſo much of the Opcration as will be ulcleſs. 


CHAP. IX 
The Antiquity of DECIMAL FRACTIONS. 


Hen it was that theſe Decimal Parts began to take place, in- 
ſtead of the Sexageſimals, or by whom they were firſt intro- 
duccd, is not eaſic to ſay. 

The Sexageres, and ſuch other ColleCtions above Units, began 
very carly to be diſuſed, after we had once received from the Arabs the Algoriſn 
by Numeral Figures; as appears by the Tables of Arzachel, and the Canons there- 
upon, and upon other Aſtronomical Tables. - And though they ſometimes uſed - 
ſuch Sexagenes which were not wholly laid aſide (as in the Alphonſine Tables, and 
ſome others) ; yet did they alſo uſe large collected Numbers in the Decimal way 
as now we do, extending to many Thouſands or Millions, without breaking them 
into Sexagenes, and Scxagenes of Sexagencs, &c. And where they be ſo broken, 
they direct how to collect them into entire Numbers (which they call Numeros 
Colleftos ), as beſt manageable, and moſt intelligible, eſpecially when they come 
to be multiplied, divided, or to undergo ſuch-like Operations : As is to be ſeen m 
the Canons or Rules belonging to {uch Tables. 

But the Sexageſms (or Sexagelimal Parts) were ſtill retained (in great meaſure), 
and ſo are to this day, eſpecially in the Meaſures of Arches and Angles (where a 
Degree is wont to be divided into Minutes, Seconds, Thirds, &c.) and in Time, 
(where an Hour is wont to be fo divided;) and ſometimes, in other Integers; 
which I take to be done principally in compliance with Prolomy's Tables; and a 
kind of tenaciouſneſs of old Cuſtoms, rather than any neceſſity (or even conve- 


nience) of ſo doing, 


it 
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Bur the grcat trouble in managing theſe Sexageſms, in Mulrivlication, Divi- 
ſion, Extrattion of Roots, and other like Operations, (eſpecially if a Sexageli- 
mal Table of Mulriplication be not at hand) hath cauſed Mr. Brigges; Mr. Gelli- 
brand, Mr. Oughtred, and others of our own, to give Directions for reducing theſe 
Sexageſms to Centeſms, Milleſms, and other Decimal Parts. And particularly 
(in the Trigonomerria Britannica, begun by Mr. Brigges, and finiſhed by Mr. Gelti- 
brand) we have Tables computed for the Centeſms and Milleſms of Degrees, as 
- others before had done for Firſt, Second, and Third Minutes; (which would be a 
great facilitation in PraCtiſe, were that way generally received.) And Wingate, 
Baker, Kerſey, and other Writers of Arithmetic in our own Larguage, have ditc- 
Qed how to do the ſame in other Integers. | 

The firſt approach this way, that I have ſeen, is that of Arzachel; who, 
inſtead of dividing the Semidiameter (with Prolomy) into 60 Parts, divides the 
Diaineter into 30o Parts: Which, though they be not Decimals;. yet, being a 
greater number of Parts than before, do leſs ſtand in need of Subdiviſions, (and 
are eaſie enough to manage, according to the Algoriſm of Numeral Figures:) Burt, 
when need requires farther Subdiviſions, he applics thoſe in the Sexageſimal 
way. > 
| Afeer him, Johannes Multerns Refgiomontanus, who, about the year 1464; ( as 
Voſſizs tells us) wrote his Book De [riangulis, did (for avoiding the Sexagelimal 
Subdiviſions) divide the Radius or Semid tameter into 60,000,.00 Parts; (which 
doth, in effect, preſerve the Ancients Divilion into Sexageſms, and adds the Deci- 
mal Fractions of cach Sexageſm;) and doth accommodate a Table of Sines to 
that Radizs, And afterwards upon farther conlideration, ( waving altogether 
the Ancients Diviſion into 60) thought fit to divide (immediately) the Radins 
into 10,000,000 Parts; as Yalentinus Otho informs us, in his Preface to the 
-- 1 Palatinum de Triangulss, begun by Foachimus Rheticus, and finiſhed by him- 
ſelf. | . | 

And ſuch Diviſion of the Radixs hath been ſince followed in all Tables of Sines; 
Tangents, and Secants. 

Which Diviſion of the Kadir, (into 10,000,000 Parts, or any other 11mber 
of Parts deſigned by an Unit, followed by a certain number of Ciphcrs. more 
or leſs) though it were not then expreſly ſo named, is in effet the fame with the 
method of Decimal Parts now in uſe : For, ſuppoſing the Radixs deligncd by 1, 
the Sines are expreſſed by ſo many places of Decimal FraCtions as the Ciphers 
following 1, in ſuch deſignation of the Radix ;, and the Tangents and Secants 
proportionally, according as they chance to be leſs or greater than the Radius. 


For it is the ſame thing, in effeft, ro make the Radizs . . 100000c0 
| The Sine of zo Degrees . ., ., 5000000 

The TERREE . . «. ©» » © 993000 

The SEcant .. © . +» +» +» J1$47008 


As to make the Radins . . . 1.0000000 

The Sine . . . 0©.5co0020 

The Tangent . . 0,5773503 

The Secant . . 1.1547005 


| And this I look upon, as the firſt Introduction of this method of Decimal 
Parts amongſt us. | | Wn 
But we have it more expreſly in Peter Ramies his Arithmetic, written (as we 
may ſuppoſe) about the year 1560, or ſooner; (for in the year 1572, he was 
barbarouſly murdered in the Pariſian Maſſacre) publiſhed and illuſtrated by L- 
zaru Schonerus in the year 1586; where, in his method of ExtraCting the Square 
and Cubic Root, he direCts to add to the Nnmber propoſed (if there be occaſion) 
fo many PunCtations of Ciphers as ſhall be thought neceſſary, (that is, ſo many 
Two's for the Qnadratic, and ſo many Three's for the Cubic;) and to porſnethe 
perationinthem, inthe fame manner as in the Integer Number propoſed, thereby 
to obtain an Approximation to the true value of the Root, in ſo many places of 
Decimal Parts {ubjoinzd to the Integers. wy 
I find 
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Robcrt Record , and to have dicd about the year 1550, or ſoon after. We have 
in him theſe Rules (amongſt others), concerning the ExtraCtion of the Square 


Root in Fractions. 


Radices Qnadratz Extractio in Fractis: 


Sicut in Integres, Radices erxe Frattes , 
S1 modo Quadrati numeri ſint fratta ; alzoquin 
Fruſtra Radices veras querendo labores. : Long 


Radiccs veres proximas, in Fractis clicere.. 


Aultiplica numeratorem per denominantem ; 
Produtit radix numerator erit nouu: ; illi 
Denominatorem retta ſubſcribe priorem. 


: ND ; X 
I hat IS, 4/ Y = v 55 which faves a ſecond Extraction of-the SquareRoot 


(which was thought troubleſom) for the new Denominator. After which fol- 
tows (which here I principally intend), 


Idcm exaCtius tam in Fractis, quam in Integris preſtare. 


Quadrato numero , ſens prefigito Ciphras : 
Produtit Quadri, Radix, per mille ſecetur. 
Integra dat Quottens;, & pars ita retta manebit , 

. \ . a 
Radici ut vere ne pars milleſima deſit. 


(1 here take the liberty to reſtore the beginnings of the two firſt Verſes, which 
before were thus miſ-printed, Quadrando numero, and Produtt:um quadra; which 
make no good ſenſe, and are manifeſtly miſtakes. And many ſuch miſtakes there 
are in that Treatiſe, as there printed, ariſing, I ſuppoſe, from ſome negligence of 
Tranſcribers, while it was in Manuſcript.) 

His method therefore is this ; Suppoſe the Frattion propoſed 3;, whoſe Square 
Root we are to ſeek. Now if the Numerator and Denominator (reduced, if 
need were, to the ſmalleſt Terms) were both of them ſquare Numbers; the 
Roots of thoſe ſquare Numbers (extracted as in Integers) would be the Numera- 
ror ahd Dcnominator of the Root ſought. But in caſe they be not (which is 
the preſent caſe), it is in vain to hope for an exact Root. But to find ſomewhat 
near to ſuch exact Root, he direfts (inſtead of making two ExtraCtions, one for 
a yew Numerator, and another for a new Denominator,) to muliiply the Nume- 
Tator given by its Denominator, that is, to take 128? = 23 x 5v; the Root of 
which is ( very near ) 36; to which, if we ſubſcribe the former Denpmina- 
tor, we have **, (that is, 7;,) very near to the Square Root of the FraCtion 


propoſed. 
Or 
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Or (which he directs asa better way) to the number 1288 (whoſe Root we 
would extract) add fix Ciphers, and of this product 12880co0co, the Square 
Root is more than 35888, and almoſt 3585g,; which divided by 1000, is more 
than 35;7**Z or 35.888, but leſs than 35<4*2 or 35.389, and either of them va- 
ries from the truth, leſs than 7738 of an Unit ; (which Operation is juſt the 
ſame with what we now call, working by Decimal Arithmetick.) And if ro 
this Numerator, we ſubſcribe the former Denomigator, we have 241822 or 22|a32 
proxime, for the ſquare Root of 3:. And by adding more than 6 Cyphers, it 
may be yet had moreexact. 

Whether this were Buckley's own Method, or were learned ſrom ſome more 
Ancient, I am not certain z but it 1sat teaft ſoold. | 

But the firſt who hath profelledly treated of this Subject, and given it the narhe 
of Diſme, or Decimals, (ar lealt the firſt that I have ſeen) was Simon Stevinns; 
in a Treatiſe (which he calls Dz/ere) ſubjoined to his Arithmerick, publiſhed in 
French, and printed at Leyden (in Chriſtopher Plantm's Printing Houſe) in the 
Year 1585 ; which he had firſt written in Dizrcb+ (and perhaps publiſhed in that 
Language,) and after Tranſlated into French, and fo publiſhed ir. | 

Since which time, this Method | of Decimal parts, hath been purſhed 
and praCtiſed by divers others, .and.is now grown very familiar in Writers of 
Arithmetick of all ſorts, and practiſed with very great advantage in all ſuch 
caſes as wherein the Mathematical exactnelſs is-not neceflary; or cannot be had : 
Inſtead of the Sexageſlimal parts, which in ſuch caſes were wont to be uſed. 
And it hath been much advanced by Simon Stevinxs,, Mr. Brigges and' others, in 
the end of the laſt, and inthis preſent Century. | 

And it were to be wiſhed, that the ſame method of Decimals- were generally 
brought into praCtiſe in the Meaſure of Arches, Angles, and the Like, (of 
which Mr. Brigges and Mr. Gellibrand in their/7rigonometria Britannia have given 
us a Specimen _— itisin that of Sines, Tangents, and Secants : And which Sre- 
vinus, (in his Geography , where he Diſcourſes: of his Siccle Sge,) believes to 
have been in uſe (amongſt the Tndians and other Orientals) long before the F= 
gyptian Sexageſſimals took place. PU d 

But ſeeing the' Sexageſſimal way is by, many, in many: Caſes ſtill retained ; 
whereby there is frequent occaſion of reducingDecimals t9 Sexageſlimals, and 
theſe to thoſe : Mr, Oughtrred (in his Clavs, Cap. 6) gives direCtion for their eaſy 
Reduction, to this purpoſe. ffs 1 . | 

If to the Integers be annexed ſeveral degrees of Sexageſſimals; (ſuppoſe 127, 
32', Oo", og”, 45"";) ſet theſe untier the Integers, in an Oblique deſcent ; each 
one place forwarder towards our right hand z.:(which is equivalent to a Diviſion 
by 10,) and then (to compleat the diviſion by 60) divide each moreover by 6; 
beginning with the loweſt, and annexiig the Quotients to-thiat next above -it 
(Thus ſhall thoſe be found equal to theſe Decimabs 127:5333784922 proxime.) : 


127.9 3 3 3784722 x6 
'$2,002708337 
© 00.1625 
"0975 
6) wn 45- 


. Atd contrarywiſe, to reduce Decimals, (ſuppoſe 127. 5333784722,) to Sexa- 
zeſlimals, mukiply them continually by 6, and write the ProduAs under, cutting 
off the Integers in an Oblique Deſcent ; each one place further toward our right 
hand :- As in the Example. (Thus ſhall thoſe Decimals be found equal to theſe 
Sexapgeſſimals, 125, 32, oo”, og”, 43"".) » 

So that, now it is very eaſy to reduce the one to the other. 
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CHAP. X. 


Reduttion of FRACTIONS, or Proportions to ſmaller Terms , 
as near as may be to the juſt Value. 


EFORE I leave the buſineſs of Decimal Parts, and the advantages 
which in yn may there ariſe ; I have thought fit here to inſert a 
Proceſs of Reducing Fractions or Proportions to ſmaller Terms, re- 
taining as near as may be, the juſt value. 

It was occaſion'd by a Problem ſent me (as I remember) about the Year 1663, 
or 1664, by Dr. Lamplugh the preſent Biſhop of Exercr, from (his Wives Fa- 
ther) Dr. Davenant, then one of the Prebends Reſidentiaries of the Church of 
Salisbury, a very worthy Perſon, of great Learning and Modeſty, as I ſince un- 
derſtand from perſons well acquainted with him, and by divers Writings of his 
which I have ſeen, though I never had the opportunity of being perſonally ac- 
quainted with him, otherwiſe than by Letter. And amongſt his other Learn- 
ng, he was very well skilled in the Mathematicks, and a diligent Proficient 
therein. 

He ſent me (as 1s aboveſaid) a Fraftion (which what it was I do not now 
particularly remember) who's Numerator and Denominator were, each of them 
of about ſix or ſeven places; and Propoſed to find the neareſt Fraftion invalue to 
it, whoſe Denominator ſhould not be greater than ggg. 

: The uſefulneſs of ſuch inquiry, may (by way of inſtance) appear from 
ence. 

The proportion of the Diameter to the Perimeter of a Circle, is by Archi- 
medes ſhewed to be (very near) as 3 to 22, in ſmall numbers; and nearer than 
ſo, in numbers which ſhall not be greater, it cannot be expreſled. 

But becauſe there may be occaſions which may require greater exaCtneſs than 
in ſuch ſmall Numbers can be had ; others long agoe had purſued that enquiry 
of Archimedes ( in greater numbers) to a greater exaftneſs, As we are told 
by Eatocius 1n his Comment in that Treatiſe of Archimedes, de Dimenſione 
Crculi. 

And of later times, Yan Culen, Snellixs and others, have proſecuted the ſame 
to greatcr exactneſs, in large numbers, extending to ſix and thirty places or 
more. 

Amongſt others Merius hath purſued the ſame - + and gives us the Pro- 
portion of 113 to 355 3 Which 1s nearer than that of Archimedes, but in greater 
Numbers; yet not vaſtly great like thoſe of Yan Culen, but convenient enough 
= - —_ the neareſt Proportion which can be aſſigned in Numbers not greater 
than ſuch, 

I find ſome have been wondring by what means Xerixs came to light upon thoſe 
Numbers, and I gueſs (by what I have ſince ſeen) that ſomewhat of this nature 
did firſt put Dr. Davenant upon this inquiry, which was the occaſion of his ſend- 
ing to me that Queſtion ; to which (ſome years after) -I ſent him in writing a 
juſt Treatiſe on that Subject, which hath ſince been printed by way of Appendix, 
(amongſt ſome other things) to ſome Poſthumous Papers of Mr. Horrocks, which 
at the deſire of the Royal Soczety, I had digeſted into order and Publiſhed. Since 
which time I underſtand that Dr. Davenant had (before) a Method of his own 
for ſuch Approximations, which afforded ſome of them, but not all. 

A brief account of that Treatiſe (becauſe I do not find that any other hath 
fully handled that Subject) I ſhall here inſert. | 
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The PROBLEM. 


A Frattion (or Proportion) being aſſigned, to find one as near as may be equal toit, 


in Numbers not exceeding a N, grven, and in-the ſmalleſt Terms, 


As (for inſtance ) the Fraction 3$4#7$+ (or the Proportion of 2684769 to 


8376571) being aſſigned, to find one equal to it (if ir may be) or at leaſt the 
next Greater, or the next Leſſer, which may be expreſied in Numbers not 
greater than 99g 3 that is, in numbers not exceeding three places. 


LE M M A. 


In order to this Enquiry, I propoſe (by way of Lemma) this Propoſition, 
as ſufficiently known or which may be (if there be need) eaſily demonſtrated. 

If both the Numerator and Denominator of a Frattion be equally Multiplied, the 
ſame value remains; but if unequally, it 1s varied, And if the  peultipher of the Nu. 
merator be greater than that of the Denominator, the Value is increaſed ; but if contra- 
rywiſe, the Value ts decreaſed. 

Or (which amounts to the ſame,) 

If both the Numerator and Denominator of a Frattion be (by Addition ) increeſed, 
fo a1that the reſpettive Increments are in the ſame Proportion with the Terms, the ſame 
Value remains as before, but if the pres ELLE LL - ro that of, the Denomi- 
nator be in greater Proportion than is t 0 = V alue 1s 
increaſed; if contrariwiſe, it is diminiſhed. | 

And what is here ſaid of the Numerator and Denominator of a Fraftion, is 
in like manner to be underſtood of the Antecedent and Conſequent of a Ration 
or Proportion : And fo all along in what follows. 
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SOLUTION. 


This being premiſed 3 if the Fraftion propoſed, being firſt reduced to its 
ſmalleſt Terms (by dividing each by the greateft Common Divifor,) the Nume- 
rator and Denominator be, each of them, not greater than the Number given, 
the thing is done that was requir'd ; for the Frattion ('us manifeſt) is in the 
ſmalleſt Terms, and ſuch as were required. , vii 

But if the Fraction ſo reduced, have its Terms (one or both of them) greater 
than ſuch given Number, then are we to ſeek the next Greater, or the next Leſler 
(in value) to that propoſed, which can be had in Numbers not greater than ſuch 
given Number, by this following Method. 


For the Next-Greater. 


To find the Next-Greater, I thus proceed. _” 
The Denominator of the Fraftion propofed (or of that to which it is redu- 
ced, if ſuch ReduCtion firſt be made,) I divide by the Numerator, to the end that I 


may have an equivalent Fraftion, who's Numeracor ſhall be 1 ; anda Denominator 
F'2 anſwering 


iu me ral: ay Done. 


' Reduftion of Fraftions. Crnap.X. 


7 . 
»} -_ 
Lt} © 
—=—_ 
x 
| S 
j = 
4 KY 
y SS 
in 
2 _ 
'F bk 
= 
the * 
: 4+ 
EC. 
* 
p 
2 
, : 


— = 
ho 


2 oa. ares 
D— — 


I2 


Avvo ow Denominatoy. 


—_——— 


So have I inſtead of that propoſed 3444257 this other FraCtion (as near equal 


12003416 Z}57537677» 7767537509 721355735573 ©. Compleate ; but Curtailed, 
24006832 43, +, +; &c. which are the ſame in value with the firſt Carrailed +, (as 
360102438 having the Denominators juſt ſo many-fold of the firſt Denominator 
48013664 33 as arethe Numerators of the Numerator 1.) So that as yet, we 
1560017080 are no whit nearer to the true value. 

CFC. 


And thus (it's manifeſt) it will {till be, till the Numerator of the 
Firſt FraCtion 1 be ſo multiplied, as that by a like Multiplication of 
the Denominator 3.12003416, ſomewhat from the Decimal parts will paſs over 
to the place of Integers. 

But ſo ſoon as by ſuch Multiplication, ſomewhat (as is ſaid) from the Deci- 
mal parts paſleth over to the place of Integers; ſuch Multiple of 1, the Nume- 
rator will have (in the Curtailed Frattion) more than the like Multiple of 3 
the Denominator, by ſo much as is that acceſſion brought over from the De- 
cimal parts: And conſequently (by the Lemma premiſed) the Fraftion is leſſened 
in value (though yet too big, becauſe the Denominator is Curtailed,) and there- 
fore nearer to the truth. . 

We are therefore to inquire (which is done by Diviſion) what Multiple of 
the Denominator 3. 12003416 will firſt bring over ſomewhat from the places 

of Decimal parts, to thoſe of Integers; and ac- 
©-12003416) 1. (8.33096 cordingly dividing 1, (or 1.60000000, ) by 
0.12003416, the Quotienbis 8.3 31—, 

It is manifeſt therefore, that (in this caſe) 9 is the leaſt Integer, which Mul- 
tiplying the firſt Denominator, will bring over ſomewhat from the place or ſcat 
of Fractions to that of Integers. And therefore we muſt have Nine times that 

Appendage 0.12003416, or at leaſt eight times this, with a ſuf- 
0.12003416 cient Acceſſion, to make ſomewhat ſo to paſs over : For the Octuple 
8. (or cight times ſo much) is but 0. 96027328, which wants of 
0-96027328 1 Integer, 0.03972672, which I call the Complement ; and a lets 
0.03972672 Acceſſion (to the Octuple) than ſuch Complement will not be 
1.060000000 lufficient. 

Negletting therefore the Namerators 2,3,4,5,6,7, 8, (as 
which will afford the Curtailed Fraftion no whit more accurate than the Firſt 
Curtailed 3,) to the Numerator g = 1-|-$, I take for a new Denominator 

nine times the firſt ; or (which is the ſame) to the firſt 1 
1. ' 3|12003416 add eight times it ſelf : Which aftords (what I call) che Se- 


8. 24106027328 cond _—_ Compleat ;3|-75357355, and Curtailed Fr 
. 28[o8030 " þ 3 
9 3074+ thatis —— which is too great (becauſe of the Denomi. 


3 
nator Curtailed , but leſs (by the premiſed Lemma) than the firſt Curtailed t - 
becauſe the Proportion of the Increments or Acceſſions 8 to 25 isleſs than thar 


of the Terms 1 to 3. But (by the ſame Lemma) the ſame $3 = =_ = is greater 


than 5£,becauſe here that of the Acceſſions 1 to 3 is greater than that of the Terms 
8 toa5. And the like will frequently occur afterwards. 


For 


CHaP.X, Reduftion of Frattuns. 


39 


For the ſame reaſon, after the Second Curtail'd Fraftion 52, we are to neglect 
the ſeven following Numerators, 10, 11, 12, 13, 14 15, 16, Which to the Nu- 
merator 9, ſuperadd 1, 2, 3,4, 5,67 3 for lince that we 
muſt have (as was ſaid) more than eight times the firſt 9g. 28]o%030744 
Appendage to carry over 1 to the place of Integers: it is 10. 31]: 0004160 
evident that ſeven-times ſo rauch (or leſs than it) with the 11. 32132037536 
Anpendage of the Second Frattion o. 03030744 .( which 12. 433144040992 
mult nceds be leſs than thar of the Firſt) cannot do it. Ge. &c. 

And therefore ( nothing coming over from the Decimal | 
parts) the Increments of the Terms of this Curtailed Fraftion 4 will be as 
1 to 3, (for as oft as 1 is added to the Numerator 9, ſo off is 3 added to the De- 
nominator 28,) which Proportion of Increments 1 to 3 ; being greater than that 
of the Terms g to 28; it doth not Diminiſh but Increaſe the Fraftion 33, which 
is it ſelf ro9 great. | 

But taking for the Numerator 17 = 9-|-$, to the Denominator 28.08030744 

(anſwering to the Numerator g,) we mult add eight times the firſt Denominator, 
that is 24.96027328, (which 1 call the Continual Increment,) 
Who's Appendages added together, are more than 1 Inte= 9g. 2803030744 
ger ; (that of the former being greater than what we called 8. 2496027328 
the Complement of the latter,) and therefore do tranſmit 1 —————_= 
to the place of Integers. Sol have (what I call ) che Third 


Frattion Compleat, 43|53578575, and Curtail'd 3X ; that is _ 


_ » Which 1s too 
great (becauſe of the Denominator Curtailed ;) but leſs than the former 72 (by 
the Precedent Lemma) and therefore nearer tothe juſt value: But (by the ſame 
Lemma) greater than ;3. WY 

And this Proceſs is (for the ſame reaſon) to be again and again repeated, as 
long as the Appendage continues ſo great asthat (added to eight times the ap- 
pendage of the firſt FraCtion) it will tranſmit 1 to the Place ot Integers z that 
15; ſo long as the Appendage is not leſs than the aforeſaid Comptement of its 
Octuple, or Continual Increment 0.03972672. 

So that after the third Fraction £3 , negleCting the ſeven following Numera- 
tors 18, 19, 20, 21, 22, 23, 24, (as of no uſe, for the reaſons before alledyed ; ) 
to the following Numerator 25 = 17-8, I fit (as before) 

a new Denominator. (For the Appendage of this third 17. $3104258073 
Fraction is yet greater than the Complement of- Eight 8. 2496027325 
times the firlt, which is the Continual Increment.) Which 75, -8|o0085400 
gives (what I call) the Fourth Frattion Compleat *3|33737355 

and Curtail'd #4, which is too great (becauſe the Denominator 1s Curtail'd ,) 
but (by the premiſed Lemma) leſs than the foregoing 53 ; (becauſe the Pro- 
portion of the Increments $ to 25 is leſs than that of the Terms 17 to 53, and 
therefore nearer to the true value : But (by the ſame Lemma) more than 8 to 25. 

But when it ſo comes to paſs, that the Appendage of the Fraction foregoing, 
is leſs than the Complement of Eight times the fhrſt ; this Order of Fractions 
isatan end; for now, not (as before) at the Eighth place, but at the Ninth place 

1 will paſs over tothe place of Integers, to make an Acceſſion to the Denomina- 
tor of the Curtail'd FraCtion. 


25+ 8 oE. = 18]00035 400 
£- -=;51 which therefore (becauſe the proportion of the $8. 24196027323 
[acrements $ to 24, that is 1t03, 1s greater than that 33- "_—_ 0- 
of the Terms, 25 to 78) is greater (and therefore farther _1:__31{ 2293472 
from the true value) than the foregoing 3. 34- 10669116144 


True 


Reduttion of Fraitions. _ Char X- 


True it is, that (in the following place) taking the Numerator 34, there will 
(in the Denominator) 1 pals over to the place of Units, for there the pon wg 
. "H._ 
25. 7800085400 Compleat is 7o*[557 777579200 Curtailed 736, that is -- —_ 
9. 2818030744 But foras much as here the Proportion of the Increment ;F 
34. 106|08116144 (the ſame with that of the terms of the ſecond FraCtion) is 
8. 24196027323 greater than that of the Terms 25 to 78; the Fraction 
42. 131104143472 73 is greater (and therefore farther from the true value) 
than 2#, (and is indeed of the ſame value with the Third 
Fraction £2,) and therefore not ſerviceable to the preſent purpoſe. 
In like manner may be ſhewed, that neither will the following Numerator be 
of uſe, 42 = 34 +8 = 25+ 17; where again 1 will paſs 
25- yy 490 over to the place of Integers, where the Fraction Curtail'd 
7. 04058072 , - ge 
Ty OREN : = is 222 = ND which is greater than 2#, becauſe the 
8, 24{96027328 proportion of the Increments 17to 53 (which is the ſame 
50. 156[00170800 with that of the Terms of the Third Fraction) 1s greater 
than that of the Terms 25 to 78. 


Nor will there be any Curtail'd Fraftion after 2+, till we come to 753 = 
Rn which will not be greater than 25, and therefore farther from the 


true value. 


But the FraCtion anſwering to the Numerator 50 = 25-þ 25, as it will not be 
greater, ſo neither Jeſs than 2, but juſt the ſame ( becauſe the proportion of 
the Increments is the ſame with that of the Terms, ) but 
25. 7800085400 it will have agreater appendage, to wit 0.00170800 z yet 
25. 78008 5490 not ſo great as that being added to that of Eight times the 
59. 1560170800 firſt ( 0.96027328) it will make 1 Integer, ( for it is leſs 
than the Complement 0.03972672 ;,) ſo thar neither at the 
Eighth place will x paſs over tothe Integers, but only at the Ninth place, as af- 
ter the Numerator 25. 

Therefore after the Numerator 50 till the Numerator 75 = 50-|-25 = 25+ 
25 -+- 25, there will not be found any Curtail'd Fraftion, which will not be 
greater than 3#, or 7£2, as will be ſhewed in like manner, as for thoſe between 
25 and go; andin like manner for the following Intervals. 

But taking for the Numerator 75 = 50 25 =25x 3, we have the ſame va- 
lue of the Curtail'd Fraftion 534 = #&, but with a greater Appendage, (three 
times as much as that of the Fourth FraCtion, ) yet not ſufficient (for it is yet 
leſs than the neceſſary Complement 0.03972672.) And 
50. 156|0170800 the ſame is to be ſaid in like manner of the Numerator 
25-__ 75Þoo85g00 100= 75+ 25 ; and ſo onward, adding continually 25 to 
75- 234100256200 the precedent Numerator,ſo long as till there be a ſufficient 
25. 780055400 Appendage, not leſs than the neceſſary Complement 
100. 31210341600 ©.03972672 3 that being added to the Eight times the firit 
&c. Oc. Appendage, it may tranſmit one to the place of Integers ; 

for then this will happen (as before) in the Eighth place. 

How ſoon this will come to paſs, is found by Diviſion ; Dividing therefore 
that Complement 0.03992672, by 0.00085400 (the Appendapge of the Fourth 

Fraction of the firſt order £3,) the Quo- 

©.00035400) 0.03972672 (46.52— tient 46.52 — ſhews that to both Terms 
| of the Fraction ##|;53757578 (which be- 
fore we called the Laſt of the Firſt Order, and is now the Firſt of the Second 
Order,) is to be added its Multiple by 46 (or 46 times it ſelf;) that is, to the 
Numerator 1150 = 25x46, and to the Denominator 3588.c 3928400 = 46x 
78.00085400, which afford the Fraftion Compleat 

25- 7900085400 252*153573755, and Curtail'd 42+, of the ſame va- 
1150. 358803928400 jJue with 7& » but with ſo great an Appendage as is 
1175. 366604013800 bigger than the Complement 0.93972672 ; which 

8. ___ 24/96027325 therefore added to Eight times the firſt Appendage 


1183, 3691[00041128 tranſmits I to the place of Integers. 


Taking 


CHap.X. Reduthon of Frafions. 


Taking therefore for the Numerator 1 183 = 1175 +8= 25+ 1158, weſhall 
have the Fraction (which I call the Second of the Second 


Order) Compleat }{3+|555775757) and Curtail'd 2342, 25. "7 $5400 

.. 1175+ 8 257-1158 , a 3 1159. 26129955728 
that is » or , Which 1s greater L 

3666-125 78-3613 - 1183, 36yi60041128 


than the juſt value (becauſe the Denominator is Cur- 
rail'd,) but leſs than $42+ = #3, (becauſe the proportion of the Increments $ to 
25, is greater than that of the Terms 1175 to 3666, or 25to 79, as was before 
ſhewed ; and therefore alſo that of the Increments 1 158 to 361 3, greater than 
that of the Terms 25 to 78,) but greater than $5*2. | | 

And if this FraCtion had an Appendage ſe great as that being added tothe Ap- 
pendage 0.99955728, it would make 1 Integer , we might by repeating the ſame 
proceſs, go on trom this Secozd FraCtionto the Third of the ſame Order, (addint 
11583 totte, Numerator, and 3612.99955728 to the Denominator, which [ cajl 
the Continual Increment of the Second Order ;) for then, in the Curtail'd Fradtion, 
the proportion of the Increments would be 1158 to 3613, which (as 1s already 
ſaid) is leſs than that of the Terms 1x83 to 3691 : And ſo onward to the Fourth; 
Fifth I further FraCtionin the ſame order, fo long as there is an Appendage big 
enough. 

But for as much as the Appendage 0.00041128 is too little for that purpoſe; 
(for it ſhould not be leſs than 0.00044272, which is the neceſ- 
ſary Complement in this Second Order, therefore this Second 0.99955728 
Fraction is the Laſt of the Second Order ;, and the ſame (if we pleaſe 0.00044 2-2 
further to. proſecute this Inquiry) would be the Firſt of the Third {oo0,0000 
Order, to which we are to find a ſecond in that Order, in like 
mauner as before for the Second of the Second Order z and ſo <c,20c41128 
forward as far as there ſhall be need. 0.99955728 

But becauſe the Terms of the FraCtion laſt found 423+ are 5:99996556 
greater than the limit propoſed (not to exceed 999, and becauſe 
after 2+ there is none ( before this) nearer to the jult value, it is manifeſt that 
++ is the FraCtion ſought, as being neareſt (tothe true value) of any (greater 
than it) in Terms not greater than 99g z and in the ſmalleſt Terms (tor it there 
' had been any of the ſame value in leſſer terms, we ſhould ſooner have met with it 
in this inquiry,) which was to be inquired. 


For the Next-Leſſer. 


Of thoſe that are Leſs than the true value, the neareſt therennto is found juſt 
in the ſame Method as the former, fave that what was there ſaid of the Nu- 
merator, is here to be applyed to the Denominatbr 3 and contrariwiſe : That 


is I 
"the Numerator is here to be _—_ by the Denominator, thereby to have 
2 Numerator in Decimal parts, (ſo near the juſt value as ſhall be thought neceſ- 
ſary,) anſwering to the Denominator r. {| 
As in the Fraction propos'd 84933, dividing the Numerator by the Deno-. 
minator, we have a new Numerator for X 
(what l call) the Firſt Fraltion $2222, 83576571) 268.4769 (0.32050931-b- 
as near equal (as is judged neceſlary) to q” 
the Fraction propoſed. _ -1 
Then (becauſe the value of the Cartail'd Fraftion Is not. varied till upon an 
equal Multiplication of both its Terms, ſomewhat be tranſmitted to the place 
of Integers,) Dividing 1, or 1.00000000, by the Ap- | 


ge 0.332050931, the Quotient is 3.12 +; whence Xu, Dinom, 
it is manifeſt, that there muſt be more than its Triple 032050931 1 
(or —_—_ ſo —_— _ —_ 1 Integer. .,  ofg6152755 3 
Therefore (neglecting the Denominators 2, 3, asdn- TT _—_—_—_—” © 
ſerviceable) to —s Term of the Firſt Fraction, I-add 2 —_ yug 4 
its Triple, (which 1 call the Continual Increment ;) that ſhes td 14. M. 
is, to the Denominator 1, Iadd z fora new Denomina- © 224355517 1 

tor4=1-+33 and to the Numerator 0.3205c931, I ofg6152793 + 

a 


— —— 
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True it is, that (in the following place) taking the Numerator 34, there will 
(in the Denominator) 1 pals over to the place of Units, for there the wh np 
IM , 25+ 
25. 78|ooo85400 Compleat is 73*|3777; 57,a0d Curtailed 532, that is 4 = 
9. 2818030744 But for as much as herethe Proportion of the Increment ;# 
34+ 106/08116144 (the ſame with that of the terms of the ſecond Fraftion) is 
8. 24]96027323 greater than that of the Terms 25 to 75S; the Fraction 
42. 131104143472 T1 is greater (and therefore farther from the true value) 
than 2#, (and is indeed of the ſame value with the Third 
FraCtion +2,) and therefore not ſerviceable to the preſent purpoſe. 
In like manner may be ſhewed, that neither will the following Numerator be 
of uſe, 42 = 34 +8 = 25+ 17; where again 1 will paſs 
25- TR" 400 over to the place of Integers, where the Fraction Curtail'd 
17. 04050072 , 25-1 I 
Ft - _ = is 22 = = Bn which is greater than 2+, becauſe the 
8, 24{96027328 proportion of the Increments 17to 53 (which is the ſame 
50. 156|00170800 with that of the Terms of the Third Fraction) 1s greater 
| than that of the Terms 25 to 78. 
__ will there be any Curtail'd Fraftion after #}, till we come to 753 = 
Ry which will not be greater than 24, and therefore farther from the 


true value. 


But the Fraction anſwering to the Numerator 50 = 25-þ 25, as it will not be 
greater, ſo neither leſs than £þ, but juſt the fame ( becauſe the proportion of 
| the Increments is the ſame with that of the Terms, ) but 
25- 7800085400 it will have agreater appendage, to wit 0.001 70800 z yet 
25- > 400 not ſo great as that being added to that of Eight timesthe 
59. 15660170800 firlt (0.96027328) it will make 1 Integer, ( for it is leſs 
than the Complement 0.03972672 3.) ſo that neither at the 
Eighth place will x paſs over tothe Integers, but only at the Ninth place, as af- 
ter the Numerator 25. 

Therefore after the Numerator $0 till the Numerator 75 = 50-|-25 = 25+ 
25 + 25, there will not be found any Curtail'd Fraftion, which will not be 
greater than 3#, or 722, as will be ſhewed in like manner, as for thoſe between 
25 and 50; andin like manner for the following Intervals. 

But taking for the Numerator 75 = 50 {25 =25x 3, we have the ſame va- 
lue of the Curtail'd Fraftion 374 = ##, but with a greater Appendage, (three 
times as much as that of the Fourth Fraftion, ) yet not ſufficient (for it 1s yer 

leſs than the neceſſary Complement 0.03972672.) And 
50. , 15600170800 the ſame is to be ſaid in like manner of the Numerator 
25- __ 75|poo85400 100= 75 -+ 25 ; and ſo onward, oo) way 25to 
75: _— 6200 the precedent Numerator,ſo long as till there be a ſufficient 
25- _78poo55400 Appendage, not lefs than the neceſſary Complement 
100. 31210341600 0.039726%2 ; that being added to the Eight times the firſt 
&Sc, Oc. Appendage; it may tranſmit one to the place of Integers ; 

for then this will happen (as before) in rhe Eighth place. 

How ſoon this will come to paſs, is found by Diviſion ; Dividing therefore 
that Complement 0.03992672, by 0.00085400 (the ” e of the Fourth 

FraCtion of the firſt order £4,) the Quo- 
©.00085400) 0.03972672 (46.32— tient 46.52 — ſhews that to both Terms 


25- T7900085400 3121]_-.-:337, and Curtail'd 2434, of the ſame va- 
r15o. 358803928400 Jye wit 7& but with ſo great an Appendage as is 
1175. —y 4213800 bigger than the Complement 0.93972672 ; which 

8. 24196027328 
1183, 3691[00041128 tranſmits 1 to the place of Integers. 


CHaAP.X. Reduttion of Fraftums. 


Taking therefore for the Numerator 1 183 = 1175 +8= 25+ 1158,wehall 
have the Fraction (which I call the Second of ba Þ ug ru 


Order) Compleat 473+ |;537775779 and Curtail'd $444, - 1 5 $5400 
"x4 175+ 8 ad 25+1158, which is greater 1158. 261 228 
3666-1 25 78-1- 3613 1193, 36y 10041128 


than the juſt value (becauſe the Denominator is Cur- 
rail'd,) but leſs than $42+ = #3, (becauſe the proportion of the Increments $ to 
25, is greater than that of the Terms 1175 to 3666, or 25to 75, as was before 
ſhewed z and therefore alſo that of the Increments 1 15$ to 3613, greater than 
that of the Terms 25 to78,) but greater than4$+*. | 

And if this FraCtion had an Appe ſo great as that being added tothe Ap- 
pendage 0.99955728, it would make x Integer , we might by repeating the ſame 
proceſs, go on from this Second FraCtion to the Third of the ſame Order, (addin 
11583 to tte, Numerator, and 3612.99955728 to the Denominator, which [ call 
the Continual Increment of the Second Order 5 for then, in the Currtail'd Fradtion, 
the proportion of the Increments would be 1158 to 3613, which (as 1s already 
ſaid) is leſs than that of the Terms 1x 83 to 3691 : And ſo onwardto the Fourth; 
onto further Fraction in the ſame order, ſo long as there is an Appendage big 
enough. | 

But for as much as the Appendage 0.00041 128 js too little for that purpoſe; 
(for it ſhould not be leſs than 0.00044272, which is the neceſ- 
ſary Complement in this Second Order,) therefore this Second 0.99955728 
Fraftion 1s the Laſt of the Second Order ;, and the fame (if we pleaſe 0.00044 252 
further to. proſecute this Inquiry) would be the Firſt of rhe Third 7ooomua 
Order, to which we are to find a ſecond in that Order, in like 
mauner as before for the Second of the Second Order z and ſo c,50c41128 
forward as far as there ſhall be need. 0.99955728 

But becauſe the Terms of the Fration laſt found 444+ are — 
greater than the limit propoſed (not to exceed 999, and becauſe 
after 2& there is none ( before this) nearer to the jult value, iris manifeſt that 
4+ is the Fraftion ſought, as being neareſt (tothe true value) of any (greater 
than it) in Terms not greater than 99g z and in the ſmalleſt Terms (tor it there 
' had been any of the ſame value in leſſer terms, we ſhould ſooner have met with it 
in this inquiry,) which was to be inquired. 


For the Next-Leſſer. 


Of thoſe that are Leſs than the true value, the'neareſt therennto is found juſt 
in the ſame Method as the former, fave that what was there ſaid of the Nu- 
merator, is here to be applyed to the Denominarbr 3 and contrariwiſe : That 


iS, | "FO | 
The Numerator is here to be divided by the Denominator, thereby to have 
a Numerator in Decimal parts, (fo near the juſt value as ſhall be thought neceſ- 
ſary,) anſwering to the minator 1. 
As in the Fraction propos'd $#3#, dividing the Numerator by the Deno-. 
minator, we have a new Numerator for 
(what 1 call) the Firſt Frattion $P72222%, 83576571) 2684769 (0.3205093 1-þ 
as near equal (as is judged neceſſary) to T 
the Fraction propoſed. - INS F, 
Then (becauſe the value of the Cartail'd Fraftion is not. varied till upon an 
equal Multiplication of both irs Terms, ſomewhat be tranſmitted to the place 
Integers,) Dividing 1, or z.00000000, by the Ap- | 
ge 0.33050931, the Quotient is 3.12 +; whence Nun, 
it is manifeſt, that there muſt be more than its Triple | 0132050931 
(or three times ſomuch) to make 1 Integer. 1,1 1 ofg6152759 
Therefore (negleCting the Denominators 2, 3, 2503. TP 
ſerviceable) to cach Term of the Firlt Fraction, I.add |” . + 
its Triple; (which I call the Continual Increment ;) that zo 152793 
is, to the Denominator x, I add 3 fora new Denomina: 224356517 
tor4=1-+3; and to the Numerator 0.32050931, I Ofg6152793 


. . 


anlss Td > 


BR. 
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Num. . -, - Denom. add its Triple 0.96152793 , for a new Numerator ; 
3120509310 10 {© have for the Second. Frattion (of 'the firſt Order) 
20192793 2 , Compleat 4842223, and Curtail'd 4 =}, > which 

boy non _—_ is leſs than the juſt value (becauſe the Numerator is 
p2t3i93 2 Curtail'd,) but Greater than the Firſt *, (and there- 
5112814896 '16 fore nearer to the Truth ;) bur leſs than ;. 

.0196152793 Z And becauſe the Appendage of this Second Nume- 

W's rator is greater than 0.03847207, the 

CIR J 0.96152793 Complement of the Triple of the firſt 
bt nlla — 0©.c384-2c79 Appendage or continual Increment ; 
7105120482 122 TTiooooooo and therefore being added to this Tri- 
aſ96152793 3 ple, 'will (at leaſt) make 1 Integer, I 
801273275 25 Tepeat the ſame operation, that is, to the Second De- 


nominator 4, I add 3 the Triple of the Firſt; and to 
the ſecond Numerator 1.28203724, I add 0.96152793 1 
the Triple of the Firſt Numeratorz. which affords the 7 bird Fraction Compleat 


3144436112 and Curtaild F = rn, which is leſs than the juſt value z but 


— 


more than the. precedent 4 , (and therefore nearer to the truth ; ) But leſs 
than 4. 

And becauſe there is yet a ſufficient Appendage, -I repeat the ſame proceſs, 
which affords the Foxrth Fraftion Compleat 33|**===, and Curtail'd 7+, lefs 
than the true value, but m_ than the next foregoing 5. 

And repeating again and again the ſame proceſs, I have for the Fifth, Sixth, Se- 
venth, Eighth, and Ninth, (Curtail'd) 52, 54, +$, 72, 74, continually approach- 
ing 10 the true value. | 

But becauſe 0;01273275 the Appendage of © this Ninth, is leſs than 
0.093847207 the neceflary ono: of 0.96152793 (the- continual Incre- 
mentor Triple of the firſt Appendage) requiſite to make it up 1 Integer, (where-' 
by x might be tranſmitted to the place of Integers:) 1 conclude this Vinth 
Fraction (for the-cauſes above deliver'd) to be the Laſt of the Firſt Order, and 
the Firſt of the Second Order. 

And becauſe (as may be collected from what was before delivered) that after 
this Laſt of the Firſt order z?, there occurs not any other which is not farther 

s ps 1%, FOE ; $ 

» davagTe - than ie from the ſat valee, till we come to Xx =#3 
01273275 25 Whichisjuſt the ſamein value with z, but with. a greater 
—_ — _ — Appendage (double of the former,) yet-not ſufficient (be- 
16 225465592 $9. cauſe leſs than the neceſſary Complement 0.03847207 ;) 
21273275 25 And ſo onward by divers ſuch Intervals, before we kave 
24194819825 75 Aa ſufficient appendage. 1 inquire (by Diviſion) how oft 
Gc.. &c. £.01373275 ( the Firſt Appendage of this Order) muſt 
be repeated to make it at leaſt equal to'{or greater than) 

that: Complement 0.0 3847207. - | . 
Accordingly dividing this Complement by that Appendage, I find the Qyo- 
| | tient 3.02-]-, which ſhews that there muſt 
0.01273275) 0.03847207 (3.02-|- be more than the Triple, to make a ſuf- 

ficient Appendage. 

To each of the terms therefore'of that Fraction z£[==222424, 1 addits rl 


© © 


which gives the Fraftion 1388/22 equal to it in value, 
and with a-ſufficient Appendage z ſo that bei d to 
three times'the Firſt Appendage of the Firſt Order (which 
was the 'Continual Increment,) it will make (more thin) 
3 7 Integer. But #]**2422, the next 'FraCtion before it 
..103 of the ſame value, hath an Appendage too little” ſo 
dh to'do':* And this with the Continual Increment of the 


24103319825 ”' 75 former Order is the Continual Increment of this Or- 
6152793 3 der. Lid b | 


2499972618 -; 78. 


Y 01273275 
24103819825 


Taking 
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$01273275 - 25 
241 )997201| ; 7) 
3301245893 193 
24'99372618 75 
$8/121851 1 101 
24139972618 7 3 
$31o7191129 259 
24[39972618 7 

10301163747 337 
24199972618 78 
133j011 36365 415 
24199972619 78 
155801108953 433 
2499972619 7 
13311051691 57l 
241997 2618 #78 
2CS,O10F 1219 049 
24[99972615, 7 
233121026837 727 

24195972618 75 
25300999455 BVoy 
24499972518. - 76 
233100972073 333 

- 24199972618 73 
308}cog44691 961 

2499972618 79 
333]02917309 1039 
24 99972618 7 
359[00839927 1117 
-2.4/99972618 79 
383 20862545 1195 
2499972618 75 

1408,CO535163 1273 

2499972618 7 
4:3 00807781 I351 
2499972618 , 78 
458 007580399 1429 
2499972618 7 
483 007530179 1507 
2499972618 ©7578 
50300725635 1585 
2499972618 73 
53309698253 1663 
2499972618 _ 78 
5538 0067<871 1741 
2499972618 78 


Taking theretore for the Denominator 103 
Nunerator anſwering thereunto is 33-01245993, which makes the Fraction 


— 
= -— 


—-_- 


—— ——— 


100-|- 3 = 25 -|-»8; the 


(which 1 call the Second of the Second Order) Compleat 


+43 [242242822 and Curtail'd 733 , 


I-91 


$25. 


? 


25 -- 73 


Numerator is Curtail'd,) but greater than 


that is - 


32=[= 1 
CO 


1co-b 3 


which is leſs than the juſt value (becauſe the 


a3 > A 
Ton — AS 


(becauſe the proportion of the Increments 1 to 3 is 
greater than that of the Terms 33 to 100, or$ to 25; 
a1d therefore alſo the proportion of the Increments 2 5 
to 73, greater than that of the Terms $ to 25,) and 
therefore nearer to the juſt value; but leſs than 3+. 
Again, ( becauſe there 1s yet a ſufficient Appendage) 
adding continually the ſame Increments ( that is, the 
Continual Increment of this ſecond Order,) we have the 
following FraCtion, Third, F pr 7 and ſo forward 


(ina long Train) as long as ther 


is a ſufficient Appen- 


dage, (not leſs than 0.00027 382, the Complement of the 
Appendage 0.99972618 to 1 Integer ;) which FraCti- 
ons Curtail'd, do continually approach to the true va- 


lue, as 


10 
ot, af, 491 


$15" 


$93» 3:4» 3548, 73+, 334, 324, 


328, :444, and fo onward, as far as 4444; the Ap- 
pendage of which laſt o. 00013703 being lefs than 


0.00027 


332: 


This Fraction 1s the Laſt of this Second 


Order, and fo the firſt of the next. (And where there 
happens ſo long a Train in one Order, it may he of uſe 
ſometimes to proceed by Leaps ; as in other Caſes of 
Arithmetical Progreſlions.) 


G 


$583]00643489 1819 
24199972618 #78 
| 608026161079 1897 
. 24|99972618 7 
633100588725 1975 
24199972618 75 
658]0056134z3 2053 
24|29972618 78 
6831090533961 2131 
 24/93972618 7B 
708[-0506579 2209 
24199972618 78 
733|-0479199 2287 
249972618 98. 
758Þ045r1815 2365 
24199972618 78 
78310424433 2443 
2499972618 78 
808[0397051 2521 
24199972618 78 
$33jP0369669 2599 
2499972618 73 
85300342287 2677 
2499972618 #78 


88315031490 2753 
24129972619 . 7 
go8[00287523 2833 
24]9972618 78 
933j0026014Tt 2911 
241329972618 73 
 958Þ0232759 2989 
241399972618 78 
983100205377 306 
24199972613 ' 7 
roo8ſo0177995 3145 
24199972618 7 
1033 OOIFOGLI3 3223 
24199972618 75 
1058þ012323t 3301 
24109972618 #7 
1083j00095349 3379 
24/99972618 7 
1108 eee 3457 
24199972619 +98 
1133]o004108g 353 
24199972615 7 
Il;58|0013703 3613 
In 
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In the fame manner (if we think fit to proſecute the Approach further ) 
we arc to find out the Continual Increment of the Third Order, and ſo to proceed 
as before in the Second Order that is, Dividing 000027382 (the Complement 
of the Appendage of the Order next foregoing) by ©.09013723, (the Apperdage of 
the Firſt Frattion of this Order, which was the Lalt of the former) the Quotient 
is 1.998-{-. And therefore (negleCting the Decimal parts adhering to the Inte- 
ger) by 1, (the Integer number next leſs than the full Quotieut, ) I multiply 
both Terms of the Firſt Frattion of this Third Order; and to the Product, I 
add (reſpectively ) the Continual Increment of the Order foregoing : Which 
gives the Continaal Increment of this Third Order, that is, the Continual In- 
crement of the Denominator will be 3691 = 361 3-+78, and (which anſwers to 

it) 1182.99986321 the Continual Increment of the 
1158|00013703 3613 Numerator 3 which added (reſpeCtively) to the Terms 
24199972618 +78 oftheFirſt FraCtion of this Order, makes up the Terms 
— —— of the ſecond Frattionof this Third Order ; and fo 
118219998632t 3691 forward as long as there is a ſufficient Appendage 
g (not leſs than the Complement of the Appendage of 
ot be rs 3613 {he Continual Increment of the preſent Order:) But 
= 99996320 3991 ſo ſoonas that Appendage becomes too little, we are 
2341 |200c0024 7304 at the laſt Fraction of that Order, which is to be the 

Firſt of the next Order: And ſo onward, as far as 

| _ there is occaſion. 

But becauſe (in the preſent caſe) ſo ſoon as we are come to the Fourteenth 
Fraction of the Second Order 73*+, we are already paſt the Limit propoſed 
(not to exceed a Number of three places,) we may conclude, that (the FraCtion 
next before this) 432% is the Fraction ſought ; that is, the neareſt (to the true 
value) of any (greater than it) having neither of its Terms greater than g9gg : 
And this in the {malleſt Terms. 

If we would have purſued this Inquiry further, in the preſent caſe' propoſed, 
we ought at the firſt to have continued the Divilions for finding the Decimal parts 
in the firſt FraCtions, to a greater accuracy ; for a ſmall error in the laſt Figure 
after ſo many Multiplications as here are, will inlinuate it ſelf into ſeveral of the 
places foregoing, and create an error in the principal inquiry z which proceeds 
upon ſuppoſition that thoſe Firſt Fraftions zn Decimal Parts are equal to the 
Fraction propoſed , or ſo near to ſuch equality, as that they may be ſafely 
taken for the ſame, 


The Sum of the Precepts. 


This Inquiry (becauſe new) hath been more fully expreſſed in words (in the 
foregoing Example) to prevent miſtake z but the Sum of the whole Proceſs may 
be briefly reduced to this Synoplis. 

If the Fraft:on ſought (whole terms are not to be greater than a Number given) 
be the Next Greater than a Frattion Propoſed; divide the propoſed Fractions 
Denominator by :ts Numerator : If the Next-Leſſer, then the Numerator by the Deno- 
mwnator, continuing the Quotient in Decimal Parts, to ſuch an Accuracy as ſhall 
be ſufficient 3 which Quoticut for the Next-Greater, is to be the Denominator an- 
ſwcring to the Numerator 1 : But for the Next Leſſer, it is to be the Numerator 
anſwering to the Denominator 1; Completing a Fradtion as near as ſhall be ne- 
cellary to that Propoſed, which Fraction I call the Firſt Fraftion Compleat : 
And _ ſame wanting the Appendage of Decimal parts, I call, the Firſt Fration 
Curtail'd. 

Then by this Appezdage of the Firſt FraCtion, divide 1 Integer, and by the 
Integer Number which is Next-Leſs than the full Quotient, (that is, in caſe ſuch 
Quotient be juſt an Integer Number, by the Integer Next-Leſs than it; but if it 
be an Integer with Decimal parts annexed, than by that Integer without thoſe 
Decimal parts; ) multiply both Terms of the Firſt Fraftion Compleat, (the 
Numerator aud the Denominator ;) And the Products of ſuch Multiplication, 
I call the Continual Increments of thoſe Terms reſpectively. And fo much as the 


Appendage 
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Appendage of Decimal parts in ſuch Continual Increment wants of 1 Integer, 1 
call the Corplen.exr of the Appendage of the continual Increment, | 

[Then both to the Numeraror and the Denominator of the Firſt Fra/?ion, add 
(reſpectively) its continual Increment, which make the Terms of the Second 
Frattion ;, and theſe again (reſpeCtively) increaſed by the ſame Continual Incre. 
ments, make the Terms of the Third Fraction: And ſo onward, as long as 
the Frattion ſo ariling hath an Apperdage , which is not leſs than the Comple- 
ment of the Appendage cf the Continual Increment. 

But when ſuch Appendage becomes leſs than that Complement, that FraCtion 
I call the Laſ# of rhe Firſt Order; which alſo is to be the Firſt of the Second 
Order. 

By the Apperdage of this Fraftion (the Firſt of the Second Order,) Divide 
the Complement of the Appendage of the Continual Increment of the Order fore- 
going ; and by the Integer Number next leſs than the full Quotient of ſuch Di- 
viſion, Multiply each Term of the firſt Fraftion of this Order : And to the 
Products (reſpectively) add the reſpective Increments of the foregoing Order ; 
the Reſults of which, I call the Continual Increments of the preſent Order. And 
ſo much as the Appendage of ſuch Continual Increment wants of 1 Integer, I call 
(as before), the Complement thereof. 

Then to the Terms of the Firſt Fraction of this (Second) Order, add the 
reſpeCtive Continual Increments of this ſame Order, and fo continually ; for 
the Second, Third and Subſequent Fractions of this Order, fo long as there is an 
Appenadage ſufficient , ( not lets than the Complement of the Appendage of the 
Continual Increment of the ſame Order;) and when there is a failure of ſuch 
ſufficient Appendage : ſuch Fraftion is the Laſt of the preſent Order, and the Firſt 
of the Following. 

And ſo onward, as far as there is occaſion, making up (as is already ſhewed) 
the Continual Increments of each Order, of ſuch Multiples of the Terms of the 
Firſt Fraction of the ſame Order, adding thereuntothe Continual Increments of 
the Order next foregoing z and continuing each Order fo long as there is a ſuffici- 
ent Appendage, (not leſs than the Complement of the Appendage of the Continual 
Increment of the ſame Order: ) And when the Appendage becomes leſs than 
ſuch ; this Appendage dividing that Complement, ſhews by the Quotieat (that 
Is, by the greateſt Integer Number therein, leſs than the full Quotient) How 
many times the Terms of that Fraction (where this happens) are to be taken, 
together with the Continual Increments next foregoing, to make the Continual 
Increments of the ſucceeding Order. 

And the FraCtions thus ariſing (which I call the Firff, Second, Third, &c, of 
the Firſt, Second, Third Order, &c.) without their Appendages of Decimal parys, 
(which therefore I call Fraftions Curtailed, ) do continually more and more a 
proachto the true value of the Fraction propoſed; and are each of them t 
neareſt Greater, or neareſt Leſſer (as is ſaid) of any not conliſting of Greater 
Terms: Nor is there (in Integers) any other ſuch Intermediate Approaches. 
Of all which, if we make choiſe of "ſuch as have the greateſt Terms not exceed- 
ing the limit propoſed, we have what was required. ; 

And what is ſaid of the Numerator or Denominator of Fra@ions, ( whe- 
ther Proper or Improper,) is equally applicable to the Antecedent and conſe- 
quent Terms of a Proportion. ee I 'B 

Bur 'tis here fit to be noted, that in ſeeking the Firſ# Fraftions (by Divi- 
ſion) it is convenient to continue the Quotient to at leaſt twice as many places 
(cr ſomewhat more) of Decimal parts, esare the places of that Number pro- 
poſed as the limit , ter than which the Terms of the FraCtion ſought 
are not to be. As, for inſtance, if it be propoſed, that ſuch Terms exceed 
not 3 places, it will be convenient to continue the Quotient of ſuch Diviſion 
to 6 or 8 places, leſt for want of ſufficient accuracy herein, we commit an 


Error. 
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EXAMPLES. 


There are in the Treatiſe cited divers other Examples of the like Procels, 
but 1 ſhall recite only that of the Proportion between the Diameter of a 
Circle to its Perimeter, (in the following Chapter,) as that which (I preſume) 
gave the firſt occaſion of this Inquiry. 


CHAP. AL. 


The ſame applied in particular to the Proportion  betwcen | the 
Dianeter and the Perimeter of a C1RCLE. 


HE Proportion between the Diameter and Perimeter of a Circle, 
is aſſigned by Archimedes, (as was ſaid in the former Chapter,) es 
to 22, as near as can be-in ſuch ſmall Numbers; by AMerixes in Nun. 
bers ſomewhat biggcr, as 113 to 3553 by Yan Kulen and others 

more accurately but in vaſt Numbers; out of which I ſhall here ſhew all the 

ſeveral approaches toward that proportion, which can be made of greater ex- 

aQtneſs in value, by increaſing the Numbers by which that Proportion is ex- 
reſled. 

| The largeſt Numbers that I remember to have ſeen, for expreſſing that Pro- 
portion moſt exaCtly, are theſe 


Diam. 1.00000, 00000, 00000, 00000D, 20000, 000CO, 000009, 


Perim, $ 3-141 59, 26535, 89793, 23846, 26433, 83279, 50288+, 
3.14159, 26535, 89793, 23846, 26433, 83279, 50289—. 


Suppoſe 3.14159, 26535, 89793, 23846, 26433, $3279, 50288 +, 


Where if we put the Diameter as x with Ciphers ſapplying the places-of 
Decimal parts, the Perimiter will be,as 3 with ſuch Figures as follow in the places 
of Decimal parts; of which if the laſt Figure be 8, it is too little ; if 9, it is 
too great: We take therefore as intermediate between both 84 ; ſo as that the 
error will be leſs than half an unite of that place. 

Then is (as any may fatisfie himſelf, who will be at the pains as T have done 
to try it by an Operation of Diviſion,) 

1.00000, ©0000, O0COO, ©0000, ©0000, OOOOO, 00000, 

3.14159, 26535, 89793, 23846, 26433, 93279, 50288 3. 
0.31830, 98861, 83790, 67153, 77675, 26745, 02872, 4 
1+00000, ©9000, 00000,00000,00000, ©0000, COOCO, 0 


the Proportion, 


Equal to proxime. 


Or = 0.31B30, 98861, 83790, 67153,77 675, 26745, 02372, 4 proxime. 


This Proportion as near as may be reduced to ſmalkr Terms, will be fich 
as followeth. 

But thoſe Terms which in the Inquiry (beſide the ——_— had Decimal parts 
annexed, (that is, thoſe which in the former Inquiry, reſpect the Perimeter ; and 
in the Latter the Diameter,) are here Curtail'd, omitting that Appendage of 
Decimal parts ; (fave that we borrow ſo much of it, as with the Appendageof 
the Continual Increment may make up 1 Integer, which is tranſmitted to the 
place of Integers,. whereby that Increment of the Compleat Term being thus in. 
creaſed, becomes the Increment of the Term Curtail'd.) For though it was ng- 


Caar. Xl, 1d Perimeter of a Circle. 
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ceſſary for me, in making the Inquiry, to take notice of thoſe Appendages ; 
(thereby to know how to pals over from one Order to another,) it is not necef(- 
tary to trouble the Reader with ſo oft repeating thoſe long Numbers. Bur it is 
caſy for any who will give himſelf that trouble to reſtore them where he pleaſ- 
eth. For 1n the former inquiry, any Term that reſpects the Diameter, multi- 
p:ied into the firlt that reſpects the Perimeter (that is, into 3.14159 Ec.) pro- 
duceth the Compleat Term (with all its Appendage) which in that place reſpetts 
the Perimeter. And in the Latter Inquiry, that which reſpects the Perimeter, 
multiplied into the firſt of thoſe that reſpect the Diameter, ( that is, into 
©.31330 &c.) produceth in like manner the Term compleat which there re- 
ipects the Diameter. (And it wall thence appear how near each Proportion ex- 
prelled in ſmaller terms,approacheth to that propoſed.) Yet we mult here obſerve, 
that ſuch Appendage ſo tound, is no farther to be reputed as Accurate, than as 
the ſmall error in the Jaſt Figure of the firſt Appendage, doth not (by ſuch 
multiplication) influence the latter Figures of the Appendage found. 

[ have likewiſe (the more clearly ro expreſs the proceſs,) to the firſt Terms 
of each Order (in both Inquiries,) prefixed the Number of ſuch Order (as 1, II, 
III, &&c. for the Firſt, Second, Third, &c.) And with it a ſhort intimation how 
the Continual Increment for ſuch Order is formed (to be obvious to the Eye at the 
firſt view;) As I. x 3 Jncrem. ſignifies, that in the Firſt Order, the Continual 
Increment (which there follows in the next Line, between two Rules,) confiſts of 
the reſpeftive Terms (of the firſt Proportion of that Order) mulriplied by 3, And 
Il. x 15, -- Increm, That in the Second Order , ſuch Increment is made by the 
firſt Terms of it Mulriplicd into 15, , Adding moreover (to ſuch Multiple) the 
Terms of the Continual Increment of the Order next foregoing, and Il x 2gz +. 
That in the Third Order, the Firſt Terms are Aſfulriplied by 292 , and (to ſuch 
Multiple) are added the Terms of the Increment next foregoing, to make u 
the Continual Increment of this ( Third) Order. (And 1n like manner elſe 
where.) Which Continual Increment ſtands next under thoſe Firſt Terms (in 
each Order) included within two Rules, to diſtinguiſh it from the Terms of the 
Proportions belonging to this Inquiry. . 

And hers is to be noted ( which appears upon the view, ) that what in the 
one inquiry, are the continual Increment, the fame in the other Inquiry are 
Terms of Proportion thereunto belonging. As for inſtance, 9.22, and 113.355, 
which in the Firſt Inquiry are the Continual Increments of the Firſt and Second 
Order, the ſame in the Latter Inquiry are Terms of Proportion; (to wit, of 
that Proportion, which is the laſt of one Order, and the firft of the next:) The 
former of them (which is the Proportion of Archimedes) is the Laſt of the Firſt, 
and the Firſt of the Second Order : The Latter, (which is that of AMerius) is 
the Laſt of the Second, and Firſt of the Third. And in like manner, every 
where, in both Inquiries. 

Note alſo that what in one Inquiry is a Mulriplier (for finding) as before is 
ſaid, the Continual Increment,) the ſame Number, 1s in the other Inquiry, the 
Number of Increments in the Order anſwering to it, ſhewing how many Propor- 
tions are in Order conſequent to the Firſt. As for inſtance, in the Eleventh Or- 
der of the Latter Inquiry , we have (belide the Firſt) 84 Proportions (made 
by the Continual Increment ſo often added ;) and in the Eleventh Order for the 
Former Inquiry, the ſame Number 84, is the Multiplier for making up the 
Continual Increment, beſide the Addition of the Increment foregoing,) as is 
there ſeen at XI. « $4,-þ. And in the ſecond Order of the Former Inquiry, the 
Number of Proportions are (beſide the Firſt) 292: And the ſame Number 292, is 
in the Latter Inquiry, the Multiplier for the Continual Increment of (not rhe 
Second, but) the Third Order : And in like manner every where. That is, the 
Number of Proportions, (beſide the firſt,) in each Order of the Latter Inquiry,is in 
the former Inquiry,ſuch a Altiplier for the Order of like Denomination:And what 
in the former Inquiry is the Number of ſuch Proportions, is inthe Latter Inquiry, 
ſuch Mulriplier for the Ordet (not of the ſame Denomination, but) next: following. 

And this holds on continually ſo long, till by reafon of thoſe Proportions 
which were at firſt taken as Equal, but are not exaCtly ſo, (53124t%S __ and 


(2122 c, whereof the Firſt Inquiry purſues the former, the w 
| £his 
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this difference becomes conſiderable ; (which in the preſent caſe would happen, 
if we continue the Inquiries but one itep forward :) for thenceforth thoſe Fra- 
Ctions are not to be conlidered as of one and the fame value, but as of different 
values. 

Note alſo, that ſome of the laſt Terms (in both Inquirics fall within the Li- 
-mits propoſed ; that is, (putting 1 for the Diameter, ) will require for the 
Perimeter more than 3.14159, &c. with 8 in the laſt place, but leſs than the 
ſame with g in the laſt place; (for in both the ſcope propoſed is to come 
neareſt to that which ends with 83. But we cannot thence conclude, that they 
are therefore more accurate than thoſe with eight or nine; unleſs we could be 
ſure, (which we are not) that the truth is juſt in the middle between thoſe li- 
mits, or yery near it. Otherwiſe it may poſlibly be greater than 8, but nearer 
toit than to 84 z or leſs than g,and yet nearer toit than to 84, whereas the ſcope 
here is to approach as near as may be to 8:. Now thoſe which thus fall within 
theſe Limits, are in the former Inquiry, the four Laſt, but in the latter Inquiry 
the Laſt only. For if in any of theſe we put the Proportion, as the Term 
which repreſents the Diameter, to that which repreſents the Perimeter, ſo 1 to 
a Fourth : That Fourth will be 3.14159, &c. with more than 8, but leſs than g 
in the laſt. And in thoſe of the former Inquiry, more than 8, but leſs than 8: ; 
in the latter, more than 83, but leſs than g. Bur all before theſe in both Inqui- 
ries, are without thoſe Limits; whereof if any do make a queſtion, he may ſa- 
tisfy himſelf, by performing the Arithmerical Operation of ſuch Analogy, con- 
tinued in Decimal parts, till he have a Reſult long enough to determine it. 

And theſe Remarks, though they hold in like manner (mars mutandis) in 0- 
ther Inquiries of the like nature,. yet I thought fit rather to note them here 
(than in the cloſe of the former Chapter) becauſe in ſo long a Proceſs as this, 
they are the more conſpicuous. 


The Proportion of the Diameter of a Circle to its Perimeter , 
Greater than the Truth , but continually Decreaſing ; or of Pe- 
rimeter to the Diameter, Leſs than the Truth , but continually 
Increaſing ; Expreſſed every where with as much exaQneſs as in 
no greater Numbers can be done. 


Diam. Perim, Diam, Perim. Diam, Perim. 
I.x79, 1 3-l4159Gc, 332 104 2592 o142 
Tucrem, 22 44 139 270 : 8 49 

> 5658 1753 281 3853 
5 47 671 2108 2931 920 
22 69 34 2463 3044 9563 
29 9g1 97 2015 3157 991 
36 113 _— uy 3270 uu 
K I12 2 3383 1062 
+ _ 1236 7 3496 1098 
57 179 my 49 $609 109 
64 201 1462 459 3722 11693 
71 223 2505 494 3035 190 
8 245 iD 5308 90% 19008 
5 267 1801 595 4061 1275 
| 1914 ' 601 4174 L311 
- = |. 2087 6368 ab? $3468 
II xt. 106 333 | —__ = 4400 13523 
ys" O 13 14178 
Increm. (213__355| 2366 Lan 2G m1 7 
aig 688 | 2479 7788 4739 54888 


Diam, 


CrHar.Xl. and Perimeter of a Circle. 49 
Dian. Perim. Diam. Perm. | Dian, Perim. = 
852 15243 robts5 33348 r6378 51453 
4965 155.8 107238 J3703 1649: 51808 
5073 415-53 10841 34058 16604 $2163 
5191 16300 10954 34413 16717 52518 
56304 16663 110679 34768 16830 2287 
5417 17018 11189 35123 1694} 5322 
5539 17373 11293 35476 7056 53583 
56043} 17726 11406 35833 17169 53938 
56756 18083 11519 J6188 17282 $5423 
536g 18438 11632 36543 17395 $4648 
5982 185793 1174 36898 1750 35002 
6095 19148 11858 37253 1762t 5535 
6208 19503 11974 37608 | 17734 $571 
6321 19856 12084 J7963 17847 56068 
6434 20213 12197 38318 17960 5642 
65479 20568 12310 J86673 18073 6718 
6660 20923 1242Z YJ9o18 18186 57133 
6773 21278 | g12536 3935; 18299 57488 
6886 21633z ©} © 12649 * 39736 18412 $5784 
6999 2196 12762 40093 18525 $5819 
T1l2 22343 __ 40448 1863 58552 
722 22698 1298 40803 i875: 58908 
7338 2305 13101 41156 18864 $5926 
7451 2340 13244 41513 18977 5961 
7564 23763 13327 41868 19090 5-973 
7677 24118 13440 42223 19203 60328 
7199 24473 13553 42575 19316 6068 
790z 2462 13666 42933 19429 bioz 
$016 25183 13779 43208 19542 61393 
8129 25539 13892 4364 19655. 61748 
$242 25093 14005 4399 1976 _—_ 
835 2624 14118 44353 1988x 6245 
$408 | $7003 14231 44708 T1rag994 G2813 
858x 2695 14344 45003 20107- 63168 
8694 27313 14457 4541 20220 93323 
8807 27668 14570 4577 20333 63378 
8929 2802 14683 4612 20446 att 
9033 28537 14796 46483 20559) 645 
9146 20733 14909 46838 20672 54942 
$6259 290 I5022 4719 . 2078 6529 
9372 2944 15135 4754 20898 65652 
9435 2979 1524 47903 2I011 66008 
9598 30153 15361 43825 21124 _ 
9711 Jogos 15474 48613 21237 6671 
9824 3ob62 155879 48968 21350 6707 
9937 3121 15700 49358 | 214637 6742 
T0050 3157 15813 * 49678 } 21576 67783 
t0163z 3192 15926 $0033 21689 68138 
10276 you! - 16039 $503 21802 65492 
t0z389 J3263( 16152 $0743 2191 6884 
10502 32999} f 16265 grogs8 | 22028 69203 


Diam, 


Diam. 


22141 
22254. 
22367 
22480 
22593 
22706 
22819 
22932 
2304 
2315 
23271 
23304 
23497 
23610 
23723 
23836 
23949 
24002 
2417 
2428 
24401 
24514 
24627 
24740 
24853 
24966 
25079 
25192 
2 
25418 
25531 
25644 
25737 
25870 
25983 
26096 
26209 
26322 
20435 
2654 
26661 


20774 
26887 
27000 
271713 
27226 
21339 
27452 
_— 
2767 

21791 


Dirm Peran, 
27404 87663 
280179 88018 
28130 $8373 
28243 88728 
28469 $9438 
28582 869793 
28695 9o148 
28898 9gog0J 
28921 yo$858 
29034 91213 
29147 91568 
292600 91923 
29373 92278 
29486 92633 
23599 92988 
29712 93343 
4 29325 y3698 
29938 94053 
z005r 94408 
30104 94763 
30277 95118 
303599 95473 
3050} 95828 
30616 g6183 
3072g 95538 
30842 96893 
39955 * 97248 
3106 97603 
31181 97958 
31294 58313 
31407 - 98668 
$1920 g9gyygo2? 
31033 99378 
31740 $9733 
31859 100088 
31972 100443 
32085 100798 
32198 101153 
32311 ret = 
32424 101663 
32537 102218 
32650 102573 
32763 102928 
32876 103283 
29899 103638 
IIT.x« 1,-þ-. 33102 103993 
Increm, [332 I5 104348] 
IF. x 1,-|. 66317 208341 
Increm. 99532 _ 312689] 
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Diam, 


 Cauae.XI. and Perimeter of aCircle. 


F. x 1,+. 
Increm, 


VI. * 1, ++:; 
Increm. 


VII.x2,4-. 


Tncrem. 


VIIEx1,k. 


Increm, 


IX. * 2, +: 
Increm. 


X.x 2, +. 
Tncrem, 


XKI-x 84, +. 


Tncrem, 


XIT.x 1,-+. 
Tncrem. 
XIII x15, 
Increm, 


XIV x13,-1- 


Increm, 


XV.x 43. Toga799169084491 


Diameter. Peremiter. 

165349 521036 
© | STSESAEE; 833719 
[364913 1146408] 
630298 _* _ 1980127 
995207 3126535 
I 360120 z 4272943 
[1725033 5419351] 
3085153 4 
4810186 15111645 
6535219 2.05 30996 
8260252 2595 9347 
9985285 31369698 
11710318 36789949 
13435 358 432 abgoQ 
15160384 47627751 
16885417 53047102 
x8610450 58466453 
20335483 63633504 
22060516 69305155 
23785549 74724506 
25510582 ._ 8014385 
I5 2 746 197 165 70706 Fl 
78256779 245850922 
[131002976 411557987] 
309459755 657408909 
340262737. t 068966896 
22125457, 2349249779] 
E£5t79t169 36184580675 
1963319607 6167950454 
[4738167652 14585392687 
6701487259 _ 21053343141 
FTE IST AAA 17833662165 31) 
$74364584607 - 1804419559672 
1142027682075 '_ __ 3587785776203 
[1709690779483 __. 5371151992734] 
2851718461558 8958937768937 
1444$5467702853. + £39755218526789| 
47337186164411 .. 148714156295 726 
92322653867264 288 4693 7482 2515 
136308121570117 428224593 749304 
[1816491045114374  $706674937067741] 
61348995254t7045 


Increm, 962768772635233% 302462730 5921 
CET 25 == _—_ 
XVI.x 6,-|-. 2:206174623 389167 


Increm, 


668627445 549888887 


[136876735407 187 340 430010846591069243| 


on ann,” of 204 
2949616455.57703347 9266493 3579087373 


H 


49667383 9213 3958130 


The Proportion between the Diameter Cnar NI, 
Diameter, 47 Perimeter, 
4318383810249511$7 1 356660285 366096616 
568715116492138527- 1786671231957165359 
2055919419593 5867 2216682178548235102 | 
XVII-x1,-)-, 8 42468587426513207, 2646593125139304345 
Increm. |9179345322893700547 __3076704071730373588| E 
1821813910320213754 $5723397196869677933 $ 
| is 
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ne Proportion of the Diameter of a Circle to its Perimeter , 
Leſs than the Truth , but continually Increaſing ; or of the Pe- 
rimeter to the Diameter, Greater than the Truth, but continually 
Decreaſing ; Expreſſed every where with as much exaQtneſs as in 
no greater Numbers can be done. 


Diameter, Perimeter, 
J. x 3. 0.3183, &c. r 
A Es 31 

T 4 

2 7 

3 10 

4 I3 

5 16 

+ 6 | I9 
II. x 15,-þ. 7 Prop. Archim. 22 
 tncrem, 1106 —_ 333! 
IIx292,+ 113 Prop. Metii. 355 
Increm. [33102 103993] 
IW.x 1, ++ - 33215 104348 
Increm. 166317 | 208 341] 
V.«2,+,. - 99532 312689 
Increm. [265381 833719] 
V1.x 3, 364913 1146408 
Increm, [1360120 4272943] 
F1l.xl4,+ _1725033 5419351 
Increm, [25510583 80143857] 
27235615 85563208 

PIIILx1,4-, $2746197 165707065 
Increm. [78256779 245850922] 
IX.x2,-|-, 131002976 411557987 
Increm. [340262731 1068966896| 
471265707 1480524883 

X.x2.+, 811528438 2549491779 
Increm, |[1963319607 61679504 54| 
2774848045 0717442273 

XI.x 1, +, 4738167652 14885 392687 
Increm, |6701487259 21053343141] 


Dios. 


Cuae.Xl. and Perimeter of a Circle. 
Diameter, Perimeter, 
11439654911 3593873 5828 
18141142170 56992078969 
24842639429 78045422110 
31544116688 99098765251 
38245603947 120152108392 
44947091106 141205451533 
51648578465 162258794674 
58350065724 183312137815 
65051552983 204365480956 
71753040243 o—_ 24097 
78454527501 246472167238 
85156014760 267525510379 
91857502019 28857885 3520 
98558989278 pe mt 
105260476537 33096 5335003 
111961963796 351738882943 
118663451055 372793226084 
125364938314 393545569225 
132066425573 414898912366 
t 38767912832 435952255507 
145469400091 . 457005598648 
152170887350 478058941789 
x 58872 374609 499112284930 
165573861868 520165628071 
172275349127 541218971212 
178976836386 562272314353 
185678323645 583325657494 
192379810904 604379000635 
199081298163 625432343776 
205782785422 646485686917 
212484272681 667539030058 
219185759940 688592373199, 
225887247199 709645716340 
232588734458 730699059481 
239290221717 75175 240262% 
245991708976 DLemelt ik 
252693196235 79385 90890904 
259394683494 $14912432045 
266096170753 - $85 965775186 
272797658012 857019118327 
279499145271 878072461468 
286200632530 899125804609 
292902119789 920179147750 
299603607048 Mrogegopeue 
306305094307 . 962285839032 
313006581566 983339177173 
3419708068825 1004392520314 
. 3264095 56084 1025445863455 
333111043343 I are 
339812530603 7552549737 
346514017861 1088605 892878 | 
H 2 Diam. 


Y . 
18 | 
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Diameter, Perimeter. 
353215505120 11096592 36019 
259916992379 1130712579160 
366618479638 1151755922301 
373319966897 1172819265442 
380021454156 1193872608583 
386722941415 1214925951724 
393424428674 1235979294865 
400125915933 1257032638006 
406827403192 1278085981147 
413528890451 1299139324288 
420230377710 1320192667429 
426931864969 1341246010570 
433633352228 1362299353711 
440334839487 1383352696852 
447036326746 140440603993 
453737814005 1425459383134 
460439301264 1446512726275 
467140788523 1467566069416 
473842275782 1488619412557 
480543763041 1509672755698 
4872452503c0 1530726098839 
493946737559 1551779441980 
500688224818 1572832785121 
507349712077 1593886128262 
514051199336 1614929471403 
520752686595 163599281454 
$27454173854 1657046157685 
534155661113 16780995 co826 
540857148372 1699152843967 
547558635631 1720266187108 
554260122890 1741259530249 

_ FZ60961610149 1762312873390 

XII. x 2+. 567663097408 1783366216531 
Increm. |1142027682075 - 3587785776203] 
XIII x14. 1709690779483 5371151992734 
Increm, |2$51718461558 8958937768937] 

4561409241041 14330089761671 

7413127902599 232890275 30608 

10264846164157 322479652995 45 

I3116504625715 4120690 068482 
x15968283087273 50165845837419 
. - 18820001548831 59124778606356 
-  21671720010389 6808371637529} 
24523438471947 77042654144230 
+ 27375156933505 86001591913167 
'30226875395063 94960529682 104 
1 33078593856621 103919467451041 
. 35930312318179 112878405219978 
'38782020779737 © 121837342988915 
41633749241295 13079628075,7852 


Diam. 


Cnaoe. Xl. 


and Perimeter of a Circle. 


55 


Diameter. Perimeter; 

XIV.x 3,--. 44485467702853 1397552185 26789 
Increm. |136308121570117 4282245933749304| 
180793589272970 $67979011876093 
317:101710843087 996104405225 397 

45 3409832413204 14244289485 74701 
589717953983321 185265 3591924005 
726026075553438 2280878185273309 
$62334197123555 2709102778622613 
998642 318693672 3137327371971917 
1134950440263789 3565551965321221 
1271258561833906 3993776558670525 
140756668340402 3 4412001152019829 
1543874804974140 4850225745369133 
1680182928544257 5278450338718437 

XV. « 1,-{-, 1816491048114274 __$706674932067741 
Increm. [1952799169684491 6134899525417045] 
3769290217798865 11841574457484786 
$722089387483356 17976473982901831 
7674888557167847 24111373508318876 
XVI.x 2,-|-. 962768772685 2338 3024627 Jo37725gar 
Increm. [21208174623389167 666274455 92888887| 
30835862350341505 ' 968737 18626624808 
52044036973630672 163501164219513695 
73252211597019839 2 30128609812402 583 
94450386220409006 2967 5005 5405291469 
115668560843798173 363383500998180356 
XVILx6,+136876735467187340 430010946591069243 

Increm. |842468587426513207 _ 26466931251393043 
979345 322893700547 307670407173037358 
CH A P. XII. 


Of LoGARITHMS: Their Invention and We. 


HE other improvement which I mention'd (as added tothe Algoriſme 
of the Arabs lince we borrowed it from them,) is that of Logariehmss 
an improvement of our own Age and Nation. 

This was firſt of all invented ( without any Example of any before 
him, that I know of) by John Nepper, Baron of Merchiſton in Scotland ;, and by 
bim firſt publiſhed, at, Edenburgh, in the Year 1614: ſoon after by himſelf 
(with the ance of . Henry Brigs , Profeſlor of Geometry , firſt at London in 
Gohoy Callers and afterwards at Oxford) reduced to a better form and pare 
| ed, ' K 1 > : 4 
* The. Invention was greedity imbraced (and deſervedly) by Learned men. 

Mr. Brigs upon the firſt publication of it, was ſo pleaſed with it, that bogey 
ſently . repaired into Scorland, to conſult the Author, adviſe with him, and be 
aſſiſtant to him in the perfeCting of it, and in Calculating Tables for it 
which was a work of great labour, as well as ſubtile invention. -- 
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And it was imbraced and promoted abroad by Benjamin Urſtitius, John Kepler, 
Adrian Vii, Petrus Cragerns , and ethers. - nn 

And at home, by Henry Gellcbr.and, who perfected the 1rigonometria Britannica, 
w hich Mr. &rigs began, bur died before it was perteCted. ao 

So that in a ſhort time, it became generally known, and greedily imbraced in 
all parts, as of unſpeakable advantage z eſpecially for eaſe and expedition in 774- 
gommetrical Calculations. 

The Foundation of it 1s this ; 

If to 2 Rank of Continual Proportionals in a Geometrical Progreſſion from 1 : 
Suppoſe 
w bw B« 4+ 19. $6. $2. 64. Oc: 


We accommodate a Rank of Exponents in an Arithmetical Progreſlion, from o, 
Suppoſe | 
So 3 of $3» S- $o 6. OG 


It is manifeſt, 'that for every Multiplication or Diviiion of thoſe Terms 
one by another, there is an anſwerable Addition or SubduCtion of the Expo- 
Nents. 

For 28 (in the Terms).4 Multiplied by 8 makes 32, ſo (in the Exponents) if 
to2 weadd 3, it makes 5 ; andas 32 Divided by 8, gives 4 : Soit from 5 we Sub- 
duCt 3, there remains 2: And fo every where. 


I 
7 


Terms, SM 3. S- 126. $6. $4. 
EARS OO. ito 3» Yo» 4h Yo O: 


3 "I = 4. 


8 


4 x 8 
F * F—FE= 2. 


2 -|-3 


(Not much unlike to what we before ſhewed out of Archinedes's Arenarius, 
concerning his «, &, yy, 4H, &c, in continual Progreſſion Geometrical from 1, at- 
tended by a Sertes:-of Exponcnts in Arithmetical Progreſſion ; the foundation of 
that aud this beingall one.) 

And the ſame holds, if between any two of thoſe Terms, _interpoſe one or 
more means Proportional z and between their Exponents, as many Arithmetical 
Means, EC" OTE | 

As if between 4and$ (or between 2 and 16) we interpoſe a Mean Proportio- 
nal 4/ 32, thatis4y/2; and between 2 and 3.(or 1and 4) an Arithmetical 
Mean, 2Z ; then as 4 4 zby 8 makes 32 4/ 2, (a mean proportional between 32 
and 64 :) So adding their Exponents 2+ and 3. makes 5+, an Arithmetical Mean 
between 5 and 6; And ſo every where. | 


And univerſally, (whatever be the Values of ». e.) ſupppoſing 


"Ml! 


Fhe Terms, 1. rv. ww. nh, ni, rf, 1. &c. 
Exponents, O. &. 26, 2t 4&. ye 60. Oc. 
Then, s mwxi =ri, and oroſr xr =riyr; 
So 2e-3e = 5e, ang 24e -|- 3e = 536 
. And fo every. where. | "i 


And: conſequently whatever Term we interpoſe-between- any of thoſe Con- 
tinual: Proportionals 3 if we alſo interpoſe berween their Exponents, a like A- 
righimetical- Mean, as that is a Proportional” Mean, (as if that be the Firſt: or 
Seeond of two Means Proportional, this, accordingly the Firſt or Second.of two 
Means; Arithmetita}; if that the Second of Five Means Proportional, this the 
Secondiof..as urany Arithmetical Means, &c.) Then to' eyery Addition or Sub- 
— of rlieſs:one with: another, will-anfwer a like Multiplication or Diviſion 

th 46 "6 . | 


A "1: And 


3) i 
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And if for o, e, 2e, 3e, XC. (taking e= 1) we: put, 6, 1,2, 3, Sc; thendoth 
this Exponent always give us the Number of Rations or Dimenſions in the 
Term to which it belongs. 


bh IR mu 9, ©; as 


0. 3». Ta 3Þ« + $5: 6. oh 


(as 3 inr?, 6 inr*, and ſo every where,) or ſhews How many fold (quam wnaltipli- 
cata) the Proportion (for inſtance) of »*to1, isof r ts 1. That is; how many 
Rations or Proportions of r to 1, are compounded in r* to 1, to wit 6. To 
which the nartie Zagarichmas fitly anſwers, that is, Xgov dpfuis, the Number 
of Proportions ſo Compounded. 

Now this Foundation being lay'd , their Deſign in the Logarithms -is this: 
Having ſeleted (as moſt convenient ) a Rank of 
Decuple Progreſlion ; to wit, 


I. 10, 100. I000, 10000, 100000. 1000009 . © &c. 
they fit hereunto (as their Exponents) in Arithmetical Progeſtion, 


G0. + Si B+ $. $2. 6 6 


(And conſequently, the Legarithm 'of any Fractions leſs than 1, is to be a Ne- 
gative Number.) And then for each of the Numbers interpoſed between 1x 
and 10, between 10and 100, and ſo of the reſt ; (as 2, 3,4, &c. 11,12, 13,c.) 
they ſeek out (between o and 1, between 1 and '2, &c.) an Exponent (to 
be expreſſed in Decimal Parts, ) which is ſuch a Mean Arithmetical, as $he 0- 
ther is a Mean Proportional. _ - 

And theſe Exponents they call Logarithms, which are Artificial Numbers, ſo 
anſwering to the Natural Numbers, as that the Addition and SubduCtion of 
theſe, anſwers to the Multiplication and Diviſion of the Natural Numbers. 

By this means, (the Tables being once made) the Work of Mulriplication 
and-Diviſion is performed by Addition and SubduCtion; and conſequently thar 6f 
Squaring and Cubing, by Duplation and Triplation, and that of Extracting the 
Square and Cubick Root, by Biſection and TriſeCtion 3 and the like in higher 
Powers. 

Of theſe Logarithms, we have Printed Tables, for all Numbers as far as 
One Hundred Thouſand. So that, if any two Numbery (not exceeding 100,000,) 
be propoſed to be Multiplied or Divided one by the other, the Logarithms vf 
thoſe Numbers (to be found in thoſe Printed Tables) being accordingly Added 
or Subdutted, will give the Logarithm of that Natural Number (to be fourdd 
by thoſe Tables) which is the ProduCt or Quotient of ſuch Multiplication or 
Diviſion. And the Double or Treble of ſuch Logarithm, is the Logarithmof its 
Square or Cube. And the half or Third part of it is the Logarithm of its' 
Quadratick or Cubick Root z and the like of Higher Powers, which in targe 
Numbers, is matter of great Expedition. L: 

And (becauſe a main end of thus Deſign was to facilitate Aſtronomical and 0- 
ther Trigonometrical Calculations, ) beſide thoſe Logarithms for Nambers in 
their Natural Order , we have alſo Tables of Artificial or Logatithmical 
Sines, Tangents, and-Secants ; the Addition -and SubduCtion of which, anſwers 
to the Multiplication and Diviſion of the Natural Sines, Tangents, and Secants : 
Which isavery compendious advantage for expediting ſuch Calculations; and is not 
leſs accurate than the operation by Tables of Natural Sines, Fangents, and Secants. 

Thus in a Plain Triangle; ſuppoſing the Angles 
given, A 60 Degrees, B 50 Degrees, (and conſequent- 
ly, C 70 ces,) and the Side AB 31323 Paces: 

For finding the Sides A C, or AB, we have this Pro- 


portion : 


Continual Proportionals, in a ' 


of Logarithms. Caae XII: 


As 'the Sine of C, 70 Degrees, 9396926 
To the Sine of B, go Degrees, #7660444 
So is the Side AB, 31323 paces. 
To the Side A C. 25535 — paces, 


For finding which, we are to Multiply 7660444 by 31323, and then divide by 
9396926 z which gives for the Side AC, (almoſt) 25535 paces. 


And, As the Sine of C, 70 Degrees 9396926 


To the Sine of A, 60 Degrees, 6602 54 
So is the Side A B, 31323 paces, 
* To the Side BC. 28867 3paces. 


For finding which , we are to Multiply 8660254 by 31323, and divide by 
9396926, which gives for the Side B C, 288673 paces, proxime. 

Now (to prevent theſe tedious Multiplications and Diviſions, ) by Loga- 
rithms, we proceed thus ; | 


Log. Sine C, 70 Degrees — 9.9729858 
Log. Sine B, 5o Degrees + 9.8342540 
Log. AB, Num. 31323 4-4958633 
Log. AC, Num. 25535— 4.4071315 


where SubduCting the firſt Logarithm from the Sum of the Second and Third, 
gires the Fourth, which (the Tables tell us) anſwers to the Number 25535, fere: 
many Paces therefore is the Side A C. 


Again, Log. Sine C, 90 Degrees, — 9.9729858 
Log. Sine A, 60 Degrees, + 9-9375396 
Log. AB. Num. 31323 + 4-4958633 
Log. B C. Num, 28867 4 + 4.460408 


Where ſubduCting the firſt Logarithm, from the Sum of the Second and 

Third, gives the Fourth; which (the Table tells us) anſwers to the Number 

288672 proxime, So many Paces therefore is the Side B C, which operations 

= much more expeditious, than Multiplying and Dividing ſuch large Num- 
ers. 

And in like manner, in Spherical Triangles, ſave that there all the Logarithms 
are to be taken out of the Tables of Sines, Tangents, and Secants; which inthis 
Example are taken partly from thence, partly from the Table of Numbers; but 
the Expedition is alike in both. 

This was firſt Publiſhed by the Lord Meper (the firſt Inventor of it) inthe 
Year 1614, under the Title of Afirificus Logarithmorum Canon, with its Deſcrip- 
tion-and Ulſe ;, but reſerving the manner of Conſtruftion, and its Demonitrg- 
tion to be after Publiſhed : This being but an Eſſay ſer forth to fee the judg- 
ment of Learned Men concerning this Deſign, and how it was like to be received: 

In this we have a Canon or Table of Natural and Logarithmical Sines for 
each Degree and Minute of the Qyadrant. 

And whereas it was at his choiſe to give to what Number he pleaſed the Loga» 
rithm o, and whether to proceed by way of Increaſe or Decreaſe, he choſe to 
make © the Logarithm of the whole Sine 10000000, that ſo the Multiplication 
or Diviſion by the whole Sine (frequent in Trigonometrical Calculation) might 
" diſpatched without trouble, requiring here but the Addition or Subduftion 
of o. 

Ard becauſe the uſe of Leſſer Sines and Numbers leſs than the Radius of whaolg 
Sine, were likely to be of more frequent uſe than of Tangents, Secants, and o- 
ther Numbers greater than the Radius, he choſe to give to thoſe leiſer Numbers 
Affirmgtive Logarithms (increaſing the Logarithms from o, as the Sines decreaſe,) 
which he calls Abundantes : And conſequently Negative Logarithms (which he 
calls Defetives)-to greater Numbers. Deſigning thoſe by 4-, theſe by —. 
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And by this means, he direCts how this Table cf Sines, (with the Differences 
there inſerted,) may ſerve alſo for a Table of Tangents and of Secants ; fo thar 
this Canon is a Compleat Canon of Natural Sines, and of Logarithmical Sines; 
Tangents and Secants. : 

He ſhews alſo how this Table may be applyed t$ the Logarithms of abſolute 
Numbers ; but becauſe with ſome trouble, he reſerves the fuller account hereof 
to a farther Treatiſe. : 

In the Year 1619, the Lord Nepey being then dead, the ſame was again Pub- 
liſhed by his Son Robert Neper ; with ſome Poſthumous Treatiſes of his Father, 
concerning the Conſtruftion of this Logarithmical Canon, and concerning his 
deſign (after Communication had with Mr. Brigges,) of changing the Form of 
Logarithms, making o to be the Logarithm of 1, (of which he had before given 
notice in the Preface to his Rabdologia, Publiſhed in the year 1617 ;) and con- 
cerning ſome things pertaining to- Trigonometry ; with ſome Lucubrations of 
Mr. Brigges on the ſame Subject. 

But the Lord Neper being dead, the whole work was deyolved on Mr. Brigges, 
who (according to their joint adviſe) making the Logarithm of 1 to be o, and 
of 10, 100, 1000, &c. to be 1, 2, 3, &c. which he calls Indices, or Charatteri- 
ſticks, and which we may repute as /nteger Numbers, with Fourteen Ciphers an- 
nexed, which we may repute as ſo many places of Decimal FraRions below the 
place of Units, or of the CharaCteriſtick : And between theſe he firs the Inter- 
mediate Logarithms for the Intermediate Numbers. | 

And conſequently, the Logarithm of 1 being o, the Logarithm of Fraftions 
leſs than 1 ; or of Numbers intermediate between 1 and o, muſt be Negative 
Numbers, or Numbers leſs than o, (which he calls Defective Logarithms, de- 
noted by — (the Note of Negation) prefixed. 

Now theſe DefeCtive Logarithms may be two ways expreſſed; either ſo as 
that the Note of Negation ſhall affect the whole Logarithm ; or ſo as to affect 
only the Charateriſtick, (leaving the reſt of the Logarithm to be underſtood 
as Affirmative.) 

As for Example, The Fraction 4, or (which is equayalent) c.375. This 
Fration ſuppoſeth the Numerator 3 to be Divided 
by or .. ty HY = — - W 7'98- 3 pep. l45 Tx 

ormed by Su ing the Logarithm of 8, g. 8. 0.993089g 
from that of 3, and the Remainder will be the, Loga- Log: 3. -— 0.4259687 
rithm of 4, which will then be the Negative Num- 
ber, — 0.4259687. | | | | 

Or thus z for as much as the Logarithmof 375, (ſuppoſing it to be an Integer 
Number,) is 2.57403 12-: And the depreſſing this to the Firſt, Second, or Third, 
or further place of Decimal FraCtion, doth (without.Aaltering the Figures) di- 
vide the value by 10, 100, 1000, &c. which in Logarithms is done by SubtraCt- 
ing 1,2, 3, &c. fromthe CharaCteriſtick or place | 
of Integers , (192, 3, &c. in that place, being the Log. 3759. 35740312 
Logarithms of 10, 100, 1000, &c.) Such altera- Log. 375 2-5740312 
tion of _ the value (the Fi remaining ) is. done Log. 37)s 1.5740312 
by altering the CharaCteriſtick of the Logarithm, Log. 3[75 0.5740312 
without varying the other Figures in this manner. Log. o[z75 T.5740312 

Which two Forms, though they feem different, Log. oloz75 7.5740312, 
and' ſome may rathet chooſe the one, ſome the 0- 
ther; or in ſome caſes the one, itt fone caſes the other z yet they are in ſub- 
{tance or value the ſame. For / 


— I-©0900000 
+ 0. $740312 += 


is = — 0.4259687 . x 


Ant every one is left to his liberty, whether of the two ways (br what other * 
equivatent thereunto) he ſhall pleal 


e to ule. 
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In thiszMethod Mr. Brigges hath calculated a Table of Logarithms, (Publiſhed in 
the Year 1624) for 20 Chiliads of Abfolure Numbers (from r to 2c,000 3) 
and again for 10 more (from go,oco, to 100,cco,) and one Chiliad Supernu- 
merary (to wit, the Hundred and Firſt Chiliad,) that is 31 Chiliads in all. 

Before which is prefixed'*a large account of the Nature and Conftruction 
of this Logarithmicalt Canon, and the ufes thereof ; and diretian how to ſup- 
ply the intermediate Chiliads which are here wanting. The whole Intituled 
Avrithmetica Logarithmica. 

. Fhe ſame is again publiſhed in the Year 1628, by Adrian Vlacq (or Flack, 
with a Supplement (as Mr. Brigges direfted) of the Chiliads before omurted ; 
that is, in all, of 100 Chitiads, with one ſupernumerary. Burt in ſhorter Num- 
bers, extending but to 10 places below that of the Integers, or the CharaCte- 
r ſtick. And he ſabjoins alſo a Logarithmical Canon of Sines, Tangents and 
Secants, (for Degrees and Minntes oft the Quadrant,) of as many places. 

Mr. Brigges proceeded to Calculate a Trigonometricat Cavan Logarithmi- 
cal, ſuited to that for abſolute Numbers, to the Logarithms extending (as in, 
that other) to 14 places, beſide the CharaCteriftick. And having before, Cal- 
culated a Table of Natural Sines, Tangents and Secants (for Degrees and Cen- 
teſmes of Degrees) in Numbers extending to 15 places, he fitted thereunto a 
Canon of Logarithmical Sines and Tangents, (becauſe thoſe of Secants might be 
ſpared;) 'and a Treatife prefrxed concerning the CouſtruCtion thereof, with 0- 
ther _ pertinent thereunto z intending a farther Treatiſe concerning the 
ufe of it. 

But dying before this laſt was finiſhed , or the reſt Publiſhed , Mr. Henry 
Gellibrand ſupplyed this latter, and Publiſhed the whole, with the Title of Tr:- 
gonometria Britannica, in the year 1633. To which is fabjoined another Canon 
of Logaritkmical Sines and 'Tangents, by Azria YVlacg, for Degrees, Migutes, 
and Tenth Seconds, extending (as his former did) to 10 places, belide the 
Charadteriſtick ; and Mr. Brigges's 20 Chiliads for Logarithms of Abſolute 
Numbers. | 

So that the whole DoCtrine of Logarithms was by this time ſufficiently per- 
felted, with convenient Canons or Tables fitted thereunto, in large Numbers : 
Of which alſo Petrus Cruger gives an account in the Preface to his Trigonome- 
tha Logarithmica, Printed in the Year 1634 3 with his Logarithmical Tables, but 
in ſhorter Nnmbers. ; 

And the Tables of Logarithms above mentioned, (for 100 Chiliads of Abſo- 
lute Numbers, and for Sines and Tangents to Degrees and Centeſines,) were 
the ſame year 1633, contracted into a Leſſer form, and more manageable, (dur - 
in ſhorter Numbers, the former not. extending to above 7 places, beſide the 
CharaCteriſtick, bur. the latter to 10;) by' Nathamel Roe; with DireCtions for 
the uſe of them (in Trigonometry, Geometry, ' Aſtronomy, Geography and 
Navigation,) by Edmund Wingate. oY h 

In the mean time, Benjamin Urſinus, did aKo Publifh Tables of Logarithihs, 
in the Year 1618; and again In the Year 1625 , in his' Trigonomezria ; and Fo- 
harrtes Keplerus alſo in the Year 1624, in His Chitta Logarithmorum (which he 
_ alſb to his Rudolphipe Tables , publiſhed W625; 5 and Claudius Bat ſchins 
about the ſame time, or ſoon after: Atd Georgius Ludoviews Frobenims, inthe Year 
1634, (and perhaps ſbme others.) But alt or moſt of them, in ſhort Numbers ; 
and conformable to the Lord Neper's firſt deſign 3 not to that Form which upon 
ſecond thoughts, he ahd Mr. Byigges agreed upon as moſt eligible, and which 
hath ſince been received in common practiſe. | | | 

Since which time, much hath not been added to the doctrine of Logarithms ; 
nor was it neceſlary, that work having obtained ſufficient perfeCtion. : 

But in caſe Logarithms on any emergent -ovcahion be deſirable with greater 
exactneſs, and in larger Numbers than thoſe Printed Tables do afford : Mr. Ni- 
cholas Mercator in a imall Treatiſe called Logarithmorechnia, Printed in the Year 
1668, ſhews (with great ſubtilty), bow it may be effefted, in Numbers of what- 
ever length deſirable, with niuch more eaſe than heretefore. 

Nor ſhall I need to add more concerning Logarithms z thoſe who deſire far- 
ther, may find it in the Authors above mentioned ; eſpecially Mr. Brigger's 

| eArith. 
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eArithmetica Logarithmica, and Trigonometria Britannica, with Adrian Viac's Ad- 
ditions to both. | havin 

Without farther inſiſting therefore on the Algoriſm by Nillneral Figures, (with 
the improvements thereof fince we had them from the Arabs) 7 pd to 
what doth more immediately concern Algebra. 


—_—_— 


CHAP. XU. 


Of Txonardus Piſanus, Lucas Paciolus,, Cardane, Tartalea, 
Nunnes, Bombel , and other Writers of | Algebra, before” 
Viera: Yo pe vi; hah) ak on 


ROM the Arabs or Saracens, together with their Algoriſm "by the 
4: Numeral Figures, (and other parts of -Mathemartical Parning ) we 
/\ [}: received our Algebrs, brought into Ewrope, partly by the way of 
1». Greece (as'may ſeem by" what: we have of Adaximus” Planudes,) ar 
partly by the Afoorvin Spain. Whither't 'find; that idivers of voor Prngisſb Ma- 
thematicians ( about the Twelfth Century) did reſort, on purpoſe there to 
—_— the Arabs wage, but eſpeci vhs Aſtto- 
ical:and other Mathematical Learning. this (no doubtY' df 'Mgebra a- 
mg the reſt ; though I have not yet ſeen any thing of Agebr4in 'obr ancient 
The woſt ancient that' I have ſeen in Print” of this matore 5 is that of Lucas 
Paciolus,.or de Burgo Saniti Sepulchri,' a Minorite Franciſcan Frier, Publiſhed in 
Italian at Venice, in the Year 1494, (when Printing was yet but Fare, the In- 
vention being then ſcarce 30 Years old) And again in 1523, Intitoled Samms 
Arithmetice © Geometrie, Proportionuimque & Proportionalitatum, © 
In which (t theend of. his Fifth-Diſtin&tion of his fitft part,) he'rells us of 
four. former Treatiſes of his of the like"nature, in the years 1476; 1491, 1479, 
and 1487, (the three former of them, before he became a Franciſcan, th 
fourth after he was {o.)And he makes mention of three ſucceſſive Profeſſors ig 
Venice ($ﬆillful; as it ſeems, -herein,)- Paulus de Pergola, and (his immediate Suc- 
ceſſor ) Dominicus Bragadinus (who's'Scholar himſelf had been, )' and Anroniue 
Cornarm, who had been. his Fellow-Scholar under Brkgadimus. 4 
| Befide which, we have another Volame of his, 'De Divine proporricng _ 
matice Diſcipline, Printed at Venice ih'the Year 156% * (and, 45'b % , piſtl:' 
appears, had been Printed. once before *)) Together -with a Treatiſe of the Five, 


Regular Bodies ; and the ardey ory of 'Lerters," Faces, Pittirs; &c. And 
(is by che fame Epiſtle appears) he halt aMo publifics an Tink Fanart | 
of Euchae, MA Dn 6 


In the firſt part of this Summa, he gives us > complear Bbdy of *Arithmetick, 
both- according to the Ancients ( as he tells us in his bammary prefixed ) Ex-* 
clide and Boerius ; and according to the Moderns, (that is, thoſe who follow the ' 
Algoriſm of. the Arabs or Indians, Leonardus Piſanus,' Fortlanus, Biagt) de Parma 
(or Blaſs Parmenſes, ) Fohanes de Sacro Boſco, and Prodecimus of 'Phdia. A 
ont of theſe (he 1ays) moſt of his Freatiſe is colletes. * A 

This Leonard of Piſa, Yoſſins placeth about the Year 1400 ,''or ſomewhat 
ſooner ; and ſays (out of Blancams) that he was the Firſt of the'Moderns who 
wrote of Algebra, .( but: that this work had not yet been Pobliſh&;) ant that ' 
out of him , Fr. Lucas de. Burgo (which himſelf in part intimates) 'did' borrow | 
much of | his Arithmetick, | NOW 271 = 

Predocjys (in an ancient Manuſcript inthe Bodleian Library) 1find mentiqu'd;” 
r2gether, with Herman, (meaning, 1 ſuppoſe, Hermannus Contr athus,Y" as thoſe 
who had taught the Method de Abaco, oO Lute de Burgo (in the firlt yu 
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of his ſecond, JiſtinCtjon a. 4 inks to be correply ſpoken for Arahicg, ' yader- 
ſtanding it 6f" the wy m* which we have from the Arabs. 
R.. Jordans an 0, we. hays {ppken þ belore'; Riggio fe Farme, (or 


rs of $5. f.08 Exe pay know 

or is (t ſuppoſe )" oh: to bc oe WL as if all zhee had 
written of Algebra; but all of nu of the Modern Arit click (that is Al- 
goriſm,) and ſome of them of Algebra, 

Our of theſe (with his Qwn 1mprovements) he gives a full account of the 
Pradtiſe of Algoriſm, or Practical Arirhmetick by the Numeral Figures, in all 
the parts of it ; and theſe Parts, though (as he tells us) Fohames de Sacro Boſco, 
and Prodocimus de Beldeman}td & Padva ,and other Arithmericians, make them 
to be Nine, (reckoning Duplation, and Mediation, to be two of them,) he 


reduceth $9, Seven, ,Numeration , Adgition , S cantly n ultiplicario Vid 
rge 


ſvn, Progteſſion and Extrattion. of _ op! tioh'an 

ation, 25 well Jo might, under, Mol plication and Dicitiows). "hr ſhews 
the ; practi them in whole roo and FraCtions ; wi th 2a tes of 
Proportion, (and the ways of argumentation concerning it,) Rules of Fellowſhip, 
and other things #7 EB to what he calls Arte oy bore, Of Merchants A- 


{Fat rhe pov Pats Helamiom, (which hs tells us. a 
bic ning fc warns jp falſe Ns en .Operawens about Burd N 

Toy Bonn CLE k 
uſe of the vY, RO with: ogher things 1g Sppartaining, 80 mhat "by 


$ Arte. May ores . he ſays) is. xammanl 
oaphyHorigh mggab br Arn 


(be tells us). js ht £rebiokname theveoby'a bi 
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6s as auratipu & Opp 6 Regula- 
And poegs he ſhews reg to Prepare and Reſolve all Quadratick B 


(though of ta by Solids, gr hi her-Ragtsz ) and others: reducible: 4s Nk 23 
theſe: The of what they call Seeoyd Revrg, &c. And alt elſe appertainihg v 


Ageors, as far as Quadratich, Equations, yeaeh. 
All which he =Q is fetched Ex foyte ahi from the Avabich, Lew! 
and Arabick, Authors. Without any mentian of — ( or other &; 
Aigetrif ) of whom I dp nog figd any notice: taken till Ayhenger's Tranſlation of 
Dyophantxs qut, of Greeks which (much: after $his time) was firſt Publiſhed in the 


Year 1575+ , 
"The 1 Y uſed by this Frier Lutas , are Gofa, Corſo, Cubo, Relavo ng 
Secundo, Shak Few whieh we commanly iay, Root, Syuare, Cube 


Firſt, And his Notes or Brevituyes are Co. O#:C. 
or plus, minus,) P. 2. Tg the Note of Radicalicy.. ” 


A ter is Frier Lucas inthe _ Et (6s Foſs tell us) Fraxciſeus Onlig- 

Ia the 4 heck oe Sofia felis  ragther wick bas Ad 

_ In the pray Heng! (( ithmetick —_ 
li wel oo: Lane, (and as Haffins;telk us,; irithe Germor: - 

0,) wherein keen be fr front cites 0pe Chriftoferws ; Who had "wilt 
before him iſeu (or Adam Gigaz,) and Cardan's Arithmetiek ; apd 
makes uſe ofthe Nt &-4- [6. and O / pap it ſomenimes Regubam PA 
Notions cbr4, as; ſuppoſing Goher the Aſtronomer to be the thor 
of i 

In the Year. 1545 , .FHieronynuw, Cardanus Publiſhed. his Treatiſe of Alg 
under the N ame of ers, magna, quam vidgo Cofſam vocant , ſeu Regules 4s: 
cas, Where he makes mention of AMabomes Fils Mofis, an Arabian, as the Au- 
thor of it : And after him.of Leonardus Piſaurienſis (the ſame I ſuppoſe, with 
Leonardus Piſanus:) And of Lucas Paciolns, (the fame with Lugas de Burgo. ) Then 
of org Ferrens huh Bonqvia, who (he fa ys) firſt found out the Rules for 

m ek Pa $, CONmngaly called Cardas s Rules, (becauſe it ſeems they were 
by by hin fr Publih had though not fr lavemed f nnd hin; 6s Ges tells 
found out., and at his requeſt ' ſhewed hiw. To which 

Aha of his). Ludovicw Ferrarixs added divers other things, 


Beſidg 
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- Belide theſe, Johannes Scheupeli, a; EZ Pelengring, both of.-vh ther i the 
Year 1554, Publiſhed Treat of 


And Fohannes Bute , in his Logiſtica, I5 92 7þ608 fox Meckraie chooſtah 


to uſe the word Quadratura; aug ang 2 aca AJFr. {xces, (than whom be 
ſays, he hath ſeen none more ancient ; > one x anus 4 Rp. Lnoohininſus, 


who had written. in French-;,)-and Cardanes, Opp, Prfaibons wick invite of 
ome others whom he names not. (ov ern avifinrt) 


And after tho Pedro ; Noe (that 4g, wr YN i 74 Bookedor of 
[ btneia Spaniſh 
Je | 564, fg = A pg = zprk bo be- 


pared with other Sas * that EEE F016 od yorry 
(as the more ca:umon,) and {0 Publiſhed eng ger ne Bis - 


as the firſt Author publiſhed in this kin alter, h, hun Cadqae, _ 
tea's Algebra, (with ſome reiſeftions on 1 He mentions alſo an;Engliſt.Genrigs 
man Richard Wentworth , apd Se9p49 "nkes og: :dlttonws Harid/F lo- 
_— A Venetian, as ann it; yp but Without whether). ——— Pub- 


any thing in this kind. ONES: 
lin Os 6 Jhe roma with thoſs,) 


fins ) with Quadratick yr 
without Ros with Cubick my 3 ty — in his Appendix by way ofRe- 
flection on Tarralea. 

And Raphael Zombelli Publiſhed in 7ralian, a Treatiſe of Algebra, in the Year 
1579, wherein (as Tartalea and Cardane had before done) he proceeds to Cnbick 
Equations z and amongſt other things he ſhews how to Reduce a Biquadratick 
Equation to two Quadraticks, by the help, off 3 Cypick. 

And Petrus Ramus about {6 < Aur the Year 1570, (as we may conjeCture,) 
wrote alſo an Algebra, which (with his Agithmetick) yas. Publihed by Latzarns 
Schonerug, in the Year. 1986. 

And Bernardus Salignacus in the Year I 580; Stevinus in his Arithmetick 1585; 
and Chriſtopher Clavins in the Year oP 2nd Georgius Heneſchys, in the. Year 

; aud divers ſince) have Publiſh Treatiſe on yi ſame "te on ; But 
| they Jroceed oceed no farther than QuaFatlck Bf quations. _ 
tion Bo 3 (though tater publiſhed than Yieta's BeW Þ) 
decauſe poſſibly '(if nor bliſhed, at caſt) written SOS of Fea, and 
proceeding according to the old Algebra, without ng notice of Fines new 


— * our own y Natlod, Leonard em ior his a ag Ph 157 Eee 

'Fecord, about the Year 15 2, (if I be and. (1 BS he 

Norman my oor I 560, oh wk Goſs OF Ns remember do = 
It in our own 

_ alt x eſe, (in $1 (in compliance Zo o op bbs they neeyins! 

us;) the A lai wing are ſomewhat 


names made up 9 ag 
cording to Diqpbgrit of 
of the- Cube ;, "7 what according to Diophantus is the 


andthe atg Cybicube,, (Q, (rg QEGGr)aey calls 


IK, che Marksof 
ISL = 


ſome” others wade uſe of es i to. 


They 
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They:made uſe alſo of -|- or Plus for a Note of Addition ; — or Aline for 
a Note of SubduCtion; 4/ for a Note of Radicality ; (as y/2, for the Surd Root 
of 2, 4/ 3 for the Surd Root of* 3, &c.) or y/ «, for the Root Univerſal of a Com- 
pound; 4/7, for the Root of a Reſidnal; 4b, = for a Note of Equality : 
and ſome- others. 

And hitherto it was vſual to denote only the Unknown Quantities, (and the re- 
ſpective Powers thereof,) hy ſuch Notes or Marks : But the X»own Quantities 
(concerned in the' Inquiry) by ng Numeral Characters. 

As for inſtance ; If it be asked What Number is that, which being Multiplied into 
itſelf increaſed by 4, becomes equal ro21? That is, ſay they, (putting Þ for the 
_— Te £ as bo rm mes 2 imo Þ + 4, equal to 21; that is (multi- 

1h y 4) H +4 Y =21. 

i Ara of. mh Equation, (as ſhall afterward be ſhewed,) they find / «: 
21-4, 2, that is, 4/25, — 2, that is, 5 — 2, that is, 3, is equal to Þ, the 
«Number ſought. - | | 

"Where. the Unknown: Number is noted by Þ, and this Number Multiplied 
into /it ſelf, (that is, the ſquare. of that Unknown Number) is noted by &, and 
that unknown Number Multiplied by 4, is called 4 Þ. But the Known Num- 
a_ are denoted by their wn Characters, 4,21 ; and the like in other 

ES FS I , 


| CHAP. XIV. 
Of Francis Viera, and his Specious Arichmerick. , 


tained and cultivated in Ewrope, and had been ſo carried on as to reach 
all ſorts of Quadratick, Equations, and in good meaſure to thoſe of 


, FTER that Algebra had in ſuch manner as is before ſaid, been enter- 


A Cabick, Equations alſo; (as is to be ſeen in the Authors mentioned in 
the former. Chapter:) Framiſcus Vieta, (about the Year 1590, added a great 
improvement to it, by introducing what we call Specious Arithmetick,, which 
gives Marks or Notes, not only to the Quantities Vnkzowr , but to the Known 
Qra»ities alſo; and exerciſes all the Operations of Arithmetick 1n ſuch Notes 
and Marks as were before exerciſed in the common Numeral Figures. | 

As for inſtance z' in the Queſtion but now propoſed, What Number is that which 
being Aultiplied into it ſelf increaſed.by 4, becomes equal to 21? He would put not 
only A, (or ſome other Letter) to lignify the Number Unknown, but Bfor the 
Number 4 and Z for the Number 21 ; Or ſuch Letters at pleaſure as he 
ſhould think meet. 1n like manner, as Exclide other Geometers did at plea- 
ſure deſign Points,” Lines, a. Figures, &c. by ſuch Letters of the Alphaber, 
(one or more,) as they- judge proper to each occaſion. 

By this means to particular queſtions, he gives a general Solution, which will 
ſerve all others of the like nature.” 2s thus, Whar Number #5 that which being in- 
creaſed by B (any aſſigned Number, whether 4, or any other given Number.) 
becomes- equal to e/£, (to any aſſigned Number , whether 21, or whatever elle 
ſhall be aſſigned.) That is, A, into A-j- B, = e; that is (becauſeA into A +- B, 
makes AA + BA,) ſuppoſing AA + BA equalto A, (or A Quadra, + BA 
Plane, Equal to A Plane,) what is the value of A? Or how may that be ex- 

- prelſed by thoſe other known quantities? And reſolying the Equation (by ſuch 
means as is after to be ſhewed,) he finds y/: 2 B Quadrat + VE Plane, _— 3B, E- 
qual to 4, the Number ſought. 

Which amounts to thus much; Jf re one fourth part of the Square of B ( the 
Number by which the Number fought, is ſuppoſed fo be increaſed, be added «/£, 
(the Number Equal to that ſought, ſo Multiplied,) and ont of rhe whole be ex- 
rralted the Square Root ;, and from this Root, be ſubdutted * B (half that Number 
which we called B,) rhe Remainder 4s Equal to A, (the gumber fought.) 

| This, 
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This Solution thus found , ſerves indifferently for theſe, or for any other 

Numbers aſſigned, in lieu of 4, and 21. | 

Thus if (as before) B ſtand for 4, and Z for 21, then B Quadrar, (4 times 4,) 
is 16, and; B Quadrat (a fourth thereof) is 4 3 to which adding EX, that is 2 I, 
it becomes 25 = 4 + 21, =4 Bq-+ A andy/ 4 B Quadrar -|- eS Plane : 
(the Square Root thereof) is 5, from whence if we ſubdu&t * B, (the half of 
B) that is 2, the half of 4,) the Remainder 5— 2 that is 3, is the Number 
ſought, y/ * Bq--eA,—13B, = A 

Which: we {nd to be true z for the Number 3, Mukiplied into it ſelf, increa- 
ſed by 4, that is, into 7, makes 2 1, or three times 7. 

But if, inſtead of 4, we pnt 6, and inſtead of 21, we put 40, the value of A 
(the Number fought) will (by the ſame Solution) be found to be 4. For then 
4 4 B Quadrat + 4 Plane, — 3 B, that is (putting B= 6, and XK = 4o,) y/** 

40, — 3, that is, / 9-40, —3, that 1s, y/ 43 — 3, that is-7— 3, that is 
4» will be equal to A, 

Which appears to be true; for 4, Multiplied into it ſelf, increaſed by 6, that” 
Is, 4 into 10, is Equal to 40. 

Now the Application of the Arithmetical Operations (Addition, SubduCtion, 
Multiplication, Diviſion, &c.) to Numbers (or other Quantities) thus deſigned 
by Notes, Marks, Symbols, or Characters, (which they call Species,) is what 
_ call Specious Arithmetick, Which term (I think) was firſt of all introduced 

Viet; 

"Tis true, that (before his time) beſide the Common Cofſick Cheratters, the 
Letter A, B, &c, were ſometimes made uſe of, for Second and Third Roots ; &c. 

So (for inſtance) in Buteo's Logiſtics, (at the end of his Third Book, in his 

A r- (yan ;) the ſeveral quantities propofed to be ſfonght, he calls 
C, &c; as Vieta would have done. | 

Where (amongſt other queſtions of like natures) he propoſeth this queſtion 

for one, To find three Numbers, whereof the Firſt with a third part of the ether two 
ſhall make 14, the Second with a Quarter of the others 8 ; the Third with a Fifth part 
of the other two ſhall makg 8 ; Which he thus mannageth. Suppoſe the Nembers 
to be A,B, C, and conſequently 


1A-H3B-H34C=14 That is 3A +1 B-H1C=4:2 
1B--4A-þ+5C= 8 1A-pj4B+iC=32 
iC--3A+jB= 8 i1A+iB+$;C=40 


Then Multiplying the Second and Third by 3, and making Subduttions to de- 
ſtroy A; (in like manner as Dr. Pell, in his Algebra directs to do.) 


3 A+ 12B-p3 =96 3A +3B4+15C= 120 
izA+ 1B4+1C=42 zA+1B+ 1C= 42 
— "nB+2C=54 2B 14C= 78 


. Then (by the help of theſe in like manner todeſtroy B ; (Multiplying the 
one by 11, the other by 2, that 22 B, found ineach, may deſtroy ane another by 
SubduCtion.) 


22 B--154C= 358 
22 B-k 4 C = 108 


— — 


50 C=7350. Thatis C = 5. 
Then (having found the value of C = 5) to find B, and (by both) to find A. 


2B--14C=78 
14C =70 


—_— 


—B = 8. ThatisB = 4 


—_m_ 
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iA-|-1B-þ5C=4 
1B-5C= 29 


IA= == 16 


So have we the three Numbers, A= 11, B= 4,C = 5, juſt as we now proceed in 
Specious Arithmetick. And the like is to be ſeen in other Authors. 

Bur all theſe A, B, C, were Vnkyown quantities, as well as what they call the 
Firſt Roots. 

The name of Specionus Arithmerick,, is given to it $ preſume) with reſpect to 
2 ſenſe wherein the Civilians uſe the word Species ; for whereas it is uſual viith 
our Common Lawyers to put Caſes in the name of Fohn an-Oaks and Fohn a- 
Stiles, or John a-Down, and the like, (by which names they mean any perſon 
indefinitely, who may be ſo concern'd;) and of later times (for brevity fake) 
of ]. O. and ].S.or J. D ; (or yet more ſhortly) of A, B, C, &c. In like man- 
ner, the C:zilians make uſe of the Names Titi, and Sempronius, Caius and Me- 
i#5, Or the like, to repreſent indefinitely, any perſon in ſuch circumſtances. And 
caſes ſo propounded, they call Species. Now with reſpect hereunto, Viera (ac- 
cuſtomed to the Language of the Civil Law,) did give, I ſuppoſe the Name of 
Species to the Letters A, B, C, &c. made uſeof by him, to repreſent indefinitely 
any Number or Quantity , ſo circumſtantiated as the occaſion required: And 
accordingly, the Accommodation of Arithmetical Operations to Numbers or 0- 
ther Quantities thus deſigned by Symbols or Species, was called eArithmetica Spe- 
cioſa, or Specious eArithmertick; the word Species ſignifying what we otherwiſe 
call Notes, Marks, 'Symbols, or Charatters, made uſe of for the: compendious ex- 
preſſing or deſignation of Numbers or other Quantities: In like manner as Exclide 
and others, make uſe of «, &, y, &c. to deſign Points, Lines, Angles, and 0- 
ther Quantities, to ſave the labour of deſcribing them by long Periphraſes, or 
tedious Deſcriptions. 

And to this way of Specions Arithmetick,, Vieta doth accommodate, not only 
the ordinary Operations of common Arithmetick ; but the Rules of Algebra 
before invented by former Algebriſts ; differing from them herein, not ſo much 
in the ſubſtance of the Rules themſelves (which are the ſame in the Old and 
New Algebra,) as in a new Notation or Deſignatiqnvf thoſe former Rules. 

But to thoſe old Rules new deſigned, he hath added many new Inventions of 
his own, for the better underſtanding the Reaſons of thoſe Rules, and the more 

\ convenient managing of them, with many great improvements thereof; as is at 
large to be ieen in his Works. | > ES 

We are here yet to take notice (for preventing confuſion in the Ambiguous 
uſe of words,) that in the nſe of the Cofſick, Denominatior?s (as they are wont to 
be called;) that is the names of Rope,” Square, Cube, &c. Viera follows Diophantr, 
omitting the names of Firſt, Second , and Third Surſolids, &c. which (in com- 
pliance with the eArabs) all our European Algebriſts before him had made uſe 
of, contenting himſelf with the names only of Root , Square, and Cube, (or 
words of like import,) and the compounds of 'theſe names.” , And conſequently 
the Quadrato cube ſignifies with him, not the Square of the Cube (as with them it 
did) that is, a Power of Six dimenſions : But the Square Mulriplied into the Cube 
(as in Diophantu,) that is, a Power of Five dimenſions, which thoſe others called 
a Surſolid or Superſolid ; (for Swr in French anſwers to the Latin's Super ;) or 
as it is ſometimes written, (but leſs properly, ) Sd ſolid. And what they 
call the Second Surſolid ( of ſeven Dimenſions) he calls the Quadrato-quadrato 
cube. And what (in the Eighth place) they call the Squared-ſquared-ſquare, or 
Quadrato-quadrato-quadrate , or Zenzi-centi-zenzck,, he would call Quadrato- 
cubi-cube. And at the (ame rate, in other Superior Powers, by Qudrat or Plane, 
(how oft ſocver repeated) underſtanding (ſo many times) Two dimenſions; and 
by Cube or Salid, (how oft ſoever repeated) underſtanding (ſo many times) Three 
dimenſions. 

But I forbear to repeat at large what we have in him, becauſe his works are 
commonly known, and becauſe much of it is (for ſubſtance) either coincident with 
what we had formerly in others, or with what we ſhall-after have occaſion to men- 
tion from Mr. Oxehtred;, who hath contracted much of it into a leſs room. 
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CHae.XV. Of Mr. Qughtred, &:. 


CHAP. XY. 
Of My. Oughtred, and his Clavis. 


R. Wiliam Onghrred (our Country-man) in his Clavis Mathematice, 

(or Key of Marhemanicks,) firſt publiſhed in the Year 1631, follows 

Vieta (as he did Diephant«s) in the uſe of the Caffe? Devoonipations 3 

omi (as he had done) the names of Sur/o/ids, and contenting 

himſelf with thoſe 'of Square and Cube, and the Compounds of theſe. 

Burt he doth abridge Yieta's CharaCters or Species, uſing only the Letters 9, 

c, &c. which in Yet are expreſſed (at length) by. Quadrate, Cube, &e. For 

though when Yieea firſt introduced this way of Specious Arithmerick , it was 

more necellary (the thing being new, to expreſs it in words at length: .Yer 

when the thing was once received in praCtiſe, Mr. Onghtred (who affected bre- 

vity; and to deliver what he taught as briefly as might be, and reduce all to.2 
ſhort yiew,) contented himſelf with ſingle” Letters inſtead of thoſe words. 


Thus what Yieta would have written CG _— Cane, Equal to F 6 
I 


Plane, would with him be thus expreſſed AqBC..= rG. 


And the better to nng_—_ upon the firſt view, what quantities wets Kyawn, 
and what Unknown, he doth (uſually) dendte the Known by Conſazarts, and 
o Unknown by Yowels ; as Yieta (for the. ſame reaſon) had done” before 
im. ; 
He doth alſo (to very great advantage) make. uſe .of ſeveral Ligatures , or 
Compendious Notes, to ſignify the Summs, Differences, and Reftengles of ſeyeral 
Quantities. As for inftance, Of two Quantities A (the Greater,) and E (the 
Leſſer,) the Sum he calls Z, the Difference X, the Rectangle X, the Sum pf 
their Squares Z, the Difference of their Squares x,, the Rectangle of their 
Squares AqEq or £q, the Sum of their Cubes Z, the Difference of their 
Cubes X, the Rectangle of their Cubes Ac Ec; or & c, with other the 
like. 

Which being of (almoſt) a conſtant ſignificatipn with him throughout, do 
ſave a great Circumlocution of words , (each Letter ſerving inltead of a 
Definition ;) and are alſo made uſe of (with very . preat advantage) to diſcover 
the true rature of divers intricate Operations, ariſing from the yarious compo- 
ſitions of ſuch Parts, Sums, Differetices and ReCtangles 3 (of which there js 
great plenty in his Clavis, Cap. 11. 16, 18. Ig. and elſewhere,) which without 
{pch Ligarures, or Compendious Notes, would not be eaſily diſcovered or appre- 
hended ; but by the help fhereof,, appear obvious and confpicugus to the firſt 
view, | 

Ahd by this means (with other the like Campendioys Deſignations) he hath, 
in his C/avss, a great deal of very good Geometry brought into a very narrow 
room; and ow ſhall hardly find in any who have written befqre him, ſo much 
of it delivered with ſo mach clearneſs in fo few words. 

I khow there are who find fault with his Clavi, as too obſcute, becauſe ſo 
ort, but without cauſe; for bis words be always full, but not Redundant, and 
need only a little attention in the Reader to weigh the force. of every word , 
and the Syntax of it ; and he will then find as much faid in a few words, as 0- 
thery are uſed to expreſs in a large diſcourſe. And this, when © ce apprehended, 
is much more caſily retained , than if it were expreſſed with the prolixity of 
ſome other Writers ; where a Reade# mult firſt be at rhe pains to weed out a .* 
great deal of ſuperfluous Language, that he may have a ſhort proſpect of what 
is material ; which is here contraCted for him in a ſhort Synopſis, 


To thoſe Notes of his before ———_ (which 1 oft make uſe of,) Ido, in 
om 


0f Mr. Oughtred, &:. CnarXV, 


ſome of my Writings, (to prevent Fraftions) add S—=;Z, for half the Sum, 
and V=Z* X, for half the Ditterence. | 

And by the advantage of theſe Nores of his; I fipſt of all diſcovered the Na- 
tural Compoſition of thoſe Rules, for Reſolving Cubick Equations ; of which 
| elſewhere give an zccount, (in an Epiſtle to the Lord Viſcount Browncker, 
Publifhed heretofore-with a Treatiſe of mine,” concerning! Meibomine, in the 
Year 1657,) and of which I ſhall here have occalion to ſpeak atterwards. 

I find it alſo of very good uſe many times, (in deſigning Quantities by Sym- 
bols, Species, or Notes to be taken at pleaſure,) to make choite of ſuch Nores 
or Species as may ſome way repreſent to the Memory or Fancy the Quantities 
deſigned by them. | Tere go” _ 'S 

As when I am treating of Circles, .R uſually denotes Radius, D Diameter, 
P Periphery, A Arch, C Chord, $ Sine, V Yerſed Sine, T Tangent, &c. 

When I treat of Progreſſion Arithmetical or, Geometrical, A the firſt or leaſt 

"Term, V the laſt or greateſt, T the Number of Terms, E the Exceſs or Diffe- 
' rence, R the Exponent of the common Ration or common Multiplier , $.the 
the Sum of the whole Progreſſion; &c. ; | | 

When of Conick Seftions, D the Diameter intercepted , T the Tranſverſe 

' Diameter, L the Lat Reftum, or the Parameter, H the Ordinate in an Hyper- 
"bola, E in an Ellipſe, P. in a Parabola ; &c, | | 

For though ſuch choiſe of Notes. do not at all influence the Demonſtration , 
yet doth it aſſiſt-the Fancy and Memory, which would otherwiſe be in danger 
of being confounded in a Multitude of Symbols ; eſpecially if in cach ſeveral 
Propoſition, the ſame Notes or Symbols came to ſtgnity different things.” | 

And without this advantage, it would have been impoſſible, (for inſtance) in 
my Prop. 13+ 14.15. 16. 17.18. 19. 20. 21, 22.Cap. V. De motu, to have managed 
thoſe perplexed Computations, without great prolixity and confuſion, if I had 
not, for aſliſting the Memory, made choiſe of '{utable Symbols for each ſeycral 
Quantity, and kept conſtant to them through the whole Diſcourſe. 

I uſe alſo very often; thongh not always,” to denote by Capitals or Great 
Letters, ſuch Quantities as (according to: the Nature of the Snbject) are con- 

- Nant and ſtanding Quantities ; and by ſmall! Letters, fuch as are variable. As 
\for inſtance, the Squares of 'the Ordinate in -an Ellipfe or Hyperbola , 


.4aL + dd =bh, ce, becauſe in the ſame Ellipſe or Hyperbola, L, T, are 


{conſtant Quantities ; but 4d, h, e, vary in ſeveral parts of the ſame Figures. 
Such advantages as theſe, (and others as the occaſion of the Subject may: re- 
quire) I oft find very uſeful, (eſpecially where the Symbols be numerous) for 
aſliſting the Fancy, and eaſing the Memory, and bringing the whole Proceſs to 
as narrow a proſpeCt as may be; which thereby becomes intelligible, with 
much more eaſe than when involved in a multitude of Words, and long Peri- 
phraſes of the ſeveral Quantities and Operations. 

But I retuin to what I was before diſcourſing of. 

Mr. Owghtred in his Clavis, contents himſelf (for the moſt part) with the 
Solution of Quadratick Equations, without proceeding (or very ſparingly) to 
Cubick Equations, and thoſe of Higher Powers ; having deſigned that Work 
for an Introduftion into Algebra ſo far,lcaving the Diſcuſſion of Superior Equations 
for another work. Though yet he do occaſionally deliver divers things of 
very good uſe, in order to ſuch Superior Equations, and with a particular re- 

ſpect thereunto : Particularly in his 16th and 18th Chapters, remitting thoſe to 
his Exegeſis Numeroſa, or Numeral Solutions of Aﬀetted Equations, in a particu- 
lur Treatiſe, ſubjoined (in later Editions) to his Clavss. | 

He contents himſelf likewiſe in Reſolying Equations, to take notice of the 
Affirmative or Poſitive Roots 3 omitting the Negative .or Ablative Roots, and 
ſich as are called Imaginary or Impoſſible Roots. s 

And of thoſe which he calls Ambiguow Equations, (as having more Affirma- 
tive Roots than one,) he doth not (that I remember) any where take notice of 
more than Two Affirmative Roots : (Becauſe in Quadratick, Equations, which 

are. thoſe he bandleth, there are indeed no more.) Whereas yet in Cabick. 


Equa- 


OY 


Mi 


6.26 "Irene 


P - 

b 
'* 

l 
* 
.' 

r 

4. 

: : 5 

VA 
735 
qi” 
14 | 
"> 1x 
PP. 


Crar.X VI. " Sperinus Ari thmetich. 


Which Yiera was well aware of, and mentioneth in ſome of his Writings ; ard 
of which Mr. Oxghrred could not be ignorant. \ A 2; 


f_ Sn 
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CHAP. 'XVI. 


Addition , Subduftion, Multiplication and Extraffion of Roots, in 
SrECIoOuns ARITHMETICK; 


HE Algoriſm or PraCtical Operations in this Specious Arithmetick 
are for ſubſtance the ſame as in'the'praftiſe of Nilkieral Alge ra, 
before in uſe, but the Notation ſotnewhar alrered. ©, 
| Of which, becauſe'l do not find it any where more ſuccinQly 
delivered, 1 ſhall give a ſhort account thereof, according to Mr. Oxghtred's pre- 
cepts: Thoſe who deſire more Examples, or further Explication' ot theſe, may 
—_ recourſe to my Opn Arithmeticxm, or to Francis Schooren's Principia Matheſeos 
muer ſalis. » polt 
Nw, ber or other Magnitudes of: what ſort ſoeyer, are herein deſigned not 
only by Numeral - Figures (which-yet, as occafion requires, are made uſe of;,) 


_ but by Notes or Letters, one or more, in like manner as Lines, Angles, Plains, 


or other Magnitudes, are deſigned in Exclide and other Mathematicians. As for 
inſtance, a Line of 5 Inches, may be deſigned either by the Figure 7, or by any 
one of the Letters A, B, C, &c. at pleaſure; or by Two or more of them, as 
AB, BC, CD, &c. remembring always what Magnitude or Quantity we de- 
ſign. by each Note or Species: 


Which hath this advantage beyond that of Numetal Algebra, that whereas" - 


there tht Numbers firſt taken, are loſt or ſwallowed up in thoſe which by ſeve- 
ral operations are derived trom them, ſo as not to remain in view, or eaſily 
be diſcerned in the Reſult: Here they are ſo preſerved, as till. the laſt, to re- 
main in view with the ſeveral operations concerning them, ſo as they ſerve not 
only for a Reſolution of the particular Queſtion propoſed, but as a general $c- 
lution of the like Queſtions 1n other Quantities, howevetchanged. 

To theſe Notes, Symbols or Species are prefixed, (as occalion requires,) not 
only Numeral Figures, but the Signs + and — (or Plus and Minw,) the former 
of which is a Note of Poſition, Affirmation or Addition ; the other of Defect, 
Negation, or SubduCtion : According as ſuch Magnitude is ſuppoſed to be, or to 
be wanting. And where no ſuch Sign is, it is preſumed to be Athrmative, and 
the ſign tobe underſtood. _*. * _= 

And accordingly theſe Signes are ſtill to be interpreted as in a contrary fig- 
nification. If ++ ſignify Upward, Forward , Gain, Increaſe, Above, Before, 
Addition, &c. then —, is to be interpreted of Downward, Backward, Loſs, 
Decreaſe, Below, - Behind, SubduCtion, &s. And if + be underſtood of theſe, 
then — is to be interpreted of the contrary. Wi 

- Beſides theſe, he hath alſo « for the ſign of Multiplication; = for the ſign 
of - Equality 3 and : : of . Proportionality 5 == of” Continual Ptopottionals ; 
4/ of Radicality 5 and ſome others upon particular occaſions, 

:For Addition, in caſe there be ſeveral forts of Species, all of the fame ſort 
are to be. collec into one- Sum,” and ſuch Sums connected by the Signs -|-, —, 
as there is occafion'; for which Mr. Ozghrred's rule 1s-this : as 

Specious Addition, conjoins the Magmrudes propoſed, preſerving the Signs, As for 
Example, , -h# 


Equations, thcre may be Three, and in thoſe of Higher Powers, yet more. 


To . 1 | 'FA g$AlA Fans! AL Þ 
Add Al —A| —3&Þ —AE a=B Ace 

Sum 3A+AlA—AlSA—3Al3A—5AA-|E| 2A |2A+B—C| 
Thar is \ ©) | 2 A —2A | | | 


- _—_ 


For Subduction thus, Specious Subduttion, conjoins the Magnitudes propoſtd; chan 
ging all the Signs of that which #'W be ſnbdufted? 'A$ 


From Fy 3A\ 5A | A 
ALY ME SW 
Relts + ADLATADTE TA [OE]: 
That 1s ; Al —2A 8A 


And when (in Addition gr Subduttion) divers Members are connetted by -þ- 
or —, it is not material in wha: order they ſtand , (10 that each its 
own ign,) but may he ſo ordered as for the prefers. occahion is moſt conveltient, 
the value ſtill contiqung the me; (like as an common Arthuyetick, it is w'vae 
in what order the Additions and SpþgduCtions bemade, fo thnarchey be all matte.) 
As far inſtance, A-+B -}- G, or A+C—RB, or C4-A +—hH, 01 Ch +þ4A, 
or — B+ A-+C, or —-B-+- C++ A, aye all of the ſame vajue. ; 

For grny jag thus ; Specions Multiplication __s the Al-guitnelts propo- 
ſed with the jign x, (or the word izto, or by, ,or ſomewhat equivalent to it; } &P 
in caſe the Magnituaes be deſigned earh by one Letter , then Gor the moft part) 
without ſuch ſign, the: ſign being underſtood, Ard if che ſigns 4, be Tykp, rhe 
Produtt is -\- ; if they be Uulike, it 45 —. | 


Drawing A] A-|-E [A—E | ASE+I | Bo-r 5A AE TY) 


hs © S-9 M6 I | 
— — FE + Ce CAGACEIAGEef 


And here (as in common Arithmetick) each member of the Multiplier is to 
be drawn into every member of the Multiplicand. 


As A41-E A-+E { AB+CD 

Into A+E jA—E_ 
Aq-E Aq+AE > $404 Ab 

ESE | —AE—Eq -ABxCD-+ CDq 

Makes "AqF2AE Eq Aq—Eq |ABqbzAB8xCD+LUDq| 


> 

Here, when any Quantity comes to be Multiplied into itſelf, ſo as to make 
a Square, a Cube, or other ſuperiour Power, it 1s oft exprelled by q or c, inſtead 
of repeating the Species; as Aq for A intoA, orAxA, or AA. And Acor Ai, 
inſtead of A into Amro A,or Ax AxA, or AAA, or AqA,orA Ag: SOAAAA,. 
is the ſamewithAcA, or AAc,o:i AqA qg,orAqq, or A*. And AAAAA the ſame 
with AcAq, or AgAc, orAqqA,orAAqq, or Aqc, or A'. And : 
or A+, the ſame with AcAc, or AqqAq, or AqcA, or Acc. Whereq (or 

uadrate) always ſignifies two Dimenſious, and c (or Cube) three Dimenſions 
of the quantity A, to which it is added. And when the Dimentions are many, - 
it is convenient to expreſs it by a {mall Figure annexcd ; as A* for AAAAAA, 
or &* for aaaaan. 

For Diviſion he gives us this Rule ; Specious Diviſion placeth the Diviſor undey 
the Dividend, with a line between ;, (in the ſame manner as Fractions are wont to be 
placed in ordinary Arithmetick, where the Numerator repreſents a Dividend, 
agd the Denomunator a Diviſor; ang the whole Fra(tion repreſents the Quo= 

tent.) 


"OO 
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ient-) - And rhep if any Quantity be found to be # common Multiplier in both of them, 

$t 3140 be exprarged 18 both (For like as in ordinaty Fractions, if the Numerator 

and Denominator 'be doth Multiplied or Divided by the Tame Number, the 

value remains the ſame ; fo here, if doth be Multiplicd or Divided by the fame 

quantity.) And here alſd (as 1n Maltiplication) Like Signggive {-, and Unlitg 
Sor; fove =. "Thus Dividing byz' or 4 


Applying AE|BAc|BAA|BA— CA AQ cans 2*3AA| 

_ CY ! 8 7 oo ' g <n——_— cw oo. 15> - — ll} 
To "Fjxq; A BONA 34 þ 
Gives "BJ BAT BH | A OACOOOOIIOA 


And therefore in caſe the whole quantity by which we are to Divide, be. fou 
tobe 3 Multipher3o the Dividend, the Diviſion is then perforinied by expy _ 
thar.Moltiplicr 3 33antheſe yrmgy ny . Otherwiſe, afterall expunctions 
be made 4 it will remain in the form of a Fragtionz as BAcWivided by AD, 

Ahd hereaWo (Inerlinarye Arithmetick,) where Rveral Maltiplicatiots ot 
oe ordoth, occur furciſſivdy, it is- not material in What n_ they be 
performed ; for as there, 3 multiplied by 4,, is the ſame as 4by 3 3 and 6 muki- 
plicti-by 3, and che-Produtt divided by 3, is the fame 45 6 divided by z, and the 
Quotient mutripked by 5. Sohere, A mr» B the Tame as Bio A; and A ins 
B a wittea by C,, thie Gare us A divided by C, ant the Duorient wry var" B, or in 

ifions be Jucceſliy 


s © , 


any other order 3 G that the Multiplcations and. ely per. 
W 6x5 & - : 
$4 W<$% 3 acandndd nobas 
; 3 
| B 
AB = BA. >. Ba ca 
Cc C C 


TIP ' 

But ſometimes when Quaatities conſilt of many Members, there may be acom- 
mon Maltiplier, (or common Meaſare of both parts, that above, and that be- 
low the Line,) which doth not preſently appear to the view; but. may be found 
afrer 2 like method as in ordinary Arithmeuck. As thus, 

Find firft one member of the Quotient , then multiphgng the Diviſor by ir, 
ſubduR this Produdt from the Dividend, and by the remamder, inquire another 
member of the Quotient, and proceed as before ; and ſo till the whole be finiched, 

Thus if AAA — EEE, be tobedivided by A — Es I iquire firſt, what quan- 
tity multiplied by A, (the firſt member of the Diviſor) wall produt@W&AA, and 
find it to be AA; which multiplied by A—E, makes AAA — AAES md this 
ſubdutted, leaves + AAE— EEE. Thenl inquire what multiplied into A will 
give AAE, andl1 find itto be AE, which multiplied and ſubduCted as before, 
leaves AEE —EEE: And in like manner I find the third member of the Quo- 
ticat EF, which bcing ſo multiplied and ſubdutted, leaves nothing. 


Diviſor. Dividend. Quotient. 
A—E) AAA—EEE (AA, AE,-+ELE. 
AAA—AAE 


+AAE—EEE 
AAE—AEE 


FAEE—EEE 
A\EE—EEE 


O00 009 


like manner , if the ſane Dividend were Divided by, (or Applyed to) 


ta 
A +- E, the Quoxitat or Quautity thence ariſing, would be ru. 
n 


—— 
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In ExtraCtion of Roots in Species, a like method is to be uſed; for the $quare 
being always preſumed to have twice as many Dimenſions as the Root, (andthe 
Cube three times -as many, and fo ſutably in Higher Powers :) If the Dimen- 
ſions in each Component of the, Quantity propoſed be in Number even, loſe 


of the Square Root muſt be half ſo many ; bur. if odd, thenwe muſt be content 
with prefixing y/ (the note of Radicality).to it, or at leaſt to:ſo much of it-as 
canrot be halved, prefixing to this note the half of the teſt. 


Square_Aq]Aqq[4AqBq| A|_AABI-2AqBqiat|_a*b\} 


YAAB|/ 2AqBqja*|va*%b? 
AV/B) A 


Reot _ A [Aq} 2AB |yA | 
Or ByY2 a*by b 


third part of ſo many Dimenlions.as are thoſe. of the Cubez- (and fo ſutablgin 
Higher Powers.) | — 1 Mev 36 + olerre 20 


Cube Ac|Acc|8AcBc|] A | AcB| 4AcBc |as*| a3h? oh 
Root A | Aq|] 2AB |yc. My c.Ach WE SACHFLA v c.a*b3]/ 
IT Ay/cB| AByYE4 | jay cb?{-l 


: 44.4 Udi | 0 50 

The reaſon of which Proceſs is this ; becauſe / Aor y/ qA, is as much as'half 
one Dimenſion of Az. and y/ c A, as much as a third part of che Dimenſion: (And 
the like' of any Qpantity.) For if. we ſuppoſe one Dimenſion of A to'be the. 
ſame with two Dimenſions of E, (that is, A=EE,) thenisE=4/ A. And if 
one Dimenſionof A be the ſame with three Dimenſions of F, (that is, A=FFF,) 
thenis F = 4/ c. A: And ſo reſpeCtively, .in the Roots of other Powers. 

But where the propoſed Quantity conſiſts of many Members, (as well as many 
Components,) we mult teek the Root by parts, after a like method as in Ordi- 
nary Arithmertick ; (and in caſe ſuch Root be not to be found, we muſt be con- 
tent to prefix the note of Koor Univerſal to the whole, or-at leaſt to fach Com- 
ponents thereof as are not ſo to be reſolved, prefixing the Root of the reſt to 
ſuch note of Radicality.) | | 

. As for extraQing' the Square Root of Aq 2 AE Eq, I firſt inquire the 
Root of Aq, which is A, (and having ſubducted the Square thereof) double A, and 
thereby (as by a'Diviſor,) inquire what quantity multiplied into it will make 
the firlt member of the Remainder 2 AE, which I find tobe E; and this being 
mnltiplied into itſelf anfl into 2 A, and the Product ſubduCted, nothing remains. 
So that the Root s A+E. F 


Aq+2AE-þEq (A,-þE. 
=Y! 
{8-2 a3- 
-2AE--Eq 


— — 


*K#] oO 


If the Square propoſed had been Aq—2AE Eq; the ſame proceſs had 
ſerved ; ſave that then, -inquiring what quantity multiplied into -- 2 A, would 
make (what I ſhould have in the firſt remainder) — 2 AE; I ſhould find it to be 
— E; and therefore the Root A -- E. 

But for the Root of 4 RqAyq —Aqq, (becauſe ſuch Root for the whole is not 
to be found, I muſt be content with 4/ u: 4RqAq=—Aqg, or at leaſt with 
Ayu:4Rq —Ag. 

The ſame is in like manner to be applyc to the Cubick Root, and thoſe of 
Higher Powers, ſutable to the nature of each Power reſpectively. 

Al which, (concerning the Extraftion of . Roots,) will better be underſtood 
when we ſhall have ſpoken purpcſely of the Compoſition and Reſolution of the 
Square, Cube, and other Powers. And js here but an Anticipationof what would 
be mote proper afterwards, coming in. this place only becauſe of zits conformity 
with what went beforc. CHAP 
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CHAP. XVII. 
The Grounds of the foregoing Operations explained. 


HE reaſon of theſe Riles above mentioned, moſt of them, is (ta 
one who underſtands Ordinary Arithmetick, apd doth a little: conti- 
as _ very obvious, (and where it is not ſo, I ſhall briefly ex- 
| | aln ity) | 

= Addition it is manifeſt (from the commibn notion 'of "Ordinary Arithihe- 
tick,) that if to z we add 2, .it makes 5, whatever be the things ſo added, (pro- 
vided they be all of the ſame kind, and ſuch: as are cappile of ſuch Agaieion.) 
If to 3 Cows we add 2 Cows, it makes 5 Cow? if to 3 Sheep we add 2 Sheep, it 
makes 5Sheep : And by the ſame reaſon, if to 3. A's we add 2 A's, it makesy A's ; 
(whatever quantity be meant by A, provided vo Ike 


Co kention Ant therefore alſ, if orke wenraf's 1s (ue 4 delete rf 
hgnification. therefore alſd,” if ro che want of 3 A's, (vr 3 defets of A). we 
W216 the want of P 4. (or 2defefts of A;) it makes, the Ls 5 il the 
Wefett of 5 A's,) that is, if to— 3 A, we add — 2A, it makes —5A. * 
If the Signs be unlike (-+ in one, and — ini the other,) the caſe is ſomewhat 
Altered : As if to 5A (or +1 ip we add — 3'A, it makes 5A— 3A, of-5A's 
wanting 3 A's, that is 2 A's. & to ſubjoyp alefect of 2, L the fnnede% ake 
away , And if to + 23 A, weadd — 5 8, it makes 3 A—'sA, that is, —=YA, 
(For it takes away 2 A's more thait all, and thetefore leaves 2 A's' leſs than no- 
thing, or a defeft of 2 A's. Like as a man who hath three Pounds bur owes $ 
Pounds, his Eſtate is — 2 Pounds, that is 2 Pounds worſe than norhing,). yer 
{till the Aggregate is collected into-one Sum. OY 2 
But if the Species be different, (whether the Signs be like or unlike,) they 
can be no-otherwiſe connefted, but by the Signs-+- and —; preſerving the ,Spe- 
cies diſtinct. Lo _ 3 Cows we ck mo we _y ſay that it makes either 
"Cows or 5 Sheep, but 3 Caws and 2 3 ſuppoſe 3 A+ zE.” Tis true; that we 
ts it makes 5 Beaſts, becauſe Beaſt is a common deh6mination to both ; 
(aud it is the ſame as to ſay 3 B+ 2B makes 5 B:) Bur this is more thati what 
appears by the quantities propoſed ; for'we muſt otherwiR/ know 5 not, from 
hence, that B is'a.common denomination to A and E. SY alin crafty 
So if to 3 Howrs, we add 2 Half-hours, we may not ſay that the ſum. is 5 
Howrs, or that it:is 5 Half-howrs ;; but 3 Hoars and 2 Halves: It is true, we. may 
ſayit makes 4 How's, but this isupon preſumption, that we otherwiſe knowgthat 
2 Half-hours, make 1 Howr, And accordingly, if we know otherwiſe the Pro- 
portion of A to E, as that 2'E js equal to 1 A,. we may.fay,'3 A that is 
3. A+ 14A, and'makes 4A; but fo long as the Proportion. of Eto A nown, 
(or not conſidered as known,) -we can no- otherwiſe add them, than-zif8+þ-2 E. 
Andin like manner, if to -j- 3 A we add — 2E, the Aggregate will be-+ 3 A 


== 2 Es 


To +31 =3[434[=34 [+54 +3A| +34 | +34 
Add + 2|—2|-H2A}—2A|—3A|—$SA| --2E | —2E 
Sim +31 —$I+SA[=SAI2AT=2A [3AF2ETASIE 


In SubduCtion likewiſe, it is manifeſt from the Principles of Common Aritk- 
metick, that if from 5 we take 3, the Remainder is 5 — 3, or 5 wanting 3, th: t 
is2 ; (for totake away 3, or to Subſoyn the defett of 3, is all one.). If. from 
+ 5 we take — 3, it makes + 5 + 3, thatis +8; oe 10 take away the defecz if 
3, is the ſame as 80 ſuppply the'3 that were wanting.) If from — 5, we take — 3, 


the remainder is — 5 + 3 3 that is — 2; (for now the defect is leſs by 3 than Le- 
fore it was, which is the ſame as to add or ſypply 3.) In like manner, if frcm 
5 Awe take 3 E, there remains $A—3 


; if from FA weErake—3E, it 
| coke makes 
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makes 5A-þ3 E: If from —5 A, we take— 3 E, there remains — 5A-þ3E: 
If from — 5 A we take -|-3 E, it makes —5A— 3E. For every where to 
ſubdudt a poſitive quantity, is the ſame as to ſubjoiy a defect of ſo much ; and 
to ſubduct a defect, is the ſame as to ſupply it, or add ſo much. 
From 


Take 


s| 5| =$s|+$SA[+$A|+$A|-+SA = 
3 _ | — 3|--3A]|—3A|-þ-iE] — q —3E] --3E 


2 


Remaind.5—3 s - 7 ; ade 2 ne 8 +9 the s 


That 1s 


In Multiplication, there ſeems ſome difficulty to apprehend the reaſon of that 
Rule, that like Signes give --, (whether it be -- into -|- , or — into — 3) and 
Unlike Signs give — , (whether -+ into —, or — into-|-:) Eſpecially as to that 
branch of it, that — into — gives. But if we conſider the true notion of 
Multiplication, it will appear very reaſonable. 

For the true notion of Multiplication is this, to put the Multiplicand, or tiles 
Mulziplied ( whatever it be ) Fe often, as are the Units in the Multiplier ; 
conſequently, if the Multiplier be more than 1, (ſuppoſe 2,) the Multiplicand is 
to be put more than once, (ſuppoſe twice,) and is therefore increaſed : If the 
Multiplier be 1, the Multlplicand is put juſt ance, and therefore neither iucreaſed 
nor diminiſhed. If the Multiplier be a Fradtion leſs than 1, (ſuppoſe 2 ;) the 
Multiphier is to be pur. leſs than once (ſuppoſe half once 3) and is therefore De- 
creaſed ; and this, whatever be the thing Multiplied, Poſitive or Negative : For 
there may as well be a Double Defect, as a Double Magnitude 3 and — 2 A is as 
much the Nouble of — A, as + 2 A is the Double of + Ai Which gives ac- 
count of theſe Terms, that + by ++ makes -þ, and — by -- makes —,-the Mul- 
tiplier in both Caſes being a Politive Quantity. 


Thus a= | 
2 HEY I Bi -+B{2Bj 2B 


41 4 
; » 2 


Makes 2A] —2A] A | — 


But in caſethe Multiplier be a DefeCt , or Negative quantity ; ſuppoſe «2 
then inſtead of Putting the Multipticand ſo many times, it will ſiguty fo 
times to Taks away the Multiplicand. For as + a implics Twice Putting, ſo= 2 
implies Twice Taking away the Multiplicand,) whether Politive or Negative.) 
So that to Multiply A by — a, is twice to take away A, and doth therefore pro- 
duce a Negative — 2 A z fo that-|- by — makes — : But to Multiply — A by 
— 2, is twice to take away a Defect or Negative. Now. to take away a 

is the ariſe as to ſupply it 3 and twice to take away or ſapply the Defect of A, 
is the ſame astwiceto Add A, or to put 2 A; that is, twicetotake away — A, is 
the fame as twice to Add + A : So that = by — (as well as by +) makes +. 


Thus A] —A A — A Aj —A Al--A 
Into —-2] —=2 |— 1 |=—=3 —B\| —B —2B | —2B 
=2A|Þ24|—A LAF—AB{+AB]|—2AB]Tz2KB | 


So that ſo many times to Add a Quantity, or ſo many times to take away a 
Defect, is the ſame ; and therefore — into —, as well as-þ into -, produce --. 
And fo many times to take away the tity, or ſo many times to put the De- 
fett of it is the ſame ; and therefore 4 into —, or — into +, produce — : That 
is, Like Signs make-|-, and Unlike Signs make —. | 

In Diviſion, it muſt for the ſame Reaſon be ſo alſo; for (as in Ordinary A- 
rithmetick) Diviſion is but the ay a Multiplication, and what in Mnt- 
tiplication was the Product, is the Dividend in Diviſion z, and what in Multipli- 
cation were the two Factors (the Multiplicand and the Multiplicator) are in 

Diviſion, 
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Diviſion, the Diviſor and Quotient. And therefore theie two muſt have like 
Signs if the Dividend be -|-, but unlike, if that be —. So that if + be divided 
by -+, the Quotient muſt alſo be - ;, but if by —, the Quotient muſt alſo be —, 
(that theſe Signs may be Like: ) And if — be divided by +, the Quotient 
muſt be — ; if by —, the Quotient is --; (that theſe Signs may be Unlike.) 
That is -+ divided by +, or — by —, makes -+-;, but -|- by —, or — by -- 
make —; Thoſe being like Signs, and theſe Unlike. 


+A) +AB(-+B —A) FAB (—B 
—A) —AB (+B +A) — AB (—B 


In ExtraCtion of the Square Root (conſonant hereunto) if the Square be-[-, 
the Root may beeither-- or — indifferently ; (for — 3 by — 3, as well as - 3 
by + 3, will make +9: And fo for any other Root.) But if the Square be —-, 
there can be no other Root but.what they call Imaginary, for the Square being 
made by Multiplying .the Root into itſelf, no Root, either Affirmative or Nega- 


tive, (that is, - or —,) can be ſo Multiplied into it ſelf as to uce a Negative - 


o__— becauſe it will be a'Multiplication of like Signs, which always produ- 
cet . | 
. And the ſame ( for the ſame. reaſon) is to be underſtood of the Biquadra- 
-viek Root, and the Roots of all Powers whoſe nuniber.of Dimentions is 
ven. d [ 

But the Cube (and all other Powers whoſe number of Dimenſions is Odd,) if 
Affirmative, will have an Affirmative Root ; but. a Negative Root, if Negative. 
For.as + 3 into + 3 into + 3; makes-+- 275 10 +3 into — 3 inte — 3,makes — 27. 
And thet ike in other caſes. 


CHAP. XYIIL 
The Like Operations m FRACTIONS. 


H E ſame Operations: in FraCtions , (or Quantities expreſſed in the 
_du2 manner: of FraCtians; Y are performed in Species, in like manner 
vJ 1M - -;-(and upon the lame, grounds 8, dinary ,Arithmetick. 

. ey are reduced to the ſmalleſt Terms, by dividing both Nume- 
rator and Denominator, by, the greateſt common Meaſure ; that is, the greateſt 
quantity that can divide both, ” 


Le ba ! 
_ a - : -Y 4 
Ear Ugg 129, 2A: 


C 
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6499 3 


And accordingly, if it bean Improper Frattion (greater than an Unite or In- 
teger) or in the nature of ſuch # 1t is reduced tg-an-Integer or Mixed uantity, 


(as in Ordinary Arithmetick) by Dividing the Numerator by its - 
nator. Ds - 
| . C 
S þ SHORE. Ba BAC =, A +.,—- 
@_ © - | 


uclide teacheth, Prop. 1. Lib. 7.) by Dividing the Greater Number by the 
Leſſer, and that Divi or by the Remainder (if any be,) and {o contigually, till 
bf, L . ſuch 


w ſuch Greateſt Conumon Meaſpfe is found in, Common Arithmetick; (as 


$9444 4 — -—_——_ 


76 
ſuch time as there be no remajnder left ; and that 1z& Diviſor js the greateſt 
common meaſure. (W hich it it happen to be 1, thoſe Numbers are then already 
in the ſmallelt terms; or, as Exclie callsthem, prizs jnter fe. (Thus of the Num- 
bers 899 and 744, the greateſt Common Meatyre js foung $0 be 31 3 and 3 the 
greateſt common Meaſure of 4359 and 1131. 
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But this work may ſoraetimes be much abridged, by a method which1do not 


know that 8ny þefors me have taken notice of; that is, whenever che Remain- 


ger bapyes to:be more than half the Diviſor, * thenco note whpt 'is wenting £0 
£he next Multiple, (which is ſa ouch as this Remainder i is leſs ohgn che Diyiſor 3) 
8nd wake vic of chis Defett inſtead of ſuch Remainder. As in the laſt Exam- 
ple, inſtead of the Remainder 966 (whereby the Dividend 4 3 59 exceeds 3393 the 
Triple.af the Diifar 3} to take 165, (which it wants of the Quadrup ') for 
the gext Diviſcas. (And ſo as often as fuch occaſion happens.) Whichwill re- 
duce that laſt Example to this form. 


3)as) 165) 7430) 035 2594006. 
2+ 468 xx55 4524 


Thus always taking the neareſt Quotient (whether too big or tao little) and 
the difterence from that Multiple (whether Exceſſive or Defective) for the next 
Diviſor. But of this only by the by. * 

The fame method may ſometimes be of uſe alſo in Species, but there will be 
need of ſome Sagacity in managing ſuch Diviſion and choiſe of the Quotient 3 
nor ſhall I here inlarge upon it, ſince Cm of, phis kid mpy be ſeen in Yar 
Schooren's Prinoipia Maths/i6} Univerſal)s. 

Fractions are reduced to the ſame Denomination by dividing firſt (if there 
be occaſion) the Denominatars of both hs their ee comman Meaſure ; 

eo 
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Multiplication is performed by Dividing firſt (if there be occaſion) the Nu- 
merator of the one, and the Denominator of the other, by opt, com- 
mon Meaſure, (thereby them to the ſmalleſt Terms,) Maltiplying 
the Numerator of the one by chat of the other for a new Numerator, and the 
Denominators c—_— for a new Denomingatoe ; or-if fuch Reduttion- were 
made, then (inſtead of fach Numerators and Denoinintors) Multiplying the 
Terms found by ſuch Reduttion. And if Iategers be mixed, they are to'be re- 
duced to the form of Fractions, or ſuppoſed fo to be., 
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a+ a 2 go # :37 I 4 + = 
4 3 3 
A A,B_, A, _ZA A ZA_ZAq AB CO AG 
<—_ = cs» ff oo > 3, —_ —_—_ cs 5 em Oo em_—p_— NV ca 5 cas I 6 
B D::-4 B B B C BC CD BF: DF 


Diviſion is in like manner performed, fave that here the Numerator with 
Numerator, and Denominator with Denominator, are to be and re- 
duced, if there be occaſion ; and the Numerator of the Dividend (or Number 
found inſtead thereof by ſuch ReduCtion) Multiplyed by the Denominator of the 
Diviſor, for a New Numerator, and the Dengminator of that by the Numera- 
tor of this for a New Denominator. ; 
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found to its ſmalleſt terms. As 
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Of Proportion. CHrar XIX. 


thoſe of Fractions. 


The reſt of the Proceſs being the ſame as in Ordinary Arithmetick ; the rea- 
ſons thereof are obvious enough, (or may be learned from thence,) without 
needing further explication. | 

Extraction of Roots is likewiſe ſo performed as in Ordinary Arithmetick 3 
that is, the Root of the Numerator, applyed to (or divided by) the Root of the 
Denominator, is the Root of the Fraction. | 
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And what is ſaid of Fraftions (or Numbers expreſſed in the manner of Fra- 
Ctions) is in like manner to be underſtood of Proportions alſo (or the Expo- 
nents. of Proportions) which in the ſame manner as FraCtions are reduced, 
Added, SubduCted, Multiplied, Divided, and their Roots extracted. 

For Fractions, or Numbers expreſled in the form of Fraftions, and indeed all 
Quwotients, are but the Exyonentsor Denominatoes of Proportions, as 2, 3, 4, &c. 
or +, 2, *, &c. of the Double, Triple, Quadruple, &c. 3, 4, &c. or 14, 1+,&c. 


of the Seſquitertian, Seſquiquartan, &c, and 7 (the Quotient of a divided by b,) 


that of the Proportion of 4-tob, whatever-it be. 

And for this reafon Mr. Ozghtrred puts his Chapter of Proportions, before thoſe 
that treat of FraCtions, that 1o he might (without breach of Method) treat of 
the Reduction, Addition, and other operations abont Proportions, together with 

But of this I ſhall ſay more, after I haveſpoken of the nature of Proportions 
in the next Chapter. 


CHAP, .SxIx. 
Of Proportion. 


HVING treated of Notation, Addition, Subduction iplica- 
tion and Diviſion of Integers or whole Numbers , Mr. Fa mT ot 
fore he ſhews the like in Frattions, dath interpoſea Chapter of Pro- 
portion 3 briefly but yet fully defcribing the nature- thereof, and the 

ways of Argumentation concerning it, ſuch as we have intheFifth Book of Ex. 
elid's Elements, with ſome other of the like nature. 

By Proportion he underſtands that Habitude or Relation of two Numbers, (or 
other Homogeneous Quantities,) ons to the other, which is found by Dividing 
the Antecedent tothe Conſequent ; (that is, of the Term whoſe Proportion is 
to be expreſſed by that Term to which it is ſaid to have ſuch a Proportion, which 
by Logicians are commonly called:the Relare and the Correlate:) by ſome of the 


latter Greek Writers, they are the 7piaozys and wwdaops, For like as by Sub;75; 
we find the Exceſs 3 (how much Greater the Firſt is than the' Se NR 


wiſion we find the Ration or Proportion, (how many fold the Firſt is'of the ens 
And the Quotient of ſuch Diviſion is the Exponent or Denominator of the Pro. 
portion. As if the Quotient be 2, the Proportion 1s Double if 3, Treble; if 
4; Quadruple; if *, Subduple or one Half; if *, Subtriple, or one Third vart . 
if + or x4, Seſquialter, or the Proportion denominated by one and a half; if £ 


cr 
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or 13, Scſquitertian, or once with a third part; and univerſally; the Propor- 


tion of AtoB, is that denominated by —, that is, by the Quotient of A di- 


B 
vided by B. 

- This Exponent or Denominator (of the Proportion,) cr Quotient (of ſuch Di- 
vilton) is by Exclide (in the 34. Definition of. his 5th Book, -and 5th Definition 
of his 6th Book ) called amuxirys, which Interpreters commonly. expound by 
Quantitas, but were better rendered by Qzoruplicitas or Quantrplicit as, as bein; 
that which exprelleth how-many-fold, the Antecedent is of the Conſequent ; tha 
is, how many times (or what part or parts of atime,) the Antecedent contain: 
the Conſequent. And the Scholiaſt (cited by Meibormiws out of Daſypodins,and which 
I have ſeen in one Edition of his Collection of Exclide's Propoſitions in Greek, tell; 
us, that Exclide choſe to uſe T1aworns rather than mav71s, (Quantuplicity rather 
than Quorplicity,) that it might take in all Proportions, however Irrational, as 
well as the Multiple and other Rational Proportions, (ſuch as are between Num- 

. bers properly'ſo called ; that is, Integer Numbers. 

And by wwe 445, in that Definition (3d 5) which Interpreters uſe to render 
by quedam relatio or certa relatio, (a certain Relation,) is rather to be exprelled by 
Quakrer ſe habent (for T8 is qual or aliquals,) that is How they ſtand related. 

And that whole Definition of 5295 (Ratio, Rare, or Proportion, X6395*5i Ivo we 
Gy 0) 41 Dy 1 Ker Tet TALK GTHTE P35 AAANAG THICK 47s, 15s thus rather to be rendered, Ra- 
tio eſt, duarum magnitudinem homogenearum , qualiter ſe habet una- ad alteram,” ſecw- 
dum quantuplicitatem ;, that 1s, Rate (or Proportion,) 4s that Relation of two Ho- 
' mogeneo:us Magnitudes (or Magnirudes of the ſame kind,) how the one ftands related 

' to the uther, as to the (Quotient, or) Quantuplicity: That is, How many times, (or 
How much of a time, or times,) one of them contains the other. The Engliſh word 
How-meny-fold, doth in part anſwer it, (as far as the Greet. word m2v1s would 
have done; but becauſe beſide theſe which are properly called Alr;ple or Ma- 
ny-fold, (ſuch as the Double, Treble, &c. which are denominated by whole Num- 

"hers,) there be many others to be denominated by FraCtions, (proper or im- 
proper, ) or Surds, or otherwiſe ;z therefore 7997s (in Greek,)) and How-many- 
fold (in Engliſh, or Quotuplumt (in Latin,) are not (ſtritly taken) words large 
enough to expreſs it ; and therefore Enclide (in &reek) uſeth muximns, to which 
would anſwer (in Latine) ' Quantiplicitas (if ſuch a word were in uſe,) and (in 
Engliſh) How-much-fold, (if' we had ſuch a word) rather than How-many-foll : 
That is, How many times, or how much of a time or times, the one contains 
the other. 

Theſe Proportions, fo many bf them as are between Number and Number 
(properly ſo called,) have particular Names given them, (by Greek and Latine 
Writers.) | | 


If ſuch Quotient be 1, it is called the Proportion of Equality, or Simple Pro- 


rtion. 
mil 2, 3,4, (or ſuch other Integer Number,) it is called AMwriple Proportion, 
(to wit, Doxble, Treble, Quadruple, &c.) And: the contrary -to theſe are' called 
Submultiple, (to wit, Snbduple, Subtriple , Subquadruple , &c ;- or one Half, a Third 
part, Fourth part, and ſuch other Alzquor parts. p 

If tke Quotient be 1, with one ſuch part, aS$ 14, 1+, 15; &c: it is called Super- 
particular , (to wit, Seſquialter , Seſquitertian , Seſquiquartan, &c:) And the con- 
traries hereunto are called Sub-ſuperparticular , ( Swbſeſquialter , Subſeſquiter- 
tian, &c. | , 

If ſuch Quotient be 2, 3, 4, (or ſuch other Integer Number greater than 1,) 
with ſuch Aliquot part, it is called —_ particular ;, (as 24, Duple-ſeſ* 
quialter , 3}, 34, Oc: — quiterria, 
traries hereunto are Submultiple Swperparticular, as Subduple ſeſquialter , Subtriplt 
ſeſquitertian;, &C. WEE 0 * 
| ic ſ\ach Quoriefit be 1 with ſome Number of Aliquot parts, as 12, 12, 13, &c, 
it is called Syperparrient, (as Superbipartiens terrias , Supertripartiens quart as,” Swper- 
bipartiens quintss, &&. ) and the contraries hereunto are Sub-ſuperpartiont, (35 Sube 
ſuperbipartiens tertias, &C.) 

_ If 


riple-ſeſquiquartan, &c,) And the con- - 


q , 
fd 'T 
M\ Ft 
Lf | 
4 


int 


- 8o 


—_ _ ———  —— 


of Proportion. Cauap XIXc 


If ſuch Quotient be ſome greater Integer Number, (as 2, 3, &c.) with ſuch 
Number of Aliquot parts, as 23, 34, 33, Gc. it is called dutriple Superparrient, 
(as dupla ſuperbipartiens t:rt1a2,tripla ſuperrrips rtiens quart as,tripla ſuperbipartiens quin- 
eas, &c.) And the contraries hereunto, Sub-multiple Superpartient ;, (as Subdupla 
Superbipartiens tertias, Sub-tripla Supertripartiens quartas, &C.) AS that of 31 to 7, 
(becauſe of #5 = 4+) is Quadrupla Supertripartiens ſeptimas, and its contrary 7 ww 
1, is Sup-quadrupls ſupertripartizns ſeptimas. 

: And m—_— 4 thele compellations, all Propcrtions will fall , whichare 
(at ramecrus ad munerum) as one [nteger Number to another. 

Yet even of theſe, it is many times more intelligible to expreſs it by the Num- 
bers themſelves, than by _ Names z and 1 ſhould chuſe — - 3 - Þ or 
as 7 to 31, rather than partiens Septimas, Or Swp-quadrupla ſrper- 
rriperiges Septimas : Ne ones trouble us with a Liſt of theſe 
Names. BE” 

But all other Proportions which they call 7neffable, (which are not mt aumeras 
ad numerum, ) but as Quantities Incommenſurable, and for the ſake of which, 
that Scholiaſt tells us, that Euclide choſe to uſe the word mwuxins rather than 
mois, ( for what we commonly call the Quotient in the largeſt ſenſe) thor it 
might extend to Ineffable as well as Effable Proportions, (as if in Latine he would 
have faid Qzantuplam, rather than Quorwplun, leſt this ſhould be thought to extend 
only to Aultiples, or but 80 Effable Proportions ;) all theſe, 1 ſay have no pecu- 
liar Names allotted ; but uſe to be deſigned by the Terms themſelves, «s A to B, or 


as 1 toy 2, or (ct Fraction-wiſe, fo as to deſign a Quotient,) =, Wy &c. 
that 1$, the Proportion, whoſe Exponent is A (or the Quotient of A divided 


by B,) &c. And even thoſe that are moſt Effable are oftentimes ſo deſigned, 
(and well enough,) as the Double, Treble, Quadruple, &c. by 4,4, 7, &c. or as 
2t0 1, 45 3101, as 4t01,&c, And with ſuch deſignation Mr. Oughtred (for the 
moſt part) contents himſelf; (unleſs in ſome of the more uſual Names, as Doy- 
ble, Treble, and the like.) 

Now (this Relation which we call Proportion, being thus determined by ſuch 
Quotient or Exponent 3) where ſuch Quotient is the ſame or equal, (whatever 
the Quantities be,) the Proportion is the ſame: And according as ſuch  Quegzegt 
is Greater or Leſs, ſois the Proportion (deſigned by it ) Greater or Les. 

Such Quantities ( between which ſuch Equal Proportion is) are called Pro- 
portionals,, as if A to B, beas 4to b, (though thoſe chance to be Numbers, and 


theſe Lines or other Magnitudes ;) that is, if S. = Ds (that Quotient or Deno- 
minator equal to this,) thoſe four are Proportionals and uſe to be thus exprefſed ; 


© 3% BY 


Whence he infers, that if two Quaztities be multiplied or divided by one ang 
the ſame, ſuch Products and Quotients are Proportionals with them ; for the 


Quotient is ſtill the ſame z Do: And therefore, mA.mB:;A.B 


And (of ſuch Proportions) the Product of the two Extremes will be Equal to'that 
of the two middle Terms: For if A. B:: a.b; and (conſequently) 5 ==» 


b 
then is (dlopging hoth by Bb,) Ab=Ba. ; 

And gherefore if three be in Contiaual Proportion, A .B.C—= (that is, 
A.B:: B.C;) theProduttof the Extremes is equal to the Square of the middle- 
moſt ; that is AC=BB =Bq. Ty 

| Hence follows what, is commonly called The Golden Ryle, or Rule of Propor- 
tion 3 (of four Proportionals;three being given to find a Fourth.) For if A.B:: a. b; 
and therefore Ba=A b; then is (dividing both by A,) _ —b. That is, The 

Produtt of the Second and Third, divided by the Firſt, gives the Fowrth, 
And 


Cane XIN Of Proportion. = x” 


* Andin three continual Proportionals, The ſquare of the Middle druid - | - ——»— = 
the Extremes, gives the ather ''For if A.B. "on , (chat is, 7 ay _ Of 


therefore BB = A C;) then (dividing both by A,) EÞ=C. Or (both b yC) <2 
Theſe therefore will be in continual Ex, 


bb bbb þ+ 'b; 
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For the Square of each divided by the Precedent, gives the Conſequent, or by 
b 
the Conſequent gives the Precedent : And each Myltiplied " ( or divided by 


p ) gives the next Following ; and Multiplied by - (or Divided by 2) gives the 
's 

Fx fongng And each Divided by the Pragedent PiVekrtts: ax oy tha Can 

ſeqyent. gives 7 * $0 that the Proportion (whether forward. or pacbmin is al 
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Of Proportion. Cnar.XIX. 


Or ——— ApB.A-B::-86.A—E 
And therefore, A-þB . «+86:: A+B. « —86 
A—B.A+B::a—8.e+6 
«+8.A+bB::ca—8.A—B 


The Connexion of theſe is eaſily proved. (If one, then all.) 

For, If A.«:: B.#. And therefore A& = « B (the Reftangle of the Extremes 
equal to that of the Intermediates: ) Then (dividing both by B#, or by AB, or 
by Aa;) we have 


” 


K- is «8:--.0 [ 
on ﬀ a= ap and — —_— —— 6 and e_ q—_ a g 
SS —- ( -\ B A QC 


Thatis, | wor Alternate,)A.B:: «. N And .(the Inverſes of both,) «. Ant 
Brand B. A::B. ( Wich'rors alſo the Alternations and laverſions of al 
reſt. "oy " 
; If A. a::6. Þ That = 2 _ Then i is, _ 4 
& 


'F 
That Tae FR Btg Therefore Atg.s: ak 8 (Compoſi tion and Divi 


.6 
viſion :) With the Alternation of this, and the Inverſions of both. 
In like ' manner, (from the Alternate, A. B :: «, 8.) Becauſe (as before) 


DE = : Therefore tx = = —21, That is AZB _ as And therefore 
AXB.B::a*&.6; with o_ Altermation thereof, _ the Inverſions. 

And becauſe (as before) — —_ _ - Therelore 12 —= —=1T b * That is 
Ate BYE 


 — . Andt therefore A% A::BZ&.B.  And/{the Inverſe hereof ) 


: AXZa;:B. BZ#8: in erat is called Converlion,) wit! the Alternations of 
th. » 


-B- 
In like manner (from the Alternate: Becauſe (as before - : And there- 
B B. AFB . «38 
fore 1 © F = —Þ 2=: Thar, 42 — n_tce. : 
And (the Inverſe hereof.) ACAYSB:t a. £8: With the Alternations of both. 
And becauſe as before, (by Gomreplion,) A.A—ea::B.B—6b; and (by Di- 


A 
viſion with the Imerſe oft) & » "Ks :b-BB. That is;- ——; and 
Fe Y - way TY - Hg IO _ A-s "IT 
E bb 
= - Therefore re pay = ==; oy bs ' Thatis —= 


_ And thegefor A+e, Ame: _ B—þ. 

And in like' tn antief (from t the A ternate A. B « - 6.) Becauſe (by Conver- 
ſion,) A.A— FO E6, . Anc Oy. Diviſion pr” EIOTS 2 > A-B: 4 

| 8 RE 

_ SS & = — = 4 #. '"Fherefore — — 
. SIS== f. -— <q ore + 
sf - (Up 
= — We" : . Yb en AndtherdowAt:B. A—B::a+ 


Bea —PÞ- | 
And i in like manner; ; other like ways of 5 in Proportions may be 
colleCtted and d onſtrabed: But theſe are the' principal, and of moſt frequent uſe. * 


-© From 


& 


Citke. XX, C ompoſuzon of Proportions. 


From hence he colleQts further : If never ſo many Magnitudes be 
ral, (fappoſe A.«::B.8:: C.5::D.4. &&.) Then as one Ants 


f 


they be. 


And therefore in continual -Proportionals, (ſu 
which 4 the firſt or leaſt, «the laſt or greateſt, and 
Z — wall the Antecedents, and Z —4 all the Conſequents:) it will bea. b:: Z — 
#.Z — 4. (as one Antecedent to its Conſequent, ſo All the Antecedents to All 


=bZ—bs (the Produtt of the Extremes equal to 
that of the Middle Terms :) And (by tranſpoſition with contrary figns,) b Z - a Z 


the Conſequents.) 
And therefore a Z — 4 


For ; 


=bu—644. 


Thence he colle&ts (by the way,) this Rule for finding the Sum of a Geome- 
trical Progreſſion, (dividing both parts by b — a;) 


by the ſecond term 


I here omit; 


wantin 


the $ of the firſt ; 
a re pad 


A.a:: B.&. And therefore (com 
A-+B. «:+&::(B.8::) C.,. And 
A+B+C.o+&+x::(C.y::)D.0 &c. 


'4 


the 


| "Then, as one Ant 
his Conſequent ; ſo are all the Antecedents to all the Conſequents jointly taken. 
That is, A. a:: AB C+DG&c. «+ 8+ +9, &c. How many ſoever 


pounding) 


again, 


ea.b.c.d. &c. =, of 
the Sum of all ; and therefore 


b—4 
he firſt, we divide the Produtt of the ſecond and 
Quotient gives us the Sum of the whole Progy 
poſitions he there hath (concerning Proportions,) which 


Compoſition of PROPORTIONS, 


to them. 


pounded of other P * Thi 
tion of the Exponents 0 

Thus the Conant che 
is the Treble of the 


And this Latter way of E 


mon {| 
ble 


AYING _ 


is there ſaid 
This Cha 


obviate 


CHAP. XX. 


might have been] 

e miſtakes, which are apt 
wherein different Writers do uſe ſoine words | 
Exclide in his def. 5. lib. 6, hath given us this Definition of (24/5 v3reiuere) Come 
pounded Proportion, abs ix abyuy oy ndidas Alanis ray al Thr 
aamhdneddou, mwonmed, That is, to this purpoſe ; 
roportions, when the Exponent of 
one jnit0 another. 

Treble and Dowble (whoſe 


and other Operations relating 


in the cloſe of the laſt Chapter ſave one,) that what 
Fradtions, is to be underſtood of Proportions alſo: 

had it not been neceſſary to 
to ariſe from the different ſenſe 


aber MAIKETUTES, m0A* 
Proport10n is ſaid th be Com- 
That, is made by the Mulriplica- 


) ther by the Semple (be: 
Sg x2, t iS; ext 
canſe 3 x 2 = 6.) Which is manifeſtly a work of Multiplication. 
efſion (the Treble of the Double) 
h be much more intelligible than the Former, (the Componnd 
Double,) if we had as convenient names for all other Proportions, as we 
have for the Double and Treble, and ſome other Multiples. 
But becauſe we have not ſuch natnes for all Proportions, Exclide gives us ano2 
ther form of ſpeech, more applicable to all ſorts of Proportions. And inſtead 


: A =. A C | 
of ſaying (for inſtance ) — j_- Tt, or the — fold of the = fold; whoſe 


=Z. That is, If 


would in com- 
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C ; : CNY 
Exponent 1s A cimes = he direCts us t6 ſay, the Proportion componnded of that 
B 


of A to B, andthat of C to D, whoſe Exponent is made by Aduliplying that of 
Ato B, by that of C to D; that is n Fed or _ By which (he tells us) he 
= 3 SUD 


means, the So-many-fold of Thus-+any-fold, whoſe Exponent is So-many-times Thu- 
many. "Which 1 x © to be the full import of Euclides Definition ; and is thetrue 
notion of this Compoſition. . a+, | 
But now becauſe Enclide gives to this the name of Compoſition, which word is 
known many times to impart an Addirioz z. (as when we {ay the Line ABG is 
compounded of AB, and BC;) Fo 3-2 -644v 


of ; Ri C 
[| EL 1 
| 1 | i 


Some of our more antitnt Writers have chanced to call it Addition of Propor- 
tions ; and others, following them, have continued that form of ſpeech , which 
abides in (in divers Writers )' even to' this day : And the Diſſolution of this 
Compoſition they call Sub4uttion of Proportion, (Whereas that ſhould rather'have 
been called Multiplication, and this Diviſion.) And then move Queſtions, How it 
can be, That a Proportion cany by Adding another to it, be made Leſs ? and that 
a Propertion made by the Addition of Two, may be Leſs than either of them? . 
As when by Addition of the Subduple and Subtriple is made the Subſextuple , 
(for * x =+;) which is leſs than either of them, by- Prop. 8. lik. 5, Earlides, 
(Which, I confeſs, if this be the whole, and thoſe the Parts, is a great Impro- 
priety ; for it makes the Part greater than the whole. Nor is it to be avoided, 
x this were indeed an eAMartrrion.) | 
Whereas they ſhould have conſidered, that though Compoſition (in Euclide) 
do ſometimes (not always) ſignify Addition; yet at other times, by Compoſition 
he means Multiplication, As Where he treats of Namerus Primus, and Numerus 
Compoſitus,, and of Numert inter ſe Primi, and inter ſe Compoſiti. Thus 2, 3, 5, 
7, &c. arePrime Numbers, or Incompoſites, becauſe neither, of them is made by 
the Multiplication of other Iateger Numbers than itfelf and an Uoive : Bur 6 is 
(Numerus Compeſitus,) a Compound Number, becauſe made by the Mailtiplica- 
tion of 3 by 2. Whereas if by Compoſition, he had meant Addition, x, 7, &c. 
are as truly Compound Numbers as 4, 6, 8, &c. For 5 is compounded (by Ad- 
divion) of 3 and 2; and the Number 7, of z and 4. Nor doth any man doubt 
but that Eclide by Compoſmion,, doth there mean Aduttiplicarion. 
+ Since therefore it is mantel " Euclide uſeth a two-fold Co ; 
to wit, a Compoſition by Addition, (as when 2 + 3 = $,) and a Compoſitian 
by Multiplication, (as when 2 x 3 = 6,) they a F aug bor ae. or | 
be Two were here meant. Aa wan by dathexpreſly ſay, that he means it of 
uch a Compoſition as is made 'by the Mukiplication of the: Simple Exponent to 
make the Compolite Exponentsz they ſheuld not (in dire oppalition to his 
ſenſe) call it an Addition,  . | 
They ſhould have conſidered alſo, that the Compoſition (of Proportions) by 
Adaition (which he calls a/vkhas ai def. \14.. lib.y,) i quite another thing from 
the Compoſition here defined "(of his A4yue ayminue) which.is by Multiplication. 
In the tormer place, the ſingle Proportion is (for-iaſtance) that of Atoa, whoſe 
Exponent is j z and that made by Compoſition, is that of A + « to «, whoſe 
Exponent is **, or E 4+ 1, AnUif inifteadof A-#, the Antecedent bemade 
A + 2 a, or A+ ® a, (as-oft oocursinDemonſtrations,) it istillthe ſame kind 


of Compoſition (wwnt%vn) ſave" that the Exponent of the Compoſite is = 2, 
« 


EZ ; a 
or _ + - or-the like ; which is ſtill a Compoſition by Addition of the Expo- 
ents, and may fitly enough be called an Addition of Proportions, But 
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plication of Proportions. | 

And becauſe both of theſe are, by good Authors, called Compoſition ; therefore 
to prevent miſtake { where there is ahy danger of it) I choſe to call to one; 
A Compoſition by Additibn ; the other, A Compoſition by Multiplication. Thus of the 
Double and Treble, the Compound by Addition, is Quintuple, (becauſe 3+ 3 = $3) 
but the Compound by Multiplication; is the Sextuple, (becauſe 4 * 3 = 6.) 

And now that puzzling Queſtion, How the Compound Propartion can at a 
time be leſs than one or bbth of the Componetits? is eaſily ſatisfied. For thong 
in Addition, the whole call nevet be lef$ rhian any of the Parts, (ſuppoſing them 
to be poſitive Quaritities, how great or ſmall ſoever:) "& in Multiplicati the 
Produdt or Futtw miy (without atiy __ y) be leſs thadeither of the 
Faubtors, if the other Fattor be leſs thati 1. And” though we cannot Cay that the 
Stti or Ateregate of the Subdaple tHd Stbrriple, (that is 3, -{- 3) is leſs thaneither 
the Subduple or the APD, ( that is, teſs that 4 or Jeſs than #:) Yet we 
tay very well ſay, that the Produt of them, that is, the Subduple of the Sub- 
triple, (or4 * 3) is lefs than either the Subduple or the Subtriple. For © it 
ge in all Multiptications, that if the Mulciplier be leſs than 1; the 

uct is leſs than the Multiplicand 3 or (which is all one) if one of the Fators 
be leſs than an Unite, the Produdt is leſs than the other z and if cach of them 
be leſs than an Unite, the Produtt js leſs than either of them. 

This being premiſed; it is yery manifeſt (and eaſy to Uetiioniſtrate ) that, if 
between any 1 wo-Terms propoſed (as Az F,) we interfoſe never ſo may intermtdiate 
Terms, (as B, C, D, E,) whatever they be (whether all greater, or all lefs; ot 
ſome greater and ſome leſs, than either A or F,) the Proportion of the Extreints 
5s componniled of all the. intermediates, each with his next conſequent. | 


For all the intermediate Tetms being. found both above and below the Line» 
they do in continual Multiplication deſtroy themſelves; nothing tetriaining as 


the reſult of ſuch continual Multiplication but __ 


And hence follows Ewclid's argumentation i ov, vr ex equoz if of A,B; ©, 
BD, &c. cach4s its Conſequent, be as, of «, &, y, ©, &c. each __ Conſequent ; 
then is the firſt to the laſt of thole, as the firſt to the laſt of theſe. Thar is, if 


B C &.B CG 4 Ss 
= =£, nt n==2;thend Sx—x a equal to 


—_ [A = that is, to _ For the FaQors there and here, being all equal 
8 | | 
each is each reſpeCtively z the Produtt to the Produdts thetefore muſt needs be 


ual. 
ry the like alſo (as they call it) i ordine perturbato: If of A, B, C and of 
« 6&7; it be 5 AtoB, fogtoy; atdas BtoC, ſoeto#8; then as A toC, io 
- 464-ad_S WW. @ . 4-8 IN ; 
« £07. That is, if, = ad e= 7 then is B*"EEI* Fo that is 


2 = .. For the Faftors there being, equal to the Faſtors here, (cath toeach 
—— the Fam muſt be ſo too. And though the Terms be not taken 
juſt in the ſame order, (B, B, being the ſecond and thitd Term in the former 
Multiplication; but 8 8, the firſt and fourth in the latter; ), yet r: B, in the 
former, and #, 8, in the latter, deſtroying one another, (as _ oth above 
and below the Line,) there remains (after this Exputtion) only GE 
M 2 Theſe 


& 
Y 


— 


But the Compotition here meant, is declared to be ſuch as is made by Jos 
riplicution of the Exponents ; and therefore to be called (not Addition, but) th- 
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4 Theſe two Proportions laſt mentioned are Prop. 22, 23. Lib.5. Euclid; and 
they concern Compoſition (of Proportion) by Multiplication : That which fol- 
lows, is Prop. 24. Lib. g. Euclid, And it concerns Compoſition by Addition. 

If Ato«, aSBtoF, and Cto, as Dtog; then is A+C toe, as BD 


A B GC D * 2 B 
RS... « & & 8 


. & 6 
.A+C_B+D 


. Andthe like manner of Argumentation is frequent , in 


& 
divers other Propoſitions of Eclid, and of other Authors. 
* If in the Compoſition of Proportions by Multiplication, the Proportions fo to 
F be Compounded be equal ; (and 2, 3, 4, or more of them ;) the Reſult of ſuch 
and / Compolition, or the Compound Proportion thence ariſing, is called the Dupli- 
As cate, Triplicate, Quadruplicate, ( or otherwiſe Aultiplicate, according as is the 
number of ſuch equal Proportions ſo compounded, ) of one of theſe Propor- 


tions. As the Proportion of A to B, whoſe Exponent is = the Exponent of 


"Toes ey” © GT , - "8 A A: \&" 
its Duplicate, Triplicate, Quadruplicate, &. is gk as wh ns _ 


a2. 6 h 8. .A* , 
= 3 —-- & >. Os thatis, \>, ol = &c. Or if we ſuppoſe a the Ex- 
B B BB KR3 B* 


B B 
Jon of the Simple ; then is a4, 43, a+, &c. the Exponent of its Duplicate, 
riplicate , Quadruplicate, &c. defined by Exclid, def. 10:1ib, 5. Which is to 
this purpoſe ; If three or more quantities be in continual Proportion, (ſuppoſe 1,4,4a; 
a3, a*, &c.) that of the firſt to the third, fourth, fifth, &c. (1 to 4, a3, a+, &c.) 
#5 duplicate, triplicate, p—_—_ &c. of that of the firſt to the Stcond ( 1to a:) 
And (by inverſion) that of the third, fourth, fifth, &c, is Duplicate, Tripli- 


cate, &c. of that of jthe Second tothe Firſt. That is, If = Or =, deſign the 
a I 


ana a3 a* 
—a a — > —, &c, that Is, 4, 44, 43, 
pl $5 7 d -: M7 .oret® bom? tri ff Nie wh 
a+, &c.' deſign the Duplicate, Triplicate, Quadruplicate, &e. of ſuch ſimple 
Proportion. | | 

This Duplicate, Triplicate, Quadruplicate, &c. is by Euclid called J1m1nadoey, 
THTA&Tnior, Terperavivy, &c, to diſtinguiſh it from ITAcos, TerrAdncs, Thrpar a= 
9%, &c; which we commonly call the Double, Treble, Quadruple, &c. For 
though Double, and Duplicate, may (as to Grammar) ſeem to ſignify the ſame, 
yet in Mathematicks they are wont to be diſtinguiſhed. The Single, Double, Tre- 
ble, &c. being that of 1, 2, 3, &c. to 1. But the Simple, Duplicate, Triplitate, &c. 
| that of «, aa, 43, &c, to 1. And they anſwer to what we now uſe to call, the 
'F Root, Square, Cube, Squared-ſquare, &c; theſe being no other than what Exclid 

'F deſigned by Proportion, Simple, Duplicate, Triplicate, &c. S 
Tr Theſe things being thus explained, it appears what I mean whenT ſay, the 
Operations about Proportions, or their Exponents is in like manner to be per- 
formed as the like Operations in FraCtions. viz. ; - * Jr 

Addition of Proportions (or Compoſition of Proportions by way of Addi- 
tion) in the ſenſe I take it, is performed by Addition of their Exponents, to 
find the Exponent (or Denominator) of the Aggregate. As when the Treble 
and the Double make a Quintuple ; becauſe 3 -+-2 =5- And SubduCtion of Pro- 
portion by SubduCtion of the Exponent. As when the Treble wanting the Double 
makes the Single Proportion, (or that of Equality) becauſe 3 — 2 = x. Thus 
if tothat of A toB, weadd (or ſubduCt from it) that of CtoB, orof Cto D, 
the Aggregate or Remainder are found by Adding or SubduCting ſuch Exponents. 


2 30" TI hs 
ſimple; then — » — » — » &c. or 
aa | 


AC ASC, A C A-C_ A.C ADtBG 
B --: 0 _— B.&. S0: 


= 


Multipli- 
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Multiplication of Proportions, ( or Compoſition of Proportions by way of 

Multiplication, which ſome miſ-call Addition of Proportions,) is web A by 

' Multiplying their Exponents. As when the Double of the Treble makes the 

Sexturie ; brcaah 2x3 = 6. And Diviſion (or Diſlolution of ſuch Compoſi- 

tion) by Dividing the Exponent of the Dividend by that of the Diviſor. As 

when the Subduple of the Triple makes the Seſquialter ; becauſe 4 = 14, $9 

if that of A to B be Multiplied or Divided by that of C to B, or CtoD, the 

Reſult js found by ſuch Multiplication or Diviſion of the Expogents. 


C\,i 'A ;AD 
"TT 0", 7 


= m—_ — x — 


C AC.a 6 AC I fop A 
B Bg B D BD B/) B \” 


A 
— X 
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Where note, that it is all one to Divide by that of C to D, or to Multiply 
by its contrary, that of D to C; and therefore Exclid (1ib. 6.) contents him- 
ſelf, having given a Definition for the Compoſition of Proportion by Multipli- 
cation, without giving another for the Diſſolution of it by Diviſion, becauſe 
it. is as caſy upon any occaſion, to ſay Multiply by the Subdwple, as Divide by the 
Duple ; or inſtead of Divide by that of C to D, to ſay, Compared with that of D 
to C. 

Squaring, Cubing, and other the like Involutions of Proportions ; that is the 
Compounding (by Multiplication) of Two, Three, or mote, like Proportions, 
is the ſame with what Eclide calls Duplication, Triplication, &c. As the Dou- 
ble of the Double, the Treble of the Treble; &c. the Double of the Double 
of the Double, the Treble of the Trebleof the Treble, &c. And it is performed 
by Squaring, Cubing, &c, the Exponent of the Proportion prope. And the 
Evolution of ſuch Involution, is by ExtraCting the Root Quadrartick, Cubick, &e. 
of the Exponent propoſed. Which is, to give the Subduplicate, Subtriplicate, &c. 
of the propoſed Proportion. Thus, of that of A to B, the Duplicate, Tripli- 
cate, &c. is that of Aq to Bq, of At toBc, &c. the Subduplicate, Sybtri- 
Plicate, &c, isy/Atoy4B, 4/cA toy cB, &c. 


bl AS A 
ot == 2 — wo n C—_——= 

B B. B'' B C B FB S ”" Fa 

. Proportions one to another, are in ſuch Proportion as are their Exponents ; 
That Proportion is Greater, which hath the Greater Exponent, and that Leſſer 
which hath the Leſſer ; and in ſuch Proportion Greater or .Leſler as are the Ex- 
ponents : The Double to the Treble, as 2 to 3. (And fo of the reſt.) 

- But the Duplicate to the Triplicate, is as the Square to the Cube; and fo ac- 
cordingly in other Multiplicate and Submulziplicate Proportions. And like as 
the Square, Cube, Squared-{quare, &c. do continually Increaſe-or Decreafe y ac- 
cording as the Root is Greater or. Leſſer than 1 3 (for if the Root be « z; the 
Square, Cube, and conſequent Powers, 4, 3, 16, &c, do continually Increaſe 5 but 
if the Root be +5, the Square, Cube, &c, +, þ, 37, &c, do continually Decreaſe;) 
ſo if the Simple or-Radical Proportion, be a Proportion of Majority, (that is, 
greater than that of 1 to 1 ; the Duplicate is greater than it, and the Triplicate 
yet greater, and ſo onwards: (For the Double of the Double, and the Double 
of it,.&c ; the Treble of the Treble, and the Treble of it, &c; that is, the 
Quadruple, the Octuple, &c, the — Vigiatiſeptuple, &c. are greater 
than the Double, the Treble, &+:) But it it be of Minority (that is, leſs than 
that of Equality, or 1 to 1,) they do continually Decreaſe 3) for the Subdupleof 
the Subduple, that is, the Half of the Half, is leſs than the Half; and the Half 
of that will yet be leſs; and fothe Subtriple of the Subtriple, that is, a Third 
part of a Third part, is leſsithan the Subtriple, or that of one third part; and 
1o continually.) So that though it may ſeem a Solzciſm (to thoſe who take the 
Duplicate and Triplicate to be all one with the Double and Treble, yet is it 
no more incongruous. to ſay the Duplicate may be leſs than that of wh It 1s 

| uplicate, 
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Duplicate, and the Triplicate than either of them, (to wit, in Proportions of 
Minority 3) than to ſay, the Square may be lefs than the Root, and the Cube 
icſs than either; (to wit, when the Root is leſs than 1.) And fo muſt Eulide's 
Definition be neceſſarily underftood (10 af. lib, 5.) where he Uefines that of three 
or more Quantities in continual Proportion (whether increating or Gecypaling 5 Yo. 
poſe 1, 2, 4, 8, &c, or 1, 4, 4,4, &c.) the firſt to rhe third (120 4, br ito 3) s 


ſaid to have the Duplicate Proportion bf what it hath to the Second, (of 1 to 2, or « 


toi; and the firſt th the Fourth (1 to8, or 1 to4,) Triplicare rhereof $ and ſo 
onward. Yet it is manifeſt, that the Proportion of 1 to 8 (though Triplicate,) 
is leſs than that of 1 to 4 (which is bor licate,) and both Ieſs than that of 
i to 2, of which thoſe are the Deias Triplicate. 

This 1 have the more infiſted ot, to explain it clearly ; becauſe I hnd men 
herein apt to miſtake Exclid's ſenſe, who by d1raeclor, Turaedier, Ec, (Which is 
wont to- be interpreted by Duplicate, Triplicate, &c.) means no ather than what 
is denominated by the Square or Gube of the firſt Denominator, 


CHAP. XXL 
Of PROGRESSION drithmetical and Geometrical. 


AVING thus far conſidered of Proportion, *twill be proper to 
ſay <> mn of what they call Progreſſion, Arithmetical and Geo- 
metrical. 

Whien the ſame Ration or Proportion is continued in mote than 
two Terms; theſe are commonly called Comrwnal Proportionals, or Terms in Con. 
rinual Proportion : To wit, when as the firſt is to the ſecond, id is the ſecond 
to the third, and this to the fourth, &c, And ſych continual Proportion, is 

wont to be called Progreſſion. | 

Now 1 do not find that in Excliid (and others of the Ancients) the word 
aoys (Which we tranſlate Ration or Proportion,) is wont to be given to any other 
than what we call Geometrical Proportion. And in that ſenſe it is defined, in kis 
3 def. 5. andis ſo treated of by us im the oragoing Chageers. And is common- 
ly ſo underſtood, when there is no other word joined with it to impart another 
ſenſe, (as Arithmetical ion, Harmonical Propottion, &c.) 

But in later Writers, there is mention of many other Proportjonalities, or (as 
they be ſometimes called ) Meacities ( Medierates, ) as is tO be ſeen in Clavins, 
and Jong before him in Boethims and Jordan, and other Latine Writers. As 
Aritlanerical, Grometrical, Harmonical, and divers others : Wheteof we ſhall here 
conſider only the Arithmerical and Geomerrical. 

Arithmerical Progreſſion, or Continual Proportion Arithmetical, is when Num- 
bers (or other Quantities) do proceed by equal differences (either increaſing, 
or decreaſing.) As 


2. 4- 6. 5. 10. 12. 14. Gt 
3+: $+-7+. 9-11.13. 15. Oc. 
16. 14.12.10. 8. 6. 4. Oc. 


In the two former, is a continual Increaſe, in the latter a continual decreaſe, by 
2 inall of them; which is called the Common Difference or Common Exceſz. 

And univerſally, ſuppoſing the firſt term A, and the commonjExceſs or Diffe. 
reace E, the Terms will be 


Increaſing, A.A+E.A-+2E.A+3E-A+4E. &c. 
Decreawg, AcA—EA—2EA—;3EA—4E. &r. 
But 
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But. the moſt natural and ſimple Progrellion, is when ic begins with 0, As 


«s.; EL ia a of: av 
din Soap; —20;u 


When it begins with any other Term, (as A in the former Progreflions, ) 
it is really a Compound of two Progreſlions ; one of Equals, (A.A.A.A. 
xc.) and the other, of Arithmetical Proportionals, (aso .E. 2E. 3E.4E. &c, 
.. Now concerning fuch Arithmetical Progreſhons, there are divers Queſtions 
wont to be propoſed: Such as theſe. ' 

.. Having the firſt Term given, with the Common Exceſs ; 'How to find any: q- 
ther Term at any diſtance afſigned ? (as the tenth, twentieth. &c.) 

And having the Terms given, (or the firſt Term, with th&Cammon Exceſs; 
and the number of Terms,) to find the Aggregate or Sunr $f the whole Pro- 
greſlion, (without Continual Additian of all the Terms?) | 
- . With many other Queſtiens of like nature, which are'ts be ſeen in ordi- 
pary Books of Arithmetick, and of which I have diſtourſed ' fully and at 
_ my Opus eArithmeticum, Cap. 25 26. 27. 28. And therefore-here for- 

r it. 

Geometrical Progreſſion, or Continual Proportion Geometrical, is when Num- 
bers (or other Quantities) proceed by Equal Proportions or Rations (properly 
ſo called;) that is, according to one Common Multiplier , or Exponeat of the 
Common Ration, (whether. Increaſing or Decnegling,) As 


2. 4- BB. 16. 32. 64. &e. E: - 
8» G6» 4 he M4 E-\ 1h, Hi Va \ 
' 128, 64.732, W. 8. 4: cc. 


Where in the two former, 2 is 'the Common Multiplier, in the laſt, 2 is the 
Fommes Diviſor, or (which is, in effect, the ſame ) the Gommay Multiplige 


I < 
' And univerſally, ſuppoſing the firſt Term A, and the copyman Multipligg (or 
Exponent of the Common Ratiqn) R, the Tetms Ws, .:....; £4 


A. AR: ARR. ARRR. ARRRR, Of. 
"A. AR. ARf; AB? . AR?* ,. 6s 


A, A A, A; Se. Pur 


Or A OSS. TIS 
\R' R? Rs Rt. 


Where the former is expreſſed by the way of a continual Multiplication; hy Ry 
the latter by wiy of a Contimil Divifgon, -by R'; (or co f Mialgiſictin 
— Ml. : 1 
But the moſt Natyral and Simple Progreffion Geometrical, js when js þegigs 
with I. }.i8:000; 


1z,R,R*2.R8. R*. RY. &e. 


When it begins with any other Term , (as A, in the former Progreſſiqn,) it is 
in offe but ſach a Progreſljon as this latter, multiplied into that ſt my 

all alove. mM 
owes ſach a Geometrical ek, ory By is uſual t9 aRank of Eng 
£1 


metical Proportionals, which are caHeg th nents or Iadices of the 
in that Geometrical Progrefſion; As W 
Exponents 0+ 17 s. &c, ; 


+ 4 oy” 
Terms I, R, R*- | Wh R*, K. &c | 6f 


— 


| | 
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Of which Exponents there is great uſe made in ſeveral Operations concerning 
ſuch Geometrical Progreſſions z For the Addition and SubduCction in the Expo- 
nents, anſwer to the Multiptication and Diyiſion in the Terms-6f the Geometri- 
cal Progreſſion; and from this Notion, the whole Doctrine of Logarithms takes 
it riſe. | 

Concerning ſuch - Geometrical Progreſſions, divers Queſtions alſo are wont 
to be propoſed : As . I” 

Having the firſt Term given, with the Common Multiplier, (or the Exponent 
of the Common Proportion, ) How to continue the Progreſſion, or find any 
Term therein required. : 

And having the: Terms given, (or the Firſt Term, the Common Ration, and 
the Number of Terms,) how (without continual Addition of all) to find the 
Sum or Aggregate of them? | 

With many offzr Queſtions of like nature, which are to be found in the 
ordinary Books of Pradtical Arithmetick ; and of which I have diſcourſed at 
large in my Book above-cited, Cap. 25. 31. 33- 34- And therefore do but here on- 
ly - ww a it, becauſe of what uſe we are to make of it in the followuig 
Diſcourſe. - 


CHAP. XXIL . 


The Nature and Compoſition of SQuA RES, CuBE S, 
and other Powers. 


(as they are ſometimes called, (borrow their Names from Geometri- 

cal Extenſions; a Line or Side, having but one Dimenſion, that of 

Length; the Square or Plain, two Dimenſions, Length'and Breadth 3 
the Cube or Solid, three Dimenſions, Length, Breadth and Thickneſs; (beyond 
which, as to Local Extenſion, Nature proceeds not: The nature of Place or 
Space, admitting no room for more-ways of Extenſion.) 

But the nature of 4 being more Abſtract, (and not confined to Local 
Dimenſions,) Extends it ſelf as far as Ration or Proportion may reach : (Which 
is the proper ſubject about which it.is converſant.) And therefore may equally 
be applyed to any thing (whatever it be) that is capable of Proportion. Line 

id, Time, Weight, Strength, Number,” or whateyer elſe that ma 
be eſteemed to have Magnitude (as Exclide calls it.) or Quantity (ag now we 
to ſpeak;) according to which we ſay Quam, How much, How great, How ma- 
ny, Cc. and according to which one thing is ſaid to be More, Leſs, or Equal to 
other of the ſame kind. For all ſuch things muſt haye ſome Magnitudes, Great- 
neſs, Quantity or Muchneſs, Rm to which they are ſo compared ; which 
is meant by Exclide's wi7xos (Magnitude, or Greatneſs) and our Quantity (of as 
_ __ as the Latines Adverb-of Compariſon Qx«m, from which it is de- 
rived. 

Now theſe Powers (though ſome of them borrow their names from Local Ex- 
tenſion, becauſe of Exclide's mentioning Plain and Solid, Square and Cubick Num- 
bers,) are in propriety, no other thana Series, or Rank, or Progreſſion of Geo- 
metrical Proportionals from 1. Of: which, 1 (One-or Unite ) being the firſt 
Term, the Root or Side is the Second Term (which determines the Commun 
Ratio, the Rate of Progreſſion, and is the Common Multiplier; ) the Square, 
Cube, Biquadrate, ard conſequent Powers, are the Third, Fourth, Fifth, and 
the following Terms. But becauſe 1 (the firſt Term, hath in it no dimenſion of 
the Root, the Root but one, the Square but two, &c. therefore the Exponents, 
(in Arithmetical Progreſſion,) we commonly reckon as beginning with 03 and ſo 

each 


+: HE Side, Square, Cube, and the* conſequent Powers of Dignities 


.» 
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or 


each Exponent or Denominator of the Power or Degree, expreſieth how man 
Dimenſions (of the Root) are in each, or how many BD it is from x, F 


Enos. vr. $8 $$ - Yy > Sc. 
Powers 1. A. AA. AAA. AAAA. AAAAA. &c. 


And this (though I do not find it commonly taken notice of, ) is the ſame 
thing which Euclid intends, when he deſigns Proportions Duplicate, Triplicate, 
Quadruplicate, &c. (in the 13th Definition of his 5b Book.) For A, (orAto 1,) 
being the Exponent of any propoſed Proportion ; AA is the Exponent of its 
Duplicate z AAA of its i and fo forward. 

So that now we need not be frighted at the uncouth names of Squared-ſqaare 
Superſolid, &e. as importing more Local Dimenſions than Nature can admit ; 
For theſe hard names are but Bugbears, and do but import, a continual repe- 
tition of the ſame ton fo many times compounded, which may proceed 
infinitely without ſtint. For 1t is to ſoleciſm in nature, toluppals (for inſtance) 
an Unite (or Quantity expoſed) to be Doubled, and Doubled, and Doubled a- 
gain, &c, or Trebled, and Trebled, and Trebled again, cc. as off as there is 
occaſion without ſtint : Which ts nothing elſe but the Root, Square, Cube, &c. 
of ſuch Progreſſion, whoſe Root is;2 or 3, -&c. 

Having ſaid thus much to expreſs the true notion of this Progreſſion of Pow- 
ers or Degrees (by whatever names they be diſguiſed,) we are to conſider the 
Notation of them, how they are wont to. be exprelſed , which is different ac- 
cording to different Authors. Our lateſt Writers, ſince Harrioe, do for the 
molt part content themſelves with expreſſing the number of Dimenſions. As 
for initance, the ſixth Power, or (for ſo I would be underſtood), the ſixth De- 
gree beyond that of Unity, (containing fix Dimenſions of the Root,) thus, 
AAAAAA , or -aaaaaa, or (for brevity ſake) A*, or «5, (and perhaps beſt of 
all.) The Arabs, and thoſe; who follow them, (as did all our Exropean 
Algebriſts before Yieta, having learned it from the Adfoors, ) would call it rhe 
Squared Cube , andnote it thus AFG &, orQC, (for'the Cube containing 
three Dimenſions, the Square of this would contain fit Dimenſions; ) ha- 
ving given to the Power next before it ,. (of five Dimenſions, whoſe ExT 
nent 1s a Prime, or incompoſite Number,) the name of Swrfoljd. (For {© their 
manner was, to giveto every degree whoſe Exponent is a Prime Number, a new 
Name ; and to others whoſe, Exponent is a Compound Number, a name com- 
pounded of thoſe fitted to their component Numbers : As here, for 6 = 2x 3, 
the Squared Cube, or Cubed Square; (but Mr. Oughtred, following Victs and Dio- 
pham«, (and others who follow them, would call it the Cxbo-Cube, (having gi- 
ven the name of Quadraro-Cubt to the Fifth Degree, which the Arabs had called 
the Firft Sprſolid,) underſtanding by it, the Cube Mwltiplied into the Cube, (not, 
the Cibe of the Cube, for that woitld be the Ninth Power.) Which I ſuppoſe 
was done, becauſe Diophantus found not. in Exclide any other names of Compo- 
ſite Numbers than thoſe of Squares and Gubes, or of Plain and Solid Numbers. 
(Which makes me think that the Arabs who reckon otherwiſe, had not their At- 
geora Originally from the Greeks, but elſewhere, from the Indians, of whom 
they borrowed their Numeral Figures, as we have done from them.) So that Aqc 
in Ozghtred ſignifies the Fifth power, and Acc, the Sixth power ; (and ſo every 
where, q importing always two Dimenſions, and c three Dimenſions ; and there- 
fore qc, five Dimenſions, and cc ſix Dimenſions. Yet doth he not ſo confine 

- himſelf to this way of Notation, but that hz doth fometimes make uſe of [2] 
C3] C4] [5] [6] Sc. to denote 2, 3, 4.5, 6, Dimenſions ; &c. 

This different way of Notation therefore, in different Writers, is to be ob- 
ſerved, that we may underſtand each in his own ſenſe. 

Now this being the nature of theſe Powers, ir is eaſy to diſcern that they” 
are all made by continual Multiplication of the Root : So that if the Root (or 
next place after the Unite) be A, the Square (which next follows) is AA, or 
Aq; the Cube (which is next to the Square) is AAA, or AqA,or Ac; the 


Squared-ſquarc (or fourth Power) is AAAA, or AcA, or Aq Aq; the Fifth , 
N is 


— 


5a 4 »-—, DO EE IC > —doteo 
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is Aga A, or AcAq,or AAAAA, (for all theſe be Equivalent,)' that is A#/ Aid 
ſo onward 8s there 1s occaſion; '':: - ; " 

And according to this, Mr. O»ghtred forms (what he calls) his Former Table 
of Powers, where the Root is one lingle Figure z which he calls a ſingle Root. 


The Former Table of Powers. 


FJATTATTATT ATT A7 uy 
Aqc| Acc | Aqqc | Agcc | 
i| i, 1 EE | BRSRE 
4] 8] 16] 32] Gy 128] 256 
9| 27] $1] 243] 729] 218] - 6561] 
5| 64) 256| 1024] 4096 - 16384] 65536] 
12g|125 625] 3125] 15625 18125 390625] 
36[216 1296 7776] 46656 279936] 1679616] 
49 343/240 1168071 17645 823543] 5764801] 
64|51214096132768262144]2097152]1677721 
81 [7291656 1159049)s3 1441 -782969143046731 


I 
2 

> 
Ks 
> 
Q 
Q 


© &|w | on + ]jw}n = | > 
D 


Where we have in the firſt Column the Root, Side or Number, (for by all theſe 
names it is uſed tobe called,) extending as far as the Nine' fingle Figures : In 
the ſecond, the res or Second Power anſwering to each of thoſe Roots: 
In the Third, the Cube or Third Power: And ſo onward, to the Eighth Power, 
and may be continmed farther as there is occaſion. 

And from hence we may take without more.adoe, the neareſt Root (Qua- 


dratick, Cubick, &c, reſpettively) of any Number, whoſe Root requires not 


more than one Figure, and the reſpective Power of any ſach Root. 

But becauſe in ExtraCting the Root of great Numbers, it will be neceſſary to 
ſeek out the Root by piece-meal, (as we do the Quotient in Divifion:) He doth 
afterward conſider the Root as coeſiſting of two parts, A4+E, (which he calls 


Pa Binomial Root.) whereof one part is ſuppoſed to be already known (or to be found 


by the —_— Table,) and the other (unknown) to be found by the help of 
the following Table; which he calls his Latrer Table of Powers. 

In order to the conſtruQtion of which Latter Tabte, the firſt Multiplies his 
Binomial Root, to find the Square; and this again into the ſame Root, to find 
the Cube ; and this again.into the ſame Root, for the Biquadratick : (And ſo on- 
ward as far as there is need,) thereby to diſcern how much each part of the 
Root is concerned in the Power conſequently in the proceſs of inquiry, 
how much is already known, and what remains further to be ſought our. 


A 
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A+E. Root. 
A+E. 


Tat 
AE + Eq 


Aq-+2AE+Eq. Square. 
 A+HE 
. Ac+2AqE-rFAE 
ws AETiafg Fc 
Ac-k3AqE+3AEq+Ec. Cube. 
A+E \ In 


AqaF 3 AcE3Aqtq+AEc . 
AcE-+3AqEq+3AEcTtEqq 


Aqq+4zAcE+6Aq Eq+4AEc+Eqq. Squared ſquare. 
A+SE.. &c. I0 


From this Proceſs, he finds , that (for inſtance, ) the Square is made up of 
. Four pieces, the ſquare of A, the Square of E, and Two'ReCtangles of AE. 
| The Cube of Eight Pieces, the Cube of A, the Cube of E, Three Solids of 
x E, and three Solids of AEq.' And fo of the reſt, according to the Table 

owir 

Of . . 
Cube,) and ſo of the reſt, are called Dzagonals; the Intermediates are called 
Complements , which Complements, together with one of the Diagonals, are cal- 
led the Gnomon. © ns 

The reaſon of which named, is in the Square more ob- | _m— 
vious, (and to' the' reſt, they ate applyed by way of ac- | 
commodation.) For Aq, Eq, on Squares of A and E) ſtand 
in the oppoſite Corners, and A X (two Rettangles, whoſe _ 
_—_— is A, and breadth E) ſerve to compleat the Square; | 
and theſe two with Eq (contained in the Remainder of the 
Figure, when Aq is taken out) make ſuch a Figureas they | 
have thought to call by the name of Gnomes, The like | 
may be ſhewed in the Cube, which beſide the paxtial Cubes Ac Ec at the oppo- 
ſite Angles, contains three Parallelepipeds, whoſe Lengrh,, Breadth and thick- 
neſs are AAE; and three others, whoſe length, breadth, and thickneſs 
are A EE. (The three former, with'.the flat ſides fating tg Ac ; the three 0- 
ther-with their ends abutting og Ec,) In the Stperior Powers. (becauſe Nature 
admits not of more'than three local 'Dimenſions ;) the Cbmponent parts are 
beſt ſhewed by the Multiplication in Species, as above. ': : 


A 


\ | { 
ich the two Extremes (Aq, Eq, in the Square, and Ac, Ec, in the. 


Ll. ah. a. =—— 
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The Latter Table of Powers. 


"TiwoT 
| Aqqcc 
[5 roAcccEl\ 
S 
- 
S [2] 
A 
A q 
2AE 
E 


Or it may be thus expreſſed ,, by the Number. of "Dimenſions; without: the 


Notes q C. 
| 6 di F125 þ 0 nl; 
-- | Lo} | . 
| : [7 "To 
' 7 | | A? 
. ' TOA? 
A! ! g'&8 14þ 
|, TRA 614 26'A7E*|, ; 
S\[21 | 8 A*B7|' 120 A! Ef 
z A#} e1t-A! E* ' 84 ASE? þ 
A® 4 A? $6 A ET 210 A* EF 
2 AE 35 hs © 126 A' E? 
2A 6A*E' o A* E* 253 A' E' 
k AE 235 A3E!? 126A*E' 
E 4AE 6A3E}- 210 A* E 
E' 21A*E 84 A3 E* 
28 A> E* 120 A3E 
TAE 36 A®*E7 
| SAE 45S A*E 
E' 9g AE 
E* 10AE 
I F? 
we > E' 


Now in this Table it is manifeſt upon the firſt view, that all the Species in 
each Power are of an equal Number of Dimenſions, (that is, ſo many as are 
the Dimenſions of each Power 3) and that they be all continual Proportionals: 


For 
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For in every ſtep downwards, A loſetht one” Dimenſion, and E gains it. ( The 

per-tv'the' lower, is ſtill'as-A'to'E: and the-lower to the upper, as E to.) 
Sorhat it is very eaſy, for any .Power affipned; to find the Specits. | 

It is maniſeſt a}ſo-that each Species'in t Supetior Power, is/made'up of: two 
Species: (nexradjoining)' inttiat next before it; namely, the Species of A uthat 
aboveit; and of E',- in-that below it. As (for inſtance, ) in the Fifth Power, 
thethird Species AVE”, (before which, in' the' Fourth Power , ſtatid nexr to it, 
A? E,A? E>dtakes from the former A3,and fromthe latter,E* ; and ſo eyer; here. 

The Number rid by Hit as of the intetttediate Species or Con ents 
ar each Power;- (whith by Hitt are calle Vai, and! ſerve to ſhew how's 
ob. rtioſe Complenients/is/to-be'takely;) is'Mll'niadeup of thertwo rtitthiers next 
Mjvining in- rheforeging Power. Av for inftiinee; (Xt BE mack} 15 
prefixed to A3 E?, is the Aggregate of 4 and 6,, prefixed _ to AF Eand A®E* in 
tes foregolag! DOWN. - S5* thee this Fable being] once” Vepdt\, is eaſy con 
(as far! as there is cect, both as th the Species'or contintial Propor- 
riovals; and 6 tothe Nuttdersp ro'theitt: 0 

Now as to the Signs + and —, whereby the ſeveral operon ſach 
Power'ars carmeged to conffitete the while Power off fick a'Root' ne vii 


LEE gs 


, s ) B 
' where the tbe Di: 


Þ=+ (Baſe intb— makes 

erg foes 

ite un ode ps 

But in the Square, Biquadrate, (and others of an «oh ) 


all be -; becauſe every where an even number of Negatives. 


'Tis manifeſt alſo, from the natuxe of theſe Continua hs pn in what 
place or ſeat every of them is't6 ſtand, - (as is uſual) in a Root of 
two Figures, the former of them tobe A, aud the Iatter'B: (For though any two 
parts which make up the Root, may be called AandE; as if the Root be 7, A may 
be 4, andE 3, Yet as to the extratitig the Root: of Number, which is here 
chiefly deſigned, 2 i _ expedient 11 Praftift tb conſider each Figure of the 
Root apart by itſelt. Cl Ls . 

For nad”. the Root to be y73; off which. (that is go) I call A, and, E; 
then is Aq, or 25 (the Square of 5,1). to not/in-the-place of Unites but of 
Hundreds. For though 5 times 5 be indeed bur 25; yer » being indeed g0,) 
go times 50, is 2500. (So hap if 1 do\ not writedown the two final Cyphers, 1 
am at leaſt to leave room fot” them.) But'Eqgthat is 7 x 7 = 49, is to ſtand inthe 
place of Unites, 7 being here but {5 many Ututes, without any Cypher underſtood, 

Then for the intermediate A'E, (hich I afn to take” twice, or which is the 
ſame, the double of it,) A*E, that oy x7, 1s 35, Which is to ſtand in the place 
of Tens. Becauſe. ( a 7:15 indeed byt;7 ,- yet) 5 [tands heftr for' gog. ard 

ore this 3 5, is ſo many Vers; "thatis5o x7 = 3500 

Ss 7 Root. (So. that-I-onght- either to- write down” the! frhal' Cy- 
— " pher,. or whichris equivatent, leqye'a place vacate for! 
A = 7 F it.) And conſequently: (thedoublethereof,)70-='2 ABg 


= Gnothon. is 36 ffand there alſo ; And rhirwholy Sayers (wade up 
48 of its ſeveral pares): is to ſtand inthis | 
3249] Square: Inlike rhanner fbr the Cube,, if Abe's; (that is 50,) 


_ and E be 7, then Ac\is $.*Fx5= 125, to ſtand pho 
place of Thouſands, (with three vacant places after it, 2 as being, indeed 
x FO-x 5H = 125600, Ang Aq,B,. that is,.5 w5jx7T= I75, inthe- placeiof 
Fanereds (with two vacant places,) as —_— gox'50 x 7'2= 17500: And 
therefore itsTriple,z Aq E = g25 isthereto alſo,as being indeed 52500.And 
the other Bomplement AE q, that Is 5 x 7x 7 = 245, 1s to ſtand  - _ 
| rward- 


each * 


Compoſition of Squares, 8c. CHae. XXII. 


5 ; forwarder) in the place of Tens, as being in- 
A ” pan deed 50x 7x47 = 2450; and therefore its Tri- 
125 A r | ple is there to ſtand alſo, 3 AEq = 735; as being 

$23 +. $ Gnomon. indeed 97350. But Ec, that is 9x 7x97 = 343, 

735 PAEQ in the place of Unites, becauſe here there is no 
_—.. Cypher wanting or underſtood ; ſo that the 
1 85193|Cube. whole Cube, with its ſeveral parts will ſtand 


thus. 

And the like is to be underſtood in every of the other powers, each part isto 
have ſo many places left vacant, as there are Cyphers to be underſtood wanting : 
And conſequently each of the intermediate Species, to ſtand one place forwarder 
toward our right hand, as having Cyphers wanting fewer by one, than that 
next above him. | | 

Now what is here ſaid of a Root conſiſting of Two Figures, is in like man- 
ner to be applyed to one of Three or more Figures; proceeding gradually there- 
unto, as is uſually done in extraCting ſuch Roots, (in order to which this is prin» 
cipally intended.) / 

As for inſtance, if the Root be 57209 , firſt ſuppoſing A to be 5, its ſquare 
will be 25, but with eight vacant places becauſe of ſo many Cyphers to beun- 
derſtood, (twice as many as are after 5 in the Root 3) and ſuppoling E to be 7, 
its ſquare will be 49 z but with ſix vacant {paces, (twice as many as follow. in 
the Root,) and 2 A will be 50: but with ſevenvacant places, (becauſe of four 
following the 5, and three following the 7, in the Root:) All which makes the. 
Square 3249 as before, but with ſix vacant places, becauſe of ſo many Cyphers. 
nnderſtood ; that is, twice as many places as fallow 57 in the Root. | 

Next, ſuppoſing 57 to be A, and its ſquare ady found) 3249 (with fix 
vacant places,) and E to be 2, and its Square 4, (with fonr vacant places,) the: 
double Reftangle will be/228, (with five vacant places,) and the Square to thus 

much of the Root 327184, with four vacant places, that is, twice as many. 
as follow 572 in the Root. . +. | r: p# 


5 ol 2 o 9 Root. 


25 vg 02 
: 170 Þ p 
(7 498 q $Gnomon. | 


— 


_— 


22]3 [2X 


32 49 [> 
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32 7184 os Aq © 


102 960 2A | 
| $1 E q Gnomon. 


3272869681 . Square. 


Then becauſe o follows in the Root, this will make no other alteration 
but adding two Cyphers in the Square. ; 
| And laſtly, putting A'=- 5720, (whoſe Square is already found) and E = (9g, 
( whoſe Square is 81,) the double Rectangle 1029603 all theſe ſet each in its 
own place, make 327286948 1, the Square of the whole Root 57209. 

In like manner, for a Cuþe of the ſame Root, putting A = 5, (that is, $0090) 
ics Cube is 125 , with twelve void places, (that is three times ſo many as are 
the places which follow 5 in the Root ; becauſe goooo x goooo x 5Eo0L0 — 
125,0000,0000,0000.) And E = 7 (that is 7000,) its Cube is 343 (with nine yoid 
places.) And 3 AqE= $525 (with eleven yoid places.) And 3 AEq = 735, 
_ ten void places:) Which makes the Cube 185 193, (with nine void pla- 
CesS- 


Then 
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187 149 248000 Ac 
88 329 680 0 3AqE 
iy 899 66 3A Gov. 


Then taking A= 57, and E=2, we ſhall in like manner-have the Cube 
hereof 187 149 248, (with ſix void places) for the Root 572. : 

And taking A = 572, with E =o, the Cpbe will be the ſamewith three Cy- 
phers annexed, and three void places. [41 66404 | 

Laſtly, ay He $720, ndE = 9, the whole Cube will be 287 237 St 
$79 7295 aS101 a adjoined. o 45! wr 

And the like is to be done in the Compoſition of other Powers, according 
to the nature of each, deſcribed ju the Table foregoing. 's o 739 

Which yet is not ſo to be underſtood, as if {the whole Root being at firſt 
known,) it might not be dane (if only the finding ſuch a Power were uwtended) 
by the ordinary Methods of Multiplication : But the compobeat parts are thas 
propped UNY for our di n, when we are (by parts) to inquire the 

t of ſach a Power propoſed. 


. 
. . * . . - . . 
2. FS a + Ta <a. " . : WY —_—— Alt. 
_ ——— _ — — _— ht. AM... th. — — — —_—_ — — 
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ExtraSing the Root of a SQuArs, Cup 8, and other Powers 
or Figurative Numbers, ' 


Powers, we proceed to the Analyſis, Solution, or ExtryQting the Rocg 
Foe 5 ; (by points ſet we 

It 1s convement to diſtinguiſh t over or ntidet 
the proper Figures,) the Number propoſed ito ſeveral por c tothe na- 
ture of the Power whoſe Root we That far the Square into 'Two's ; for the 
Cube into Three's ; for the Biquadrate into Fours z fo in ton for the 
other Powers, beginning always at the laſt or loweſt Figure, which is the place 
of Unites. As for inſtance, in the Square laſt found, to be pointed thus 
g272869681 : And the Cube laſt found, to be pointed thus, 187 2 37 60x 580 329. 
And ſo many points as there happen to be in the Power ſopointed, ſo many F1- 
are we to have in the Root ſought. 

The reaſon hereof is evident from their conſtitution declared in the Chapter 
foregoing ; for, ſuppoſing their Root to be (as it there appears) 57209 3 'tis 
manifeſt that the Figure 5 having aſter it four places in the Root, the Square of 
| it 


| Sh: the Geneſis or Compoſition of the Square, Cuþick and other 
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it 25, muſt have eight places after it in the Square 3 and its Cube 125, muſt 
have twelve places after it in the Cube. For 5 with four Cyphers, multiplied 
into 5 with four Cyphers, will make 25 with eight Cy- 


5, 0c00 phers, and this again into 5 with four Cyphers, will 

5 0000 make 125 with twelve Cyphers after it: And ſo rata- 

_ bly elſewhere, every Cypher (or place) following g Fi- 

23, 0000, 0000 gure in the Root, makes Two in the Square, Three in 

WE __— the Cube, Four in the Biquadratick, and iutably in the 

125, 0000, 0000,0000, other Powers : And the Pointings are therefore ordered 
accordingly. 


(for 36 the next above it, is Digper than 32:) This therefore I take for Aq;z 
F 


Root. 

But (being to ſeek it by parts) I will firſt take it for the firſt Figure of that 
Remainder ; toward -# q7 4 already A—=x, and erage & =1o: 
And I-am to feek (for the next Figure of the Root) the greateſt ſingle Number 
that this Remainder will bear. Which (upon trial,) I find to be 7; for taking 
2A=10 as a Divifor, and inquiring how oft ten uy be found in 77 (the 
Proper ſeat of 2 AE,) 1 find it may be had 7 times, (and a ſufficient Remainder, 
with the following Figure 2, for Eq, there to be taken, ) but not oft'ner. Ta- 
king therefore:E = 7, for the ſecond Figure of the Root ; and conſequently 
2AE=70, andEq= 49, IfubduCt both'theſe (as a partial Gnomon to the 
Square of 5,) each in his proper place. And I have then ſubdulted the'whole 
Square of 57 (in its own place 3) and what remains 2386 &c, is the Gnomon 
to the Square of 57 (that 1s, in this place of 57, 000.) Which Square I hence- 
forth call Aq, (as being now wholly knownand ſubdutted,) and its Root 57 =A; 
And-tmquire (as before) a new E for the Third Figure of the Root. 

I inquire therefore how oft 2 A = 114 (as a new Diviſor) may be found in 238 
(the proper ſeat of this A E;) and find it Twice (with a ſufficient Remainder :) 
And therefore put 2 = E for the Third Figure of the Root, and ſubdu&t 228 = 
2 AE, and 4=Eq, (or theSum of them) each in his own place, and have re- 
maining 10296, &c. for a new Reſidual. _ : : 

Then taking A'zz 572, (whoſe Square is already ſubdufted,) in order to ano- 
ther E, I ſeek (as with a new Diviſor) how oft 2 AE=1144, may be had in 
1029 (its proper place,) and find it not once. Therefore putting o for the 
next. Figure of the Root, without __ SubduCtion- ( fince nothing would 
ariſe to be ſubdufted,) I remove my Diviſor (increaſed by a Cypher now added 


to the Root,) into its proper place z and ſeek how oft 2A = 11449, may be 
had in 102968 (its proper ſeat of this 2AE,) and finding iwg times ( with a 
ſufficient Remainder, (I put 9 for the laſt Figure of the Root ; and ſubduting 
102960 = 2AE, and Eq= 81, (each in its proper place,) nothing remains. 
Whereby it Spears, that 572eg 1s the juſt Root of the Square propoſed. The 
Operation is annexed at large. 
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Oick = before 1 annex to the Diviſor ; and this Mul. 
.tiplied by 9, and SubduCted , leaves ing. Wheteby 
ivappears (as before) _ 57209 is the juſt Root. This 


In like manner for the Cubick Root, With ſuch altera- 
tion 2s the different conſtitution of this requires. 


Oo 


— 


: Þ:: =—_ 3 
100 Extratting of Squares, &C- CHxpXXII. 


_—_— 


- and 3A = 1716, With which] ameto inquire for E; 


As for inſtance, 1a the Cube before found, 187 237 601 580 329 ; if be to 
ſeek its Cubick Root, I firſt order the Pundtations:( according as this Power 
requires,) beginning at the laſt Figure, and allowing three places to each Pun- 
Cation, ſo far as the number of the Figures inthe Cube propoſed doth admir, 
(of which the laſt to the left hand may chance to be imperfect, as having but 
one or two Figures which is likewiſe to be underſtood in the caſe of any 0- 
ther power.) And by the number of Points, I find that my Root is to have five 
Figures. : ws ; 

Then in the firſt PunCtation toward the left hand, (which is the laſt from 
the right hand,) 287, I find (by my ſelf or by help of the former of the 
two Tables in the Chapter foregoing) the greateſt Cube therein contained, to 
be 125, which I call Ac; and Its Cubick Root 5 = A: Which being ſubduCted 
from 187, leaves 62, which with the following Figures, is the whole Gnomon 
to that Cube; that is, 3 AqE+3AEq+Ec: Which I am to find out by 
parts, beginning with the next Figure of the Root, which I now call E. 

Towards this I know already 3 A J=75 , and 3A=15; with which (each 
in its own place) as with a Diviſor, I ſeek-the biggeſt Figure to be takenfor E, 
and find it to be 7 : (For ſo many times 75 may be found in 622, the Numbers 
over it, with a ſufficient Remainder for what follows, but not oftner ; for though 
(75 may- be found 8 times in 622, yet the Remainder 22 will then be ſo little, 
that this with the next Figure 223, -will be too little for 3 AEq; that is, upon 
the ſuppoſition, 15 into 8 times 8, which is 960:) Therefore, taking E= 7, 
I find z:AqE=75x7= 925; and 3 AEq=15x7x7=735, and Ec == 7x7 
x 7 = 343. All which (each in its own place) being put together, make 60193 
which is the Gnomon for this Operation, or the Ablative quantity, which (with 
A c before deducted) makes op the Cube of 57. *( Which Cube, I now call Ac 
for the next operation; and its Root 57 = A.) Ard having ſubduCted that 60193, 
out of (the Numbers over it) 62237, the Remainder after ſuch ſubduCtion 
2044 (with the Figures following it) are the whole Gnomon now remain- 
ing. Whoſe next Figure at preſent I call E, for a partial Gnomon as before. 

[Toward thefndingithis third Figure, we have already;3-Aq —3 x 57x 55 = 
9747%:and-3 A: 4 5722172, which (cach 11 is own place,) I make uſe of as 


- a Dior, and (upvn orgy» find- 9747 to be contained twice in the Num- 


bers over it 20443 "(with a ett-Remainder) þut not-oft'ner; and therefore 
I:takefor the next; Figure: of the'Root, E= 2, And therefore 3 AqE = 19494, 
and 3A Fq =684x(208; Ec->842mbich (cach igics own place) added together, 
make this particular Gnomon-2936348,  compleating the Cube-of 572. And 
(being ſubdutted) it leaves 88353 &c. tor the;xemaining Gnomon, . 
.  Thento find.the-fourth Figute;: having yow ERS wa7ar $72= o81g52, 
or E; 1-find-that 981552 can- 
not once be had.in'(the Numpres.-vvex;.it).. 883535. - Therefore. putting 9, for 
the next Figure of the-Root,' I take A'= $7303, and thereforez Aq=9815 5200, 
and 3 A = 19160; by, the helpot, which, inquiring for E the laſt Figure of the 
Roar, t find E=g. (For 10 many times may;theſe-be foundin the Figures over 
their proper places; with 'q ſufficient furpluſage for EY y And- therefaxe 
3AqE —=88339680, 3 AEq =1389960,vE0= 729 ; all :which- (in;their 
proper places) being ſubduQted from (the-Figures over them) 88353580329, 
leave nothing remaining :: And therefore 57209 isvhe juſt Root of that Square. 
As in the Operation annexed doth-appear.. , * « x14 an * nk, 
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137 237 601 580 329 (57209 
125 Ac 
62 237 &c, Reſidual. 
hy > 3496 
; 15 * 34 
65+ Diviſor. 
52. F*- 34Aqer 
7 .35+ 3AEq 
- 343 Ec 
60 193 Gnomon. 
2 044 601 &c. Relid. - —_ 
974 7 3Aq 
In. 94D NS - 19 GN 
946 41 Diviſ: 
1 949 4 3AqE 
6 84 3AEq.- 
3. Ec 
1 936; 248 Gnom. 
88 253 580 &c, Reſid. 


98 135 2 34Aq 
17 16 3A 


98 . 172/ 36: 'Diviſor.: = * 
33 353. 580 329 Reſtd. © 


9g 815 $520 9, z3Ay 
17.4 60 3 A 


9. 815 691 60 Diviſ., 
83 339 68d © ;zAqE 
13 B899- 60 ; Abq- 


729 Ec 
88 235 7 580 329 Gnom. . 
44 600 ©00 | 


'The ſame method 13 to be uſed in ExtraCfting the Root of. the other Powers; 
the PunCtations, Diviſors and Gnomons being io. ordered in. each, as the conſti- 
tution of each Power requires, "a AP GOe'Y nfs 

If (in the extraCting of any ſuch Root) after the operation. is thus continued 
as far as the Place of Unites, there be yet any Remainder left (as will be in 
caſe the Number propoſed be not exaCtly ſuch a Figurate Number or. Power, as 
in the ExtraCtion is ſuppoſed,) the Operation may be further continued (if more 
exaQtneſs be required) by adjoining beyond the _place of Uniees: as many. Punſta- 
tions of Cyphers, (that is ſo many Two's for the Square, Three's for the Cube, 
Four's for the Biquadrate, &c. (as the deſired accuracy ſhall require; and. then 
proceding in the Operation, in like manner. as in Integers : Where the In- 
regers in the Root, may be continued by as many places of Decimal Fra- 


ions. | | 
 Onthe ſame Principles (with theſe of {ingle Powers) depends the Numerical Ex- 
trating the Roots of ( what, they call) AﬀeRed Equations; eſpecially. thoſe 
which exceed Quadratick Equations. As if 247617936 = Rc + 1007 Rq.. , 
O 2 The 
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The chief difference is, that the Number given to be Reſolved, is not either 


a Cube or a Square, but an Aggregate of one Cube number, with 1007 Squares, 


all of the ſame Root R R, which Root is to be ſought our. 


And here for every Figure or Member of the Root, we are to ſeek not only 


the ſeveral Members of the Cube, but of the Square alſo, (and each of theſe 
latter Multiplied into 1007,) and all of them, each in their own proper ſeat, 


to be ſubduCted. | 

And the like for other Equations, however affected, whether with more or 
fewer parts, and whether conneCted with | or — , in all varieties: Of which 
we are to ſay more in the next Chapter. 


CHAP. XXIV. 


E have in the former Chapter conſidered of Squares, Cubes, 


Of Mixt Extraftions ; or the Roots of AﬀeFted Equations. 
and other Powers, ſingly conſidered (each by it ſelf, and 
ſhewed how the Power being given, to find the Root of it. 


As for inſtance, ſuppoſing 32 72 $6 96 81 = Rq, a Square 
given ; How much is R, the Root thereof? And we found it R = 57 209. 
In like manner, ſuppoſing 187 237 601 580 329 =-Rc, a Cube given; what 


is R, the Cubick Root thereof ? And we found it likewiſe tobeR = 57209. 
Now in caſe ſuch Number were aſſigned as equal to 2, 3, or more ſuch 


Squares or asequal to 2 3, or more ſuch Cubes, As 65 45 739362 = 2R q. 
On 374 475 203 160 658 = 2 Rc; andit be inquired what is the value of the 
oot R. 


In this caſe we have two ways to take, either to divide ſuch double Cube or 
Square into two Equal parts, (or into 3, 4, or more, if equal to 3Rq, 3Rc, 
or 4Rq, 4Rc; &c. according to the Number of ſuch Squares or Cubes, ) 
whereby we have the value- of one ſingle Square or Cube : And then ex- 
traft the Root of ſuch ſingle Square or Cube, (and the like for higher Powers,) 
according to the method before given: Which is the moſt natural and proper 
way of go when it may be done. 

Or elſe (becauſe ſuch caſes oft happen in what: they call Aﬀetted Equations, 
as will not permit this,) we may out of ſuch double Square or Cube, &c. take 
the double of each Member, which is direCted in the ſingle Power, (and the like 
tor any other Multiple.) As when (putting R = A+E,) the Component Mem- 
bers of Landy 2AE,Eq; thoſeof 2Rq, muſt be 2 Aq, 2» 2AE,2EKq; 
and then (this obſerved) the Proceſs will be juſt as before. In like manner for R c, 
the parts are Ac,:3AqE, 3AEq, Ec; but for 2Rc, they muſt bez Ac, 
a*3Aqet, 2x3AEq, 2Ec. And ſo for higher Degrees reſpeCtively, ac- 
cording as the nature of each Power requires. | 

But this latter direCtion is given, not principally with reſpedt to the Multiple 
of any one Power by it ſelf, (for that may be done by the former;direction well 
enough, withont the trouble of this ;) *But' with reſpect to a further complica- 
tion; when (as-in what they call AﬀeCted Equations, ) ſeveral ſorts of ſuch 
Powers of the ſame Root, are complicated in one Aggregate or Reſidual, (con- 
nected by -J- or —,) and we areto find out the common Root thereof. : 


Thus, if R c= 187 149 248; I find by extratting the Gubick Root, the valug 
of R=572. Orif Rq=327184; Ifindit in like manner, by extraCting 
the Quadratick Root. - Or if 2Rq-- 65 43 68; 1 firſt take the half of this as e- 
qual tooheR q, and then extraQt the quadratick*Roor of this, for the value of 


But 
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But 1n caſe: neither of theſe be given ſingly , but only the A te of 
R c-+ 3Rq= 187803616; or theRefidual R&-2Rq = 186494880; and I 
am by this to find the value of R: I muſt then at every ſtep,, rake the ſingle 
Members for R c, (each in its own place,) and the double Members for Rq, 
Gach in its own place;) and theſe added to the former, or ſabdutted from the 
ormer , according as the ſign 1s -- or — ; and ſubdudt ſuch fum or difference 
from the number propoſed, and ſo praceed to the next ſtep. 

. And in order hereunto, I mult give to the number propoſed ( fuppoſe 
186494880 =Rc<—2Rq) a double punCtation; one in reference to Re (al- 
lowing to each three places;) another in reference to Rq (allowing to each 
too-hlces.) that I may readily aflign to every Member of each, its own place. 
(And if there were a complication of more Powers, there muſt be more Pyndta- 
tians; that every one may have its qwii,) | 7 

Nor need it ſeem ftrange to any, as if (by ſuch Addition or SubduQtion of 
Squares, Cubes, and other Powers, ) we did Add and Subdu@ Heterogeneous 
Quantities (which are not capanis of Addition, SubduCtion, qr Proportion to 
one another :) For thongh Sides, Squares, and Cubes, properly taken (for 
Lines, Surfaces and Solids, ) arc- Heterogenests, ( and thereefore not in the 
capacity to be ſo ordered :) Yet Lateral Numbers, Square Numbers, and Solid- 
Numbers, are all Homogeneous ,' (and are but improperly and metaphorically 
called Sides, Squares, and Solids;) and therefore not at all uncapable of being 
Added, SubduCted, and compared ate with another . 

And for this reaſon it is, that thgugh Nature admit but..of three (Local Di- 
menſfions,) Length, Breadth and Depth, (for theſe three fill up the whole ca- 
pacity of Space or Place :) yet here we make uſe of Dimenſions without ſtint. 
For after a number is Multiplied into itſelf to make a Square, and' into this 
Square to make a Cube, we ſcruple not to Multiply it into this again, and ſo 
again, (without ſtint) and thereby come to four, fve, or more Dimenſions at 

leaſure. | _ 

« Yet thus far we do uſe ty ty with fuch Analogy, as to repute all the 
Members of ſuch Addition and $ jan to have alike aumber of Dimenſions. 
And therefore, what ſeem wanting jin any of the Powers, are ſuppoſed to be 
ſupplied in the Coefficient (or Number prefixed xe it ) As, in the preſent caſe, 
becauſe Rc appears as of three Dimenſions, therefare 2Rq (cr BRq) is ſo 
reputed alſo; as having (beſide the twe-Dimenſns of Rq) a third ſuppoſed 
in the number 2, or coefficient B, 'a$'a lateral Number of one Dimenſion : And 
the abſolute number 186, &c. ( catted by Yieta and others, Homogenexm compa- 
rations) of three Dimenſions alſo z. (as if it were RRR —BRR = CCC, or 
CDE.) For any Number whatever (though buy an Unite } may be ſuppoſed of 
what Number of Dimenſions wephenſrs (48 1=144x1, of three Dimenſions; 
or if there be occaſion of more thay fo, as 1 =1x*x1*x1x1, and A=1x2 = 

I*1*x2=1x1x1x2.) Andevetthis, nat without its uſe ; as may afterwards 
appear. ; 

—_ the number propoſed to he Refolved being thus prepared by due 
PunCtations; as (here) for the Cubick and Quadratick Powers ; we are then 
to find out the firſt Member of the Rook (as wxextratting the Root of ſingle 
Powers) by ſeeking (for —__— our preſent..caſe,) the greateſt Cube con- 
rained in the higheſt or firſt pun{tation to our left 'hand 186; which is 125, 
and its Root 5 for the firſt Figure of our Root. Yet can we not always reſt {e- 
cure therein, | in ſome caſes, (eſpecially jf_the Coefficient of the next 
term be great,) the next term, if, {firmatiye, (and therefore to be ſubdufted 
alſo,) may require more of that Plndtation than can here be ſpared if ſo great 
a Cube be taken ; or if negative, ( and: thereforeſupplying an Increment to 
the propoſed Number, ) we may (by help of Ce) ooke a bigger Cube 
than that (at firſt view) doth promiſe. But at preſent (the Coefficient 2 be- 
ing but ſmall, and conſequently 2 A q make but little impreffion on the firſt Cu- 
bick Punctarign,) 5 ſerves well egough for our feſt Figure. 1 

We are rhgh (io purſpance of A, = 5). t9 take: (inthe highe&. Pandation for 
Cubes, ' which! is the third from the place of Yates) Ac ; and {in the on 

t 
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third Punftation for Squares) — 2 A q ( becauſe in the Equation it is 
Rc—2Rqz) and then ſubduCting this Ac - 2Aq from the Number propoſed, 
each in its reſpeCtive place, the Remainder is the Gnomon for the following 
work. | . 1 

Next inorder to the Gnomon for the next Figure, (thatisz AqE+ 3AEq+ 
Ec for the Cube; and—2 x2 AE—2Eq for the Ablative double deed {0 
much as we know of it 3Aq+3A-+1, —4A—2, each inits own place} 
is the Deviſor by which we are to findthenext Figure E, therewith to compleat -. 
the Gnomon ; which upon due inquiry, we find may be 7, but not more. Which 
therefore we ſubjoin as the ſecond Figure in the Root. And with it compleat 
the Gnomon, and ſubduct it ; leaving the Remainder for the enſuing Figure. 

Laſtly, taking now 57 = A, by it we find the Diviſor ; and by it 2 ; the 
laſt Figure of the Root, (572 = A+E =R,) and compleat the Gnomon, as 
_— Which being ſubduCted , nothing remains ; as in the operation ad- 
joined. 


| Reſolvend. Root. 
136, 494, 80. (572. 


I25, AC. 
— FO —2Aq. 
124, 5O Ablatitious. 
Be 61, 994, 880. Reſideal. 
7yS 3Aq 
I5 3A 
'n I 


© 72630, 8 Diviſor. 


52,5 ry 

7535 zAEq 
$3435 Fc - 

— ,140,. —4AE 
—9,3 —2Eq. 


_ 


' 60,043,2 - Ablat, 
Br 1,951,680. Reſid.. 


" 297437 '3Aq 
1,71 ' 3A 
Wy I 

—  , w 2, 


— 


5 074; 129., Diviſ. 


I 949 z 4 ) 3A 'E 
6, 84 AEq 
8. Ec 
—4,56 | —4AE 
1,951,680, Ablat. 
m0" ©00 + Reſid. 


If after the operation thus far continued, there had been any Remainder, it 
may be continued in Decimals-(as was before ſaid of the ExtraRtion 'in ſingle 
Powers) as far as ſhall be thought fit. | 


After 
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After the ſame manner are we to proceed in other like complications! of 
Powers, be they more or fewer, and with the ſigns + or — ; ſtill ſuiting the 
Proceſs as the campolition of particulars requires. And this is what they call 
the Numeroſe Excgeſis of Aﬀetted Equations. of wn 

But weare hereto note, that as there is great variety of ſuch mixture of 
Powers (or Degrees) in ſuch Aﬀected Equations, fo is there many times ſome 
difficulty in diſcovering the Figures to be aſſigned to the Root or Quotient: EC. 
pecially in the firſt and ſecond of them. 

Nor can we here conclude as in ſimple Extraction, that, as many as are the 
Punttations, ſo many muſt be the Figures of the Root or Quotient ; But ſome- 
times the Coefficients of the Inferiour degrees, eſpecially where they be many or 
great, may ſo far influence the higher punCtations, as that the firſt, ( nor per- 
haps the ſecond, or third) may nat afford a'Fignre for the Root ; (which they 
call. a caſe of Devolution. 

And ſometimes again if they be Negative, they may ſo far counter-ballance , 
or over-ballance the Affrmatives,-as that there will be need to prefix in the head 
of the Reſolvend, one or more punCtations of Cyphers, anſwering to one or 
moe of the formoſt Figures of the Root; (which they call a caſe of Anticipe- 
100; T 

For-many times, when the Coefficients are many and great, the Inferior q&- 
grees become more conſiderable (inthe ExtraCtionY than the Higheſt ; for 1 
Higheſt is (commonly fo reduced (if need be) by a Preparatory Diviſion, of 0- 
therwiſe, as to' Raid, clear of any other Coctficient that an Unite z which can- 
not in all the Powers be equally provided, ſome'of which may have great Coeff- 
cients. _ a 5 

And many other difficulties, on like occaſions may atiſe, to exerciſe the ſa- 
gacityof him that 4s to' reſolve ſuch Mixed ExtraCtions. 
- For the obviating and remedying of which, (as the ſeveral caſes ray require,) 
we have in Viera, Oughtred, and Herriot, many ufeful Preceprs and DireCtions, 
too large here to-repeat : For which therefote 1 refer the Reader to thoſt Aus 
thory themſelves, © © — ———_— S. 

. do'my ſelf -oft-times, when ſach doubt ariſeth, - make uſe of one obvious and 
eaſy expedient, namely, to make Eſſay by ſuppoſing the Root equal to 1, 10, 
100, &, ſuccefſiyely, (which is done only by placing all the Coefhei ith 
their - reſpeCtive degrees, unaltered , in ſuch places as ſuch Roots require, 
till-FMind what of them are too big, and what too little 3' which preſently dif- 
covers'the Seat or Place of the firſt-Figure : And then, by like Eſſay between 
ſuch greater and leſler, find what is to be the F yo mn mat... on: 

This in the preſent caſe (itt whictt yet there Is no'grear difficulty ;) |. 
" HfR=i. ThenRc—2Rq=i=2,, L 
"FR=10. TheaRe—2Rqzz000=>>200. .- 

If R100. TheuRc — 2 Rq=060000/=25000% * || 
""Albwhich I find too little : Fbr it ſhould be 18s 494 883.* ©. 

—_ 3 4 | 4 F Pp ORD KYY.773 C's 076 

But if R = rop0: Then Re—2Rq= 1.090 000 990 =,39990002 - 


, © | "a © AXE D.&> (540 90.) £3 4 
-- Now this being! too dig; T conclude the firſt Figure of the Root isto bein the 
place of Hundreds, but below+that of Thouſands.; . And then:begia at advens. 
fires about the middle Numbers ; . (becauſe 1 find 100 gives mea Number near 
upon as much too little, as 1000 doth too big;) I find that 5 may'be taken, bt 
6 may not : And ſo-conclade upon: 5 for the firſt number. And fo; & 

. Ir's true, that in the preſent caſe. there is no great need of this, Method, be- 
cafe (there being, bur one Coefficient of. a Lower Power, and that a ſmall ones 
which doth hot infludice the Hi Jpodations it is obvious enough without 
ir, what is to be the ſeat-of the. firſt-Figure. But, in perplexed caſes, and where- 
= is danger of Anticipations or ,Devolutions 3; it! is a. ready and eaſy expe- 


fe 
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It is to be noted alſo, that in ſome of theſe Mixed ExtraCtions, (ot Aﬀetted 
Equativts,) there may be more ( affirmative) Roots than one: (Which are | 
therefore called Amdigw Egaations.) In which caſes, though any of thoſe Roots 
may be thus found — itſelf; =! it is more convenient, having found ſome one 
of them, to depreſs the Equation (by help thereof, ) to a lower degree: As 
fhall be after Peake” in its Que place. 
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rate Number of that kind; that is, if aot a Square, in caſe of the Syuare 
Rort, ot not a Cube, in caſe of the Cubick ; (and Io of the reſt :) 
ſach Rdot cahhnot be exally alſigned, either in whole Numbers, or Fra- 
co A ren or others.) But in ſuch caſt, we mult cither content our &lves 
oxitfiation inſtead of the Accurate value, (which approach may 
be ade os near ey | by the Method ono Sane) Rodney, ptery) Or 
elſe with ſuch _ Radicality, as ſhall intimate what is elit, bu but 
Qturot accoritely be expreſſed in Jumbers. Asv 2, dts 
of the mm oE 3 {the Cubick Reot of theNu 3.) With ppo- 
Fa Roots ttios 4 We Rs Names devccarmanty os there be- 
tb fable No EE a Frattion) which beiag Multiplied into it- 
Tſeff cum tnake 2 5, or being Cubically Multiplied, can make'z. And ſuch; Roots, 
thus dehigned, arc n—_ Called Sure doors ; or by ſome. other anme-of hike 


J F a Nomber whoſe Root is propoſed to be Extratted, be not a true Figu- 


Me % oots, Thoi aut ateaptly to bt exp A 

are Operati t - bark 

NEIL Frequent: cecaliog Ari, Ks, Mali 
"tis er ares to hew how they may be 


And true N are many times To exprelled; though aot wffable, but 
capable of "Occ Akt nat. AS4/ 4, V9, v 00 I Web v C27, / qq 31, &c. 
For 4/ 4 (the Square Root of 4) is the fare With 3. (becauſe BIn2Mmay ---q 
in like manner 4/9 = 3z 4/ Z=3, /<8=2, ſtz27=3, : CS: ed FE. 

If a ”—_ Number be Multeplied or Owitied by mother 


ſame kind, (as a Square « $quare or «Gabe by 2 Oube, or.) © pH bers 
A Figurate of Y i 


os 'Root 1s made by like Malti - or 
Diviſion of the Rodts of 300 he 4Auje iplieddy o 4 yt of 222d s,) 
make 36theSymare of $=253 Talks ed by 27, (the of 2, and 3,) 
is 7x (the Cube of 2,) And univerſally, A Ax CHAO whoſe Reot.is dE. 


AAA A AAA 
| - uy | —_N j A 
Atul ace —_ \ is the Cube of of Pn (Forf - — berte Root, ts Cibe 
A A TO AT 


A 
mus: FI = FE = + i: And ſo in-all like cafes; 


Antl. wextly, if 'n 'Sord Root be Multiplied or Divided by a Surd Root 
of Vie ſure » it prodnceth' a tike Sird Root, whoſe Power is made of the 
Powers/of thee ; "as y/2% of 3484/6. For If s « 3 (the Squares of the two 
Reſt) Tithe 6/(the Shure of the third :) thenwill /2 x / 2 (theRaats of theſe 
rob Squires) makey/ 6 (the Rootof that third Square.) And (by like reaſan) 

A 


2 / A 
—=4/c*. Anduniverſally, YAx/E=y/AE; and = = v/ 5p For 
>. ſup- 
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ſuppoling A=bb, andE=ff; thenis / A=y/bb=b, nd yE=vff= f. 
And therefore,as A x E = ROI v As y/E=bf=y/bbff=y/AE: 
A 


And for the ſame reaſon, _ = -=4xf =. And the like of any other Ho- 


mogeneous Roots 3 (that is, Roots of the ſame kind;Yasif A=bbb, and E=FfFf:; 
then is AE = bbb fff, and /cAxy/cE=bf=y/cbbbfff=y/cAE. And 
_ foinall others. | 

And conſequently, to Square or Cube a Surd Root, 1s but to Square of Cube 
the Power, retaining the ſame Root of Radicality. (And the like in Proportion 
for other Powers,) As, Q:4/ 3: =4/3x4/3 =4/9=3- City 1s 
4 3*4/3==4/27 = 3- Or (if it may be done) take an half, or third part, &c. 
of the Exponent of ſuch Root. ASQ: 4/qqz3:=4/qz=C:4/qqqz. And 
in caſe the Power required, be of like Denomination with that of the Ra- 
dicality, it is performed by taking away the' note of Radicality ; As here, 
Q:4q3:=3, andC:y/Ccg3:=9g:.0c. 

Contrariwiſe, to extraCt the Quadratick , Cubick, or other Root of a Surd 
(or number ſo expreſſed by a note of Radicality,) .is to Double, Treble, or 0- 
therwiſe Multiply the Exponent of ſuch Radicality. As the Root Square of 
4 qz, or y/C3, &c.is / qqz,y/cc3,&c.Or if it may be, to extratt ſuch Root 
out of the number ſo affected with a Note of Radicality, and retain the ſame 
Root. As the Square Root of 4/ cg, is4/c 3. For if the Square of y/ c 3, that 
is4/c3xy/C3, be (as is ſhewed) y/c9, then muſt the Square Root of 4/cg be 
y C3. 

If Roots (or Numbers expreſſed in the form of Roots) be Heterogeneous, 
(that is, not of the ſame kind;) they are firſt to be reduced to the ſame kind, be- 
fore they can be thus Multiplied or Divided: As 2 x y/ 3, that is, /4x/ 3, is 
y/ (4x3=) 12. And2x4/c3=4/c8x4/cz3=4/c (8x3=) 24. 
/q2zxy/c3 =4/qqqzxy/cc3=4/qqq6=4/ccs. 

Mr. Oughtred's Rule for the ReduCtion of ſuch Heterogeneous Roots, to the 
ſame kind is this, Divide the Exponents of both Powers by their greateſt Common 
Meaſure, then Multiply the Index or Exponent of either by the others Quotient ;, and 
advance the Powers themſelves by ſuch degree as thoſe Quotients denominate. 

Thus /qqAaxy/ccBq=yccccAcxy/ceceBqqiyccceAcBqg: 
That is /*Axy/*Bq=4/*Acxy/* Bqq=y:'* AcBqq. For 2)4(2,and 
2)6(3; and again 4x 3=12 = 2x6; and then the Cube or third Power of A, 
is Ac; and the Square or Second Power of Bq,'is Bqq; Therefore 


2 3 
2) 4*Axy/*Bq=y/'*Acxy/*Bqq=y/*AcBqq. 
S04/4QqIoxy/CC7 =4/CCCClOOOX I CCCC 49g = 4y/ CCCC49000. 


So incaſe a Root (Surd or not) be to be doubled, halved, or otherwiſe Mul- 
tiplied or Divided, by an effable number, (whole or frafted:) 


AS24/C32=2x4/C32=4/cBxy/cz32=4/Cc296. 
Andiy/c 32=ix4/Cc32 =/Cixy/ca2=4/C} =4/C4. 


But in theſe caſes, I chooſe rather (unleſs where ſome particular occaſion per- 
ſwades otherwiſe) to keep apart ſo much of it as is rational, and except it our 
of the Legature of the note of Radicality ;- and therefore inſtead of y/ c 256, 
I would rather ſay 24/c 32, and yet rather 44/c 4- And in order thereunto, 
I divide the Power by the greateſt Figurate Number, that I can of that kind z 
(the greateſt Square, in caſe of a Quadratick Root, or greateſt Cube, in caſe 
of a Cubick Root ; and ſo of other Powers;) and prefix the Root of ſuch 
Power to the note of Radicality. Or ig caſe of Fractions, ſo as may reduce it 
to the moſt convenient form; AS34/ 3, *4/ 3, * y/ 3, Fe. ivſtead of y/ 27, / 3, 
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The Addition and SubduCttion of Surd Roots, is more intricate than their 
M!tiplication and Diviſion 3 (and for thar reaſon, I ſpeak firſt of Multiplica- 
tion and Diviſion, before Addition and SubduCtion of Surds.) 

When <urd Roots are to be Added or Subducted, we are firſt to conſider 
whether they be Commenſurable or not ; (or as ſome ſpeak, Communicantes, 
or non Communicantes ;) that is, whether they be to one another as Number to 
Number. For if ſo, their Sum and Difference will alſo be to each or both of 
them, as Number to Number ; and therefore may be deſigned by Multiplication 
or Diviſion of either of them, according to ſuch Number. 

Surd Roots are then Commenſurable, when their Powers (or Numbers to which the 
Note of Radicality is ſo prefixed,) being reduced to their ſmalleſt terms, are true Fi- 


gurate Numbers of that kind; for if ſuch Powers be as Square to Square, or Cube 


to Cube, &c. then are their reſpeCtive Roots as Number to Number ; (name- 
ly, as the reſpeCtive Roots of thoſe Figurate Numbers,) and therefore com- 
menſurable, 

And then their Addition and Subtration is eaſily performed ; For like as their 
common Meaſure, Multiplied into thoſe Numbers (the reſpective Roots of thoſe 
Figurates) produce theſe Surds; ſo the ſame common Meaſure, Multiplied into 
the Sum or Difference of thoſe Numbers, produceth the Sum or Dilterence of 
thoſe Surds. | 

Thus 4 q 12 and /q 147, (dividing both by 4/ q 3,) areas y/q4andy/qagz 
that is, as 2 andy, Andſo 4/c 40 and y/c 1715, (dividing both by 4/c 5,) are 
asy/c8 and 4/c 343; that is, as 2and 7. And therefore their Sum as 9, and 
their difference as 5. And conſequently, 


As 2tag, ſoy/qiztoZ24/q 12, theSum ; 
And asz2 tog5, ſo4/qiztot 4 q 12, the Difference, 


Or as 57 tog, ſo4/q147toZ 4 q 147, the Sum; 
And as 7to5, o4/qiq7toZyq 147, the Difference. 


Therefore 4/ q 147 +y/qiz=24/qiz=?4/qilqq=4/q43- 
4147 —/Q12=34/qQR2=74/9147=4/975- 


Mr, Owghtred ſets his Examples thus 3 


/q147(/qag.7 : C1715 (V/C 343. 
4/43) /q 12(/q 4.2 C5) y/C 4o(yc ; uh 


+4243 4/q31.g Sum, C3645 m9. 9 
J 75 + q25+ 5 Difference y/c 625 y/c125. 5 


/ 12Zy/ 3; 
V3) Es 3 VT) VEE 
+438 (/16. 4 / 245 (v/ 49 - 
v3) /27(V 9. 3 v9 5 oF 


 *2 4/a9.7 Sm 42 /64.8 
/ + + 1. 1 Difference y/**®2 436.6 


And in like manger other Algebriſts (before and ſince him) douſe to Add and 
Subtract Surd Roots. 

I chooſe rather, to reduce the Surds (as before) to the ſmalleſt Irrationality, 
by clearing them of what is rational therein, And it will preſently appear , 
whether they be Commenſurable or not ; (for if ſo, their Surd Component will 
be the ſame ;) and what is their Sum and Difference. As 4/qiz =24/q3, 
4 q147=7433 therefore their Sum g y/ 3, and their Difference 5 y/ 3. 
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So y/C 1715 = 74/C5, C40 =24/Cx,; therefore the Sumgy/cx, and 
the difference 2/c 5. 

So / 12 =24/3, 4 *\=44/ 3; therefore the Sumi 4/3, and the Differ- 
ence av 3+ 

Soy i—T/h4 v3 =4v3; therefore the Sum 8 y/ }, and the Difference 
ty +: Or (Multiplying by 3 =«/g, to take away the Fraction in the $urd,) 
the Sum 24 y/ 15, the difference 3 / x x. 

If Surd Roots be Incommenſurable, we muſt then content our ſelves to Add 
and Subtract them, by the Signes + and —. AS4/ q7+4/q3, vcio—ycs; 
Add /quas5 Zy/qig7; thatis, y4/qrt74/qz. Anda ty 3. oc. 

Twolrcoammenſurable thus connected,are called Binomials, if connected by +3; 
or Reliduals (or Apotomes) if by —, (If three or more be thus added, they 
are - Trinomuals, Quadrinomials, or otherwiſe accordipg ta the number of 
them. 

The Root of ſuch Binomial or Reſidual is called a Root univerſal ; and thus 
marked 4/u, (Root univerfal,) or / b, (Root of a Binomial,) ory r, (Root 
of a Reſidual,) or drawing a Line over the whole Compoung quantity ; or in- 
cluding it (as Mr. Oxghtred uſeth to do) within two Colons; or by ſome other 
diſtintion, whereby i may appear, that the note of Radicality reſpects; not 
only the ſingle quantity next edjaiging, but the whole Aggregate. As y b: 2 4-4/3 . 
VI:2—4/3. /u:2E{#3. 4343: S:3f4{ 3: Ec. 

Eucliae in his Tenth Book enumerates,ſix ſorrs of Binomials, and as many of 
Reſiduals, (thoſe connected by. the ſign +, and theſe by the ſign —;) whoſe 
parts are (as he calls them) Rationals; that is, either as trne Members (whole 
or fracted,) Or at leaſt as the Square Roots of ſuch: ſo that they, or at lealt their 

uares, are commenſurable. (For all ſuch he calls Rational; though other- 
wiſe, the word Rational is now for the molt part uſed for ſuch as are themſelves 
commenſurable.) 

But beſide theſe (whoſe parts be ſuch Rationals,) he tells us, there are innu- 
merable ſorts of others. | 

Of thoſe ſix Binomials and Reſiduals, _ the reſt of that Book) Mr. Ozehtred 
ives ecount in his Declaration of the Tenth Elemint , (they is, of the Tenth 
k of Euclide's Elements.) And of theſe alſo (amongſt othet things) in his 
Clavis, Cap. 16. Set. 10, 11 ; with a general Method for Extracting the Square 
Root of every of them: As is there 10 be ſeen. 2 
His Examples of the fix Binomials and their Reſidvals, (with the Roats of 
them) are theſe. f : 


I. 27 ty 704. WhoſeRoot is 4Ty/ l1=y: 2724 704 

IL. / *4326, Whoſe Root is /qq uat y/qqt =y:443 t6. 

III, y/ #£} £ / 80. Whoſe Root is 4/qq#3 Z/qqits=/:4/ #4£4/80. 

IV. / 7 <v 20. Whoſe Root, /Sd.i+ v *3-pl. ormin./r 2 —/#.= 
4:4 7+ v 20. | 

V. 4/2074. WhoſeRoot, yb.y/ 5+t.pl. or min. yr. /eq—1.=v:y 
20 * 4+ | ; 

VI. /20*y/ 3. Whoſe Root, /b./5+4/3-.pl. or min. /r./5—4v 3. 
=4/:4/20Z4/8. | 


The names given to theſe, al to their Roots or Sides, and how they differ 

from one another z may be ſcen in Exclide. . 
How ſach Roots Univerſal, are to be Added, Subdutted, Multiplied, Divi- 
ded, &«c. we have, in ſome Authors, more particular accounts: But they all de- 
on the ſame gronuds, with the like operations concerning ſingle Surds, al- 
ready declared. Only this care is fo be had ; That where a- note of Radicality 
doth affeCt a Binomial or other Aggregate ; there ſuch Aggregate is ſo to be 
Multiplied, Divided, &c. as a fingle quantity ſhould have been, if it had affefted 
ſuch Gngle quantity only, As way 20446: = a / 
2 


= - a _ ” a . & pet. 2 je - 
. me, "ht gx wo fi ct oy we ITY 4 _ —_ < 
Jes 3g RIG 0 a. , bn . PI = - 
T OP * bh ks : --— -_ = p bs y 2 i _ - e 
l 2 « - i us Ou) a FI 
P - 
hs « 
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JS: +1=4:4/ +1, andthe like; which doth not require any new [n- 
{truf&ion, but only care and attention. 

As for Example ; Suppoſing the Root or ſide of apy of thoſe Binomials (or Re- 
given ; ſiduals) A -+E (or A—E,) the Square of this Side, (which is the Binomial 
it ſelf ifconnetted with ; or the Reſidual if with —,) will be Aq + Eq-+2AE, 

(or Aq + Eq—2AE.) Now itis manifeſt (becauſe A and E 


AZE are Commenſurable in Power ; that is, their Square be Com- 


AZE 


menſurable,) that Aq-4- Eq may always be added into one 
Number (or Nome) which we may call z= Aq-+Eq; and 


Aq - : - +E the other Nome (not Commenſurable with this) will be 2AE. 
— =1 $0 that the whole Binomium will be of two parts ; the 
Aq+Eq;z*2 AE. Greater Z, the Leſſer 2 AE: Thus in all the particu- 
2* 2 AE. lars. 
AXE AZE , 
L.- 4X 01 Il. 4qqi2Zy/qq* 
x4 ,/ 11 6d 3 pe hat Þ. 
16 244/11 4 qiztY/qqsr 
2344/1111 +4/q 3 £y/qqvr 
— 27= 811 That is ' 24/32 3 
"——— J- 54 373 
That is 34/326 
Or . . 4/443 Z6 
Z Zak 
I11. : ak Iv, b:3+ ry : 
« 4/4qQ't3-4 99 15 , 3 Ty 5: yr:ii--/ 7: 
: 4 9qqt3<4/49q 15 x 4/b:i+v/:£ Vrib—y/4: 
4 q *324/4qq400 Oo Ib: Ly: S—%: 
+4 qi5z4/9qq4eco — ins A205 Oo ook 0 
That is J#** 7 20 Thatis 5 £2) i=) 5 | 
+4/i*Z4/20 That is 7 Z 4/ 20. 
That is 4y/ £2 2+ 24 
+ 3vtE ; 
Thatis 74/ t:£2y 20 
Or oo ann 7 © 
T' 2 ws d 
A ZE & 0 48 A 
V eo þ tYr:Vg— VLy/b:/gt/3:tyr:/5—vs: 
x/b:y/g-Fi:Ty/ri/— *x4/b:4/ gfy3:tyriyg—_y3: 
ys +1:2y/(5—1=) 4 /5+v/3:Ty (5—3=) 2 
4 $—1:E/G=1=) 4 +45=v3:iv G=3=) 2 | 
That is / 5 +1:E2 Thatis 24/5242 AY 
+ 4/5 —1:T2 Or S20T4/8 
-— + 
That is 2v/ 5 74 2 24 
Or / 20 T4 
SS: a0 


Now if any of thoſe Binomials or Reſiduals be propoſed ; How to find the 
fide or Root thereof (by Multiplication of which into itſelf, ſuch Binomial 


or 
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or Reſidual is produced ;) is alſo a thing of very good uſe, and of which there 
may be frequent occaſion. But becauſe the convenient doing thereof will depend 
upon ſomewhat to be delivered in the next Chapter ; I refer this to the cloſe of 
that Chapter : Where 1 ſhall deliver a general Rule for it, with Examples in the 
{everal ſorts, 


C AP. AXYL 


Several LiGaTtuREs, or Compendious Charatters ; with 


the Uſe of them. 


Y help of thoſe Ligatures or Compound Notes above-mentioned , 
(Chap. 15.) he doth (in his Chap. 11.) lay a Foundation for many Pro- 
poſitions (of frequent and excellent uſe) ariſing from the bare Expo- 
lition of the Terms, or eaſy managing thereof by obvious operations 
of Addition, SubduCtion, Multiplication, Diviſion, and the like. As for in- 
ſtance z | 
Two Quantities being given; whereof the Greater is A, the Leſſer E; What 
is their Sum ? their Difference ? their ReCtangles? the Sum of their Squares? 
the Difference of their Squares? the Sum of their Sum! and Difference? the 
Difference of their Sum and Difference ? the ReCtangle of their Sum and 
Difference ? the Square of their Sum ? the 5q are of their Difference ? the Sum 
of the Squares of their Sum and Difference ? the Difference of the Squares of 
their Sum and Difference? the Square of their Rectangle? &c.. Which (put- - 
ting Z for their Sum, X for their Difference, XK the Reftangle, Z the Sum of 
their Squares, X, the Difference of their Squares, _ the Square of the Sum, 
e 


X q the Square of the Difference , &e.) he gives thele Solutions; 
1-64 SIS - 2 
X = A—E Zq = Aqeb2AE +Eq= 2++X& 


AF = AE. Xq = Aq—a2AEEq=z—2E 
Z = Aq+Eq Zq+Xxq=2Aq+:zEq=22Z 

X =Aq—Eq Zq=—Xq=q4k i+#Zq-i3Xq=t 
Z + X=2A XAq=AqEq. - "41 
2Z+3X=A 

Z—X=—=2E 

LZ—3X=E 


The Sum of them Z being given; and the Greater A; What is the Leſſer? 
the Difference ? the ReCtangle? the Sum of their Squares?. the. Difference of 
their Squares ? | ;2 


E=Z—A K=2A—Z  E=ZA—Aq 
. Z=7Zq—2ZA+2Aq XL =2ZA<=Zq. 
The Sim 7, and the Leſſer E, being given: Then'is > WJ 


A=Z—E RX=Z—2E A=ZE—Egq 
L=Zq—2ZE++2Eq X =Zq=2ZE 


T he 


i 
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The Difference X, and the Greater A, being given: Then Is 


E =A—X T=2A—X K=Aq—XA 
z =2 Aq—2XA + +Xq %,=2XA—Xq 


The Difference X, and the Leſſer E, being given: Then is 
A=E+X Z=2E+X XA =—=Eq+XE 


zZz=2Eq+2XE+Xq X% =2XE-]-Xq 
The Rettangle AX, and the Greater A, being given: Then 1s 
EK Aq+# Aq—E 
ana” * m_—" 7 
A XK _ 
Aq Aq 


NR K _#A—+Eq X—Eq 
#q+Eqq __#&q—Eqq bi 
= E <p—_ W=z 
q Eq | 


The Proportion of the Greater to the Leſſer, as RtoS ; and the Greater A, | 
being given : Then is 


| + RA+SA RA—SA 
SA RqA SqA RqaAq-$SqaA 
an 5 IIS cn B34 
R . Rq Rq 
The ſame Proportion, with the Leſſer E, being given : Then is 
RE REAASE » RE—SE 
A=— — LR —— — | 
S S S 
x _ REg RqEq+5SqeEq _ RqEq=SqEq 
= —— Z = —_—— = — _ 
S Sq Sq 


From hence are deduced variety of Equations and various deſignati 
fame Quantity ; with other uſefn! compariſons, (in his 1 1th 6-cpory nel 
ters.) Suchas theſe, amongſt many others. 


A=4Z4+4K=Z—E=E+X= 


E=iZ—itk=ZTZ—ADA—X= 


Z=A+Er2A—_=2E+X=——= 
RE+SE 


S X = 
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Aq—E&A __ A—Eq RA—SA 
HS ER - - 


X=SA—E=:AZ=Z--3E=z 
RE—SE 


Z 

Aqz=ZA—AE=XA-TAE=}3ZA+jXA=Q:Z-E:=Q:Ebx: 
=2—Eq=Eq-+X 

Eqz=ZE—AE—=AE—XE=i4ZE—=}XE =Q: Z—-A; =Q:A- 
X: =2—Aq=Aq—% 

E=$i7Zq—13Xq=ZA—Aq=ZE—Etq=zAq=-XA=SEqbXE= 
2 ZqQ—-12,=42 —4Xqz=z3ZA—-34XA=3ZE+4XE. 

SZ —=Aq4jEq=7Zq—2AE=2AE--Xq=ZE-EXA=ZA-XE 
=2Q0:; 2+ ONTO 

X =Aq—Eq=ZX=2ZA—Zq=Zq=—3ZE=3XA— Xq= 
2XE+Xq=ZA—ZE=XA.XE=Zq—2ZE=SZASXE—2AE 
=XA+2 AX—ZE. | 
_ © = Ac + SANS xc =Ac—3Aqt+zAEq=— 
Cc. 
ZE=AqE-HAEqQ XE=AqtE—AEdq 

And therefore, 2+ 3ZA =Z@ and ix —;3X XE= Kc. 


. (From whence I elſewhere derive my Method for Reſolving Cubick Equa- 
tions.) 


3X =AcE-FAEc. %,EK&=AcE—AEc 
ZZ =Z+ZE=Ac+AqEHAEq+Ec 
ZX=XFX—XA=Ac—AqE--AEq—Ec 
XZ =XR+RE=AC+AqE—AEq—Ec 
XX=Z —ZE=AC—AqE—AEq+Ec 
ZZ +xXX=27 XZ +2X= 232 X 
ZZ—xX=2ZE %Z—ZX = 2XX 


With others of like nature (there and elſewhere) to be ſeen in him, by thoſe 
who pleaſe conſult him. _ 

By help of theſe he doth with great eaſe, (in his firſt Edition, Chap. 19.) ſhew 
the levention and Demonſtration of the ten firſt Propoſitions of the Second 
Book of Exclide, (of great uſe in Analytical Operations,) by almoſt a bare Mul- 
tiplication of the Terms. As 


4 

102. If Z=A-|E+-I; thenis BZ=BA-+BE-+B 1. (Aswill appear 
by Multiplying both thoſe Equals into B.) Andin like manner (with little varia- 
tion) for the following Propoſitions as themſelves diredt. 

2e2, If Z=A+E; thenisZq=ZA-+ ZE. 

3&2. 1f Z=A+E; them ZA=Aq+AE: andZE=AE T2 

4+2.'1f Z=A-E; thenZq=Aq+2AE+Eq. (Which he ſhews e- 
ven in Binomials of Segments incommenſurable : As we ſhall ſee by and by.) 

ge2. If Z =A+-E; thenzZq=AE=Q:i4Z—E: =$Xq. (As will 
appear upon the Multiplications performed.) 

Or thus; (putting Z = 25S, andX=2V3) If 2S=A+E;thenSq—AE 


— 


= Q:5S—E:—=4yq a 
67, If to Z be added O, then; Zqpl. OinZ4-O: =Y + Z--O. Orthus, 


7&2. If Z = A-|-E; then 2ZA-+Eq=Zq-+Aq:t And2ZE-+Aq 
= Zq-EqQ _ | 
+ If Z=A+E; then Q:Z+A:=4ZA-+HEq: And Q: Z+Es 
=4ZE+Aq- * 
 g9e2. If Z=A+E; then Aq-þEq=3Zq+3Xq. 


Or 
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—]—C— — — — 


Or thus, (putting Z=2S, andX =2V:) It 2S = A-E; thenAq+Eq 
=2$q-F 2Vq. 3s 

10e2. If 2E+X=Z =A-+E; thenZq+-Xq=2EQ+2Q:E-+Xx: 
=2Eq--2Aq. 


All which Propoſitions need no other Demonſtration, than actual Multiplica- 
tion of the Terms, according as in each Propoſition is directed, 

As for inſtance 3 Prop. 5. (in words thus:) If a Line be cut into twoequal parts, 
and again into two unequals; the Square of (the half or) Biſegment, wanting the Red- 
angle of the two nnequal parts, us equal to the Square. of the Interſegment; (which is 
the Semidifference of the two unequal parts.) 


12 =2 AE 
x 1Z,=S$A4TE 
—_— 1X=2A—ZE. 
LAES+LEq KEN =2A—LE, 
220 =1Aq]-3AEF IE TAq—IAE , 
—_ : > "adds 


Za _AE=;Aq—JAEFJEq=1Xq=3Aq—AEF:Eq 


And Prop. 6. (in words thus ;) If a Line biſetted be augmented, the Square of 
the Biſegment, together with a Rettangle of the whole augmented and of the Augment, 
i equal to the Square of the Biſegment ſo augmented, 


22 4. 0 

x3 Z-- O 
£2 - TY £Zq+2Z0 
xEZ x O *\Þ3204-0q 
+Zq:+-:ZO40q:=4iZqþzO+04q. 


And io of the reſt ; as will appear upon Tryal. 

The remaining Propoſitions of that Book (and ſome others) are there alfo 
demonſtrated ; but with a little more intricacy. And in his latter Editions 
(Cap. 19.) he ſhews the Invention of them from Analytical Principles, as we 
ſhall after ſee. | 

Beſide which, we have there, (but more largely in his latter Editions, Cap. 18.) 
an excellent Colleftion of the moſt uſeful Theorems and Problems (from Euclide 
and others,) briefly delivered, in order to the more expedite performance of 
Analytical Operations. And this he calls his Penus Analytica;, his Analytical Store: 
Ready to be made uſe of as occaſion requires. (Which I forbear here to re- 
peat; referring the Reader to ſeek it there.) Not as things of abſolute ne- 
ceſſity, as without the knowledge of all which, his work could not proceed 
as I find ſome have been apt to miſtake him: ( For there is nothing but what 
might here have been ſpared, and yet the work proceed.) But though not of ab- 
ſolute neceſſity, yet of excellent uſe, ( when known) ſome for one purpoſe, 
ſome for an-ther ; according as Algebra may be applied to ſeveral Subjetts. 
From every of which Subjects, it muſt be ſuppoſed to take the Materials (pro- 
per to cach) about which irſelf is to be imployed. 

Only before 1 leave this Chapter, I ſhall (in purſuance of what was promiſed 
in the cloſe of the former,) give an account how the S:de or Root of the Six 
Binomials and Reſiduals (there mentioned) may be diſcovered. 

'The two Members (or Nomes) of each, are (as is thcre ſhewed) 2 + 2 &: 
:The Greater of the two being the Sum of the Squares (Z = Aq+Eq,) and 
the Leſſer of them, the double Reftangle (2 AE,) of the two parts whereof 
ſuch Root or Side is deſigned, (A + E.) And the Square of this double ReQ- 
angle is 4 X q. 

| Now 


art . =, ©g= —_—_ 
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Sur of the Square pived 3 = Aq-+ Eq, withsRetanel 
fon OTLCE other Nome, ) -and pt ey Sa_— 


eQtapgle (which i ReQangle of the two'Squares) &q = AqE 
Dn ers ot the e of thoſe —_ Ag Die, y 
For having ſhewed but now. { in- the g pt 6 is Caper) Zq—Xg 


24:4 3 that, isg that. the 5 of -the; Sum, the Square of ny, 
erence of any.5wo 41S equal 20 four. Rectanghes; q E4) te Squre ofthe 
ties: If now thoſe two uantities be two Squares (Aq, Eq,) the their 
Sum (that is, of 2-=Aq + £9q,) wantingithe of ; (that 
—; of x, =Aq — E£qz) 45 equal: to four of then, hoon isw4Aq 
__ That is, Zq —Xq =4Aq Eq, or 4 Aq. And conſequently, Zq — 
_— X.9- And the Root of this is %. 

Having-therefore the Sum of the Squares given,, A=Aq+Eq ; and their 
Difference thus found, x, = Aq — Eq: We may thence have each wr them ſe- 
verally Aq and Eq. 

For it was before ſhewed alſo; "that Z-X= 3 A, and Z—X = 2E ; that 
is, That the Sum and Di erence of any two Quantities, is the Double of the 
Greater of them ; and the Sum wanting the Difference, js the Dquble of x 
Leſſer : And if, thoſe rwo Quantities be-twa' Squares, (Ag, Eq ;) thelr Si 
and Difference i is the Double of the Greater, that is Ss Z+ X =2 Aq; andthe 
Sum wanting the difference, the Double 'of the Leſler ; that is, 2q — x, = 


2Eq. 
And therefore 3 Z ++ X, fo tee an ro = Ef, And the Square Roots 


of theſe, A, E. 'The Ian or Rds: A + E, is the Root off ſuch 
Binomial or Reſidyal. : 6 
That is, in brick, 
FR ' b 11,708 
an S DL 4 £q: er = 16a :2q aki: =}MqVEq=AZE: 


' Now this Rule kink tothe fix Binomials and Reſidals before meationel, 
diſcovers the Roots of them. je We _T 


4 


1 27 LY Tomb 22 Rh, Thetefare 36 = age $24. Y 29-2424 
== (729 — 704 =) 25- ODT DUSESTS X.: $7 X, =27-þ5=32 
=2Aq. A—=%=27—5=22 = 2 Eq. Ko == 16 Eq =,11- 
A=4.E=4/11. E234) 10" theevt toy _—e 
- BH. Fan +, is 2224, Therefore 2q = **4. 4 £q=36:' 2q —4q 
= (444 — 36=) 3. 4: 2q—=4£9: =YL=l/i=%. 2+ = 
L=31y/ 341 /3= +4Y3=/48 =3 Ag. 3—kF= p33 4 
=143=*/3=314/3=4/27=2Eq. Therefore Aq=3y 5 =/qi2, 
Eq=3v/3=v/4%%. A=v/qq12- SHA WAS 125 


" Ut o $2 Se, is 2©2R.. 
4 Kq= (244 —$0 =) 4. /: Bq—4 
an =743+ Vi=b/i=/p=2Aq 2—=K= E IST 
$wa/} =6J= / #3 = 29. Therefore Aq = CoD =/ 4. SACS 
4 —J/1z A=y/qqQy.E=yaq iy. AZE= 

" IV. 7£ 4/20, isz*2 KM. Therefore 2q = 49. 4 Eq = 20: Z=4 = 
49 — 20 =29. vi 2—4Mq: = /29=%&- 2+% ts 7+4/29=2Aq. 


—,= — y/ 29 =2Eq. Thandie da mf £4 2900 3+ 4/ 4.,Eq 
ST Ermy=t =. A=/:34/th E=yi4—v#. AZE= 

ue 4:1 phoves'S 9: RES a | 
J: gg 3: eh Ty Thatis 8 - 


4h xd /:F= 4Kqt=/4=2=X- EE YEST 
4 q+2=3A9. —%=4/20-2=24/ $=2= 366 bes 
43 3 —e A=4/i4/$5 +1: Biz foo vi 6 Arby: 
45 Ly: of $—= | 
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vl. /20X/ $8 £2. Therefore-2q=t0.  Eqedi2—ofq 
=20 —$=12424/2Z —4 Eq:'=4/12=224'3 + 2+ Lf 20/Þy 7 
=24/5+24/3=3Aq. Zz=L=4/ 20 —12=24/52=84/3=2E q 
Therefore Aq =a/$*þ4/3, Equ=y/$—43. A=y/iv/yÞF43. E=y: 
v$—N3- AZB=y/ry/g+v/3r Evian 
. Andin like manner! may. we proceed for the Root of any other Binomiat or 
Reſidual, whoſe parts are themdelves incommenſurable, bur their Squares con- 
menſurable. '..4 ict | Px 21 . gay Eo : ' 
But in caſe their pates: be otherwiſe: more irrational; the Inquiry will bemore 
intricate. . Of which there will be occaſion to ſpeak” hereafter. Io 


_ _ I 
Md... Mc. a. 
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Of the Nature of EQUATIONS; with Preparatory Operations 
| to the Solution of them. | _ 


pl 


| HE general Rule (br Method) of Algebra, Mr. Ozghtred propoſeth 
: (Cap. 16.) to this purpoſe. = 
When a Probleme or Queſtion is po : Suppoſe the thing 
done, what is demanded. Then putting for the Unknown Quantity 
the Letter A, (or ſome other-Vowel) and Copſonants for the Known Quanti- 
ties, (to the end thar it' may more readily appear, to the view,. what is kno 
and what Unknown:) Let the Quantities thus deſigned (Known-and Unknown 
be formed and compared by Addition, SubduCtion, Multiplication and Diviſion, 
in ſuch manner” as the 'Queſtion requires ; till ſuch time as there be ſomewhat 
found, equal to the Quantity ſought, or to ſome Power thereof. 
Now becauſe, when ſuch Queſtion in the Proceſs of it, firſt comes toan E- 
uation 3. it is for the molt part, ſo jnyolved as that the Quantities Known and 
Chikhown are variouſly.intermixed : ſuch Equation is firſt, by Preparation, to be 
teduced to a convenient form. 1 ,- _ 6 "p Rs 
' The form which Oughrred, Viera, and moſt before them, Judged the moſt con- 
egient was this; I ſo to order $he. whole ,: as;that f{uch part or party of 
t. a3 are abſolutely Khown, ſhould niake one ſide of the Equation, (which #3ees 
calls' Homegenenm Comparationis ;) and the Unknown part or parts, the other ; 
and moreover that the Higheſt Power of the Unknown Quaatity be not Mylti- 
plies into any other.Quantity, but an Unite.; (Others, as we'ſhall after ſee, haye 
thought fit, atleaſt as to ſome purpoſes, to order them otherwiſe.) ' 1 
In order to ſuch Preparation, Mr.Oxghtred (whoſe Method ſeems the cleareſt 
- briefeſt; which therefore I chooſe here to inſert) gives us theſe Five Di- 
rections. A” — & \ | 
7. If the Quantity ſought, or,agy Degree thereof, be in Fraftion ; let all be 
reduced to one Denomination, | A Comurring. rhe "ara continue the 
ef —— = þ EY qTBq 2 
Equation in the Numerators. As; if A—C==— D | B +C: Multiply 


all by D; and then-is DA—DC#z Aq+Bq+DEB+DC. | 

2. If the parts whoſe wo _ is given, be intermingled with thoſe which are 
not ; let there be a Tranſpoſition of 'Parts (as the caſe requires) with contrary 
Signs. (Which Rule of changing the Signs, is to be obſerved in all Tranſpoſitiot 
from Side to Side.) ASif DA—DC,= Aq+Bq+DB+DC:; then _ 
pling D C 20d Ag) we haveDA—Aq=2DC-+ DB—+8Bq. | 

3, If the higheſt Speciesor Degree of the Quantity ſought, be Multiplicd igto 
any given Quantity :. let all be Applicd to (or Divided by) ſuch given Quantity. 


Zc 
As if BAq+BqA=Zc; thendqoe+BA=— K+ 
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that ſought ; let there be a Depreſſion of all (by Divition) to the loweſt 
thereof that may be. Asif Aqq+BAc=ZqAqz then (Dividipgall by & q,) 
we have Aq-+BA =7Zq. i 
5- It one (or more of them) be a Surd Root, the Equation is to be purſued ; 
the reſpeCtive Powers. Asif /qBA+B=C: then (by Franſ Fn) oe 
BA =C—B; and (their Squares) BA =Cq=2 CB+Bq; and therefore 
Cq+2CB+Bq 
A= " 
So if /u: BA+CA:—D=B; thenis/u: BA+CA:=B-+D, and 


BA + CA=Bq-+2BD+Dq: And therefore A = LOL, 


"be" A | Ac 
Again, if V4 T=v/cad; that is, deo>m'y ce4Aq; thenis Ac 


= 108 Aq; and therefore = A 108. 

'Tis ſuppoſed alſo that the known ity is alwayy underſtood to be Afir- 
mative (or Poſitive.) And therefore it it, happen to be otherwiſe, it is made 
Affirmative by changing all the Signs, or trauſpaling all the parts with contrary 
ſigns: Asif we haveAq—BAZ—Zqz itwillaswellbe - Aq+BA=+Zg9, 
aZq=BA—Aq, | 


4. If it ſochance that all the given Quaotities be Multiptied into any tears 


- C 
a. 
« 
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The Accommodation of -A't. © 8 5 2.4 to GEOMTR18, and 
Þ ., dther Subjetts. | mw 


AVING laid down Mr. Oughered's method (with the Groynds of it) 
for reſolving Equations; | and ftoxed: us with a great Calleſtion of 
'-\Theorems and Problems, of excelent uſe in Analytical Obſerva- 
\ tl Which yet be gives þut as aSpecimen, of'whay other ery. 
frpm their own iſe and Obſetyation , »may- plentifylly find out and add to 


Ss \ Ku = ded : : : 
Fe ay Three gral din, Trad, on\feveral Fohjotty,) give'vs ( in 
e laſt Chapter of his Clavs )\great variety. of:Examples, { and thoſe of very 
different kinds, ) how it may be applied to the eaſic Invention of ,Prpblemi-and 
Theorems ; as well ſuch as have been heretofore known, and received with great 
aqphaſe and admiration 3 as of others nat heretofore inquined after; which 
May OPen.A AQPT 3 Many MATE. jk 0/3 YOu) 993 þ% Ree 
Bu& is 3s : my defi 4:0 make largs Collettions, of the partieular Caſes 
to which Algebts. bath been applied, (whether þy Ancienas or Mogderns; Y for 
that were endleſs: But yather to ſhew the Art it ſelf, which is capable of 
being ſo applied; and by what ſteps it hath arrived to.ghe height at which 


t 13. FP 
hall therefore give onely a few of his inſtances, ard thoſe ( for the moſt 
oceſs may be y ſeen, ) 


| f the-moſt caſie; ( whereby his manner of 
ring the Reader (who deſires more , and harde Caſgs,) to feek"them in 
NS Lerentfon and Demogſtration of the Ten fill Propoſitions of the Second 
of Euclids Elements, we had _ pt (in yo _— Editions ) his 
lat Chapter, with the Invention a nonſtration of the Four rem 
Propel of tne Book, I han te Ds Fr yp regular proces of 
| | 0D: PAT 


- 
" 
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DCq=—2BDxBA. Thatis, (inwordsat length) 


angle \ had theſe | ſides,” and 'of Hs Segment m 


Algebra, they were or might have been at firſt Invented; and withall Demon- 
ſtrated. And he applies to them (as he doth alſo to moſt of thoſe that follow 


in that Chapter ) a Geometrical Conſtru&tion , ſuiting to that Algebraical 
diſcovery. 


% 


11e2. To cut B (a ſtreight Line given) in Extream and Mean Proportion: That 
is, ſo to cut it as. that the Square of the greater Segment , be equal to the Reft-angle 


of the whole, and leſſer Segment. Suppoſe it to be done: And let the greater 


Segment be called A. The leſſer therefore is B—- A. And therefore the Rect- 
angle of B into B—A, equal to the Square of A. That is, Bq—BA=Aq. 
And therefore (by tranſpolition) Bq=BA+-Aq. And(this being an Equation 
of the Third form) 4/: Bq-|-4Bq:—*B.=A. ; | 
(Where Note, for preventing a difficulty that ſome beginners are apt to 
ſtumble at; that A, though the greater Segment of the Line B, yet is the leſſer 
of the two quantities, which, 1n the —_— , Make up the abſolute quantity 
A, which here is Bq; and ſo is of the Third form, where the Root ſought is the 
leſſer of theſe two.) | 
Which (in words at length) is this, If, ro the Square of the whole Line, be 
added a fourth part of the ſame Square +; and, from the Square Root of that Sum., be 
taken one half of the whole Line; the Remainder, is the greater Segment ſought. 
The Geometrical Conſtruftion whereof, is | - 
thus: Make AB=B, and (at Right-angles) 
BC=\B, anddraw the Hypothenuſe, which 
is AC=y: Bq+zBq; whencetakeCD=CB); 
the remainder is 4 D=4/: Bq+2Bq:—4B 
=A, (the quantity ſonght: ) ſo that, taking 
AE=AD, the Line is ſo dividedin E, as 
was required, Fs 


12e2, To find out, How (in a Triangle) the Baſe of an Obtuſe-angle ſtands 
related to the ſides containing it. Let BC D be ſuch a Triangle 3K ſe (inward) 
Angle at B is Obtuſe; its Baſe (or ſide oppoſite toity C Dz and the ſides con- 
taining it BD, BC. (And ſuppoſe we CA-a Perpendicular on DB produ- 
ced:) Then is (47e1) BCq=B8Aq=z(CAqg=z) 
DCq(—DAq=)—BDq—2BDxBA—BAg, 
by 4e2 (for, here, DA is BD DA, the ſum - 
of BD, DA.) And therefore BGq+BDq = 


In an Obruſe-angled Triangle , the Square of | the ſide 
ſubrending the Obtuſe-angle, exceeds the ſum of the rwo 
Squares of the ſides containing it , by a double Reft- 


that Hngle to 
oppo fire Angle. 


13e2. To find out How (in a Triangle) the Baſe of au Acute-argple fhanids 
related to the ſides containing it. Let BD be the Tri Arr whoſe ins e-tt B'is 
Acute z its Baſe, D C; and the ſides containing it, 'BC, BD: '(Atid ſuppoſe 'we 
C'A a Perpendicular on B D, produced if need be.) Then is (by 47 1.) 


Perpendicular let fall on is eh J 


Lc | | "e 
& j : 
F- 
> ; © 
* " * APFIEE + & 
STE: Tt DEE wooan 2E 
. 4 FT" Ye f \ g : 


BCq—BAq=(C Aqz) DCq (—DAq=) —BD " \BAn's 
(by 7 © 2.) (For, here; DA is the tifferend of B D, Darth n A 


BY X 8 Ag. 
at Is, BD—BA, 
" Or 
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or BA—BD,; and, in both Caſes, the Square to be ſubdutted, is BDq— 2 
BDxBA+- BAq.) AndthereforeBCq+BDq=DCq--2BDxBA. (And 
the eſs holds indifferently, whether CA fall within the Triangle, or with- 
out it on BD produced : That is, whether the Angle at D be acute, or obtuſe; 
yea though it be a Right-Angle, ) which (in words) is thus; Tn any T riangle , 
the Square of the ſide ſubtending an Acute-angle , 1s leſt than rhe ſum of the rwo Squares 
of the ſides nai it , by a double Reft-angle of either of theſe ſides, and of its Seg- 
ment, from that Angle to the Perpendicular let fall on it from the oppoſite Angle. Thele 
two Propoſitions, 1n Exclide, are Theorems z and as ſuch are there demonſtrated : 
2u__ here propoſed as Problems, to ſhew how they were (or might have been) 
out. | 


142. To find 4 Square equal to a given Reft-anfle, ABXAD, ſuppoſe we 
AB+AD (biſefted in M) =2 BM: And -- ( by 582.) YT. 
= BMq—AMq, That is, (making the Triangle MA C, ReCt-aggled'at A; 
and its Hypothenuſe MC=BM,) =ACq, (by 47* 1.) 


, | D 


He proceeds there to many more Problems ( ſome Geometrical, ſome Arith- 
metical,) more intricate than theſe; and pyrſues #like Method, (in a particular 
Treatiſe adjoined, ) in explaining the Tenth of Exclide; where, in a very ſhort 
Diſcourſe , he gives a clear Explication of that — ſubjeft,, which hath 
been looked upon, by ſome, as very Formidable, if not infuperably difficult. 
Hedoth the like, inanother Treatiſe, about Regular/Solids : And alſo in another, 
_ op, de Sphera & Cylindre : And in ſome other Pieces ſubjoined to 

is Clavis. | | 

I ſhall (referring the Reader, for the reſt, to Mr. Orghrred,) content my ſelf 
to ſet down one more (by which, and by what is already ſaid, we have a pe 
cimen of his method and ſuccin&t manner of proceſs, ) which 1s the laſt of his 
Clavis: Where, in more Problems, .gives a brief account of Angwar Settions: Of 
Biſetion, Triſetion, Quinquiſettion, SepriſeQion, and further if need be. 


If->-. | 
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Fg 

Suppoſe we, in a Semicifcumference , from the Point O, ſeven (or mote) 
equal parts, diſtinguiſhed þy the letters ABCDEF G; with Subtenſes drawn, 
as in the Scheme. And {in the, Diameter OXRM,) MX — MB. And the 
ſtreight Lines AX, X BJ anlARN a Diameter. And CT, EK, Perpendicu- 
cularsto O E, OG. Then (becayſeof AB= AX,) the Triangles BMX, OR A, 
OAX, are like: And therefor—=?=OX. And the Triangles OAB, AR M, 
are like alſo. And M A (by 47e1.) =4/ q:4Rad. q—OAg. 

Theſe things thus premiſed z we have thele Proportionals, RA, (MA=) 
/q:4Rad.q—OAq :: ON. OB. And therefore SS1E234—9 Av 

4c] BrronYk ed. Wage Bb q- 

= OB; which is the on of an Angle. ( That. is, the Radius, and 
5 Wal e Arch, being given ; to find the Subtenſe of a double 
Arch. a | | 5 

And 4 Rad. gx OAq—OAqy=Rad.gqz O By: Which is the biſetion of 
an Angle. ( That is, the Radius, and OB the Subtenſe of the double Arch, 
being given; to find OA the: Subtenſe of the ſingle, dy refolving that Equa- 
rti0N. . Fee! 
Again, becauſe of OS=OA; and SA=OX; and NS=M X—=MB:: 


| 7 1 + | FRI — OAg. Oag oe a 
Therefore , {by 35+ 3.) oF =SC: ThatiS,zRad— Rad. Þ aa. divided 
by OA, or 


2 Rad guOATARE, = SC: And (adding OS=O a) AWE M—AOC 
=OC; which is the Triplication of an Angle. 


Rad. q Rad. q 
And 3RqzOA—AOc=RqzOC: Which is the Triſettion. 
Again,becauſe 2ET-+CB=OE: And (MO. MB:: OC . OT: Thatis,) 2Rad. . 


OAq 3Rad. gxOA—AOc 6Rad.qqz OA—5 Rad. qx OAc-HOAq. 


2 Rad. — Rad. ** Rad, q 2Rad qq D 


Rad. qqx OA—+5 Rad.qx OAc-HOAgc 
If from the double of this we take O A; there remains : 2 Ld = 


Rad. qq 
— OE : Which is the Quintuplation of an Angle. 
. And, OAqc—gRad.qzOAc-þ-5Rad. qqzOA=Rad.qqzOE; which 
is the QuinquiſeCtion. 

And, in like manner , we may proceed to the Septiſeftion : Namely, 
7Rad.ccxO A—14RqqxAOc+7Rad.qzxOAqc4-OAqqc=Rad.ccxOG. 
( And ſo farther if their be occaſion. ) 

For MO. MB :: OE, OK: And2OK—OC =OG: Whence that 
is eaſily inferred. 


Now 
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Now if (as he doth ) we put the Radius = 1; ( which in Multiplication and 
Diviſion alters nothing : )_ and take the meaſure of the Chords given , in pro- 
portion to this : Then, in all theſe Equations, the Radius with all its Powers , 
may every where be omitted. : 

But the Reſolution of theſe Equations ( beyond that for the Biſettion)) not 
being Geometrically to be effeCted , (that is, not by Rule and Compaſs onely ; 
to which the Ancients confined the word Geometrically : ) he refers to his 
Reſolution by Numbers, (in like manuer as Surd Roots be extracted) by continual 

X1mation. 
hy Tow when I had newly read this, ig Mr; Oxghtred's Clevis, (being then but 
a young Algevrift,) it was one of wy firſt Ellaysto go on where he left off, and did 
(in the year 1648) in imitation of his method, write a Diſcourſe of 
Sections 3 which I did the ſame year communicate to Mr. Fohn Smith, ( rl 
Fellow of Queen's College in Cambridge , and a Profeſlor of Mathematicks in 
that Univerſity ; aud. who had before | with me in Zmenael 

e there: ) As I did alſo my method for ing . Cubick Equations , 
(which I found afterwards to be co-incident with s Rules; ) with ſome 
other diſcoveries I had then made; which ſeemed to him not idle: 
And diverſe Letters paſt between us, on that, occaſion, in the months of x 
and November that year. 

I find, in a Letter of his of November 28. 1648. (and in ſome after- 
wards ). He wo ouy deſirous I would then make them publick : (and the fame 


hath been ſince deſired by others and hath been 
ſince diyerted by diverſe other occaſions. And it " 
that ſome of the Notions therein, will not at this time appear ſo new , as then 


The ſum of jt I thought to have inſerted here, ( with ſome Additions that 
I have ſince made to it,) wherein though many Propoſitions occur, which are 
otherwiſe known ; yet it 15 not amis. to ſee their connexion and natural 
dence on one another. But fearing it would be too great a digreſſion, have 
choſen rather to ſubjoin it in a Treatiſe by it ſelf. 

And this ſpeculation was then the more pleaſing to me, becauſe from hence I 
diſcovered the neceſſity , of what I did before ſuſpet: That, in ſuperiour E- 
quations, there might be more than Two Roots; though I had not found, is 
Mr. Onghtred, any mention at all of Negative Roots; nor, of more than Two 
Afﬀirmatives, in any Equation. 

'Tis true, that Harrior, and (after him) Des Cartes, do expreſsly declare it 
and I find that Viera, was alſo aware of it, (by his ſolution of a Problem of 
eAdrjanus Romanus: ) But I had then ſeen none of theſe; knowing then no more 
of Algebra than what is in Ozghtred's Clavis, Co whence I had newly Learned 
it,) and what my own thoughts did ſuggeſt rom thence. 

And it may be of uſe, as a Patern, for young Algebriſts, how to purſue a 
General Inquiſition into a Subject of like nature, by a continual ion of 
ſuch conſequences as the nature of the Subſet will permit , doth direct 


us £0. 
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CHAP.” XXX. 


The Reſolution of QuaDRATICK EqQuaTtIONs:' | 


ter,) If we find A (the Quantity ſought) equal to a known Quan- 

tity. (or a Quantity given:) It is manifeſt that the thing ſought, is 

now found. As if A = 108; the value of A, which was required, is 
found to be 108. | 7 OY 9603 Ul 

If any Power of it be found thus equal; the reſpetive Root of ſach known 
Quantity, is the Quantity defired. :Asif A q= 108, or A'c= 108: then is 
A=4/q cb, orA=/c108. And the like of other Powers, - -' - 2 
If between the Known Quantity, and the higheſt Power of the Unknown, 

there be any Intermediate Power of it ; this is called an AﬀeCted Equation. © As 
if Aqtz2A=108. ; do. | | - 
. . And of ſuch Aﬀedted Equations, *if they conſiſt (as he phraſeth it)/ of Three 
Species equally aſcending in the Scale ;, that is, if the Exponents of the Dimenſions 
of the Unknown Quantity be in Arithmetical Progreſſion; (as Aq, A, 1,0r 
Aqq, Aq, 1, or Acc, Ac, 1; &c. Whoſe Exponents are 2, 1,0; 4,2,05 '6, 3, 
0; &c.) Of all ſuch Equations, he gives the Method of Reſolution; or diſco- 
yering the Roots thereof (one or more;) but ſo as to content himſelf wirt the 
Affirmative Roots ; neglecting thoſe that are Negative, as not falling finder his 
preſent deſign. | 
' But here, when he ſpeaks of Three Species, it is not ſo to be underſtood, as if 
there might not be above three Numbers-in the Equation: For each of thoſe 
Species may admit of divers Members. As for inſtance, in ſuch an Equation as 
This, oh. 


N O W (the Equation being thus prepared, as in the foregoing Chap- 


MAq-EAqþBA—CA=FqHq—MN. 


The Members of which are Seven, but the Species he reputes but Three ; ac- 
cording tothe different numbers of the Dimenſions of the Root (or Quantity 
ſought,) in each of them ; as here 2, 1,0. The higheſt term, (denomixated 
by the Square) MAq-+Aq (where Aqis the Species, and M-þ 1 its Coeth- 
cient :) The middle Term (denominated by the Side,) BA — CA (where Ais 
the Species, and B — C the Coefficient :) The loweſt Term (whoſe Denomina- 
tion-1s Unite, as being abſolutely known, without any Dimenſion of A; (F q+ 
Hq —MN. Of which three Species, the Dimenſions of A (the Root ſought) 
are in the Firſt 2, in the Second 1; in the Third, o. 

- 'Other Aﬀected Equations, (whether of more than three Species, or of Spe- 
cies not equally aſcending in the Scale,) he refers to another Treatiſe about the 
—_— of * Aﬀetted” Equations; which (in latter Editiogs) is ſubjoined to, his 


Claws. 

Thoſe of Three Species equally aſcending, he reduceth to theſe three Terms, 
(according as the Signs + — vary,) A 

1. X& =BR—Rq K =ZA—Aqri#=ZE—Eq 

2. Rq—-BR=E£>p thatis <Aq—XA=4&4 

3 Rq+BR=EA (CEq—XE = XK. 


In which the Exponents of the Unknown Quantity , (R, or A, E,) are 2, 1,0. 
For though Ac, Aq,A,orAqq, Ac, Aq,&c. whoſe Exponents are 3,2,1,or 
4, 3,2- Cc.) are alſocqually aſcending in the Scale ; yet equally dividing all the 
Terms or Species by A, or by Aq, &c. (as is before directed,) they are reduced 

to one of theſe. 
In all theſe, he ſhews that the Known Quantity is ſtill the ReRtangle of two 
Quantities, which he calls A (the Greater) and E (the Lefſer:) Whercof in the 
Firſt 
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Firſt Form B is the Sum, (Z = A-+E ) andR (the Affirmative Root ſought,) 
may be cither A or E: (For in this torm, there be two Affirmative Roots, either 
of which will perform the Equation; And whether this or that, or indifferencly 
either, be of uſe in the particutar caſe propoſed, rs to be derermined from o- 
ther circumſtances of the Queſtion 3 for the Equatian doth . equally admit 
either :) And ſuch he calls Ambiguons Equations. 

But in the two latter forms, B is the difference (X == A — E, and R (the 
Affirmative Root ſ:ught) is in one A (the Greater of the two ;) inthe other E 
(the Leſſer of the two.) 

This in his Firſt Edition (Cap. 19-) he proves from the 5th and 6th Propofi- 
tions of the Second of Exclide's Elements, 

In his later Editions (Cap. 16.) he chooſeth to do it (nuiverſally) from the 
Principles of Algebra itſelf, < without calling into his help the afliſtance of 
M's Geometry 5 which proves it but in Lines only: ) Which he doth in 
this manner. 


1, Becauſe Z—A=E, (Multiplying both by A) ZA—Aq=E. 

Or 3 —E = A, (Multiplying both by E,) ZE —Eq=4&4., 
2. Becauſe A—X=E, (Multiplying both by A,) Aq —XA=EA. 
3, Becauſe EX =A, (Multiplying both by E,) Eq-|-XE=@. 


Which ſhews the conſtitution (or Compoſition) of the three forms ; and what 
office each piece in every of them doth ſuſtain. Namely, in the firſt, the Co- 
efficient (as he calls it) of the middle Term is Z (the Sum of the two Quanti- 
ties, which by Multiplication make the abſolate Term, (and the Root of the 
Equation ſought, is (either of them) AorE. In the Second and Third; the 
Coefficient is X (the Difference of them,) and the Root ſought, is inthe ſecond A 
(the Greater;) in the third, E (the Leſler.) 

'Tis true, that in the Second, where A is the Affirmative Root, there is alſo a 
Negative Root, — E : And in the Third, where E is the Affirmative Root , 
there is alſo a Negative Root, — A: But of theſe, he takes no notice ; be- 
cauſe his Deſign was to give account. of the Affirmative Roots only, not of the 
Negatives. 

And for the ſame reaſon, he takes no notice of a Fourth Form. 


4. K=—BR—Rq. Thati £E=—ZA—Aq, or &=-ZE Eq. 


For though, in this Form, there be alſo Two Roots, yet they are both Negative; 
— A, —E. Which is evident upon the firſt view ; for & being Affirmative, 
this cannot be equal to (two Negatives) —BR—Rq , if B and R (abſolutely 
taken,) be (as they ſeem to be) both Afﬀfirmatives. (For then a Quantity more 
than nothing, ſhould be equal to a Quantity leſs than nothing.) But if R, (which 
feems to be Affirmative,) be indeed a Negative, (ſuppoſe = — N,) then — Bx R, 
(that is — Bx —N,) which ſeems Negative, will be indeed Affirmative, (that 
is +BN;) and may therefore, with — Rq, be equal to an Affirmative Z. Bur 
of ſuch Negative Roots, R=—A, or R==— E, he takes here no noticez and 
therefore waves this form. 

Now in theſe three forms, having (as in the Firſt) Z and Z given, (the Sum 
and Rectangle of two UnknownQuantities,) 'tis caſy to find X, their Difference : 
And having (as in the Second and Third) X and Z given, (their Difference and 
Redtangle,) 'tis eaſy to find their Sum Z. 

For (as he had before ſhewed) £Zq=-2Xq= Z&. And therefore 4Zq — A 
=4Xq and ;4XqT&4 =; 7Zq. 
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Z =A--E. X =A —E. 
x Z =A+E x*X =A—E. g 
Aq+AE Aq—AE | 
 AE-|-Eq —AE-|-Eq 


Zq=Aq+2AE+Eq. Xq=Aq—2AE-+Eq. 
Therefore Zq—Xq=4AE. and; Zq—4Xq=zAE. 
And conſequently (the Square Roots of theſe) /:2Zq—#: =$X; and 


S+-® 


X =AE ; | Z=A+E 
|- X =A—E —XxX=A-+HE 
Z4X=2A. , BEA, FP} Þ 
And therefore Zi X =A. 147.-iX=E. 
Z-1-X TX 
r —— =A, : —O—E. 


Of which R (the Root of the Equation ſought) is in the Third form E;. in 
the Second A; in the Firſt, either of them. And therefore the Root 1s 1 


In the Firſt, 2Z+y/:3Zq—E@: =4Z+iX=A=R. 

Or 3Z—-y/:iZq—E&A=Z—X=E=R. 

In the Second, 4/:3Xq+E::+FX=EZ+ZX=AZR. 
In the Third, y/:33Xq-b EE —ZX =*Z = E=R. '* 7 


And this gives the (Affirmative) Roots of all Aﬀe&ted Quadratick Equations, 
ſtrictly ſo called ; that is, whoſe Higheſt Specizs is denominated by the Square 
(of the Quantity ſought,) the Middle by its Root (or the Quantity itſelf :) ThE 
Loweſt by Unites, as abſolutely known. 

But with this caution; in the firſt form, where we find 4/: 14 Zq — A, it 
may ſo happen, that the caſe (in ſtrictneſs) may be impoſlible : Namely, when 
A 1s Greater than 4 Zq. For then 4 Z q— A will be a Negative Quantity, and 
therefore (in ſtrictneſs) cannot be a Square ; (for the Root, whether Affirma- 
tive or Negative, if Multiplied into itſelf, will make the Square Affirmative: ) 
And therefore, in this caſe, /:4 Zq — A: (the Square Root of ſuch Negative 
Quantity,) is but imaginary. 32144 ) 

Belide theſe Quadratick Equations, ſtriftly ſo called ; there are others-alſo 
of three Species equally aſcending, which are called Quadraticks likewiſe ; as where 
the SpeciesareRqq,Rq, 1; or Rcc, Rc, 1, &c. whoſe: Exponents are 4, 2,0, 
or 6, 3,0; &c, For, intheſe, the Higheſt Species, R qq, orR cc, &c. is as pro- 
perly the Square of the middle Species, (and this the Square Root of that,) as 
inRe,R 1; (whoſe Exponents are 2, 1,0.) Only with this Difference ; that 
in thoſe, the Root (or middle Species, is itſelf a Plain or. Solid, &c ; but'in 
this a Side (of one Dimenſion.) And therefore in thoſe, after I have found the 
Root of the Equation (according to thoſe former Rules) which will therefore 
beRq, orRc; I am further to extralt the Root, (Quadratick, Cubick, &c.) 
to find the lingle value of R; 

p Thus tor inſtance, inthe Quadratick Equation of a Lateral Root, in the firſt 
orm, 


—RqþioR=21. Thatis —Rq+BR=E. 
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But had been of a Plain Root in the ſame form, 
—Rqq+1oRq=21. Thatis —Rqq+BRq=E. 


we ſhall have Rq=iB*y/:3Bq—@#: Thatis Rq=5ty:2g—2:i: 


We have R = +BEy/:4Bq—£&: ThatisgXy: 25 — 31: That is 54/4, 
a____ 3 that is, 7 or 3. Either of which is the value of R. 
it 


=$X4/4=572: Thatis Rq=7, orRq=3. So that what was before. 


the value of R (the middle Species in that _— is now the value of R q 
(the middle Species in this Equation ;) and ore (the Square Root of this 
value) R=4/q7, orR=4/q3. 

So of a Solid Root in the ſame form, 


> * 
—Rcc+1oRc=21, thatis —Rqq+BRq=zE. 
we ſhall then have the ſame valueof Rc, as at firſt of R; that is, Rc =, br 


Rc =3- And therefore (the Cubick Roots of theſe) R=4/c7, or RK = 
y/ C 3. 


And fo in any other of the Three forms: After we have '( as in the ſtrict 


Quadraticks) found the Rove of the Equarion ; that is the value of the middle 


Species: If that Root be a Plain or Solid Root, (or of ſonie Higher Power than 


ſo;) we are further to extraCt the reſpeftive Root of that valiie, (be it Qua- 
dratick, Cubick, or other,) for the Original Root of the value ſo found. For 
if the Plain Root of fuch Equation be Rq, the Quadratick Root of this yalue 


is R. If the Solid Root of the Equation be Rc, the Cubick Root of this value 


isR. | 
This is his Method (and from theſe Principles) for finding the (Afﬀitmative) 
Roots of all Quadratick Equations. 


—_ 


C H AP. XXX. 
of My. Harriots Algebra, wid the Firſt Seftion of it. 


R. T, bemas Harriot, mother of our Engliſh Algebriſts, was contem- 
porary with Mr. Owghtred, (whether or no of bis particular ac- 
quainrance I cannot tell:) But Elder than he: For Mr. Harrior died 


his Epitaph to be ſeen in Srows Survey of Londov. nd a1 
foot of a Piſturgof his; CIITL enwerp, where he is ſaid to 
eBtatis 74, 16463) was borti 1 

ing the News of the Vote at Weſtminſter, which paſſed May r. 1662. fs 
i :) about. the age of Fourſcore and ſeven years; and lyes bu- 
in-his own Pariſh Churchat Aldbwry in Surrey, where for many 
Whether that of | Mr. Owghtred or this of Mr. Harriot were amatrnr—ery > n— 1 

:fay: (For they:were'both'written many years before cither was Pub } 


{ . 


'4 


not 

But | have put My O»ghtreds firſt,- becauſe firſt publiſhed ; and becauſe he keeps 
eo the! of Vieta, who was before him. Of which Mr. Harrive 
s' farther -improvement'; Which I ſuppoſe Mr. Oughtred had not thert 


. % 


' | . F . . , 


Rz E Mt 


* 2; 
Ph) . 
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Mr. Harriet in his Poſtymous Treatiſe of Algebra or Analyrica, (publiſhed! by 
Mr. Walter Warner, inthe year 1643 1 ; ſoon after the firſt Edition of Mr. Oughtred's 
Clavs, in the ſame year 3) doth in divers —_— vary from the Method of Yiera 
and Oughtred. And hath made very many advantagious improvements in this 
Art ; and hath 1gid the fopndation on which Des Carres (though without naming 
him, (hath built the greateſt part (if not the whole) of his Algebra or Geome- 
ery. - Without which, that whole Superſtryucure of Des Carees (1 doubt) had 


neyer been. ; 

| __ _ | find A pes! in bo inthe year 163 1,) 
but ingly taken natice of , (eC y by Fare though an incompa- 
n= pane =o I judge it not _—_ mention —_y > ſome of thoſe im- 
provements, whereof he was the Author 3 however now they paſs under other 
Names. 

In his IntroduZioz to it 3 and Mr, Warner's Preface before it, (who is known 
to be the Publiſher of that work, though he hath not put his name to it:) We 
have a account of the nature of Algebra, and its ſeveral Parts; Zevetick., 
Poriftick,, and Exegetick, with Theig ſeveral uſes. Which I ſpare to repeat ; 
but may be there ſeen, very well performed. | | 

The firſt Seftion, of his firlk part, is imployed in ſhewing the Operations of 
what. we call Speciou Aritbmeris ; or (as he doth more fitly call it,) Logiſtics 
Speciaſa, pr Specious Computation. acts 

_ And in Prepering Equations ; ar is, in ſo ordering them (by Previous Opera- 
tions) @s that the Higheſt Power of the Unknown Quantity be eAffirmecjve ; and 
not Multiplied into any Quantity or Number oeher than 1 ; all the Mem- 
bers of the Unknown part, put on the ane ide of the Equation ; and the part 
abſolutely known on the other. | | | 

In this he adds little to what was before known; ſave that he ſomewhat va- 
ries his manner of Notation from what was before uſed. Chiefly, in theſe two 


ir ecoodly) hed \to the Eye, the natural. C 
And; y); he diſcovers, to. nafura 
thoſe Terms, Which ſignify oply,; ti 7 lib or Freperrian {0 
Without any foundation in Nature. way they,ought rather to be 
Two's or Three's,. than by One's. ox Fqur's.,  ; | 
And (thirdly). he.doth thus, by. degrees, difeb 
_ a. rae, th ” 
owed from Geomerry,) ang. 
Squared ube 


; Surfaces: 
rr; throo 


an 1./ 
idto.s: 


But 
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But if we conſider a Number Multiplied by ſelf, and this again into the 
-Jame Number, and fo again and again as oft as you pleaſe ; z In this, there is no- 
thing of impoſſidiity or of Di ro apprehend. Or, in Proportions, to 
conceive the Double of a Double ; and again, the Double of this; and then, the 
Treble of this Double-Donble- Doubl and the Treble of this Treble ; that is 
(parting « for 2, and bfor 3,) 44a 5: There is nothing of impoſſibility or 
difficult _—_ in it, nor any ſtraining of the Fanſie. to conceive It. Whereas to con- 
AcBq; that is a Cube whoſe Side is the Line A, draw into a Square 

whoſe Side is the Line B; is tq conceive an Lgonity. 

Inſtead therefore of A. Aq, Ac, Aqq, Aqc, &ec, bo. e expreſſerh i it, more natu- 
ralty by 4, a4, 444, 4444, aaata, &c, Whic \ when tre repetitions grow many, 
are conveniently abridged by putting a*. a”, &<. inftead 0 4444, Aa404, &c. 
or of Aqq, Aqc, &c. 

Which Mr. O»ghtredalſo did ſometimes think fit to do, as in his Clavss, Cap. 1g. 
Where, in reducing — Roots to one denomination, aSy/qqA and 
eeedyq; is, /*A andy/*BB,) he direfts us to cube the Power of the 
Firſt, and ſquare that of the Second, and accordingly increaſe the Exponent of 
the Note of Radicality, whereby we have equivalent to them y/ *AA, and y/ ** 
BBBB; or /* A®, and /"*B*7 Becauſe. that, as well 4 x 3, a36x2, is equal 
20 12. And the like elſewhere. 

The ſame 1 X — 100g 2 in our Country-man Dig:s's Stratiatigos. (in 
Soon Fay hogondh 

& 2 oe. c to\'mak 1n 
te Ee) 8h ff urtibbr of oye I, 2, 3,4, 5, &c. $18 1 x p45 peyae och 
"i : both theſe Expedients ( putting ſmall Letters for Capitals, and «« for 
,&c,) hejs followed by Des Cartes, whoſe Geometry, or. Algebra, wes firlt 
2 liſhed in- French inthe! -year/1637, and not-in Lative til the year oy” 
Francis Schooren; ard again in the year 1659. 
But whereas it = _ w _ (as before with de mal __ 
t Confonants, , for Known Quan ow Fw 
Unknown : Des Carres chooſtth to expreſs his EE DER 
latter Letters of the A SY (2s & Y, x £5. and | the Kpo 7 thy «fone 


Enenly ek, 


pur © :) ES RTnag ſerves is 


M Ho__ (to the formerly receiy noees' of SubduCtion4- — 
| Ti of Majority > Greater than) and ' Fry =" jr 


| beſide the note of Addi oi be Affircdtion ul ; 
tion — (> :) a9drnh rs 2 gal 
; or dan imo.). And*:: a Note of, Px 

" AwoB, in the ſame P, j p 


odonds And When'a Com of divers, 
__ pr _ bags 
raw over or 
= hat the or af ne þ be 
theRoot 
the. Rove of. the. ionic and yn: 
I op Apotorme 46 — - Mi (With. di wers: ocher 
aNote. of Diviſion 
, by a Dividend ru 


ppunice uit dranicy {inp d beret; 0+ b;ar5 7 


He addes alſo a Note of Involution , ( 
Eyolution (extraRting the Root Quadratick, 


oe, Ohing, Gr.) E: kid of 
ubick, fc.) as- 
And 
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And for Known Quantities, he uſeth Capital Leters, A,B, C, &c ; and for - 
Unknown Small Letters, «,b,c. Andin the Proceſs of Operation, when a Quan- 
tity, at firſt Unknown, comes to be Known ; he changeth the ſmall Letter for a 
Capital. 

Which different ways of Notation, ( though they be ſeverally mentioned in 
their proper places) I put here together 3 that the Reader may have the ſeveral 
varieties at once in view. 

Mons Herigone, in his Curſus Mathematicus, yan in the year 1644,) makes 
uſe of Notes ſomewhat different from theſe ; but which are (to thoſe who ſhall 
read him,) eaſy enough to be underſtood. And ſo ſome others have Notes pecu- 
liar to themſelves, (not much different from thoſe already recited ;) which it is 
not neceſſary here torepeat, being each of them eaſy to be underſtood ia their 
reſpeCtive Authors. 


CHAP. XXX, 


Of Mr. Hatiot's Second Seftion. And particularly of Equations 
Simple and Compound ; and how theſe are formed of thoſe. 
Chapter, (which are things leſs conſiderable :) Mr. Harriot, as to the 


Nature of Equatibns, ( wherein lyes the main Myſtery of a3) 
| Ly hath made much more improvement. Diſcovering the LO of 
Compound Equations ; atd Reducing them to the Originals Whence they 
ariſe. Which he enters upon in his Second SeRtion. . | 

Arid here firſt; Beſide the Poſ#jve or Affirmative Roots, ( which he doth, 
through his whole Treatiſe, more dpecially purſue, as the principal and | —_ 
confi woe) He takes in alſo the Negative or Privative Roots z which by ſome 
are | | 

Wherein he is followed alſo by Des Cartes, . Save that. what Harrice calls 
(very properly) [Privative Roets, (as Pag. 27.) Des Cartes (1 know not for what 
reaſqn) is pleaſed to call Falſe Roots. 

" For 'ſince that Negatire or Privative Quantities (as — 3) afe admitted into 
conſideration, (2s importing, ſo much the contrary way to what is ſuppoſed ; 
_ asif + 3 ſignify, 3 foot forwards ;. the — 3 will ſignify 3 foot backwards :) the 
*Root 4;' (now to be ſought, as yet Unknown,) may as well happen [to be — 3 
"as +3. And therefore we may as well ſuppoſe a = —3, 8a=—+ 3. 
| (forinſtance) ſuppaſing 44 = g; if it be asked, What is the value of «? We 
may ſay indifferently «= 3, or 4 = — 3 :, (Since either of them, Multiplied 
into Itſelf, doth produce 9.) Both therefore are True Roots: though the. one 
Poſitive, the other Privative, Fs | 4 

Then (in order to diſcover the true Nature of Compound Equations, by de- 
teCting the Simple Equations of which they are Compounded,” and into which 

ore they may be Reſolved). He puts the ſingle Equation all over to 6ne 
ſide, (thereby making the whole equalto o:) And then Multiplying two'or more 
of _ ſingle Equations, one into the other; the produt mult, conſequently, be 
equal to 9. - =p | | ad 

For ſuppoſing (for inſtance} a= 6b; vr a =—e; thenis (by tranſpblin 
the laſt / any Pl _—_— That is, by a comnion A Bok or Ste 
duQtion on both ſides;) 4 — #= ©, and a-{-c=0. And conſequently (the 
ProduCt made by "Multiplying 'one of the other) 4« —ba + ea —be=o00. 
Which he calls an Original Equation. | 


ESIDE thoſe convenierices in the Notation mentioned in the former 


——_ 
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RI LYOL!. $ <—_— 6 
a=—Fþ... #>+-b.=0. 4. 
a=—E. | a+,c= oO, A 
aa —ib's I þ 221 . 
: D208 ,1 +v42-be 55d by2brns Las nun: 
To mT grooms > 0 11197 19 ef 
aAa—bad-ca—bc=o00, bh nw? 513 ver 


And then (from ſuch Otiginat Equationis,), Adding or Subdufting be to each 
fide, (or which is all one, rradnie: 4 | S YO 8 cacti 


ting. bc tothe other fide with a 4a — ba wa yd 
contrary hgh) he deduceth ſuch'as ca—be=0;.. + ca 53bs: 
theſc, 44 04 , ( | . 


© þca =be: Which he calls Canonical Equatjoys,, And this: he, fo 
calls, (rather than the other ;) partly , becauſe by Yiera and others, an/Egua- 
tion. was then reckoned to be well and regularly ordered, when the .Unkgqwn 
t'-was ſeparated from the Known part equal to it z, and its. hig rt, 

wy aa) clear of any Aﬀection. And partly,” becauſe he d char makg — 4 of 
theſe Caronicals, as Paradigmes or Paterns, by which he doth afterwards examine 
Common Equations, as they chance to occur. * Mo 4 

This Artifice he makes uſe of, as a Key to Unlock and diſcover the Myſteries 
of Compound Equations: How -many Roots each Equation"hath, and what they 
are, Affirmative or Negative; and of what Ingredients the Coefficients ( or 
Known Quantities) in each-Member,. are made* up. 

In all which Des Cartes follows him; or rather borrows from him. 

There is | confeſs a Specions objection ( which 1 hive ſometime: made to my 
ſelf) againſt this Proceeding, which deſerves anſwering. And it is this. 

Though it be true, that putting .(for inſtance)-4= 6, and againa=c ; there 
will hence follow 4—b = o, and a—c =0: Yetit isalſo | 
true, that when by Multiplying theſe , I make this Com- ©, _. ps 7 
pound Equation, a#— ba — ca be = 0: Thatewhich |, —, 
in the former of them is equal to b, is not” the ſame 4 ' ————— 
which in the latter of them 1s equal to c; but of another ' 14 4 —b 4 
value. And conſequently, when I Multiply the one 4 in- —ba+bo=o, 
to the other, to make (in the 'Compound I þ FJ of 
aa; this is not (as it ought to be) the Squareot either value; but a Rectangle 
of the Two. And, inthe like manner, in the ſecond Term — b4 — ea, that « which 
Multiplied into b makes 6 a, is not the ſame a which Multiplied into c makes#4; 
(but the contrary :) As is manifeſt in the operation, Whereas yet, in the Qua- 
dratick Equation, 4 is underſtood to be throughout of the ſame value: That is, 
(whether {oever of the two values it be taken to ſignity,) the ſame value Mul- 
tiplyed into itſelf, (4a4,) wanting the ſame value Mnltiplyed into b and c, 
(—ba— ca,) together with the Rectangle of. bc, (+bc,) is reputed. equal to 
nothing. For thus this Equation 1s to be underſtood. 

And the ObjeCtion will be yet more conſpicuous if, for 4 (of an Ambiguous 
yalue) in both Equations, we ſubſtitute ( to diſtinguiſh | 
that ambiguity) 4 in the one, and. in the other.: For we ,__þ —»5, 
ſhall then find this Equation, 1n the ſeveral parts of ir, very ,__.— ,. 
different from what at firſt by (reaſon of that ambiguity) ————— 
it ſeemed to be, 17 270 ae—be 

But whoſoever conſiders the matter ſo nicely, as to —C4--be=0; 
make this Obje&tion, may with a little further conſidera- ay 
tion, find it to anſwer, it ſelf.” For it is the ambiguons value of ain vhe Sunple 
Equations, which makes the Compound Equation'to be Ambiguous, and to have 
a Double Root. And this Multiplication doth but direct the way to find an E- 
quation whoſe Root ſhall be ſo Ambiguous. 


z 


ue 


This 
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This is partly manifeſt by that Subſtitution of a, s, for the two values of a. 
For 4 being equal to b, makes ae — be to deſtroy. itſelf ; and again, for the ſame 
reaſon, — c a+ be to deſtroy irſeif, whereby the whole becomes equal to ® 
nothing. Again e being equal toc, makes ae— c 4 to deſtroy itſelf; and for the 
ſame reaſon — be + bc; whereby again. the whole Equation becomes equal to 
nothing. And indeed becauſe of #==b, ande=c; every of the four parts 
ae, be, ca, bc, will be of the famevaiue; andtherefore the two Negatives de- 
ſtroy the two Affrmatives, and make the whole equal to nothing. 

And that this mult be ſo alſo in the Ambiguous Quadratick Equation 3 is fur- 
ther manifeſt. For ſince (as is already ſhewed) ae —- be do deſtroy each other, 
they muſt alfo ſodo, if inſtead of e, we pit 4jn both places; that is 44 —b a, 
(W hich makes up the Quadratick Equation aa — ba — c4 bc = ©, according 
to the value of 4 = b.) And again, ſince (becauſe of e = c,) ae — cado deſtroy 
each other z the ſame muſt be, if inſtead of a, we put e in both places; that 1s, 
ee—ce. (Which makes up the Quadratick Equation ee—be—ce-þ bc=0, 
according to the value of e.) The Quadratick Equation will therefore hold, 
according to erther value. 

''The fatne is yet further made manifeſt, (that the Equation will hold taking 4 
or-& according to the fune value throughout, )) by ſubſtituting either value (b 
or c) inſtead of 4 (ot e.) 

For in this Equation, © + 44—ba—tabbc=o. 


If for 4, we do every where ſubſtitute b 3 we ſhall haye 
bb —bb —cb +be=0. 
If every where, for « we ſubſtiture c 3 we ſhall have 
Com be —mec+be=o. 
Where (in both) the Terms do evidently deſtroy one another. Which makes 
it evident, that whether ſoever of the two values you put on the Ambiguous 


Root «, the Equation will hokd good. 
The ſame will hold if the two values of a=—+b, ' a—b=o, 


a be otherwiſe changed : Suppoſe the one Af ,— <c. a+c=0. 
firmative, the other —_— As4a =-}-b, — —_— 
and a = —c, And therefore Multiplying 4 — 6 aa — ba 

= ©, lato 4-6 = ©, we have the Quadra- + ca—berzo. 


tick Equation 
al—ba-ca—bec=o. ' 
If for a, we put every where +b; we ſhall have 
bb —bb+cb —bc=0, 
If every where, for «, we put —c; we ſhall have 


Coo bemiembc=o, 


And both ways the terms manifeſtly deſtroy one another, Which ſhews that the 
Ambiguous Root 4, may be indifferently expounded of either value. 

« A - _ — = = x oy pals in any Compound Equation; 
if we ſubſtitute oughout ) any of the values (Affrmati 
inſtead of the Root Unknown, F EY 
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C H A P. XXXIL. 


Of QuaprRAT1iCKk EqQuaTtIONS. 


CCORDING to this Method, he finds every Quadratick Equation, 
if pn (that is, if the caſe propoſed be not an impoſlible caſe) 
ro 


ave Two (Real) Roots ; (that is; ſo many as are the Dimenſions 
of its Higheſt Power, ) as being made up by the Multiplication of 


Two Simple tions. That is, Two Affrmatives, or Two Negatives; or ' 


one of them tive, and the other Negative; and of theſe, ſometimes the 
Affirmative is the Greater, and ſometimes the Negative; and ſometimes both 
are equal. For all theſe caſes may occur in two ſimple Equations, thus to be 
Multiplied. ( But in caſe the Equation be impoſlible, thoſe two Roots are nor 
Real, but only Imaginary.) \ 

Then putting Examples of each caſe, he diſcovers (by their Multiplication) 
how in each caſe, the Reſulting Equation will appear. And contrariwiſe (by 
comparing them herewith) when Compound Equations are propoſed , he is 
able to make an Eſtimate of what Simples they are compoſed. 

The Caſes are theſe ; | 


LL 4a=-+þ, 4—þ = 0. 


4 = Cc. a—cC=0. 
See $4. pr. 2: aa—ba + 
—ca+bc=0. 
II. a= +b. 4—b=0. 
4 = == 6, a-c=0, 
See $ 4. pr. 1. aa —ba 
+ ca—bc=0. 


III. = —-þ, a b =o. 
= —C, a4 cC=0.: 
aa+ba 


+ ca++bc=0. 


{n the Firſt of theſe, both Roots are Affirmative; in the Second, one Aﬀirma- 
tive, and the other Negative, (but it doth not appear in this form, whether of 
the two is Greater 3) in the Third, both are Negative. 

To theſe are added (in the Sequel, ) as particular caſes, or (as he calls them 
afterwards,) Secondary Canonicals, Two more. 


IV. aa=-bbc, aa—bec=0, 


V. 4a48=— be. aa-k-be = O. 


The Former of which, is a particular under the Second Caſe : The Latter, under 
the Firſt or Third caſe. 

From thoſe Three Caſes, it doth appear, That in ſuch Quadratick Equations 
(not Impoſlible) there be Two Roots; which we will call 6, c. 


' 


And 


s 


_ : 
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By And that the Known Quantity (bc, in all of them,) 1s the Rectangle or 


Product made by -the Multiplication of thoſe two Roots one into the 0- 
ther. 

And then, (being all brought over to one ſide, ſo as that the whole be made 
equal to nothing z and the Higheſt Power Affirmative, and clear of all Aﬀections 
as is ſuppoſed in theſe which he calls Original Equations: ) If bo (the Known 
Quantity) be Affirmative, (that is, -- bc;) the Two Roots have Like Signs; 
(that is, toth Affirmative or both Negative:) as in the Firſt and Third 
Caſe. | 

And the Coefficient of the Middle Term is the Sum of both, with the Signs 
changed. And therefore, if the Sign of the Coefficient be —; the Roots are 
both Affirmative ; (as in the Firſt caſe :) Bur if +, (as inthe Third Caſe,) both 
are Negative, 

But in caſe bc be Negative (that is, — $c;) the Roots are Unlike, (the one 
Affirmative, the other Negative :) As in the Second caſe. 

And the Coefficient of the Middle Term, (—b -+ c,) is the Aggregate of 
both Roots, with contrary Signs ; and (conſequently) without its Sign, it is the 
Difference of the two. 

And therefore, if the Sign of the Coefficient intirely taken (that is, both 
= being confounded and put into one Species,) be —; the Greater of the two 

oots is Affirmative : If --, the Greater is Negative: (For. - b-+c, if b be 
greater, will be Negative ; but Affrmarive if c be Greater; and therefore, ac- 
cording as — or +|- prevail, ſo is borc the Greater) b being originally the Aft- . 
firmative Root, and c the Negative ; though here they have contrary Signs : 
If the Middle Term be wanting or equal to o, then are band c Equal z — b-+ 6 
deſtroying each other 3 that is, —b4-c =o, and — ba+ca=0o. 

And this is the Origin he gives of all Quadratick Equations. Whereof, at 
pag. 27, he ſelefts thoſe (as more conſiderable) Which have one or both Aftr- 
mative Roots. As he doth alſo in thoſe of Superior Equations. 

Now (putting « for the Sum, and : for the Difference of b c, abſolutely con- 
ſidered without their Signsz) it amounts to thus much. ” 


Firſt caſe. aa —Zaj=be=0. Roots, +b, +c. 


Second caſe, aa xa—bem=o. Roots, -þ-b, —&. 


E — x4, whenb is Greater. 
That 15, <+-#4, when c is Greater. 
- -. ©, whenthey beequal, 


Third caſe. aapiaHbc=, Roots, —b, ms C , 


And conſequently the whole difficulty of Refolvi ble) Quadratick'E- 
quations, is reduced to this : Having z and bc Che Son Aottuonle of b,c3) 
to find x (their Difference;) as in the Firſt and Third Caſes : - Or having x and 
bc (their Difference and ReQtangle;) to finds. (their Sum ;) as in the nd 
caſe. For then having z and x- (the Sum and Difference is | 


2 & + 3X1, Is the Greater of the Two, 
+2 —7 X, Is the Leſler of the Two. 


(And whether this or that, or both, or neither, be Affirmative or Negative ; ap- 
pears from what was ſhewed before.) 
Which Difficulty is thus reſolved. 


The Greater $z4- 5x, Multiplied into 
The Leſſer #z—+x, makes 
TheRectangle 5 zz —2Z x», = bc. 


And. 
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And conſequently, * zz —be = 2 
And beþixx=3 zz 
That is, If from *z.z (a quarter of the Square ef the Sum, or the $ 
half the Sum ) we Subtract be (the Rectangle,) we have, x (a Aeon - 
the Square of the Difference, or the Square of Half the Differencez) the Square 
Root of which Remainder is + x (half the Difference.) Andif to* x x (aquar- 
ter of the Square of the jDifference, or the Square of Half the Ditference,) we 
add bc (the Reftanghte,) we have + zz (a Quarter of the Square of the Sum, 
or-the Square of half the Sum ;) the Square Root of which Aggrepate is half 


the Sum. Sothat, having z, bc, we find x; or-having x, br, wefind 2.3 and ha- 
wing «<, x, we find b c. | "nd 


ch all amounts to this. | XN 


Caſe Roots. 0 

I. a4—za+Hbc=0. + $zt/iIzzIbe: = +2, +1 
= aa7F xa—be=0, TixÞY xx Fc: =*+%> 4-22, 
III. aa + z4 +bc=o0, 77 $7 Sy 7 =—Lztix, 


Whence it is further obſervable, that in the Second Caſe, 'if x «be wantiug ; 
that is, if x (the Difference) be nothing; thenis x -/+2 xx 4-$c* the 
fame with bc. And conſequently the two Roots of the _—_ (a4—be=0) 
are the Affirmative and Negative Roots of bc. As for inltance, if bc beg; the 
Roots are -| 3, — 3 3 the two Square Roots of -|- 9, | 

And, in the Firſt and Third Caſes, if *z z (the Square of half the Coetfi- 
cient) be Equal to'bc (the abſolute Number known 3) then ( theſe deſtroyi 
each other) y/: ;, 2 — bc: will be equal to nothing. And therefore the Two 
Roots will be equal. Burt in the Firſt caſe, both Affirmative, 4-4 z,-þ-* z: 
In the Third caſe, both Negative, — 3 2, — 3 z. 

But if in the Firſt and Third caſe, it ſo happen that * zz. (the Square of half 
the Coefficient) be Leſs thanbe (the abſolute Number ;) the Cafe is impoſibte;; 
and the Equation hath no Keal Roots; but only (what they call) Imaginary. 

For then will 4 zz — bc become a Negative! Quantity ; and irvRoot 4/:*z z 


— bc; ſhould therefore be the Square Root.of-a Negative 'Qnanmtity, Which 
cannot. be, ſince that whatever the Root be, Afﬀirmative or ddegaive ; the Squire 
is till Affirmative. Thus, for inftance, though. g-be.a Square Naxaber, ' (wh 

Root may be + 3, or — 3,) yet —g can haye no$quareRoot. For whether ve 


take (for the Root) 3, or —3; yet ſtill the Square will be - 9g; not 


5 that if this Equation were propoſed , —44-F84a=25: Whoſe Reots 
ſhould therefore be 4 * y/ : 16 — 25. Weſay, this Equation is impoſlible ; becauſe 
4: 16—25: That is/—g, is only an Imaginary, not a Real quantity, (either 
Affirmativeor Negativez)and conſequently the Roots 4 -þ-4/ — 9g, and 4 — / — 9, 
are but imaginary Roots. (Of which, yet we ſhall have occaſion further to diſ- 
courſe toward the end of this Treatiſe.) IE WE 

' To the fametread are WEES TAE This Equation, (and ſuch like,) 44 =— be, 
or 44-|- be =0. (Which belongs to the Firſt or Third caſe, wanting the 
middle Term, a4 £ 0 4 + bc = 0.) Whoſe imaginary Roots are oy: © 
_ T7: 

Yet are not theſe impoſſible Equations, and Ina inary Roots, altogether uſe- 
leſs : But may be madte uſe of tovery good purpoſes. 

For they ſerve not only to ſhew that the Cale propoſed (which reſolves itſelf 
into ſuch an impoſſible Equation,) is an impoſſible Caſe, and cannot be ſo per- 
formgd as way ſuppoſed: Burt it ſhews alſo the Meaſure of that impollibility ; 
how far it is impoſſible, and what alteration in the caſe propoſed would make it 


ſible, - 
poull "IH ad 
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And they are of uſe alſo in Compounding Supericr Equations; which though, 
as to thoſe Roots, they will be impoſlible ; may, as to other Roots, be poſlible 
Equations. 

And of ſuch __— Roots, we find Mr. Harriot particularly to take no- 
tice (in the Solution of Cubick Equations) in his 13th Example of his 6b 
Seftion; pap. 100. Of which we ſhall there have occaſion to ſay more. 

But now, what we have here ſaid, about Reſolving the Quadratick Equations ; 
is but a Digreſſion from what we were ſaying of Harrior's Compounding ſuch 
Equations. For though this do naturally follow from his Compoſition, and was not 
Unknown to him, nor (as to the ſubſtance of it) to thoſe before him : Yet he 
hath a peculiar way of his own, for Reſolving of them. Of which we ſhall have 
occaſion to ſpeak more, at the 11, 12, 13, Examples of his Sixth SeCtion. 

The way he uſeth is this : To each part of his Quadratick Equation, 44Z 
2ba=Zcc; he adds the Square of half the Coefficient, bb; thereby making 
the Unknown part, a compleat Square in Species equal to a Known Quan- 
tity. 


" aaE2ba--bb = Zee +bb. 


And conſequently, the Square Root of that, equal to the Square Root of this. 
azb= v/:Lcc-l-bb, 


Which being known; the value of a is known alſo. 
Thus in the ſeveral forms, 


1. 44 — 2ba=-Fcc. ana—2bakbb=cc+bb0, a—b=ty: 
cc +6bb. And therefore, 4 = bi /:-þcc+bb. 

2%y8a + 2ba=<|-cc, aa 2babbb== cob bb, abb=ty: 
43%, And therefore, EET ST ” 

3. 44 =2ba=—Cc6, aa—2babbb=—cc--bb, a—b=ty: 
&-£c-]-bb, And therefore, a =b=y/: —cc bb, 

4. 44 + 2ba=—cc. aa42ba+bb=—ccþ+bbÞ, ab b=ty: 
— c++ bb. Andtherefore, a =—b*Zy:— cc + bb, 


And the ſame Method is moſtly uſed by Dr. Pell. | 
But whatever the Proceſs be, whether this, by compleating the Square; ot 
that before mentioned ; or a third, by caſting away the ſecond Term, (0 
which we ſhall have occaſion to ſpeak hereafter; ) the Reſult will be Rill the 
ſame. As we ſhall further ſhew, at his Prop. 1 1. Sect. 6. 


CHae.XXXII. Of Cubick Equations: 


C HAP. XXXIL. 
His Derivation of Cunpick EQuaTI1oNsSs. 


AVING (as is above ſaid} ſhewed the Riſe and Compoſition of 

Quadratick Equations : Mr. Harrior doth the like for Cubick Equa- 

tions. By compounding thoſe; either of Three Lateral (or Simple) 

Equations; (firſt reduced to the form of Binomials, and then Mul- 
tiplyed continually ;) Or of one.Lateral, and one Quadratick. Which Quadra- 
tick (thus ingrafted into the Cubick,) retains (as to the Roots contained in it,) 
the ſame Accidents (of Poſſibility, Impoſlibility, Affirmation, Negation, Equa- 
lity, Inequality, &c.) which before it had. 

Whence it follows, That all Cubick Equations have (Real or Imaginary) 
Three Roots, (all Affirmative, or all Negative, or partly the one, partly 
the other) That is, ſo many as are the Dimenſions of (its higheſt Power,) a 
Cube. 

And the like he ſhews of all Superior Equations ; that is, that every Equa- 
tion, of what Degree ſoever, hath ſo many Roots (real or imaginary) as are 
the Dimenſions of its Higheſt Power (cither all Affirmative, or all Negative, 
or ſome Affirmative and ſome Negative.) | 

W hich is the Myſtery that beſore Harriot, was not (that I know of,) diſco- 
- vered by any. But he is ſince followed by Des Cartes, (but without naming 
him,) as well in this, as in many other things. = > oil 
His Cubick Equations, he thus derives. 


l a=-+-b. a—b=0, 
a=—=-|-c, S—C=0 ., _ - 
bz bd, * = SiS T0 
ana—baa-kbca 
—caa--bda Sec his Se&t. 4+ Pr. 5- 
—daa--cda—-bcid=0, 


I.. a=-—+b. aw.b=0, SFU 
4—==—PC. A—C=0. 
a=—d4, |, 4+4=09, 4 v4 
aaa—baa-rbca - 
—canwbda © VO OO- SEE. gr 4 
+ daa —cda-bid=o, 


Ill. 4=—b, ab=a. tt þ= 
4=—o, a--c=0. | 
n=—+&. a —d4=% = hoe Ree (LICL 

aaa--baa-pbca 
+ caa—bda * Sect. 4. Pr. 3+ 
—dagn dan bcd =0&- __ 


. * 
Ee . wY © L 
* 


TV. 4=—b, a -b=o. 
aA =—C, ac =0. 
a=—=d, _akbLd=0., 
" naatbaa+bca_ 
caa-hbde 


) Ml +» >£' WE Yr t 
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To which he adds divers particular caſes. Amongſt which, the four next 
following, he calls Reciprocals, Which names he gives to thoſe Equations ; where 
the Abſolute Known Quantity, is made by continual Multiplication of the 
Known Coefficients; and the Higheſt Degrec of the Unknown, by a like con- 
tinual Multiplication of the others. As here, bc 4= be +4, andaaa=aaxa, 


Y. aa=-—-bc. ' 8448 —#C=0. 
a=-|-d, 4— 4d =O. 


aaa—daa--bca—bcd=o. 


VI. Au=—bt, aabec=0, 
a=+ 4d. 8— Ef =D©. 


aaa—daabca—bcd=o. Set.4.pr.18. 


VII. aa == be. aa—bec=0. 
PL—Y 3 aa 8'= ©. ** 
aaabdaa—bca—bcd=o. 


Or, a=—b,  ab+b=0. Roots. —b, Ic, —c 
aam= cc. A——CC=O. 
aaatbaa—cca—becc=0. Sett.4pr. 19 


- VIIL aa=—bc, aa+be =o. 
4=— A, al d =0. 
aaarhdaabbcabed=0. 


Or,  &4= hb. . , = #=0. Roots. -|-. 6, |-c,—c, 
aa = 6c, A4a—CC=0. 


aaa—baa—ccabee=o. Seft.4.pr.2o. 


*r «14 +4 


To which he adds Three ; ariſing from the parting of a ſingle Quantity into 


the form of a Binomial. 
IX. r—4a=+9q. If —g27raÞ3raa—aaca=+qqgq. 
| Thatis, #=r+q=0. daad=—=3rda=—rrr=0, 
T4919 
oy XK. r+a=+9. Err oa 3rranfgraa aca == qqq. 
That is, #7 —q=0. aan 3raa+3rdarrr=0. 
F | —9qq 


Xl. ar =+9: 44a = grant grra—rrr == gqq, 
That is, 4—? —q =O. aad}— Zraaa3rra—rrr =0, 


—dq9 
Or, (as he after repeats theſe Equations,) 


IX, b=4a=+c, 4=Þ—6, aa4—36baa+3bba=+bbb=ccc. 
- SeR. 4- Pr. IZ. | 


XN. a+ 
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X. 4a-þb=þc, a=+c—b. | 444] 3baak 3bba =— bbb-+ccc, 
Sect. 4. pr. 10. 


XI. a—b={-c, a= +-b+c. a4aa—3baa-þ-3bba=+bbb+ccc. 
Sect. 4. pr. 11. 


4a=2b. aat—3baalk-3bba=2bbb, Sct.4.pr.13. 


C H A P. XXXIV. 


His Derivation of BlQuaprRaTticx EQUATIONS. 


Laterals, or Two Quadraticks ; or a Lateral and Cubick ; or a Quadra- 


N like manner, he derives his Biquadratick Equations ; either from Four 
[ tick and Two Laterals. 


I, a=-+6b. 4 —b=o0. 
0 Be a—C=0, 
a = +d. 4—d=0O., 
a = pf, a— f =O. 
anna —-baaa+boas 
—daaa+cdaa—bcda Sev. 4. pr./20. 


—f ana -bfaa—bcfa 
_— 
faa—cdfa--brdf=0; 


IL 4=c 8. Ran On 


'F = =O, 
Doty ap) a—d=0Q. 
A=——f, a+-f.=0. 
- 4448 = 444 + bead 
— C444 -bdaa 
—dacaa- claa—bcda 
vemponto roſe Set. 4. pr.22. 
4 
Sree Lofo_edfma 
[L, 4 = —6. a--b=0, 
= Cd 4 a=c=0. 
a=—d, «Þ+d=0. 
a= +f. a—f=0. "8 
aaaat-baaa+bcaa 
Þec6 _ | | 
daas-f-cdaa-|-beda_ Set pr.21; 
= faaa —bfaa—bcfa "I 
= Cfaa—bdfa 
—Afaa —cdfambedf=05 


if 
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IV. 4=-+6. a —b= o. 
a = C, A—C =O. 
a=—d, a+d = 
a = —f, a+f = 
aaaa — baaa-\-bcaa 
— 44a —bdaa 
-|-daas—cdaa+bcda 
Set. 4. pr. 23- + faaa—bfaa-bcfa 
—Cfaa—bdfa 
+dfaa—cdfa+tbedf =o, 
V. a= —b a-b=0 
4 = =—E a4-c=0 
a= —&d a4=0 
a=—f a—f=0 
aaaa + baaa+bcaa 
d- caaat bdaa 
+ daaaſ-cdaabbeida 
|-faaa--bfaabcfa 
= c faa-bdfa 
TEL 4-b627ms, 
To which he adds theſe Reciptotals : 
VI. aaa=+cdf. aan—cdf=0, 
a=-b, 8— þ = 0. 
Sect. 4. pr. 40. aaan—baan—Ccdfa—bcdf=o. 
Or, 4=+þ6b. a—b=9. _— b, +c 
——_ aaa—CCC=0. Or; FISTS = 
Sect. 4- Pr. 40. aaaa—baaa—Ceca--beccmto. 


VII, 44a = edf. aaa—cdf=0o. 
a=—b, 8). $Þ.=0. 


444d baaa—cafa—bcdf—o. 


Or, a=—b, a +b =o, Roots; — b, 
"444 = -bcec. Jag Or; — + $4. 2-494 
Sect.4.Pr.-39- aaaar baaa —cccanbbeee=o, 
VIII. aaa=—caf. eee. 
a=—b. a—b=0. 


anan—baaabcdf—bcdf=s. 


IX. aaa=—caf. p17 6 © 1 Haha 


& 4==—=bþ, 


b = 60 


anan+baaa-,. cafaTTaf= 0. 
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And theſe other particular caſes ; 


X. b= +4. þ -—- 4 =0&> 


, C-—» 4=09., 


—__ df—aa=0. 


bedf —bdfa+dfaa-+baaa 
on INS CARR = AkAR=DO. 
A. b=hs. b—4=0. 
c= +4. C=O. 
df = — 48; df i aa=0. Sl» ROB. | 
bedf —bdfa-bdfaa—baas 


mCUfa—bcaamCana + ana=0. 


Xll. þ = — 4. b + 4 =0. 
(= — 4, c +4 =0, | 
df=—+ 4a. Hf —aa=0. ———— , 
bedftbdfabdfaa—baas 


+ cdfa—— beaa-—cana — 4444 =0: 


x1ll þ = + 4. bh — 4 =0. 
(= 4, cl- 4 =©; | 
Af = 44, df 44=0. > "WE 
| bedf +bdfa—-dfan-pbaas 


cAfa-{ boaa-nlaaa—=da84a=0 


XIV. b = —84. b +4 =0. 


c = +8, C— 4 = ©. 


df= + as. df — aa=d0. 


Ne + baas 


fa—-boaa— C444 445= 0. 


XV, = — 4, 


- bp =,» 6, ; 
fe ea. 


£1692 \ t9%9 n 


- « 
* 4 % A * LT 
= C, 5 F'Y F £ J} 15 


nr 


xVl., beandlomn, bem 84 = 0: , 
df = + 44. Af —44=0O, 
bedf —dfaa 
= "I 


”—_—— _ bo —_— . W”©._—_—  - -— 


XVII. be = + 44. be = 44 =0. 
df == 44. df J-44= 0. 
bedf —dfaa 
+ boat AAA =0. 


T 
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XVIIEL be = — 44. bc + aa=0. 
Af = —aan. df + aa=6. 
bedf+-dfaa 

 - 


CHAP. XXXV. 


A like Derivation of SUP ERIO UR EQuaTIONS: And 
forming bis Canonical Fquations from theſe Originals. 


rived from Laterals, or at leaft from Equations of lower Degrees 
than themſelves : So is it eaſy to apprehend how other Equations 
yet more compounded, may ut like manner be derived from their 
reſpective Components. -, "P 
In order to which, he gives (pag.' 49, &c.) a large Liſt of Equations fitted 
to that purpoſe; that by Multiplying them (or ſuch others) either into one 
_ or into others at pleaſure ; Compounded Equations may be raiſed with- 
out ſtint. 203 | 7 (6. 
And in this Method (of Compounding Equations, of what Degree ſoever 
from _ m_ ſimple,) he - followed Md —_ —_ 4, g 
How from theſe Originals a cal; are deriv 
putting over the Known Quantity to the other ie the Equation, arp Mc 
trary ſign,) 1s not hard to opprebend. | 


N OW as theſe Compounded Equations above mentioned are thus de- 


As (for inſtance,) From the Original, 
aa — ba p [7 
A-ca—be=g0. 
' he deduceth this Canonical, | 
aa—ba 
+ca=-þbc. 
| | enm—s RS 4 
And ſoof the reſt. Of which he gives us 2 particular account; but-the thin 
, being obvious, I need not trouble the Reader with repeating them. g 


How many eAfirmative Roots, and whicti they are, in each caſe: (becauſe 
the notion was then riew, and peculiarly his own 3) be doth afterwards demon- 
ſtrate at large, ( in his Fourth SeCtion, at the places to which I have referred 
in the former Chapters.) But it is not neceſſary (and would be too for 
me here to repeat. Of which I ſhall ſpeak furcher at his Fourth Seftiog:” ” 


Gy- 4aP.XXXVI. Of. Conpougd Equations 


CHAP. XXXVI 
Of Diſſolving Conrount” Equations. 


18 -matifeſt alſo, that as Compound Equations are made upof' others 
 - more ſimple, by:Mphiplication 5 59 they maybyilike Diviſions, be 
redyced into thoſe Simples again-i\7 And as by: lication, 'they 
may be Advancodioe Eipuaticnnx of higher Degreesz 1o by Diviſion, 
they. may be Deprefled to Lower Equations:: Owner moreof FEI 
being exemptetbor taken ont... !! \ | 
 .1/Thus.(for,jnſtance) the Gl Caſs of Cublck Equations ; CY * 


{1 
- 


» 


aaa —baa + Hca—bcd= 0. 
—caa--bda m— 
— daa-cda 


being compounded of three {aterals ; a £b=0, 
A-—C =O. 


” ” , - 4h —&t= O = *1 | 
[ 'S- 4 # - OY # volt 


If that Compound Equation be divided by one of theſe Simples 3 Suppoſe by 
a—d=0o: The Refult will be, a Quadratick Equation ” containing F other 
Two Roots; vi& aa—bs,, | 
—cabc=o. | 
For that Cubick Equation being made by the Multiplication of this Qualratick 
into 4 — d = 0: 'M by this it |be divided, that other muſt needs reſult, 
Thus, in cal I have this Cubick Equation propoſed, et 


AMAk—104a+314--30=0, 


' 
” . e. ® 


(though I do not know the particular Members of each Coefficient, but only the 
reſult of them ;) if by any means I have diſcovered the value of one Root, ſup- 
poſe #=d= 2; I may (dividing by 4—2=0z) depreſs that Cabick to ;6 
Quedratick Equation. 


4—— 2 =0) 444— 1044+ 314— 30 =0 (44 84,45, =0: | 
| Ahl—— 244 


2 0 Sb 
— $4416 4 


+ 'I5 4— 30 
+ 15 4—30 
-- --00 OO 


i 


And 8gain; if if I farther come to know the value of Gt a SRP Roots, 
ſuppoſes =c = 3: I may (dividing that Quadratick Nh AI by 4——3=0,) 
reduce it to a Lateral. 


- 
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p _ 
, z 
A. 1D 
o * 7 ———. aw OO—— & a 


a—3=0) a4 — Ba--15=0 (4, — 5, = 0+ 
AA—3# : 

—$4+15 = = 

—$223-44; :- oY! 

© ©0o : 


/- This Notion alſo 1 find purſued (ſince Harriet) by Der Carre/and others." 
; And particularly by Hudden (to very good purpoſe) in his Rules for:Diſſol- 


ving fom_ R_ into their Components: Whuch are publiſhed amongſt 


Schooten's z but without avy demonſtration; ns Sa. 
And Mr Merry (our Country-man,) hath yery ingeniouſly done {the like, long 
ſince ;(with the Demonſtrations annexed,) in a _Manuſcriptof his, not yet 
Printed: Which þ have thoughts of  annexing (becauſe he is dead, and not in a 
capacity to do it himſelf) in the Appendix to this. 


CHAP. XXXVI. 


The Compoſition of COEFFICIENTS. 


*P I 5 alſo manifeſt '(from theſe Compoſitions ,)* not only, how many 
Roots (Real or Imaginary,) every Equation contains,(viz, fo many 
as are the Dimenſions of the Higheſt Term :) But likewiſe, of what 
Members each of the Coefficients' are made up. Which appears, 


| without further trouble, by-a bare inſpection of the Compoſition. 


- Thatis, (ſuppoling.the ſign of each Root to be changed, by putting it over 
ro the other ſide, in the Lateral Equation, that the whole may be equal to 00; 
which I preſume all along:) 

The Coefficient of the Second Term, or ſecond Degree (reckoning down- 
ward from the Higheſt,) is the Aggregate of all the Roots (retaining their ſigns 
thus changed.) : | for lt 

| And conſequently, if all the. Negatives (ſecluding. their ſigns) be equal to 
all the Affirmatives (though not each to each reſpectively ;) the Second Term 


'vaniſheth, and becomes wanting, (the Negatives and Affrmatives mutually de- 


ſtroying each other :) And contrariwiſez it the Second Term be wanting, they 
are thus Equal. 

The: Coefficient of the Third Degree or Term, is the Aggregate of all the 
ReCtangles; (made by the Multiplication of _ Two'of fuch Roots, with 
their Signs ſo changed , how many ways ſoever uch Two's may be taken; to 
wit, of Three in a Cubick; Six in a Biquadratick ; Ten in an Equation of 
the fifth Power, and ſo onward, according to the order of Triangular Num- þ. . 
bers: For ſo many Combinations of Two, there are in a Number of Three, 
Four, Five Roots, &c. ) 0 

And conſequently , jf all the Negative ReCtangles ( ſecluding their ſigns) be 
equal to all the Affirmatives; the Third Term is wanting: And if this be 
wanting ; thoſe are thus equal. 

The Coefficient of the Fourth, is the Aggregate of all the Solids (made by 
the continual Multiplication cf every Three of ſuch Roots fo 'ſigned; 
to wit, of Four ſuch in the Biquadratick z of Ten in that of Five Dimenſions ; 
and ſo onward according to the order of Pyramidal Numbers.) 

And coyſequently, if the Aggregate of all ſuch Negative Solids (ſecluding 
their Signs): chance to be equal to the Aggregate of all the Affirmatives ; the 
Forrth 


—_— 
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"ourth Tere is wanting : And contrariwiſe, if that Term be wanting, thoſe he 
us ual. ' ' | 4 - 
And ſo onward ; the Coefficients of the following Degrees 'or Terms being 
the Aggregate of' all the Produdts made by' continual Multiplication of all the 
Four's, all the Fives, &c. of fuch Roots, according to all the poſſible Chntbi- 
nations, which ſuch. a Number of Roots as ceach"Equation contains, doth admit. 
And-in caſe the Affirmatives and Negatives ini any of thern-do'ballance and de- 
ſKroy each other ; ſuch Term is wanting : And where any Term is-watting 
thery the Affirmatives and Negatives are thus equal, atd ſv deftroy ch 0- 
cr, Re | F, 13/k my \ » 
.How many ofthe Two's, Three's, Four's, &<,: there are inevety caſ:;fwhich 
Here I affirm.withont Demonſtration, ) will be demonſtrared in 2 Treatiſe of 
(Combinations: ana: Aliquote parts, which (that I make nor here too great'a Di- 
greſlion) I purpoſe to ſubjoinin-the Appendix. - | - 041) 
.{ All: this 1s evident upon the firſt inſpettion-of ſuch Compoſitions; and*is 4 
great. advancement toward the perfett underitanding the true nature '6f 'eath 
Equation. And fror ſuch conſiderations it is that Hudden and Merry have Ye- 


rived their Rules for Diſſolviog ſuch Compound Equations. 


Ye} GL 3h. o 
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Of © changing Affirmative Roots. *ato Negatives , . and Negatives 
* into Aﬀermatives, n , 


. ' | 1 y.!} 

"T is likewiſe marifeſt, upon view of .theſe compoſitions, ; yhat alteration 
ariſeth in the Compound Equation, by changing the Signs in one or. more 
of the Simple Roots; or in ſome one or more Members of a Component 
Equation. .'That is, ,by making Affirmative what was Negative, or Nega- 

tive what was Affirmative, | | =: 

"For it being evident, upon view, in what Member of each Term every Root 
is to be found ; it is as evident what alteration. there happens by changing the 
bgn of that Root. | TON wail eas; 4 ot: 

It. is zvidenr alſo in particular, that in every ſuch Member, if Two, Four, 

Six ; or any even number of Roots, which be thetr ingredients, do change their 

lign; it makes no alteration of the ſign in the Product, (becauſe a Multiplication 

of — into —, makes the ſame Produdt as of -|- into 4+-; and accordingly of 
into, as of -+ into—: 50 that what alteration is made by the Firſt change, 

is reſtored by the Second ; and what by the Third is reſtored by the Fourth, &c.) 

But if in any Member the number of Ingredients which change their Signs 

be One, Three, Five, or any odd Number ; then is the Sign of that Product al- 

tered: (For changing the ſign of Two, Four, Six, or other even Number, leaving 
it as it was before ; the change of the Sign in a Third, Fifth, Seventh, or other 
odd number;-echanvertrrhe ftgrof the Product without Reſtitution.) 

And conſequently,if at once we change the ſigns of all(making all the Negative 
Rovts to become Aﬀfirmatives,and all the Affirmatives to become Negatives ;) this 
makes an alteration of Signs in the Second, Fourth,and Sixth Terms,and fo alter- 
nately in cven places ; (becauſe here the ingredients in every Member of the 
Coefficient are an odd Number of Roots, 1, 3, 5, &c:) But not in the Firſt, Third, 
Fifth, and other odd places 3 (becauſe the number of ſuch ingredients are o, 2, 4, 
or other even namber ; which makes no alteration in the Sign of the Product.) 
; And wharþy this means happens in one Member of each Coecffigient, happens 
* in every Member. So that in the Second, Fourth and Sixth, &c Mach T_—_ 
) 
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of the Coefficient, (for that reaſon) changing its fign ; all the Affirmative Mem- 
bers are made Negative, and all the Negatives made Affirmative. And conſe- 
vently the ſign of the whole Coefficient (or. Aggregate of thoſe Membets) is 
changed in theſe places: But not inthe Firſt, Third, Fifth, and other odd places; 
where no ſuch thing happens, / Suppoſing ſtill all the places to be full, not Fa+ 
cant.z or at leſt ſo numbering each, as if the'reſt were filled. 3501 
; And contrariwiſez if in any Equation propoſed, we change the ſigns of the 
Second,. Fourth, Sixth, and other even places z (leaving the reſt unchanged) 
we change the ſigns of all the Roots, (making the Affirmatives Negative, and 
the Negatives Afhrmative,) without otherwiſe altering the Magnitude of any. 
Exaroples of ;this we have in the Firſt and Third caſe of Quadraticks; in the 
Firſt and Fourth caſe of the Cubicks; 2s alſo in the Second and Third, and-in 
the Ninth and Tenth Caſes of the ſame: and again in the Firſt and Fifth, and 
in the Second and Third of the Biquadraticks:. And in like manner (if rightly 
conſidered ) in the Fifth and Seventh of the. Cpbicks, (ſuppoſing 4- bc to be 
made by the Multiplication of -]- b into + c in the one, but of — b into —c'in 
the other ;) andin the Sixth and Eighth of the ſame, (ſuppoling—bc to be made 
in the one, of -|- b into —c ; in the other of -- binto + c:)'So in the Sixth and 
Ninth of the Biquadraticks, (ſuppoſing -|-c df to be made of +c, + 4, +f, 
in the one; and —c df, of —c, — 4d, — f, inthe other ;z or ſuch like variations, 
which in Equations where ſome Terms are wauting, may be divers ways con- 
trived :) And (upon like Suppoſition) in the Seventh and Eighth of the ſame. 
And (without naming more) the like will every where happen, if every of the 
ſingle Roots (equal to a) in the one, have contrary ſigns to thoſe of the ſame 
ſingle Root in the other. (The'reaſon of which'is obvious from what was ſaid 
before.) But if it ſo happen ( for the vacancy of ſome place, or otherwiſe,) 
that the ſigns of ſome particular Roots be not determined , (as was ſaid; but 
"how", of + bc,-— be, +cdf,*'—c df; where it is not determined of each 
ſingle Root b, c, d, f, whether its ſign be 4- or —,) it will equally remain un- 
determined, after ſuch change made: being only ſo far determined in the one, 
as it was in the other. 
By this means we may (in any Equation propoſed,) without knowing the yalue 
of any Root,. change all the Afﬀirmatives into Negatives, and all'the Negaliyes 
into Aﬀfirmatives. | | | | '*e 
And whereas Mr. Harrjot (in his Fourth Sefton) gives Rules to deterfiine 
how- many Affirmative real Roots there are in any Equation propoſed £the 
ſame Rules (by this means) ſerve as well to determine, how many Negatives 
are therein real. (For having thus changed the Affirmatives into Negatives, 
and the Negatives into Affirmatives ; ſo many as are the Affirmative Roots in 
the Equation thus changed ; ſo many were the Negatives before ſuch change.) 
And conſequently, How many are the Real Roots; and, how many but imagi- 
nary; in every Equation. 


Fs, CH AP. 
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CHA P. XXXIX. 


Of Ms. Harriot's Third Seftion ; Concerning SE convDary 
CANONICALS ; wherem fome places be vacant. 


others which he calls Secondery Cenonicks, Reſulting from thoſe others, 
ſo conditioned , as that the Aggregate of the Negative members (in one 
Or more -/ the Co-efficients) be equal ( Va, Sign) to the Ag- 
te 0 Affirmative PRs | in the Co-oftici | 
ſqueal, (by chaſvn of contrary Signs) defiroy each oeker : Whereby fork 
Termor or Terms become vacur in Reotogts: mikhees cwaging aþe volts 


' Of this, he gives theſe Inſtances : 


. The ſecond' Caſe of his Quadratical ( Canonich.) Equatiops: Which differs 
no orhermik from its reſpe&ive Original, (above mentioneg ja # former Chap.) 
but only in tranſmitting the Abſolate known quantity to the other ſide of the 
Equation ( inſtead of o)-with a contrary Sign. ( And the like is to be under- 
Rood of the de rag ent n oo ET JW 


L1 


J: his Third Seftion : From the Comical already conſtituted , he deriveth 


25 de=Þ+be- * 
tes: A 

Suppoſing 4 = ; ; and 
_ eden oF Conh ſi paring þ every uce it to. Jade place of « 


C2 


{2 =bb; The Roots; + / bb, PF i, 
"Hi rmanner of Ppooeſy, in this —_—_— _ 


the Eypmapidcy"% % moos Iptricate, He MN oa gd pus of $3ch 

i I. agd N —_ ES hn ie, _ > 
at [0 

in Hariot; or, after after the ne nilter , © In 9 q 


IL The cond al of his Cabick (obich fe in ' for Chapter ) 
Suppoſin e= c every W or 4; thereby deſtro 
te ſecond Term, and recilpn the reſt) he recueeth co this: | a 


1 qc iff 1 V 


end The Robes; 2þ-b,4-c etekwsy” 
bes —hep And Cinſtadof—4,} bc 
17 ; See Sect. 4 Pr. 6. 


2 94 His manger of PNroce&s 3s: this.'! 12> il! 
e The Equation propoſed being , 
les 84g anbcammehed. 1; ... 


_ C A A ——bda 


+daa—caa; "a 


GI — x 


Ml; 
: 
i 
: 
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Now , ſappoſing b --c =d: inſtead of d, he puts every where bc; 
which makes it thus 2 


aaa—baabea=—bbc 
—Caa—bba —bcc. 
+baa—hca 
+ caa—beca 


——CCA 
m_ by ſtriking out ſuch parts as "SE each other , becomes s 


"l BL: © OE 7 1 
bc —bcc. 
664 


| HI. The ſame Cubic: Suppoſing | be=b dd; (and conſequently —©= d ) 
he doth ( - Third Teims and 'putting every where elſe, for d, 


the value of it; and then reducing the ſeveral parts to the common Denominator 
b-j-c; ſtill putting out ſuch particulars as deſtroy one another : 2 reduce to this 2 


© OO Dbeas 7 pe The Roots 3 + b, 55.90 . 

IN 004 15 (ee DERR 1 0 EOS. 
: Ts —_ —CE ar" 12 Tn) 

ps bÞ6._ wor 7 Sect. 4. pr. 8. | 
IV. The Third caſe of Cubicks ; (which ſee as before) Suppoſing bb+e=d: 


| he doth (by putting b4-c for F and parting out ſuch as deſtroy each other) 


reduce to this , 


. I i - 
L 


424 Da="+ Vc 17:2 The Rooks; ib, —c, and] (for, | (2 a ; 
—bca 4-ber. (+&d)b+6,' 0 "Je 
wan CCA » 4 Ao Sect. 4 pr. 8. 


CEE $ * ” 2 83 


V. The ſame; Suppoling: be 3b d4-j:cd,-(and. conſequent = —_ 
redicerk, (by like, means: as at the Second of theſe reduced Equations) to this; "30H 


MY adadbbuL=o+bbect. © ' *'" | The Roots; —b ng _ 
can” Is 
—_— | Gnflead of 4-6) —© 12 
| __ J —_— q _ bio: af Mt}. 
niqoitts, 1 Babt cb 3 one yams 1 - Selt-pr. 9. = > 3" 1091 


43 03 (41 ny i 903 vg 1: 219t 9 
VI. The Ninth of his Cubicks » (which ſee as before,) reſuming (from the 
ConſtruCtion ) b—4=-+c: he-reduceth'tp this) 4... — 4) 


aaa bba=#£bbbLecec* BST e=3<Z. 
TJ 4 07997 05 SeCt. 4. Pr: 14- 


= The Tenth of his Tobickss' 62 FR « + Us =-]- 6; he reduceth 
to this , 


844 + 3bca = 2b44 + 7; Fo bis: a=b—c. 
-t12— Seft; 4+ Pr. 16, 


Where note, that the Second, Third, and * Gi Us; are the ſame with the 
Fourth, Fifth, and Seventh : Save that The Roots have contrary Signs: And, ac- 


; cordipgly, the Signs of the Equations, in even places, (if not wantin are changed. 
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' The like may be obſerved in the Ninth and Twelfth : the Tenth and Thir- 
teenth; the Eleventh and Fourteenth z; and wherever elſe the like cafes 


happen. 
VIII. The Eleventh of his Cubicks; Reſuming « — b = + c; he reduceth 
to this, | 
aaa—3bca=--bbb Root, « =-b Lc. 
—CcCcc Sect. 4 pr. 15. 


Or; aaa—3bba=2bbb. Root,a=2b. SeQt. 4. Pr. 17. 


IX. The Second of his Biquadraticks : (Which ſee in the Chapter where 
theſe zre recited.) 
Suppoling b +c+4 = f; He reduceth to this ; 


_— — CFHb_CC Roots, -|- b, + ©, »+-d, 


—ccaa-bbda Hbecd and — b — c — 4 (in- 

— ddaapbeca bcdd ſtead of — f.) 

—bcaa-|-ccda 

— bdaatbdda 

—CAaa+cdda Sect. 4- Pr. 25. 
+2bcda 


X. The ſame Equation, Su =_ bc bd 4-cd=bf |- c df; 
( and onferuenay bet 24 e* - : tg PERF ad 
bIc+d =f;) Hereduceth t6 this 


aaaa —bbaaa--bbeca=--bbeed Roots, + b, -|-c,--d, 


— ccaaa--bbdda + bbedd and ( for — f) 
— ddaznatccdda -beedd. —bc—bd —cd. 
— bcaaa-bcdda ; _— 
— bdaaa--bccda dc bc +4 
—cdaaa-jbbeda 

b-þc+4d Sect. 4. pr. 26. 


His manner of Proceſs is this. 
The Equation propoſed being this z 


aaa —baaadsbraa—beda=—H+bcdf, 
—caaa--bdaa{befa 


—daca-\-cdaa--bdfa 
+ faan— bfaatcdfa 
— Cf ad 
— df aa 


Suppoſing bc -+ bd. 6d = bf + ef +@f ; whereby the third Termdeſtroys 
itſelf ; there remains 


aaan—baana —beda=-þbcdf. 
—caaa tbefa 6 


— daaa--bdfa 
+ faaartcdfa 
V 
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be +bd -+- cd 
Then becauſe o+l 


= ff; putting every where that value for f; 


it becomes, 


aatha—baaa—bcda = -|-bbccd 

— Caac -}- bbcdd 

—daaa+bbcca —+bcedd. 

Reds __—— 

4 WE: > wor 1-6 =E 
bdaaa--bbcda 
cdaaa _ 
——|-bcdda 
AYP 
+ bcdda 
+ccdda 


b+-c-j-d 


That is (reducing ba44, caaa, daaa, bcda, to the common denominator, 
b4-c4-4) 


anan—bbaaa—bbcda = bbccd 
—bs —bced bbcdd 
—bd =—bcdd beedd. 
—bce —-bbcc 
—CC -| bbcd 
— cd + beed 
—bd —+bbcd 
— Cd -|-bbdd 
—dd wHbcdd 
[be -þbeed 
+bd +bcdd 
4-cd wþccdd 


b-|-c +4 


And then ſtriking out ſuch parts as deſtroy each other ; 


aaaa—bbaaa-pbbecra=-bbeed 
— bc +bbed ' +bbcdd 
—_ +becd —bcedd 
—bd —+bbdd 
w— Cd s|-bedd 
—dd -ccdd 


bc +4. 


And in like manner he proceeds in other reductions, as occaſion requires. 
But I ſpare to repeat the particular Proceſs in each , (that I may not be too 
ale) leaving the Reader to ſee it in Harriot, or to uſe his own Sagacity. ' 


XI. The ſame Equation : Suppoſing be d = bc f -|- bdf +6 dFf; (and conſe- 


be d 
quently IIa 30 he by like proceſs reduces to this ; 
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aaaa—bbcaaa+bbccaa=—+bbcedd. 

—PRns | 
— bcc -—-ccdd R b. 4c and 
—b4d +bedd =" pb 
_Y ccd =—f,) 
—odd Fhbcs be-pbd+ed 
—2bcd 

be+bd+cd Seft. 4. Pr. 27. 


XII. His Third Biquadratick ; (Which ſee as before :) Suppoſing b +c-{-d 
= | f: he reduceth to this ; 


aaaa—bbaa—bbca=-bbcd 
—cc —bbd —+bccd Rootsmb,—-c—d,and 
—dd 2 —bcc +bcdd + b-+c+d(=—+f.) 


—be —ecd 
—bd —bdd ; 
—cd —cdd -t Seft. 4. pr. 28. 
wm 26cd « 
XIII Tho fuk m—_ Suppoſing bc -þ bd cd = bf-+ cf + df; (and 
c+ c 


conſequently ——=>—7 =f3) he reduceth to this 3 


aaaa-. bbeds=bbeee= bbccd Roots, —b > m—_ 


oc —bbdd bbedd be+bd-|-c = 
—Ccc ccdd — = 
+ be —bcdd = b+c+d 
—+bd —beed 
» Ie | Set. 4 Pr. 29- 
BE bþc+d | 


XIV. The _ a : Suppoling be d = b ef +bdf +cdf; (and con- 


c . 
ſequently FTTE-Ta Fed = f:) he reduceth to this 3 
aaaat bbcaaa bees =-—kbbeedd. 
+ bbd * + bbdd 
bee ccdd Roots, —b, —c, —d, and 
--ccd _" + be = 
bd d d —_ =__ 4 
Io4 bbed bedded T9 
+2 bed oe Sedt. 4+ Pr 30- 


Joes: -. 


XV. His Fourth Biquadratick : Suppoſing b -+- c td ; (and conſequently 
b4-c—4d=f;) he reduceth to this; G TH; ( 


V 2 4444 


Secondary Canoncals. 


Crap NXXNIK, 


aaaabbdaa+bbca=—bbcd 
bees —bccd 
bdd —+bedd. 
cdd 
—bbd * 
—ccd 


— 2 bcd 


Roots, + b,-}-c, — 4d, and 
—b—=e+4(==f.) 


Sect. 4+ Pr. 31. 


XVI. The ſame Equation: Suppoſing bc 4d f = m_ a By theds bf-þ-cf; (and 


conſequently, bc = b4d—cd = bf+cf—adf; and 


duceth to this ; 


AAAR —=bbaaad-bbeca=—bbccd 
bbcdd 


Jbecdd, wy >». yt L —d,and 


| bbdd 
--bedd 
m— dd --ccdd 
+ bd —bbcd 


+cd —ccd 


nw C C 


b-pc—4d 


FXS ==; he re- 


—bc+bd-4-cd 
b + © — 


Seft. 4. Pr. 32. | 


TE) 


RVIT. The A Suppoſing df — cf —bf =>be— bd —cd; (and 


C no_ — C 


conſequently, — _ 


RANA bbaaa—bbeca=—bbcdad 
+ bs —bbdd —bccdd 
Ace mmbcdd F-bbced. 

 b-dd — Ccdd 
—bd =—bbcd 
—cd -=»|-beed 


1 $299 i onal | by 


5 f;) he reduceth to this; 


Roots, +b 65s and 
—bc {bd f 


LED =—f, 


Sect. 4 Pr. 55+. 


XVIII. The ſame Equation : Suppoling bed \/w b / f'=bdf—cdf; (and con- 


ſequently, bsd=bdf + cdf —bef; and — 
this; 


bd-+ 6d bo 


' 44 44 = 
bee 
T227 
c 
—bbgd. 
_ 7. 


— 2bcd 


—bbdd 
—bcdd 
w—CCAd 
+ bbcd 
d-becd 


=f;) he reduceth to 


bbcana—bbccaa=—bbccdd. 


Roots, }-b, +, —,and 
Id <TEeh 


bd edmnbe 


Seft. 4-Pr. 34- 


XIX, The 
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XIX. The ſame Equation : Suppoſing 6-j-c = d-+ f;andbb -{-be-|-o = df? 
he reduceth to this 


aaaa—bbba=—bbbe 
—bbca —bbcc 
wo CcCa ——=bees 


—CCca 
Roots 3 + b, 4+ 6, and Set. 4. pr: 35: 
—b—c+y/:—3bb—2bc—3cc: 
2 The two-Imaginary Roots of this 
bb —c—yfi—3bb—-2bc—=3cc: Equation, | 
2 VIL. 
aabba=—bb 
4 —bc 


— CC. 


XX. The ſame Equation: Suppoſing be -j-df = b4+cd -- bf + cf); gf* 


4 bbe--bee Sal -. LEY 
+ f= Ibid e reducetnh to tis, 
naan—bbbaaa=—bbbcecec. | 
a bbe Roots, 1 b, 4c; and the two 
— bcc Roots of this Equation. / 
—_ 2 wm CCC 
| bb +be-+ cc aa+bbea=bbec, 
hs bee 
Sect. 4+ Pr. 36. bb-+be-þce 


XXI. The Game Equation : Suppoſing b -- c =d --f'; and be = df ;, he re- 
duceth to this, 


aaaa—bhaa=—bbee. * - Roots, &b, ob, <c: 
—&C Sect. 4. pr. 37: 


Note, That in theſe three laſt Examples, Mr. Warner (the Publiſher) takes 
notice of ſome miſtake in Mr. Harriot's Copy which he had : But would not ad- 
venture to reſtore it, but prints it as it was. It was, the omiſſion of the latter of 
the two Suppoſitions in each Cafe : Which F have here ſupplied, according to 
Mr. Harriots mind. Being (I ſuppoſe) an omiſſion of the Tranſcriber. 

Theſe Examples of ſuch ReduCtions, Mr. Herrioe gives more at large. I have 
here abridged them, as you ſee. 

Many others of like nature may be made, as occaſion ſerves; of which theſe 
are but particular inſtances, And in purſuance of this notion, are thoſe Rules of 
 Huaden and Merry. > 


CHAP. 


" ws V 


Crar.XL. 


Of Real Rots. 
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Of His Fourth Seftion ; Concerning the number of REat 
Roors. 


N his Fourth Se&ion, (ſpeaking particulaaly of Affirmative Roots;) he 
doth ſeverally demonſtrate (in all or moſt of the caſes above mentioned ;) 
that ſuch and ſo many Roots there are (as is above declared,) and no 
more. 

And having ſhewed it as to the Affirmative Roots, it may by like Methods, be 
ſhewed as to the Negative alſo: For (as was before ſhewed) by changing all 
the Signs, thoſe Negatives, will become Athrmatives, and the Afrmatives Ne- 
gatives. So that what ſhall now he the Number and value of the Affrmatives, 
were before of the Negatives. Whereby it will appear how many in all be 
Real ; and how many but Imaginary. 

hoſe caſes which concern the Primary Canonicks, are evident from the Con- 

ſtt= tion: at leaſt, that ſuch Roots there are; though not ſo evident (without 
his Demonſtrations) that there are no more. Thoſe that concern the Secondary 
Canonicks, are made evident by his Demonſtrations. 

I ſhall not Rand here to repzat all his Demonſtrations for each caſe (though 
very ingenious,) but content my ſelf to have referred at the caſes above men- 
tioned, or moſt of them,) to the Propoſition of this Fourth Seftion, where ſuch 
caſe is demonſtrated, Which the Reader if he pleaſe, may conſult for his own 
ſatisfaction. 

Only ſome few of them I ſhall give, as a Specimen of the reſt 


I. An Equation of this form, aa—ba 
hath for its Root, b = a, +ca=bc. 


For putting (every where) b for a; we have bb — bb 
where the equality is manifeſt, +cb=be. 


But not any other Root z that is, not any other Affirmative Root ; for of 
ſuch only he treats here.) For if c (br any other, ſuppoſe 4) be equal to a; 
then (putting this for 4) we have | 


6c — bc Or add—bda 
+cc=be. |-cda=be. 


That is, 6c +ce=be-+bs. Or dd-þcd=bd-+bc. 
And therefore (dividing that by c 4c, or this by d+c,)c = 6b, or d = b, 


That is c4-6=c4-c Or d+c=d+c 
intoc. intob, intod. intob. 


And therefore c=b. andd=b. not different fromb, as was ſuppoſed. 


II. In an Equation of this form, aa—bs 
the Roots are b, and, = 4. —4a=— bc. 
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bb — bb Or ce —bec 
—h=—bc. —FCE=bc. 


That is bb —cb=bb—cb. Or cc—be =c£6——be 


where the Equation 1s manifeſt, 
But not. any other : Suppoſe 4d = a, For then (putting for «; ) 


dd —bd 


—d= —bc. 


That is dd—cd=bd—bc. Or dd—bd=cdm— bc; 


That is d—=# = 4 —& Or d—b= db 
intod. intob. intod. intoe, 


Therefore d =b. Or d=6. Not different from both. 


III. In this form, aaa+baab+bca=+bed. wo 
d-caa—bda 


— laa—cda 


The Root is d = 4. For (putting every where d for «,) then is 


ddd-tbdd--bed = + bed. 
cad —bdd 
— ddd—cdd 


Where (putting out thoſe Terms which deſtroy each other) the equality is 
manifeſt bcd = bed, 
But not b, c, or any other (ſuppoſe e,) For then 


cee+bee-Fbec=bead, 
F — bac 


—— ACC — CAC 


That is 2cceſ-2bee=2eed +2 bed. 


That is .2cc+-2bc=26c-þ 2bc 
into c, into d, Thatis,c =d,. 


So bbb4+bbb4-beb=bed. 


|-cbb —bdb 
— dbb—cdb 


That is 2bbb-|-2cbb=2dbbabed. 
That is 2bb + 2be = 2bb-{-2bc 


into b into d. Thatis b=d, 
So eee--beeb-bre=bcd. 
-|-cee —bde 


— dee —cde 


That is ece-j|-beeþ-cee-pbee=eed-bedþ-ced-+berd,. 
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That is ee-Fbe-þce4-bc=ee+be-ce-be 


into e into d. 
That is e = d: not another from 4d. 


IV. In this form aan}-baa—bca= —bcd, 
—caa—bda 


— daa-j-cda 


The Roots are c and 4d. For (putting eicher of them for a) the Equality 
({triking ont what deſtroys itſelf ) is manifeſt. 


cee-|-bee—ber = —bed. ddd+þbdd—bed=—bed. 
— £cc — bdc — clad —bdd 
— Acc {-cdc —ddd+cdd 


But not any other; Suppoſe 6b, or e : For then 


 bbb +bbb —-bchb = —bed. And ece-bee—bce=—bcd. 
'v» —cbb—bdb —cee—bde 


—dbb+-cdb ddd - 


Thisis 2bbb —=2bb4d=2cbb—2chd. Or 2bbb -=2bbc =2dbb—2 dbc 
and - #=E, and b =d. 


And eee-bee—dee—bde =cee+cbe—cde—cbd. ande=c. 
Or ece-|-bee—cee—cbe=dce+dbe—dce—dcb. ande=d. 


V. In this form aaa—baabbe=bcd. 
—caa--bd 
— daa-pcd 


TherRoots are b, c, and 4. For putting any of theſe for a, the Equality will be 
manifeſt. 


But not any other ; ſuppoſe f. For if f be put for a; we ſhall find (by the 
like method as before.) 


fff —eff +$edf — df f=bff —bef-|-bed —bdf. And f=b. 
Or fff — bff-|-bdf —dff=cff —cbf+cbd—cadf. Andf=c. 
Or fff —bff-bef—cff=dff —dbf +dbf—dcf. Andf=d. 


So that f is not a different Root from 6b, c, and 4. 

And the like method he purſues at large (throughout that whole Fourth 
Seltion,) ſhewing what are the (affirmative) Roots, (and that they are nomore 
but ſuch; ) in great variety of Equations (of all ſorts) in ſo many diſtin propo- 
litions 3 acceriag as we have beforc cited him in ſome of the foregoing Chapters. 


Crae.XLI. Of Common Equations. 


155 


CHAP. XLI. 
Of bis Fifth Se&ion : Concerning Common EQuarTtions. 


AVING thus ſetled his Canonick Equations; he doth in his Fifth 
Section , proceed to Common Equations, That is, ſuch as uſually 


o occur; wherein the particular Members, whereot the ſeveral Co- 


of them. 


And he ſhews how (by comparing ſuch with his Canonicks duly choſen) to 
determine the Number of Roots in ſuch Equations ; How many are Real (and 
not only Imaginary,) and how many of thoſe be Affirmative. 

For which he lays this general ground ; That every Common Equation hath 
the ſame Number of Roots, (and fo affefted ; with its reſpeCtive Canonick, 
like Graduated, like Aﬀedted, and duly Qualified. 

And thoſe he calls Duly Qualified, when they are ſo qualified as that every of 
its Known parts (that is, all the Coefficients, and the Abſolute Quantity, duly 
compared, (that is, each of them being Divided by- ſuch a Number as is the 
Number of Members in the reſpettive part of the Canonick; and thenadvanced 
to ſuch a Degree as that both attain the ſame number of Dimenſions ;) the parts 
(ſo advanced and mutually compared,) are reſpeCtively Equal, or Greater, or 
Leſs, in the one Equation, as they are in the other. 

This that we may the better underſtand, we are to conſider, That Quantities 
Added one to another, or Subducted one from onother, or otherwiſe compared 
as to Equality or Inequality; muſt be ſuppoſed Homogeneous. Which cannot 
be, unleſs there be the ſame Number of Dimenſions in each Member ; (except 


in Numbers ; every of which may be ſuppoſed of as many Dimenſions as you 
pleaſe.) 


" And therefore (for inſtance) if the Cubick Equation, 
aaa—baa--cca—dad = ooo. 


Each Member being of Three Dimenſions : In the Second Term (where 44 takes 
up two Dimenſions,) the Coefficient b is to be ſuppoſed of one Dimenſion: In 
the third Term (there being but one Dimenſion of the Root a) the Coefficient 
cc (whether noted by one or two Letters, it mattereth not,Y muſt be reputed 
of two Dimenſions: And the abſolute quantity 44 4 (having no Dimenſion of a) 
moſt be reputed of three Dimenſions, (whether noted by one, two, or three 
Letters, it matters not.) | 

Ard conſequetitly, the Square Root of cc, is to be compared with the Cubick 
Root of 4dd, and with the ſingle quantity of 6 ; (this being but of one Dimen- 
fion, cc of two Dimenſions, atid ddd of Three.) 

But in caſe theſe Roots come to be Surds, the compariſon ts beſt made in their 
Powers advanced, to the ſame Dimenſions: As the Cube of cc (that is, ceocec,) 
with the Square of ddd, (dddddd,) and the ſixth Power of b, (bbbbbb;) For 
by this means ( without extraCting Surd Roots) they come all to have the 
ſame number of Dimenſions. 

For this reaſon it is, that Harriet (the better to direCt the imagination there- 
in) uſeth to denote each Quantity, by ſo many Letters, as it is ſuppoſed to have 
Dimenſions. Which though it.be not always neceſſary, hath at leaſt this con- 
venience with it. | 
— The Examples he gives, are theſe. 


I. The Common Equation, 


aan—y3bba=-2ccc; 


X if 


efficients are made up, do not appear diſtin&tly, but only the Reſult / 
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if ſo qualified as that (the Coefficient being divided by 3, and the abſolute num- 
ber by 2, becauſe ſo many Members are in thoſe parts of the Canomick with 
which it is compared,) we find c to be Greater than b : He finds to contain one 
ſingle Affirmative Root : (beſide two Imaginary Negatives; which he doth not 
here intend to take notice of, as neither in the caſes following; which two lma- 
inaries together taken, are to be ſuppoſed equal to that one Affirmative; and 
0 to deſtroy the Second Term, which is here wanting.) 
Becauſe, fo it is in the Canonick, 


aaa—3r1qa=--rrit+-q44q, . 


(which is the Eighth of his Redwced Equations z derived from the Eleventh of 
his Cubicks.) 

For, beſide that they are like Graduated, and like Aﬀected; (that is, havin 
in cach reſpective part, the ſame Degree of a, and the ſame 1ign of -þ- or —, 
as is manifeſt : they are alſo duly qualified. Which thus appears. 

The Cube of rq (a third part of the Coefficient, and of two Dimenſions; 
the Third Dimenſion 4 being that of the Root,) compared with the Square of 
rrr--qqgq 


(one Half of the Abſolute Number; and of Three Dimenfions:) 


that Cube, is leſs than this Square: (which he there demonſtrates, but I ſpare 
to repeat It. 

And ſoit is in that common Equation.For b being (by ſuppoſition) leſs than ; 
the Cube of bb (5 of the Coefficient) will be leſs than the Square of cce (half 
the Abſolute quantity :) that is, b6bbbbb will be leſs than c ecece. 


11. The ſame Equation, for form, 
aaAam-3bbaa=-+2ccc; 


if ſo qualified as that c be leſs then b ; hath one ſingle Affirmative Root; (beſide 

two real Negatives, of which here he intends not to take notice ; which two 

together do equal that Affirmative z and thereby deftroy the Second Term.) 
For ſo it is in the Canonick (like Graduated, and like Aﬀected,) 


AAA — OqGa=—+gqgqr 
—GrA whqrr; 
— Ta 
(Which is the Fourth of his Reduced Equations ; derived from the Third of his 


Cubicks.) Where the Cube of > uno, mh. is Greater than the Square of 
3 


+ hn 6 (as he demonſtrates :) Like as, here, the Cube of 66, is Greater 


2 
then a ”_ of ccc; (both being advanced to the Sixth Power: that of b, 
this of «. 


41. The ſame Equation, for form, 


aaa—zbha==-Rcc; 


if ſo qualified as that c be Equal to b ; hath one ſingle Affirmative Root ; (be- 
ſide two Negatives ; each Equal to half the Affirmative; whereby the Second 
Term is deſtroyed.) 


For ſo it is in (the Eighth of. his Reduced Equations ; derived from the 
Eleventh of his Cubicks ;) 
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a44 —3994=—+29993 
where the Cube of qq, is Equal to the Square of qqgq. 


IV. This Common Equation, (which differs in form from the former ; only 
in this, that the ſign of the Abſolute quantity is changed ; which is the Fourth 
Term, the ſecond place being vacant; and the only Term remaining of even 
places: Whereby the Affirmative Roots in the other, become Negatives ia this ; 
and the Negatives there, Affirmatives here:) 


aal—3bba==—=2cCcc; 


if ſo qualified as that. be Greater thanc: Hath two Affirmative Roots: (beſide 
one —__ » equal to them both; which in the Second caſe, was an Affirma- 
tive. 

For ſo it is in (the Second of his Reduced Equations ; derived from the 
Second of his 'Cubicks ;) 


AAA —= T4 = -gqqr 


— qra —— LA 
weorr4 
where the Cube of 9-rErTey is bigger than the Square of LL tu like 
2 


3 
as the Cabe 6b is (by ſuppoſition) bigger than the Square of ccc. 

In like manner it might be ſhewed, that if (in this form) b be equal to c ; 
there will be Two Aftrmatives, equal each to other, (which in the Third caſe, 
were Negatives,) and both together, equal to the Negative (which was there 
an Affirmative,) whereby the Second Term is deſtroyed. 

And in caſe b be Leſs than c ; there will be no Real Affirmative Root (but two 
Imaginaries; which in the firſt caſe, were Negatives,) and one Negative (which 
was there an Affirmative, Equal to thoſe two Imaginaries ; whereby the Second 
Term is deſtroyed, 


V. The Common Equation, 
44a —3baa+3cca=-l-ddd; 


if b be bigger thanc, and alſo bigger than d; hath Three Affirmative Roots, 
Becauſe ſoitisin 


aaa — paa-pqa =--pqr., 
— gaa--pra 
—raa+—qra 


(which is the Firſt of his Cubicks, in other Letters. ) Where the Square of 
ertt s bigger than PIFPIEY”; andthe Cube of £201”, than 


— 
3 3 
pqr: Like as here bb is bigger than cc, and bbb, than ddd, 


VI. The Equation, 
aaaa—4bbba=—3ccec; 


i'b be greater than cz hath Two te Roots, (beſide Two Imaginary 
2 Nega- 
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Negatives, which together, are equal-to the two Afirmatives.) - 
Becauſe ſo it isin (the Nineteenth of his Reduced Equations, derived from the _ 


Fourth of his Biquadraticks ;) 


aaaa—_bbba=—bbbc 
bn ddr —-#dce 
tw EE ww CCC. 
_—TTY 


For .( both are like Graduated, and like Aﬀe&ted, and) the Biquadrate of 


Nmye! waks. bbbc-\-bb b 
_—— tha is Greater than the Cube of i —_ 


4 3 
(both being thus advanced to the ſame Number of Dimenſions ; for the Biqua- 
drate of a quantity of Three Dimenſions, and the Cube of a quantity of Four 
Dimenſions, have each of 'them Twelve Dimenſions.) Which Lemma (that the 
Biquadrate mentioned is bigger than this Cube) he doth in this caſe (as he had 
done the like in the former caſes) particularly demonſtrate. 

And ſoit is in the Equation propoſed. For b being (by Suppoſition) greater 
thanc, the Biquadrate of bbb muſt therefore be greater than the Cube of cccc ; 
that is, b*, than cf. | 

And in this manner, in any Common Equation propoſed, by comparing it with 
a Canonick like Graduated, like Aﬀected, and like Qualified (as to the re- 
ſpective Equality, Majority or Minority of its parts duly compared, ) it will 
appear what number of Real Roots it hath, and how Aﬀected. 

Now, before I leave this Subject, we are-to conſider further, that the Number 
of all Roots (Real or Imaginary) being determined by the number of Dimen- 
ſions of the Higheſt Term; (as was above ſhewed :) How many of theſe are 
Negative, and how many Affirmative, (ſuppoſing them all Real) appears by com- 
paring it with a Canonick like Graduated and like Aﬀected, 

For all Equations like Graduated and like Aﬀected, are preſumed to have the 
ſame number of Affirmative and the ſame number of Negative Roots, till ſome- 
what appcar to the contrary. 

Now, (upon a ſurvey of the ſeveral forms,) it will be found, that (the Equa- 
tion being put all over to one ſide, and ſet in order;) as many times as in the 
order of Signs -|- —, you paſs from -+ to —, and contrariwiſe ; ſo many are 
the Affirmative Roots : But as many times as -{- follows -|-, or — follows — 
ſo many are the Negative Roots : ({till ſuppoſing all the places to be filled ; or, 
at leaſt, ſo reckoned as if they were full.) And how many theſe are doth preſently 
appear upon the firſt view. 

But this Rnle muſt at leaſt be taken with this Cation ; That the Roots be 
Real, not only Imaginary. For as to Imaginary Roots, there may be yet an un- 
certainty. | 

But how many of theſe be Real, and how many but Imaginary ; will depend 
upon that other condition of Harriot's Rule z viz. that the compared Equations 
be duly qualified, as to the Equality, Majority, or Minority of their reſpeCtive 
parts. 

As to the former of theſe, we have Des Carres concurrence, (but without the 
caution interpoſed, which is a defect : Of the latter, (if 1 do not mis-remember) 
he is wholly lilent. | 

From theſe con{iderations, may be decuced divers Rules for the Limiting of 
Equations; whether as to their Real, or as to their Affirmative Roots. | 

Somewhat to this purpoſe we have in Eraſmus Bartholinw, partly of his own, 
and partly of De Beane's Remarks. But the SubjeCt is capable of farther im. 
provement, But would be too long a work, and too great a digreſſion here to 
iNgage upon. 

As to the Caution but now mentioned, (that all the Roots be Real;) either 
that, or ſomewhat inſtead thereof, is abſolutely neceſſary , as without which 
the Rule will not be true, 


Art 
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And therefore when Des Cartes in his Geometry, (from a bare inſpection, per- 
haps of the caſes mentioned by Harrier, without farther inquiry,) yives it for 
a general Rule , that ſo many Affirmative Roots there are, as are the changes 
from to —, or — to-|-; and ſo many Negatives, as where + follows-, or 
— follows — ; ( without farther limitation ;) it is a miſtake or inadver- 
tence. j-- 

For evidence whereof, I ſhall propoſe this inſtance; 


x*-+ 6 x} 111x* + 1993 x-þ 35878=0, 
into x— 18 Jo. 


makes x! — 124* << 3x3 — 5x x+4x— 645504 =0, 


The Firſt of theſe ſhould, by that Rule, have Four Negative Roots: The Second 
one Affirmative: And therefore the Roots of the Third (which is a Compound 
of theſe Two) ſhould be one Affirmative and Four Negatives. Yet, by the ſame 
Rules all the Five , in this Compound, ſhould be Affirmative, (For ſo many 
changes there are.) The Rule therefore needs a Limitation. 

If limited to Real Koors ; the Rule, for ought I yet ſee, may be True. But it 
wants a Demonſtration. 


CHA P. XLIL. 


Of His Sixth Sefion : And firſt, concerning Multiplying and Ds- 
vidng UNxNown RooTSs; For avoidinz FRACTIONS 
and SURDS. 


N his Sixth Section (which 1s the laſt of his Firſt Part,) he ſhews (firſt,) 
How to change the value of the Roots of an Equation yet Unknown, by 
Multiplication or Diviſion, in any Proportion. In which alſo, he is fol- 
lowed by Des Cartes. 

I ſay, by Mulriplication or Diviſion. For though he mention only Multiplica- 
tion, yet he means both ; it being all one to Multiply by 3, or to Divide by 3. 
Like as it is the fame to Add — 3, or to Subduct + 3, 

And uponthe ſame account, Exclide ſpeaks only of Compounding Proportions , 


4 
—_ to Subdact that of 


ctod, isall one as to Add or Compound that of 4toc. As for inſtance, 


not of Subduting : ſince out of a Proportion propoſed, as 


=___ 4 a a i ad 
IST: 


His Method herein, will beſt appear by ſome Examples. 

An Equation propoſed, as aapba=ce. 

+b|=cc: 
p 


That is 7? 
aa I 


If the Root beto be Multiplied by 2, He multiplies the ſeveral parts of it reſpe- 


Ctively, by ſo many numbers continually proportional in the proportion (pro- 
poſed) of 1toz; As 


4 
LCC 
1 But 


by 


2 
4b 
" 
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But the Equality being hereby deſtroyed ; he reſtores it again by another 
Multiplication, by the ſame Numbers, in an inverted order ; thus 


+ b 
A 
2 


(Where it is manifeſt, that the Equality is again reſtored ; becauſe of 1 x 1 x 4. 


=2x2=4x1x*1: Which preſerves the parts, each in the ſame Proportion 
as at firſt.) bs 


Then taking the new Root e = 2 4; its Square will be ee = 4 44, (and ſo on- 
ward, how many ſoever be the Terms:) whence reſults a new Equation, 


of 4 
+b]=er That is, ee +2be=u gcc: 
e 


ee I 


In which the value of e is double to that of 4. 
So for Trebling the Roots of this Cubick Equation 


aaad-baabcca=dad. 


That is, 1] +b|-|.cc|=ddd. 


AAA} AA a I 


And therefore 


3| 9 27 
+2] £444. 
a I 


9| 2 
+ cc —=4aadd. 
al 

3| 


Therefore, (putting e = 23 4, ee =9 44, &c.) 


»j 21. 1 27 
1|-+-b|+ cc|=ddd. Thatis, eece-þ3bee-pgcce = 27d dd. 
ee I 


eee ec 


The like is to be done in any other Equation, whatever number be propoſed 
for Multiplication of the Unknown Roots 3; ſuppoſe by r : Taking ſo many 
Numbers as there ſhall be occaſion for, in the Proportion of 1 to v9. As 


aaaa-hbaaa-ccaa-ddda=ffff. 
That is 1]-þ+ b|+cc|+ddd|=ff ff. 


aaaa| aaa Aa A 


Therefore 1 r| rr rev rxrry 


1/4 b|-+ec|+d44| £ffff. 
I 


AAAAL Aanr AA 
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=_T rryr 


And 


I r rrrr 

11+ b[4+ c c|+ddd|= ffff- 
Aaaal aaa aa a I 
rrrYr = rr] r I 


And therefore, (putting e =r a, ee =rr 44, &c:) 


I ri rr 
1j--b|+cc 


EEC ECE] CEC 


| rrr rrryr 


+ddd|=ffff. 


That is, e* +-rbe3-þrrccee-r3d3e=r*f5, 
In which, the value of e to that of 4, is asr7 to 1. 

This I have thus explicitely declared, that the reaſonof the Proceſs may ap- 
pear. But the Rule thence ariſing, 1s briefly this : 

Multiply each Term of the Equation reſpectively, (beginning with the higheſt) 
by a rank of continual-proportionals from 1, according to the Multiplication 
propoſed ; And the Roots of the Equation ſo reſulting, ſhall be in ſuch propor- 
tion to thoſe of that propoſed; as was required. 

This Artifice is by hum principally intended (though it be otherwiſe alſo uſe- 
ful,) for removing or preventing Fractions and Surd Numbers, which either 6 
- as or would ariſe by ReduCtion or otherwiſe, if not by this means a- 
voided. 


And herein alſo Des Cartes follows him, though more obſcurely. 
Thus, for inſtance, if I light on this Equation, 


244—34 = 35. 
Which duly ordered, amounts to, 


To avoid this Fraction, I Multiply the Terms reſpe&ively by T, 2, 4; (and, to 
prevent miſtakes, I chooſe to put e inſtead of az) thus have, 


Wherein the values of e, are double to thoſe of a. And therefore haying found 
vhoſe, the halves of them, will be the valnes of 4. : 


Thus, for aaa-l-aay3=*Z 4/3. 
That is, aaabÞaay30a=#3y 3. 
Maltiplying the Terms, by 1, 4/ 3, 3, 3 y/ 3: I have 


eee--3eeJ-0e = 204 
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Of bis Addition and Subduftion in UNxNOwN RoorTs: 
And thereby, deſtroying the Second Term. 


E doth next ſhew, how the value of Unknown Roots, may in like 
manner be changed by the Addition or SubduCtion of any propoſed 
quantity. 

And conſequently ſo as (if need be ) to make ſome or all of the 
Negative Roots become Affrmatives, by Augmentation or Increaſing them: Or 
the Affirmatives become Negatives, by Diminution or Leſlening them. 

But Roots only imaginary will never by any of theſe ways, (whether that of 
Multiplication or Diviſion in the former Chapter ; or of Addition or SubduCtion 
in this Chapter z) become Real. 

And contrariwiſe, though Affirmatives may be changed into Negatives, or Ne- 
gatives into Affirmatives, (viz. by SubduCtion, and Addition ; but not by Mul- 
tiplication or Diviſion of the Unknown Roots :) Yet Real Roots (whether Afer- 
mative or Negative,) will by none of theſe ways become 1mpoſlible or meerly 


Imaginary. 
deThe chicf end of this Artifice (though not the only) is thereby to deſtroy one 
or more of the intermediate Terms in an Equation. And in order to this prin- 
cipally, he doth introduce it. 
And he is herein alſo followed by Des Cartes; and both follow Yiera. 
The Examples he gives (from whence his Method doth better appear than by 
long Precepts,) are ſuch as theſe. 


I. In the Equation 
aala—3zbaa="|-cec. . 


To abate the value of the Root (for inſtance) as muck as is the quantity b, (a 
third part of the Coefficient:) or to make the new Root e =a —b: He puts 


e+b=34. 
And conſequently, ee 2be+bb=aa. 
And ece-þ 3beeþ 3bbe|bbb = aaa. 


And ſo reduceth the Equation to this form ; 


eceb-3beeb3bbe+bbb =+ aaa) 
— 3bee —6bbe— abbb=—3baag=T <<< 


_— (putting out thoſe parts which deſtroy one another; and ordering the 
reſt ; 


eeem—3bbe =ccc+ 26bbb. 


Whoſe Root is e = 4 —b, That is (for ſoit is to be underſtood) every value 
of e in this Equation, is equal to the reſpeCtive values of a— 6, in that former 


So, if we put —e--b=a. 
And conſequently, ee—2be+bb=aa. 
And — ecepg3bee—zbbe--bbb=aaas, 


/ 
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oy - WS ae þ 
Then is —cce--3bee—3bbe--bdbx 
: eb an 428 Frn+ook 
That is, eee— 3bbe = =Ccc—2bbb. 
Who% Roots e=-bb—-4, 


Which Equation, as to an Affirmative Root (for of ſuch only he doth there 
ſpeak,) is impoſſible. That is, it can have no Affirmative Root. (But a Ne» 
gative Root it may have.) 

As for inſtance: Suppoſe 4 = 10, and b = 3 and conſequently, 


The Equation aata-gbaa=-b+ccr, 
The ſame with this a4ha—9g 44 = 100, 

Now by putting ee (4—b=4—3==10—3=) Jo vis 
The Equation, eeem3bbe=—+cce+32bbb 

Is eee 27 e = 100 + $54 =154, 

TheRoot of whichis - e = +7. 

But by putting A=— eb; 
That is, e=(b—a=3—10=) <7; 
The Equation ece——3bbe ==—ccc—32bbb, 
That is, cecm 27e = — 100 —54 = — T54; 
hath no Affirmative Root, (as be demonſtrates.) But inſtead thereof a Negative 

$0 har by this mean, th Affirmative 4, is changed into e, a Negative 
or Privative Root. 

II. The Equation, a44 4 3baa= cc; 4 
By putting 4=e—b, 


And conſequently «þ-cee—3beef3bbe—bbb =b-a4a7_, ” 
M Fibee=8bberabbb= i gbagt=Fers 


Becomes, ceemgbbe ==becc2bbb. 
Whoſe Root is e=4-+b, | 

III. The Equation, HG —3ba& =mccc; 
By ns, a= b—ez 


And conſequently —eee+-3bee—gbbeb-bbb=4-444 — 
F Zybee{6bbe=abbb=n gag nn7 


Y Becomes 
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Becomes ece—3bbe = +cce+26bb. 
Whoſe Root is e=b—4, 
Or putting a=b+-6; 


And conſequently eee 3beeb3bbe+bbb=|- aaa 
Y heed 3bbe mabbb=ongbagh==e06 


It becomes, dcee—3bbe=—ccc-2bbb., 
Whoſe Root is e=4a—b, 


Which may be Affirmative or Negative; according as # or bare bigger: or, 
if Equal, that Root vaniſheth. (And the like underſtand elſewhere.) So that 
where one of theſe Poſitions produce a Negative Root ; the other will produce 
an Affirmative inſtead of it. 


IV. The Equation aaa 3baa+dda =-þccc; 


By putting a=e—b, 
And conſequently ece—3bee + 3bbe—=bbb =+ 4a a4? 
+3bee —6bbeþ3bbb =+ 3baap =+cce; 
bdde—_ddb=+ 4445, 
Becomes dece—3bbe=ccec | 
 dde —2bbb 
+ 4db 


Whoſe Root is e=a+b. 


V. The Equation | aaa—3baa+dda=—ccc, 


By putting a=b—e, 


And conſequently o— ece-þ- 3bee—3bbe+ bbb =+ a a 4aÞ' 
— 3bee--6bbe—3bbb=—3 (458 


==—=CCcz 
—ddeddb = dday 
Becomes eece—3bbe=—+ ccc 
+ dde —2bbb 
dd db. 
Whoſe Root is e=b--4, 
Or putting a=eb+b. 


— zbee— Gbbe—3bbb = —- 3 baa>=—ccc; 


And conſequently -j-cee--3beeþ- 3bbe bbb =+ aa £ 


+ ddeþ ddb =4.d4ds 

Becomes ccemgbbe=—ccec 
+ dde +2bbb 
—ddb, 


Whoſe Root is CnZ=Am=b, 


VI. The 
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VI. The Equation aaa 3baa—dda=-þccc, 
By putting 4a=t—b, 


-|-3bee — 6bbe + 3bbb=-+ $q bas 


Atd conſequently J-cee — 3bee-þ y$bbe— bbb = aaa 
—_ FEE; 
—ddebddb=— dda TIT 


Becomes eee—3bbe=—+cce 
—ddb —2bbb 
—d bb 

Whoſe Root 1s e=a—+b, 


VII. The Equation, AAA 7; bada — 3 dda DZw=aCCC; 
By putting 4=b —e, 


— 3bee+ 6bbe—3bbb= —3baa 


And conſequently —ece--3bee—3bbel-bbb = aaa 
—=—_FC, 
+ Sbbetabbb= S366 ; 


Becomes eee—3bbe=+cce 
—Ade w—=2bbb 
— ddb E, 
Whoſe Root 1s e=b—a. 
Or putting 4 =e -b, 


— 3bee— 6bbe—3bbb =— ;bba 


And conſequently ece-j-3beed-3bbeb-bbb=baaad 
= 
= 6bbe—366 == 51446 


It becomes + ece3bbe=—cce 
— ade 26bb 
ddb. 

Whoſe Root 1s e=4—b, 


VIII. The Equation AA bat —dda==+ccc, 
Putting a=e.|-b, 
And conſequently, -þeee— 3 bee--3bbeſ-bbb= þ aaa 


— 3bee—6bbe—3bbb=— ;baa>=-b-c601 
=6bbe—3666==540 bu 


Becomes | ttm bbe=e-ceoc 
; — dd 0 2bbb 
- ddb. 

Whoſe Root is e=4—b, 


Y 2 ws 


bee een in” 
ACNE a; 


tl 
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Or putting 4a=b—=e,. 


And conſequently —ece-3bee—3bbe-|-bbb =-þaaay 
— 3bee-|-6bbe—3bbb=; b aa>=-þcesz 
+ dde— ddb = — dda 


It becomes ect 3bbe=—ccc 
—dde —3056 
—&ddb. F 
Whoſe Root is, e=b=s. 
IX. The Equation aaaJ=3baa—dda==—ccc; 
Putting A =——t—b, 


And conſequently —ece—3bee—3bbe—_bbb=-+ aaa? 
Pan et poogen + 3baap =—e6e5 
| +ddeb ddb=— 4d a 


Becomes eee —nbbbe=I-cc Cc 
—dde -+2bbb 
+ ddb, 
Whoſe Root is e£=—4—b, 
Or putting 4=Ce—b, 


++ 3bee—Gbbe+3bbb=+ ;bbb 


And conſequently —+eee— 3 bee-j-3bbe—bbb=+ aaa 
"Tx 
— dc + ddb =— 4d ww 


It becomes ecte—m3bbe=—ccc 
——dde —2bbb 
—A4db. 

Whoſe Root is e=--a-+b. 


X. The Equation aaa—zbaaſ-dda=-|-cec; 


Putting a=e+b, L- 


And conſequently -þere+ 3beep 3bbe-+bbb = aaa 
—3bee—6bhe —2bbb==3b4C= = ccc5 


FEET by + ddepddb =+ dd a 
Becomes eee—23bbe=-Eccc 
+ ddb 2bbb 
— ad db. 
Whoſe Root is Cn=4amh, ; 


Or 


— 
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Or putting 4=—e+b, 


And conſequently —ece+ 3bee—3bbe+ bbb = + aaa ve 
equ — 3hee+ 6bbe—3bbb=—3baaC=hcce3 


It becomes eee—3zbbe=—ccc 
- dde —2bbb 
+d db. 

Whoſe Root is e=b md, 


XI. The Equation aaah3baadda=—ccc; 
Putting a=—t—b, 


And conſequently —ece—3bee—3gbbe—bbb =+ a449 ' 
+ 3bee-- 6bbe-|-3bbb =Þ+$b44C=—eee; 


—dde—ddb dd a 
Becomes ece—3bbe=--ccc 
+ dde —2bbb 
—d db. 
Whoſe Root is, =o wed, 
Or putting a=—Se—b, 


+ 3bee—6bbe-þ3bbb=-3baa 


And conſequently heece—3bee--3bbe—bbb=-+ aaa | 
=—CCC: 
© ebbeo+ 3646 =3baaG l 


It becomes, eee—3bbe=—ccc 
+ dde —2bbb 
++ ddb. 

Whofe Root is e===a+{-b. 


In all which (and other) Cubick Equations, by Adding toor Subducting from 
the Root (or of the Root from it) a Third part of the Coefficient of its Second 
Term, (as occaſion ſhall require;) the Second Term is (in the new Equation) 
deſtroyed, and its place vacant. 

That is, if the Equation propoſed be #44 — 3 baa, &c; we are to put, 
a=-—+bX ez(and thereforee = 4—b,ore =b—4.)If it be a4 -þ 3 baa;&c . 
weare toput « = —bTe; (and therefore e=-|-a-|-b, ore=—a—b.) For 
both ways, the Second Term in the new Equation will deſtroy itſelf. 

The reaſon why he doth in ſome of theſe Equations give a double Suppoſition 
for the new Root, is to preſerve the Affirmative Root: For thoſe Roots which 
according to the one Suppoſition would be Affirmative, according to the ather 
will be Negative, (and contrariwiſe.) But he doth not ſo in all of them, 
becauſe ſometimes one of the Poſitions would only give a Negative Root ; of 
which he gives particular notice in the firſt of them. 

Now what is here ſaid of 4 I hird part of the Coefficient (ina Cubick Equa- 
tion,) is in like manner to be underſtood of a Fourth part, in a Biquadratick ; 
ofa Fifth part, in that of the Fifth Power; a Sixth, in that of ,the Sixth 
Power; and ſoof the reſt : (Becauſe ſuch Number doth always affe&t my 

: erm, 
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Term, inthe conſtitutionof each Power from a Binomial Root.) And in a Qua- 
dratick Equation (for the ſame reaſon) one half. Of which we ſhall ſay more 
in the next Chapter : Referving his other Examples for the Chapters fol- 
lowing. .* 


CHAP. ALLY. 
The Uſe thereof, in Reſolving QuaDRaTick EQu a- 


TIONS. 


Y this Artifice (of Adding to, or SubduCting from a Root yet Unknown,) 
the Quadratick AﬀeCted Equation, 1s without farther ReduCtion, 
brought to a Simple Quadratick. So as to need no other than the 
Extraction of the Square Root. 


As for Example, 


The Equation Aa—2ba=-|-ccz 
Putting a=e-b; 
And conſequently ee rnuirs weory 
Becomes ee _—_ i 
Whoſe Root is e=Zy/:Fbb+cc. 
And therefore a (= be) =bE 4: + bb-þcec. 


One of which values of awill be found Affirmative, the other Negative ; be: 
cauſe y/ : bb -|-.c c: is bigger thanb = / bb. - 


The Equation aa-|-2ba= -|-cc; 
Putting a=e—b; 
And conſequently ee—2bej-bb = + a a? _ . 
I abenabb= ab aC= ee; PHU © 
Becomes ee =—J-bb-b+cc. 


Whoſe Root (as before) is e =Z4y/:þbb-kce. 
And therefore 4a (=—b+e) =—bty:+bb-kcec. 


One of which values of a will be Affirmative, and the other Negative (for 
the reaſon mentioned.) But 1n this caſe, the Bigger is Negative ; ia the for- 
mer, the Leller. 


The 
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The Equation, 28--Sbomeve 


Putting a=e-+b; 
And conſequently, +eep2be+ bb = as 


— 2be—2bb= —-2bs 


==—=6c5 


Becomes ee=-—bbbecc. d, 
Whoſe Root is emZEy/: bbc, 
And therefore / a(=—+b-|-es) = --þ+ y/: +-bb=ce. 


Both which values of 4 (if poſſible) are Affirmative; (bj of bb 
- oy amd + 66.) But may Chance to be but why (beep LEG 1+ 
an 6b, Imaginary : viz. greater 


The Equation, a4 2ba=—cc; 
Putting | 4=ec—b; 


And conſequently bSee—2bel-bb = p 
; + 2be—2bb= SI =eez 


Becomes \Þ ten bbece, 
Whoſe Root is e=2'/: +bb—ce, 
And therefore | « (=e—b) = —bXy: hob, 


Both which yaluey of -« (if poſſible) are Negative 3 (becauſe /:bb=cr, is 
leſs than b =/b6:) But may chance to be but Imaginary. For (in theſe two 
laſt Caſes). if .c 6 be bigger than ec, the Equation will be Impoſſible ; becauſe 
bb —ec will be a Negayve quantity, which is not capable of a Quadratick 
Root. © 

And this ſerves for the Solution of all Quadratick Equations, 

Which way, notwithſtanding is by him waved: Becauſe he choofeth rather 
to reſolveall Quadratick Equations KS Dr. Pe# alſo doth) by compleating the 

quare. Of which he deelares his Method in the two next Equations ; vx, the 
XII, and XIII. Of which I have given a more particular account above, in a 
former Chapter. | 

But whatever the Proceſs be, whether by compleating the Square; or by 
caſting, out the Second Term; or that which above I firſ mentioned ; or any 


other: The Reſult will Nil be the ſame (though we come ſeveral ways at it;) 
that is, 


-- Of theſe Equations, The Roots are, - -— --- - ——cnw—e 
a44—2ba=+cc: a=-bbty:bb+ce. The Greater Affirmative, 
aa42ba 


[ 


+, a=—bXy:;bbce, The Greater Negative. 
my" a=—+bXy/:;bb—cc, Both Affirmative, 
"ta+2iba= — Cc. a=—b*t/:bb—cc, Both Negative; 


44 2ha 


Yet 
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Yet becauſe the Coefficient, (which we call 26,) though not a Fraction, may 
be an odd Number ; and conſequently b, and bb, will then be Fraftions: When 
that caſe happens, it may be convenient, (for avoiding FraCtions in the Proceſs,) 
to expreſs it thus; (putcing for the Coefficient, f = 2 b: 


The Equations, The double of the Roots. 
aa—2ba=-—-+cc, 24a =—+fE}:ff-þqcc. 
aa+2ba=-+þcc. 24=—f Zy/:ff+4cc. 
aa—2ba==—cc.- '24a=--fi}/:ff—4cc. 
aa+2ba==—cc. 24 =—f I/:ff—4cc. 

And then takin half of this dquble Root, for the value of 4. That is, 
OW. of £2. 4 [X4cc, rather than 4 = vt 3 FFdee. And ſo of 
the reſt. : 


And for the like reaſon, when the Higheſt Power of « chanceth to be Aﬀetted ; 
as maa—lga=—ndd: If m be not ſuch a quantity as will divide lg, and» dd, 


[ os 
without a fraftion whereby <2 =f, and —— = cc, may be Integers: It 
m m 


may be as convenient (without dividing the whole by -, whereby «4 may ſtand 
clear from AﬀeCtion,) to expreſs it thus; | 


The Equations. | The Multiple of the Roots. 
maa—lga=-—-ndd. 2ma ==lgty/:llpg{-amndd, 
maalga=—+ndd. 2ma=—lgty/:llgg+amndd: 
mas —lga=—ndd. 2ma =-þlg*/:llgg—qamndd. 
maarFlga =—ndd. 2ma = —lgt /:illgg — amndd. 


and then Divide by 21, that Multiple of the Root, for the value of «. That is, 
a= Tits: llggoremndd 


5 ratherthan «=--£ + 88 + woke d 


2m 4mm m 


2m 
For though the value be the ſame, yet the Proceſs is leſs imbrangled. 


And this is all I ſhall here ſay of Aﬀedted Quadratick Equations. Which (as 


was ſaid) are thus reduced to Simple Quadraticks ; meerly by taking awa 
5 uy 2 y by taking 4 c 


CHAP. 
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CHAP. XLV. 
The Uſe of the ſame, for the Reſolving Cun1cx Equua- 


TIONS 


N Cubick Equations (and thoſe of Higher Powers) the work is not ſo 
eaſy as in Quadraticks. Becauſe (though all of them may thus have their 
Second Term deltroyed, yet) after the taking away of the Second Term, 
there remains one or more intermediate Terms to be removed, before it 

be reduced to a Simple Equation. | | 

To effect this in Cubick Equations 3 (where either the Second Term is at firſt 
wanting, or hath been already taken away by the precedent operation:) He 
thus proceeds ; (in his 12 and 13th Examples.) 


XII. The Equation anad- 3bba = 2Cccc 


(whether thus occurring at firſt, or having by a precedent operation loſt its Se- 
cond Term, and ſo been reduced to this form : 


ee+bb. 
Putting, a= 3 
And conſequently, 
+ ecee — 3bbeeee + 3bbbbee—bbbbbb 
—_ _ = 444 x | 
-- 3 bbetee — 3bbbbee A a =-2C66. 
 — =-7-9006 
Becomes, | ececce =+bbbbbb+ 2 ccceee. 
That is, {-eccece—n2 ceceee=+bbbbbb. 


Which is an Aﬀected Quadratick Equation; having a Solid Root eee. | 

This he reduceth to a Simple Quadratick (as his manner is,) by Adding ta 
each part the Square of half the Coefficient, (which makes the firſt part, a com- 
pleat Square in Species.) 


eeecee —2Cccceee-l-cccece=bbbbbb+cececce. 
And therefore the Root thereof, 
ece—cee=®y/:bbbbbb+ceccec. 
(Where the Affirmative or Negative value is to obtain, according as ccc is Leſs 


or Bigger thaneee. And therefore here, the Affirmative z becauſe it appears 
by the former part'of this Proceſs, that eis bigger thanc.) 


And conſequently, . eee =-|-ceoÞ-4/:bbbbbbþccecec, 


And therefore, e=4/C.þcrc-|-y: bbbbbb-pecccet 
Z 
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e—bb bb 
Then, becauſe 4 is (by conſtruCtion) equal to 14s ,or e—— 2: To find 
e c 
bbbbb : : 
the value of Jn he takes notice, that ece.bbb. . > are in continual pro- - 
| c eee | 


bb 
portion. As alſo their Cubick Roots, e.b. —* 


c 


— a 


bb 
And thence proves, —E/C.—ecc-4-y:bbbbbb 4-cccecer 


(For --cce+sy/ :bbbbbbJ-ceccee, 
Multiplied into, —ccc+y/:bbbbbb-6ccece, 
Makes bbbbbb. 


__ TrITg the former of them being equal to eee; the latter muſt be equal 
to ; (between which bbb, is a mean Proportional ;) and therefore, the 


ece 


Cube Root thereof equal to = "9 


And therefore the value of a (= e — bb _ 
[<1 


/C.F+ccc 1-4 ;bbbbbbcccoce., —C.—ccc-j-/cbbbbbbFccccee- 


And this is one of thoſe which are commonly called Cardan's Rules. 
Of this Solution, he gives us theſe Inſtances ia Numbers, 


20 =64-]-aaa., 4=4/C./108+10,—yC. / 108 — 10, =2. 

26 =ga-paaa a4a=y/C, 196+ 13, —y/ C . 4 196 —13. —} Þ 

7 = 6a-T aaa. a44. ©EA/TY FFI—vVT. "x; pw ATP 
That is, a=4/C. Coi+3,—SC.E Cot—_i=/c8,—/SCT.=:2—1=5. 


X11I. The Equation, aaua—zbba=+2ccc: 


cn AUT into Three Caſes: According as c is'Greater or Equal, or Leſs 
than 


1. If c be greater than b; 


Then putting 4 = aa va > And conſequently , 
c 
-J-eecece-|-3bbeeee + 3bbbbee-|-bbbbbb 
— — = aaAaky 
cee 
— 2 bbecee —-3bbbbee =-Þ2CCC, 
— = —-3 bba 
eee 
It becomes exreee J-bbbbbb=-|-2ceceee. 
That is, | Cepereemm 2CCCrre=—=bbbbbb. 
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And therefore (adding cc c.ccc on both ſides, to-compleat the Square,) 


eceeee—2Ceceee-rooeace.=+coeccec —bbbbbb. 
Or (6 being leſs thanc) putting + dddddd = + coccer — bbbbbb, 
eegcee—2ccceee-|-cecccce = dddddd. 
And therefore its Root, eee—ccc=dad. 
That is, ece=ccc dad. 
And e=yC.ccc-þ+ ddd, or /C.ccc+y:ccccoe—bbbbbb. 


Then becauſe 20.345, 200900 in continual proportion:; as alſo e . b Le 


eee o 


Having found the value of eee (and bbb being known ;) He proves, bbbbbb 


eee 
=ECC—Y/:ccccocoe—bbbbbb:=cec—ddd. 


And conſequently (= w— +} = 


/ C.ccc+ v:ccccec—bbonbb: 4 /C.cccm—y; rocere — bbbbbd; 


Or, 4=4C.cccÞdda-+vTe —ddad- 


And this is the other of Cardar's Rules, 
Of this Solution, he gives us theſe inſtances in Numbers. 


40 =— 64-444, A4=y/C.,20-þy 392:+Þv/C.20—4/ 392+ = ++ 
72 = —244h444, a=yC, 36+ /584--+/C.36—y 784+=6. 
g=—64-þ444 a=/T,L JE. +Y/C.—-y/ E.=3. 
That is, 4=4/C. FÞFZ.+4/TEIZE.=/C.8.+4/C1=241=3. 


2. If (in the ſame form) c be Equal tob. : ' | 
Then, becauſe of y/: cecoce — bbbbbb: = 0; (this part of the Equation va- 
niſhing :) ; 

48=4/C.cce.+y/C.cce.=e+c=2c. 


[n theſe Solations (as in other things) Des Cartes follows him z (but without 
giving any account by what Methods theſe Rules might be found out,) under 
the name of Cardan's Rules. The invention of which Carden aſcribes to one 
Scipio Ferres, 
hether or no Harriot were aware of theſe Rules of Carden; I do not find. 
But (whether he were or no,) they are well e h derived from his own Me- 
thods, (very different from thoſe of Carden,) and from thence demonſtrated. 
Nor is it ſtrange, that thereſult of both Methods ſhould be coincident. For 
whether the way of Reſolving thoſe Equations be found out by the Methods of 
Cardaxe ;, or by that of Harriot;, (or by that of mine, which I ſhall mention by 
and by ;) or by any other Method heretofore, or any hereafter to be found out : 
The Reſult (if true) mult be ſtill the ſame ; at leaſt for ſubſtance, however it 


way vary in words, or in the manner of deſignation. 
y4$ 1 3. But 
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"7 But there is a Third Caſe of Equations (in the ſame form,) 
aaa—3bba=-)|26cc; 


which is, when c 1s leſs than b. | 

In which caſe, ccccco—bbbbbb, will be a Negative Quantity 3 and there- 
fore /: cccece —bbbbbb, the Square Root of a Negative Quantity, Sup» 
poſe / — ddd ddd. 

W hich is what they conclude to. be an Imaginary not a Real Quantity; aud 
that therefore the Root of the Equation is not explicable in Species (according 
to any received way of Notation.) otherwiſe than by admitting ſuch an Ima» | 
ginary Quantity, | wks 


a=4/C.ccc--4f —dddddd.-|-y/C.ccc— /F<Tddddd: 


Which is alſo a great diſcovery of Harriot's (and wherein Des Cartes follows 
him.) Nor do I know, "that any before him had ſhewed, that fuch a Root could 
not (in_the received ways of Notation) be explicated in Species ; otherwiſe 
than by thoſe Imaginary Quantities. Which Imaginary Quantities, when they 
occur, have been thought to imply an impoſſible Caſe; and Algebriſts have been 
wont 1ſo to teach. | | 

Yet is not this ſo to be underſtood, as if Harriot had taken theſe to be im- 
poſlible Equations. For he had before ſhewed, (as in the Second Example of his 
Fifth Section,) that they have a Real Affirmative Root ;, (beſide two Negatives, 
which he was not there inquiring after.) 

And this alſo1s a great diſcovery of his. For it was before thought, (and ſo 
delivered by divers. Algebriſts,) that whenever (in purſuance of the Reſolution) 
we are reduced to an impoſſible conſtruction , (ſuch as is the Square Root of a 
Negative Quantity 3) the caſe propoſed is to be judged impoſſible. Which is.yet 
here diſcovercd to be otherwiſe, 

As for inſtance; the Fquation 444 — 74 = 6; ſhould have for its Root, 


a=4/C.z+/ —32.+/C.3—y/—*2. 


which ſhould therefore be judged an impoſſible caſe. 
Yet hath it a Real Root, 4 = -+ 3; Beſide which it hath alſo two Negatives, 


AE — 1, 4 — —2, 


And if we change but the Sign of the Abſolute Number, (which is the only 
Even place not vacant;) the Equation 


ARA —JAEZ—6, 
will have two Affirmative Roots, 4 = 1, a = 2, (and one Negative, a=— 3.) 
And ſo will others of the ſame form ſo qualified, (a4a— 3 bba=— 2 cc c,) 


Which 1s the Caſe of his Fourth Example- in the Fifth Section. 


Which Caſe 1s not ſo deſperate as it. hath been thought to be. And how theſe 
Roots are to be found out, we ſhall ſhew farther by and by. 


Mean while, of thoſe other Cubick Equations, he gives us theſe further Ex- 
amples in Numbers; in which the Cubick Roots extracted, are Binomials. 


52 = — 34-|4aad. 4 


o+4/C:26+v/675:=2+y/3.2 _ 
(7, 0m LS hee"; PIN 


—_— —STVC:/ B5z+135:;=/2+;3.2_ 

279 = | gaFaan, r= Rees. 
es _ +y/C:204-y/392:=2+/2, 

40 = — 64paaa. +. | © Sroa th tcomhahaus.7 9 
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20 = J-64 |- 444. / C:/108=—10:; =/a—1 


$a 


4/21632=— 64-444, +y/C: /5408 —y/ 5400; =y/8— YG 


Xt I — $+YC:y/62720--y/62208:=y/20-{-/12 <6 
4/243832=244-|-44a. ye ante /n. /l=y4s. 


Now becanſe he doth not tell us, by what Method he finds the Binomial Root 
of his Binomial Cube; 1 ſhall by and by ſet down a Method of my own (be- 
cauſe I have not met with. a better,) invented many years agoe. But ſhall firſt 
(by way of digreſſion from what I was ſaying of Harrior,) ſet down my Me- 
thod of Reſolving Cubick Equations; and by what ſteps I attained it. 


CHAP. XLVI. 


Another Method for Reſolving CuBick E QUATIONS: 


a=$TVEIS98 -1-4/ $400: =IEoCE, 


' had before promiſed to give an account (in due place) of another Method 


for the Solution of Cubick Equations z which I ſhall here perform. 
About the year 1647 (or the beginning of 1648) when I was but a very 
young: Algebriſt (having ſeen very little of - Algebra before that time, and 
having no body to ſhew me,) I lighted caſually on Mr. Oughtred s Clavis of the 
firſt Edition, publiſhed in 1631,) which I read with great delight, and was in 
a few weeks pretty well acquainted with the Contents of it, 

And finding that though he frequently mentioned Cubick Equations, yet he 
had given no Rules for the Solution of them (as he had done for Quadraticks:) 
I adventured (for my Exerciſe inthe praiſe ot Algebra) to make an Eſſay what 
E could diſcover toward the Solution of them. | 

The Notes uſual with him being theſe, Z the Sum, X the Difference, ' the 
Rectangle of two Quantities, whereof A was the Greater, E the Leſſer; and 
Z, X,, the Sum and Difference of their Squares; Z, X, the Sum and Difference. 
of their Cubes: I ſingled out (amongſt many others in his 18th Chapter) theſe 
two Equations (as moſt proper for this attempt) Zc = Z -- 3 A; and X c = X 
— X&. | 

For the Cube of AF, that is Ac-}-3AqE+3AEq-[|-Ec, being (in 
his compendious way of Notation,) thus exprelled, Zc =Z + 3 AZ, that is, 
Zc—3XkZ=2Z, I found that in a Cubick Equation of this form, the Coefli- 
cient (3 A) was the Triple Rectangle of the two Quantities (A, E,) whoſe Sum, 
is (Z) the Root ſought ; and that the Abſolute Quantity (Z) is the Sum of 
their Cubes, ; 

And in like manner the Cube of A—E, that is, AcC—3AqE-|- 3A Eq—Ec, 
being (in the ſame way of Notation) X c = X — 3 XX; that is, Xc -þ.3 &X 
—=%X: | found thqrt in a Cubick Equation of this form,” 3 X# was the Triple 
Rectangle, . and X the Difference of Cubes of two Quantities, A, E, whoſe Dit. 
ference 1s X, the Root ſought. hs | 

(The Forms Zc— 3 KZ=—Z, andXcop;AX=—R, whercin—2Z2, 
and — X, are Negative Quantities; ditter not at all from thoſe former,wherein 

they are Affirmative; fave that in theſe, Z, X, will be Negative Quantities, bur 
in thoſe Affirnatives, ). YI 
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So that, (all Cubick Equations being reducible to one of theſe Forms,) the 
whole difficulty remaining, is btit this, The Rettangle of two Quantities, with 
the Sum" or Difference of their Cubes, being given, to find the Quantities: (and conh- | 
ſequently their Sum or Difference.) | | | 

hich is performed by Reſolving a Quadratick, Equation of a Solid Root. 


And therefore (Multiplying by Ac, or Ec, and tranſpoling the Terms,) 
Acc—ZAc=—#c=Ecc—ZEc. Whoſe Roots are3ZEy/:32q— 


Mc. =Ac,Ec. 


A c Ac 


And (by like Proces) —_— = TX = Eu EC. 


And conſequently Acc —XAc=ZXZc=Ecc + KXEc. Whoſe Roots are 
y: 3Kq4+ £Ec:3i%.=AG Ec. 

And then is-(the Sum or Difference of their Cubick Roots,) A4+E =Z. 
A—E=X. the Roots ſought in thoſe Cubick Equations. That Is, 


/C+IZ + v:;2q-Ac.+y/C.+3Z—y:;i2q—- Ec. =A-FE=Z. 
y/ C. +3R 4:5 KqÞAco—yYC.—3X+sy/:i3X%q+ Kc. =A—E=R. 


(But if, as was ſaid but now,) the Abſolute Quantities be Negative, — Z, 
— X ; the Roots will b, —A —E=—Z, and—A+E=—RX;.) 

It's true, that in the former of theſe caſes, A c, Zc, may ſometimes happen 
to be but (what they call) Imaginary Quantities ; (when A c is greater than3Zq,) 
as happens in other Quadratick Equations. (W hich is the fame with the caſe of 
Harrwt's Thirteenth Equation but now mentioned ; wherein his cis leſs than b.) 
Of which cafe ſomewhat is ſaid already, and more is to be ſaid by and by. 

I might in the former Proceſs, inſtead of finding both A and E ſeverally, have 
contented my ſelf to have found one of them; and then expreſſed the other by & 
divided thereby. As 


C12 4-y:37q-#c: |- 


A 
+ C:iZ+4/:32q—#c. 


A 
=A+ dy E=Z. 


X | X | 
—_ — C237 em + +4 _ Ss — — E = - » 
/CiZ—y:32q—E&c: —_ y E SE 


y/ C.y:\Rq+E&c:+ 4H — h——=—h tat 


C.:3Xq+EcC.+IX A 
A 
Cv: Kqb-Ec: —4$ 


A 
VC v:+Rq=-þ- Ec: —3 X= + —ESA —E=X. 


But ſince eachof thoſe A, E, were with the ſame eaſe diſcoverable ; I choſe, (as 
the more neat way of Notation,) to deſign it as before. Or thus. 


/C.3Z+y/:iZq—Ec.+I/C-iZ—y:;i2q-Ac.=A+ÞSE=Z. 
/ C.y:iRqþA@Eci+; HN—yC.y:iKqþE&Eci—i.,=_AE=X. 


Theſe 
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Theſe Rules, as to the Reſulr of them, are the ſame with thoſe of Harriot ; 
and thoſe cited by Des Carres by the name of Cds Rules, (of which at that 
time, I knew nothing. ) But the Procels is much more clear and natural than 
that of Harrior ; and both of them, than thut of Cardan ; (and Des Cartes vpives 
none at all ;) or than any other thar I have yer ſeen, : 

Of theſe I gave account the ſame year 1648, to Mr, John Smith, (then Fellow 
of Queens Colledge in Cambridge, and Profeiior of Mathematicks in that Univer- 
lity,) with whom at that time I held correſpondence by Letters; as allo of the 
Method for extracting the Roots of Birowial Cubes, mentioned in the Chapter 
following.) And about the ſame time to Francis van Schooten, then Profeſſor of 


Mathematicks in Leyden; and ſoon after publiſhed ir, in au Epiſtle to the Lord 


Viſcount Brouncker, prefixed to my Treatiſe concerning Adeibomiersz publiſhed in 
the Year 1657. 


C H A P: XLVIL ' 


Extrafling the CusB1icx RooT of aBinNoMIAL. 


HIS Solution of the Cubick Equation, did put me upon another In- 

- quiry requiſite thereunto z about extracting the Root of a Binomial 
Cube. And the Method then invented concerning it (having 20t yet 
met with a better,) I continue to make uſe of, to this purpoſe. 

The Bomial Cube, if incumbred with FraCtions or Surdsz 1 did by known 


Mcthods, (ſuch as thoſe above mentioned,) reduce to ſuch a form, as to be freed ' 


from them. 

If then one or both of its parts be Irrational z I cxempt from the note of Ra- 
dicality, ſo much of it as is Rational : Dividing the Non-quadrated Number, to 
which the Note is prefixed, by the greateſt ſquare Number therein contained : 
Whoſe Root | ſet before the Note of Radicality, and the Quotient after it. 

As in one of the caſes but now mentioned, ,4/C.20£y/ 392 ; inſtead of y/ 392, 
I put (what is equivalent thereunto) 14 2. (That is, inſtead of y/bba, I pur 


A. 

vas the ſame Method I uſe in the Addition and SubduQtion of Surd Numbers. 
For this being done, it preſently appears, whether the Surds be commenſurable 
or not. As y/ 117 Ly 52, that is, 34/13Z2y 13, appear at the firſt view to 
be commenſurable z and their Sum to be 5 y 13, and their Difference 1 y/ 13. 
But, that y/ 24 £y/ 18, that 1s, 2 y/ 6 * 3 / 2 are incommenſurable, (becauſe y/ 6 
and y/ 2 are ſo; (and therefore cannot be added or Subducted, but as a Binome or 
Apotome.) i 

Having thus reduced y/ C: 202 y/ 392: to / C.20 £1442: it is manifeſt 
that if this Binomial Cube have a Binomial Root, one part of it mult needs be 
y/ 2, or at leaſt ſome Multiple of this by a Rational number. (For if y/ 2 were 
not contained in the Root , it could not be in the Cube. ) Which part we will 
call /e, or fy/e; and the other part 4. 

A Root then being in this form, aZye; 

Its Cube muſt be 444} 3aay/e--34eFeſe, — 

Of which, a4a4-|- 3 e is rational z 344 e+e y/ eirrational, That is, (in 
the preſent caſe,) it / 2 = y/e be one member of the Root, then is 3 4a y/ 2 + 
24/2=144/25 that Is, 3444/2 =I24/2. 344 = 12, 44 =4, 4=3. 
And therefore the rational part 444-|-34e = 8-|- 12 = 20. And, finding it 
ſo to be, 1 conclude the Root to be at y/e=2XZy/2, And therefore /C. 20 
+ 4 392 .--y/ C.20—y 392. B21 2p 2—y/2=4. But had it not 
thus ſucceeded, inſtead of / 2, I ſhould have tryed with f y/ 2, giving to f a 
bigger or leſs value than 1, according as the firſt Eflay ſhould direct. « 

us, 
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Thus in another of thoſe Examples, y/ C : y/ 1825 Z 1353 that is, /C: 98 y/ gj® 
135, taking. / 3 = 45 and {uppoling the Root to bedyaTe, the Cube muſt 
be ddday ut3ddae-|-3deeyatece. Soisddday/a-þ3dee/a=7TBy/3 
—=3dddy/: | 3deey/3. That is, (if d=1,) 738 =3-+3ee. o75 =12ee. 
25 =ce,q=e. Andtherational part ece-3ddac=125 -j- 45 = 170; which 
being too much (for it ſhould be bur 135,) argues that | have taken d too ſmall. 
T herefore taking 4d = 2, and dy/a =24/ 3, we have ddday/a-|-3deeya 
= 24 y 3-]-6ec4/3 = 784/3+-24-þ6cee=758.6ee = 5$4.ee=g.,0e=3, 
And the rational part ee e-|- 3 4ddae = 27 +108 = 135, as It cught to be. The 
Root therefore is 24/ 3 £3, or y/ 12.3. And therefore YC: y 1825-J-135: 
ot y C:v/1825 —135.0r/C:78y3 + 135: —y C:734/ 3— 135-1S$243 
| 3 minus 24/ 3— 3 =-|+6+ —_— | 
If in this Second Eſſay (as in the Firſt) inſtead of 135, I had met witha 
greater Number, it had been a ſign thatI had yet taken the value of d too ſmall, 
and ] muſt have tryed a bigger value. But if a Number leſs than 135, I muſt 
have taken for the value of 4d, leſs than 2, but bigger than 1; and therefore 
d = 1:. Ardif this fucceeded not, I was to conclude, that I could have no 
ſuch Binomial Root, but muſt be content with the Surd Root of a Binomial 
Cube. For the value of 4d, for this purpoſe, mult be either an Integer, or at 
lealt the half of an Integer, (that the double of it may be an Integer.) And 
(that we be 119t left to gueſs at all adventures) it mult bean Aliquote part of 78 
(the Numerator of the Surd Root,) becauſe 78 = ddda—+ 3 dee is diviſible by d. 
And the like in 6ther caſes. 
Thus, in another of the ſame caſes, /C.y 5408Z4/ 5400; that is, /C. $2 
y/ 2+ 30 4/6: (Where both parts are Surds.) 1he Root I will ſuppoſe 4y/a*f 
ye, (putting d 4/ a for the greater Member of the Root, and f / e for the 
leſler. ) The Cube ddday/at3ddafye + 3dffeyaTfffeye. And 
a=2, e=6, Then (ſuppoling f = 1,) 34dafy/ 6--6fffy/6 =3dday/s6 
+64/6=304/6.3d4day/6=2446. 3dda=24.dda=8, alt (becauſe 
of 4=2,) dd=4.4= 2. And therefore the other part, ddday/a-+ 34ffe 
y/a4=164/2j364/2=52y2 as It ought to be. Whence the Root is 
dyaitye=24/2Ty/6=4/82t4/6. And therefore, y/ C: y/ 5408 + y/ 5400, 
+ 4 C: y/ 5408 — 4 5400. =+/ B+/Cpiwy/B—y/6=24/8=/ 32. 
Or, I might firſt have begun with / « = 4/ 2 . Where, if 4 = 1, then ddd a 
a a+3dffe/a=ay/a+3ffe/a=24/2*3ffe/2=24/2-+18ffy 2 
—=$524/2.18ff = 50. i =ff=*3. f = 3- Which (beſide that it is not 
halt an Integer Number ) makes fffe / et ddafy/e=7*3* 4/6. Which is 
too much, (for it ſhould have been but 3o 4/ 6.) Therefore 4 was taken too 
little. But upon a Second Eſſay (taking d = 2,) ddday/a-- 3d4ffeya=a 16 
y 2 + 36ffy/2 = 5243 36ff/2=34/2.f=1; makes the other part 
fff —eve+3ddafye=eye3dday/e=64/6+24/6=346; 
as it _ to be. Whence I conclude, as before, the Root 4 y/atfy/je=24/ 
2_=4/ 6. &c. 

Thus, if this Cubick Equation were propoſed, rr7r + g r= 170: (Which is 
a Caſe of his Twelfth Equation:) Its Root (by theſe Rules) muſt be, 


7 =4/C:+85+y CGazyg Þ27=) 7252: —4C:—85 +4 7252, 
That is, y/ C.4-835]-144/ 37: —4/ C.—85+144y 37. 


Then (ſuppoſing y/ a = y/ 37, and d=1) weſhould have 44/ a=37y/ 37 
which cannot be, (for we have inall but 14 4/ 37.) Therefore I take d — z (for 
it nay be either an Integer Number, or the half of an Integer; becauſe by and 
by it will be doubled.) Then is, ddday/a=2?F y 37. Which taken from 14 v 
37, that is, from *$* / 37 3 leaves *$ 4/ 37 =3eedy/a=3cedy 37; that Is, 2£ 
—=3ee. 4+ =ee, }=e. Which if right, then iseee-|- gedda = 33% 4 
+3+ — £4* =85. And finding it ſoto fall out, as it ought, I conclude, y/ &: + 
85 +144 37: =Z3+34 37. And therefore the Root of the Cubick Equa- 
tion propoſed, r=+ £ +4 y/ 37, minus —i+i4/37, =5s. 


In 
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In like manner, if the Cubick Equation propoſed, had been rrr -<4:gir == 80 : 
(Which is an explicable cafe of the Thirteenth Equation:) Then is (by theſe 
Rules) 


r=4/C.40-|-4/ (1600—27=) 1573. y/C.q0—y 1573, 


That is, y C.40+ 11413. -|-/C. 4o—1nv 13. 


Where if I take Ye = \/ 13, 'tis manifeſt that f mult be leſs : (becarſ: 
134 13 =eycls greater than 11 13, which ſhould be leſs t . There- 
fore putting f = 2, | have fffey/e=*z y/ 13 z which Subduted from 11 4/ 13 
= i} // I33 leaves *$ y/ I; — z4aafy/e=3gaafy 13: Vhat 15s, SP 248. 
3+ =44. 3=4. Which if true, thenis aaa-|- 3affe = *5* + 24% = 322 
= 40; Which falling out as jt ought todo, 1 conclude, y C.40t 1147 13 = 2 
iv 13: andr = 3b iy 43 pl 3 — 313 =59. 


_ a 
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This Extended to R o © Ts thonghe Inexplicable:'-** 


UT, before I leave this _ I am to add, that this extends not only 
to the caſe in the Twelfth of theſe Cubick Equations zj-wda '3bba 
—=-+ 2£ccc: Andrq thoſe of the Thirtcenth, aaa —3 $4 t-E2ccc, 

m which bs leſs or equal toc: But even to thofe (which Teeen-to be 

left deplorate) where is greater than c; and conſequenelyy;'c ec 62h dbbbb; 

=4/—ddaada, the Square Root of 'a Negative Quantity: . '' 2 

For though either member of, rhe Rpor ſeparately-oonliderad, y/ C:cer + y/ 

dddddd: and\/C:coc— ddd © do avply what they call an Im- 

ſible Quadratick Equation, becguſe -of that Inezplicable Root of 'a Negative 

320064 + —dddddd; (which ,allthat Hartio may be ſuppoſed 20m ren 

he calls it Impoſſible by reaſon of the Inexplicability of / — 4ddd dd.) Yet, heat the 

Cubick Equation propoſed 1s not impoſſible, but hath a Real Root, he had (as 

was ſaid but now) before-ſhewed at his prop. 2,and 4, Set. g. Which Nd$6t'is no 

other than whar i$ deſigned in Harriot's Notation, y/C.ccc+ / — ddddd. + 

y/C.ccc— y/ —ddgdddd, And what incach Meyaber appeared impofible; 'are 

in cogjunCtion Mutually deſtroyed: * 

Thus, in the Cubick Equation, 
»£ — 'v = 


7rr — 63 7 = 162, \, 
$i" 0 | Hs 4 3&1 1 

(Whereb = /&{ = / 21, is w_ than c=4/C.,*$*= /C.$1. as will 
appear by Squaring 81, and Cubing 2 1. FF _ 
Fhe Root (þy-theſe Rules). is | 2.3 os 


VC. 81+ y (6561—9261=) —2700.++/C. $1 <-2700 28 
That is, /C:81-þ394/—3: +4 Co $1 —go4/ 3. 
. Which Cubick Roots mult be in this form; _ | ; 9114} 
NET ka -Q-— | : a 
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And therefore (the Square of fy/ —e, being — ffe,) the Cubeof a-|-f /—e, 
will be 


= 


aaa, +3aafy/ —e, —3affe, —fffey/ —e. 
And the Cube of a —f / — e, will be 
aaa, —zaafy —C0, —3 affe, + fffe/—e. 


ore, in the preſent caſe, 


And tha 
aana—3affe =8$1:and3aafy/—e—fffe/ —e=304/—3. 


That is, (putting / —e=4/— 3, andf = 1,) 3 44f —fffe=3aa—te 
=344—3 = 30. 344=33. 44=11. Which doth not ſucceed, For (be- 
ſide that «, by the form of the Cube, ſhould be rational, not a Surd ;) we ſhould 
thus have aaa— 3affe=24 11, inſtead of 81. Whence it appears that f 
was taken too big, 

Retaining therefore / —e=4/—'3, I take f=j. Sois 3aaf — fffe 
=L aa—1;=30=3*7P . faa=#Þ, aa=Hqa=2, 


Which makes aaa— 3affe=23% —#;, —$4t — 81, asit ought to be. 
Therefore 8T fy} —e =2+i1/—3, 
And r=3ÞT34) —$, +1—34/—3, =9- 


And the like in other caſes of the ſame form. 

Whatever therefore may be ſaid of cach part of it, /C.81+4/— 2760, 
and /C.81 — 4 — 2700; that is, F+44/—3, and2—Zfy 3, (which 
are the Imaginary Roots of an Impoſſible Quadratick Equation, aa— 94 = 21;) 
or, of the Imaginary Surd 4/— 3: (of both which we ſhall ſpeak hereafter :) 
Yet certain it 1s, that the Aggregate, 4/ C.81-Þ-y/ — 2700. +4/C.81—y 
— 270. is a Real Quantity, and equal to 9. - | 

So-in that before mentioned aa«— 74 —6; (which is in effeCt the ſame with 
this oy now declared ;, fave that the Root of the one is Treble to that of the 
other <p: * 


The Root of thisis, y/C.3+/ —*2.+y/C.3—y/—?22, 
| Thatis, (by duo Reduttion,) /C.342/ <3.4+ /C.g=i2y/—3. 
That is, CH FH —3.+4/ Ch; —334/—3, 


C.8 — 3. -|-4/C. $1— — 3. 
That is, CODES I=ofC. b1—gog—y. 
Or, 34=4/C.,tt-+30/—3.+4/C.81—30y/—3.=9, 
If_ the Equations had been thus propoſed, 


II 637 =— 162, and 4a —Ja=—6. 


(where the Abſolute quantities — 162, and — 6, are Negatives,) the Proceſi 
had been juſt the ſame ; ſave that the Roots would then Es, F 


1 =—9g9. and 4=— 13. 


It 


yy 
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as where no ſuch Negative Square doth intcrvene. 

And conſequently, theſe Equations which have been reputed deſperate, are as 
truly ſolved as the others. And this Mr. 70h» Collins in fome Letters of his 
to me, hath informed to be di covered in K:inkbuſen a Ducch Writer, not yet ex- 
tant in Latine or Engliſh. 

Now for as much as all Cubick Equations whatſoever, may (by caſting out the 
Second Term, if any were,) be reduced to one of theſe two forms, 

IS 
aaa-h-gbba=TE2ccc. 


aaa —3bba=FX2cce. 
That is, to one of theſe, 

aan 3bba=+2ccc. 

ann —3bba=2ccc, 


(Which are the caſes of Harriot's 12th and 13th Propoſitions, of his Sixth 
SeCtion.) Or 


aaap3zbba= == 2CCc. 


444 —3bbe==2CCc- 


(Which differ no otherwiſe from thoſe, ſave that the Roots which in thoſe are 
Affirmative, will here be Negative; and what werethere Negative, will be here 
Affirmative.) 

And for as much alſo, as we have ſhewed (partly from Harrior, and partly from 
what we have thought fit to add;) How in every of theſe caſes, the AﬀeCted 


It is manifeſt therefore, that theſe Binomial Roots, of theſe Binomial Cubes, 
(where they be capable of ſuch Roots) may be in the ſame manner diſcovered, 


Cabick Equations may be reduced to Simple Cubicks, and how the Roots thereof © 


arc to be deſigned ; (whether 6 be leſs or bigger or equal to c.) 

This may therefore ſuffice as a perfect Solution of all Cubick Equations, as 
to one of their Roots. How the other two Roots are to be found, we ſhall 
ſhew in the next Chapter. 
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CHAP. XLIX. 
Of the other Two Roots in the CuBicx EQuaT1oN. 


E have thus found in theſe Cubick Equations, one Root. But 
(every Cubick Equation having Three Roots, Real or Imagi- 
nary,) there be Two others yet to be found : Which by the 
help of that, is eaſily done. Dividing the Cubick Equation, 

by the iingle Equation now found 3 whereby there reſults a Quadratick, contain- 

ing the other T wo Roots. | 
Thus for inſtance, in the Equation but now mentioned ; 


777 —637=162. That is, rrr — 637 — (162 = © 


Having found one valueof r =9. that is r —g =0. 


r—g)rrr —637—162(rr, +97, 18, =0. 


Trr7 —grr 


+grr—63r 
+grr—81r 


-[— 187 — 162 
18 r — 162 


©O CO 


If now by this, we Divide that, the Reſult will be a Quadratick Equation, 
rr +gr +18 =0, 
Whoſe two Roots are Real; but both Negative. — 222 
That is, r=—3, andr =— 6. 
And in that other; 
aaa—JAZEG, Thatis, 444 —74—6=0. 
Having found Fn value, a=3; thatis, a—3; =0. 
Dividing that by this; the Reſult will be aa+3a-|-2=0 
Whoſe Roots are, 8=— 1, and 4=—2, 


But if (in theſe) inſtead of + 162, and |- 6, the Abſolute Quantities had 
been Negatives, — 162, and —6 ; and conſequently their Roots ( inſtead of 
-+- 9, -{- 3,) had been — 9, — 3 : Then (upon ſuch Diviſion) the Quadraticks 
reſulting (77 —gr-|-18=0, and aa—34-+-6=0.) would each contain 
two Affirmative Roots, r = -þ 3, r=-þ+6; anda=+|-1, a= +2. 

And thus will it be in all thoſe caſes, (of the Chapter precedent, ) wherein 
upon the firſt Inquiry, the Root appeared Inexplicavle, becauſe of the Negative 
Square intervening. For then theſe other two Roots will be always Real, 


- 


The 
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The like may be done in the other forms, (in which ſuch Negative Square 
doth not intervene:) But then, what we eſcape in deſigning the firſt Root, we 
meet with in the other-Two. Both which will be Imaginary. 


As in 444 — 64 — 40 =O. OI 177 — 6r—40=0, | 
Having found (as before) the value of r = (2 + y/ w+2—=/3=) 6. 


r —4) rrr—6r— 40(tr, {4t,10=0. 
YI —477 


© be grr—6r 
.. T4rr—167 
+ 107 — 40 
+.107.,—49 
00 oo 


If byr — 4, we divide 7 — 6r—40; The Reſult'is 
"rr 44r + 10 = 7 IE | , | 
Which isan Lmpoſlible Quadratick whoſe two Negative (Imaginary) Roots are, 
e234 — 6 and a3t—y/2—6; WET D 
ak, RS ES 
One of whoſe Roots we found-to be, v1 wy ; now Viz 3, =4.6: 


(1 .b' LY 
1 — 6) rrr Ty —_— =0 (r7,--6r, +45, = 0: 
YrY —6TY , 
WS 
+ 677 —36r as 1 | 46:1! 
- —-— =o 
1-457 £290 


O09 9 
d 4 IC) CALMTOD ate IP gh 


If by 7 —E'=0, wedividerrr4-gr—276=0; The Reſult mill be 
rr]-4r -Hlo=0, 
Whoſe two Negative Imaginary Roots are, 
—2 {-2/— 13, nd—f—:/i-11. Of —=— = —_ 


And the like will appear in all others of the ſame form, 

The like happens in Simple Cubick Equations. (For thoſe alſo arc to have 
Three Roots, as well as a Sunple Quadratick T wo Roots.) - 

As, rr# = 8: one of whoſe Roots is r = 2. 


r—2) rrr —B8 (rr,-|-27, 44=0, 
YT —2r7r 


j- 277 
+277 —4Y 
Bu: + 4r — 8 
+ 4r — 8 
OO OO 
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—_ Andif by” 2 = ©, we dividerrr —8=0; the Reſult will be 


rrp2r+4=0. 
Which is an Impoſſible Quadratick, whoſe Negative Imaginary Roots are 


—I+/ —-3, and gh 


The like would have happened in a Negative Cube, r rr =—8 ; (whoſe Root 
isr =—2:) Save that then, the two Imaginary Roots would be Affirmative. 
For if r77-}-8=0, bedivided by r — 2 = e, the Reſult will be 


rr —2r+4=0. 
Whoſe Roots are +i+py/—3, and +1=y/ =3; 


But (to avoid the trouble of this Diviſion in every particular Equation,) the 
ſame may be thus done with more eaſe. 

The Affirmative Root being found as above, it is manifeſt, that the ſame muſt 
be the Aggregate of the Two Negatives, ſecluding their Signs. (Otherwiſe, the 
Second Term in the Cuhick Equation could not be wanting.) Which Aggregate, 
mult therefore be the Coefficient in the Quadratick, and (becauſe Negative 
Roots) with the (contrary) Sign-þ. | 

And the Abſolute Quantity in the Cubick, being the Solid of the Three 
Roots; this divided by the Root found, gives the Rectangle of the other Two z 
which is the Abſolute Quantity in the Quadratick, and (if reduced all to one 
fide) with the Sign +. 

As for inſtance ; becauſe in the Cubick Equation rr —637— 162 =0, 
one Root is 9, and *$# = 18: Therefore is rr 4-97 -+- 18 =o, the Quadratick 
which contains the other Two Roots. And ſo 1n all others. 

That is, Suppoſing in the Cubick Equation, rrr Z6r —c =o, the value of 


the Afrmative Rootr = z: Then is, 77 + zr-|- _ o, the Quadratick E- 
Z 


. . . . . C 
quation, which contains the Two Negatives, —i1z7Z4/:322 ——. 
ET 
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Extrafling tte Roort of other BiNowl1ats. 


HE ſame Method here imployed to find the Root of a Binomial 
Cube, may ſerve alio to ditcover the Binomil Root of other Bi- 
nomial Powers; it duly applyed according to the true Compoſition 
of ſuch Powers. 

As in this Root of a Binomial Square, y/: 1928 / 3, which we will ſuppoſe 
tobeat ye, oratfye; whoſe Square aa+eT24aye, ora ffet 2af ye, 
cqual to 19 *$43. wherels 44-|- ffe = 19, and 24f ye=8SV 3. There- 
fore taking ye = y/ 3, We have 24f =8, af =4. And (if f=1,) a=4, 
and imam Soi aa 4- ffe =aa-þe=16+3=19. Which tucceeding accor- 
dingly, we couclude tiie Root to be 4Zy ;. ; 

Thusiny/:22 1124/2, taking /2 = ye (andf= 1) wehaveizy 2 =24f 
y/tE=24y/t, Thats, 12=24.6=24, This would make aa+e=36 
+ 2 = 38. Which is too big (for it ſhould be but 22,) Take we then f=2 
(a Diviſor of 12 = 2 4f,) and therefore 2 «f — 44 =12, and 4=3. Which 
makes aa |-ffe=9g -8= 17; burtit ſhould be 22. Vake then f = 3 (ano- 
ther Diviſor of 12:) and therefore 2af =64=12.4=2, Which makes 
aa +ffe = 44 18= 22, as it ought. Therefore a®f ye=2'*3y 2; of 
(becauſe 3 y/ 2 appears the bigger) 3 /2 2, the Binom'al Root. 

Iny:38 £12 y 1G. Suppoling VE = 10, andf=1,, we have 12 = 2 af. 
6 = a. Which makes 44-{-ee=36-|-10 = 46: too big (for it ſhould be bur 
38.) Then raking f = 24 we have 12 =2 af. 6 =af. 3 = a. which makes 
aa-\-ffe=9 + 45 = 49,Yet bigger. Which gives occaſion to ſaſpe;that y/ 19 
is not y/e, nor -y/ 4,” but rather 4/ 4c zard the form of the Root tobed / a * / ye, 
and confequently 4e=10=1x 10=2x5, (Which are all the Compolitions 
of which it is capable in Integers; and 2 4f =12, df =6=1x6=2x 3, 
Now if a, e, be 1,10; it is manifelt that y/ 1 (whether for /4 or 4/e) would 
be noSurd, (as is ſuppoſed.) i take therefore a, e, tobe 2, 5. Suppoſe a= 2,e== 5; 
Then if 4 = 1, and conſequently f = 6: we havedda-ffe= 2 + 189 = 182; 
(which ſhould be but 36) If 4 =6, andf = 1, we have dda+ffe =92 5 
= 77, (yet £00 big.) If 4=2, and conſequently f= 3, we have dda-j-tte 
$8 .1- 45 = 53» ( yet r00 big.) If laſtly d= 3, f=2, we have dda -ffe 
—.18 + 20= 38, asit ought. The Root therefore is d/atf y/e= 3 4 2 

þ 5 
| Th after ſome Eſſays, the Root will certainly bediſcovered, if it be at all 
capable of a Binomial Root. 1f not, we mult be contenr-to note it as the Surd 
Roor-Univerſal of a Binomial. : | 

Beſide this, 1 find in Mr. Oughtred's Clavu , (Cap. 16. Sect. 11.) another Me- 
thod for the Roots of Binomial Squares. Which is more Artificial, (becauſe it 
proceeds directly, and not by way of Eſſay;) yet this already delivered may 
many times prove the more expedite. Nor is it to be rejected as unallowable, 
becauſe by way of Ellay: For 1n Reſolutive Operations, this is the conſtant 
practiſe. As 1s manifelt not only in the numeroſe ExtraQtion of Roots, (Square, 
Cubick, &c,) but even in Diviſion icſelf ; Where, the ſeveral Members of the 
Quotient are found by ſuch res by That 1s, by trying what Number may be 
admitted in the Quotient, and what not; and if upon tryal, we find the number 
taken to be too big ,. we make tryal of a leſs; if two little, wo try a bigger; 
cill by ſuch Eſſays we find the jult number, or the greatelt-which ſuch Quotienr 
will admit: And the like method. And much more is this allowable in Ex- 
trating Roots either of Simple or Aﬀected Equations, 

His Method is this, (as hath been before ſhewed in its proper place.) Con- 
fidering that of a Binomial Root A = E, the Square is Aq--EqL2Z, thatis, 
2+ 2 X&: Therefore of the two parts of the Binomial Square, the Greater muſt 

be 
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be Z (=Aq-+Eq) the Sum of the Squares ; the Leſſer 2 X, the double Rect- 
angle, of A, EE. And conſidering further, that ; 2q —AqEq=7x4q (the 
Square of half the Sum , wanting the ReCtangle, is equal to the Square of half 
the Difference; as well of Squares as of other Magnitudes:) Therefore y : } 2.q 
—#q: = x, is half the Difference of Squares: Which Added to, and Sub- 
ducted from half their Sum, gives the Two Squares, 


Aq=3Z2-FyY:;2q4—-#q: 
And Eq=z32—v::i:zqQ=-@#9: 


And the Roots of theſe, are A,E; the two parts of the Binomial Root. 

T hus, in the Example before given, 4/: 19 £8 4/3. If from *$ = 2q 
(the Square of half 19,) we SubduCt 48 = XK q = AqEq, (the Square of halt 
8,/3;) the Remainder is #£* — *2z — 242 — + 7,q; whole Square Root, *+ 
Added to, and SubduCted from, *3, makes *4 -- #3 = 16 = Aq; and*$— *; 
—3=Eq: And the Sum or Difference of their Roots, 44/3 (=AZE) 
= :19Z84/3: 

So in the next Example, 4/: 2212 4/2:or /: 22 © / 288. From 121 (the 
Square of *3,) taking 72 (the Square of 3'4/ 288,) the remainder is 49, whoſe 
Square Root 7, Added to, and SubduCted from 11, makes 18=Aq, 4=Eq; 
and / i832 =34/2X2 (=AXHE) =y: 224/288. 

Andin y/: 38% 124/ 10:=4/: 38E4 1440: From Q: 5: = 361, Subdut- 
ing Q: 3 4/10: = 360: the Remainder is 1, whoſe Root alſo is 1. Therefore 
19: 1=Aq, Eiq. Andy: 19+ 1: =4/20=24/5 =A:4/:19—1: =,,18 
=34/2=E, And2vaitzy/2=y:38ty/ 1440. 

And the ſame Rule ſerves, though the Root be not a Simple Binomial, but the 
Sum or Difference of Roots of two Binomials. 

AS 4:7 E420. From Q:3: =, taking Q:4,@/20: = 5=2*X; the Re- 
mainder is #2 . Whoſe Root, 4/ #4 =4 4/ 29, Added to, and Subdutted from 2, 


+ b mo 
makes 1499 — *4- And therefore M 7:1 vV29:+ M 1==F39 (ATE) 
2 Eq. 2 2 | 

=x/:7 T4 20. 

But if in any of theſe Caſes, we take the Leſſer Member for Z, and the 
Greater for 2 X, (contrary to the nature of a Square; wherein the Sum of the 

uares of the parts, is never leſs than the double Rectangle of thoſe parts 
of the Root ;) this is to make it a Monſtrous or Impoſſible Square, and 'the 
Root ſuch as we call Imaginary, or the Root of a Negative Square. 

As in-the firſt caſe, if from 48 (= Q:£/ 3:) we take #£* (= Q*3,) the Re- 
mainder is, — *£*; whoſe Square Root Z/—1, Added to, and Subtratted 
_ 4 y 3, Makes 44/3i*24/—1, =Aq, Eq. And the Roots of ' theſe; 


'And-thus much concerning the Root of a Binomial Square. 

The Root of a Binomial Biquadrate, (though it may be found at once, ac- 
cording to our Method, by making ſeveral Eſſays ; yet) it ſeems moſt convenient, 
firſt (according to one or other of the Methods already delivered) to find the 
Square Root thereof; and then, if it be capable, the Root of that Root. ---- - 

And the like for # Binomial of the Sixth Dimenſion (whether you call it a 
Squared Cube, with Clavixs, &c; or a Cubi-cube with Viera, &c.) firſt to find 
its Square Root, and then the Cubick Root of that Square Root : Or, firſt the 
Cubick Root of the Binomial, and then the Square Root of this Cubick Root. 
— ons to the Methods already given for the Root of a Binomial Sqrizre or 
Cube. 920198 

And in like manner for any Binomial Power, whoſe Dimenſions are numbre@ 
by a Compound Number. | 0 199 

As to thoſe of 5, 7, 11, Dimenſions, (and others numbred by Prime numbers 
or Incompoſits,) which they were wont to call =" ra (firſt, ſecond, third; ec. 
if they be capable of a Binomial Root, it will be certainly diſcovered, after 


4 


ſome tew Eſſays, in like manner as in the Cubick Binomials z allowing ſuch' 
| Varia- 
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variation in the particulars, as the Compolition of each Power requires. For a, 


or y/ e, or both, are preſently diſcovered z and thend and f, will foon be found 
upon tryal. 

Thus, in thoſe of Five Dimenſions z ſuppoſing the Root dy/atfF/e; the 
Surſolid will be | 


dddddaay at; ddddfaaye | t0dddffaeyaZ loddfffatyt 
+gdffffee atfffffeey e: 


And therefore one of - 44 ddd a4 The other, -|- 5ddddf aa 
the Nomes, -|- 10d ddffac>y 4. + 1944 ye. 


-54frff fee |fffffee 


Where 4 and e being diſcoverable upon view, d, f, are eaſily found. 
Or, it but one of the Members be Surds, a_fy/e; the Surſolid is 


eaaaat 5annafye|-10anaffet waafffey/e-|-3affffee* fffffee ve 
The other, + Facaafye 


-|- 10aafffeye 
I-fTffffeevwe. 


One of the Nomes, F aaaaan. 
- 10aaaffe 
+ 5affffee 


Wheree (or y/e) being diſcovered upon view f, a, are eaſily found out by 
Eſſay. And the like in other Powers. 

But all this (concerning Binomial Squares, and Squared Squares, and other 
Higher Binomials) is but a Digreſſion in this place z occaſioned by the inquiry 
into the Roots of Binomial Cubes, in order to the perfect ſolution of Cubical 
Equations. Concerning which, we have conſidered what Harrior delivers in his 
12th and 13th Propoſitions of his Sixth Section: And added thercunto what was 
neceſſary for the perfeCt Solution of them. : 

The Equations which follow in that Section, are Biquadraticks, 


CHAP. LL 


The reſt of Mr. Harriot's Sixth Sefion ; Concerning B 1 Qu a- 
DRATICK LB QUATIONS. 


H E remaining Equations in Mr: #arriot's Sixth Section (beſide what 
we have confidered already, in ſome ot the toregoing Chapters) are 
Biquadratick Equations, 

Of which though he do not give us a perfect Solution in Species, 
(as neither have any other Algebrilts yet done,) fave only in ſuch caſes as they 
may be diflolved (by divition) into more Simple Equations, of which (by Mul- 
tiplication) they are compounded. (Of which we have ſpoken already.) Yer 
in order to the facilitation of thejr Solution, he doth (in divers of theſe) cet 
out the'Second Term ; which in like manner may be done in any others. 
They are theſe that follow. 


XIV. The Equation, aaaa-|4baaa=—cecez 


Putting a =e—b; 


$ 


B b Ang 
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And conſequently, 


eeee —4beee+ 6 bbee—4 bbbe--bbbb=.|-aaaa =<þecce; 
--4beee—12bbee-- 12bbbe+ 4bbbb+-|-4baaai” 3 


Becomes ecece—G6bbee + Bbbbe=-þcccc-}- bbbb. 
Whoſe Root 1s E=3 4b. 

XVy. The Equation, aaaa—4baaa=-—cccc; 
Purting a=e-|-b; 


And conſequently, 


ecce-|-4beee |-Gbbee+4abbbe bbbb= | anaa?_ , 
— 4beee — 12bbee — oben abdbeb= lang =+cem) 


Becomes ecee—6bbee —8bbbe = +ccee{- 3bbbb. 
Whoſe Root is e=&4—b, 
Or putting a=—t+b; 
And conſequently, 


eeee—gbeee+ Gbbee—4 bbbe-bbbb = anaa? _ 
=|- 4bcce — 12bbee-þ 12bbbe—4bbbb SIrbaagC=oceez 


Becomes eeee—6bbee|- Sbbbe = + ceec +3 bbbb. 


Whoſe Root is e=—4a-b. 
XVI. The Equation, aanna—4baaa==—cccc; 
Putting a=e 4b; 
And conſequently, 


ecee- gbeere- 6 bbee|- 4 bbbe + bbbb = + aaaa)_ 
— 4bece—12bbee— 12 bbbe—4zbbbb STarttR==ccees 


Becomes eecee—Gbbee—BSbbbe==—ccce+ 3bbbb. 
Whoſe Root is e=-a-b. 
XVII. The Equation, aaaal-4baaa=m—=Ccce; 
Putting a=e—b;, 
And conſequently, 


cece—4qbeee+ 6 bbee— 4 bbbe+ bbbb= 4 4a44 bs 
Tabeee=nabbeerabbbe-nabbbhm Labaagt=—=o601 


Becomes 


— — CC — + ——_ 
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Becomes ecee—6bbeeſ-Cbbbe==—ccec-|-3bbbb, 
Whoſe Root is e=4-]-þ. 


XVIII. The Equation, 4aa44-|-4baaaddda=-cc c5 
Putting a=te—b; 
And conſequently, 


| 4bece—12bbee-12bbbe — 4bbbb = +- 4baaa 


eeee—a4beceepq 6bbee—4 bbbe-|-bbbb = + anaay 
+ d4dde —bddd = thaadS = 4-cece; 


Becomes ecce—Gbbee-8bbbe=k-cccc 
adde + 3bbbb 
+bddd. 

Whoſe Root is E=&Hoh-d., 


XIX. The Equation, aaaa—gbaaa—ddda=--cccec; 


Putting a=—C-|-b; 
And conſequently, 


eecce—4beee-|- 6 bbee— 4 bbbe-|-bbbb = + aaaa . 
+ 4beee — 12bbee-12bbbe —4bbbb=—qgbaaa = bþeccc: 
4- ddde—bddd=- dd da , 


Pecomes ecee—Gbbee--8bbbe =+ ccce 
A ddde —+ 3bbbb 
+ bddd. 
Whoſe Root is e=—4-|b. 
Or putting a =-peb; 
And conſequently, 


eee-l-4beee ls 6bbee+- 4 bbbe- |< bbbb =-- 4a aaa 
4 ce ea Ee a 
— ddde —bddd=— 4 ddayd; 


mes ecce—GCbbee—8bbbe=-cccc 
2 — d dde 2bbbb 
+ bdadd. 

Whoſe Root is B=ledmm_b. 


AX. The Equation, a444-þ-4baaaþffaa=-beerez 


Putting 8$=C—b3 
Bb 2 : And 
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And conſcquently, 
ecce —4bece-|-6bbee —4bbbe--bbbb= þ aaaa? 
-|-4bece —12bbee-|-12bbbe — 4bbbb — 444440 =oþ cece; 
+ f fee —2bffet- bbff=+ f fas 


Becomes ecec-|-6bbee+8bbbe=+cccec 
+ ffee —2bffe <|-3bbbb 
—bbff. 

Whoſe Root 1s Ee =4<+b. 


XXI. The Equation, aaaa—4baaaffaa=—ccce; 
Putting aA=—C-|-b; 
And conſequently, 


ecee—4beee.|- 6 bbee—4bbbe-þbbbb= + aaaa 
|. 4bece — 12 bbee-|-12bbbe—qgbbbb= Cabinſ=—eece; 


+f fe e—2bſfe+bbff=+ffaa 


Becomes cece—6Gbbee-|-8bbbe=-þ+ cccc 
-|- ffec—2bffe + 3b bbb 
—bb ff. 
Whoſe Root is e=—a--b, 
Or putting a=-[-e+b; 


And conſequently, 


eeee-]-4beceÞ6bbee- |. 4 bbbe + bbbb= + aaaa)y 
—qbeer nnbbee H2bbbe —abbbh = ubauud = —ecee 


+f feeþ2bffeþbbff=+ffaa 


Becomes ecee—Gbbee—B8bbbe=— cccc 
+ ffeel-2bffe +; bbbb 
— bbff. 
Whoſe Root 1s e=-ba=-b. 
XXII. The Equation, 4444 -4baaa-|-ffaaddda=J-ccacc; 
Putting ABC —b, 


And conſequently, 


eece—gbeee-|- 6bbee —4gbbee+ bbbb=-aazay 
+ 4bece—12bbee+12bbee—4bbbb = +4baaa | 
+ffee—2bffeþbbff=+ ffaae= Tec 

+ ddde—bddd=—+ddda ) 


Becomes ecee—G6bbee--8bbee=—cece 


ee—2b bbbb 
adds $42. 


+ bbdd. 
Whoſe Root is e=-|-a+b, 


XX11l, 
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A Ee r——_— 


XX1II. The Equation, A 0 1 i 46a a | . ffaa — (44d = —ccc c3 
Putting a=—e-þb; 


And conſequently , 


|= 4bece—12bbee-|-12bbbe—q4bbbb=—4baaa 


CC — b e-[-bb a -—- 4 4 
+ i# Todd, -boff =+f f 


eece—abeee + 6bbee— 4bbbe--bbbb=-—+ aaaa 
_—_ 
ec — ddd === dd4ds 


Becomes eece—b6bbee—8bbbe=-|-ccecec 


ee—2bffe -—-3bbbb 
TREIL. 


+ bddad, 
Whoſe Root is e=—a+b. 
Or putting a=-—e+b, 
And conſequently, 


eece--qabeee-þ- 6 bbee-þ- 4 bbbe+ bbbb=-bk a aax 
TO. 12bbee—12bbbe —4bbbb =—4baaa 


| 2b bb ff = _— 
+I EEC en 


Becomes teee—G6bbee—B8bbbe =--ccec 
| ffee +2bffe + 3bbbb 
—ddde —bbff 
” + bd a, 
Whoſe Root 1s te >ulo amb; 


XXIV. The Equation, a4a4—4baaa-ffaa—ddda==—cecez 
Putting a=-—be+6; 
And conſequently, 


ecce beet 4- 6 bbee- 4 bbbeþ+ b bbb = 4 aaz 
e De Teal =rpecc oe 
| cc + 2 ec o_ = _— 
+ if — 4 dde R.4f hr," Pray, 7. wks / 


Becomes eece —Gbbee—Sbbbe=— cccc 
+ffee +2bffe + 3bbbb 
— ddde — bbff 
td bddd: 
Whoſe Root 18 e=a=—b, 


Or putting aZ—eb+bz; 


” eee a dats. ode 


——_. wee OO Þ.-. - 


: 
' 
} 
x 


Of Biquadratick Equations. Car ll, 


- And conſequently , 


—+ gbeee—12 bbee | 12bbbe —abbbb= —qbaaa 


+ FEES $6ff = + ffaa 


ecee—4beee-\- 6 bbee—z4bbbe-bbbb = a aaa 
=_ 
de —bddd=—ddda 


Becomes ecce—6bbee--8bbbe=—cccc 


+ ffee—2bffe | 3bbbb 
+ ddde —bbff 


-|- bddd. 
Whoſe Root is e=—aFb. 


XXV. The Equation, a4aa4-þ 4baaa—ffaa+ddda=-+-ccec; 
Putting a=—he—b; 


And conſequently, 


ceee—a4beee--6bbee— 4 bbbe--bb bb = aa aa 
+ 4bece — 12 bbee + 12bbbe —4bbbb — +4 baaalt 
—f.feeo2bffe—bbrf=—f fas mroy 
- ddde —bddd=—+ ddda | 


Becomes | ceee—6bbee-8bbbe=—+ cccc 
— f fee -2bffe —+3bbbb 

+ ddde + bbff 
—+b ddd. 


Whoſe Root 1s emma-+b. : 


XXVI. The Equation, aa4a+4baaapffaa—ddda=-þeecc; 
Putting a=—+e—b; 
And conſequently, 


ecee—4beee+ 6 bbhee— 4 bbbe-- bbbb=+ a aaay 
+ 4bece —12bbee+12bbbe—4bbbb = 4baaal 


—2bffe+bbff= LL 
TESTES 2 ry þ P23 Arn Ph 


Becomes ceee—6bbee+Bbbe=-þ+ ccce 


+ f fee —2bffe + 36bbbb 
—ddde — bbff 
— bddd. 


Whoſe Root is e=4a-þ. 
XX VII. The Equation, 4444 —4baaa+ffanþ-ddda=þkecce; 


Putting a=Þe+6b; 
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| And conſequently ; 


— 4bece—12bbee—12bbbe—gbbbb=—,baaa 


+ f fee þ2bffe-þbbff =-|-f fa 
+ dd de'-|-bddd=-+ddda 


—— AT 


ecee--4bece + 6bbee-- 4 bbbe-|-bbbb =-þ 7 ig 


Becomes eeee—Gbbee —Bbbbe=-|-ceer 
T ffec-þ2bffe + 36bbbf 

Tddde —bbff 

— bddd. 


Whoſe Root 1s e=-La=—b. 
Or, putting 8Z=mmeclb, 
And conſequently, 


ecee—aqgbeee-þ- 6 bbee— 4 bbbe+ bbbb=--aaaa 
+ 4bece—120bee-þ12bbbe—gbbbb =—4baaa 


+ ffee—2bffe + bbff =+ffaaq= Fee: 


— d dde +bddd =-þ ddda 


Becomes ecee—l6bbee|-B8bbbe=+ccec 


+ffese —2bffe + 3bb$6 22 
—ddde —bbff 


—— bddd. 7 


Whoſe Root is e==——=a-b, 
XXVI'I. The Equation, 444444baae—ffaa—ddda=+ccce, 
Putting a=e+b; 
And conſequently, 
-|-4beee—12bbee-|-12bbbe — 4 bbbb —- -þ-4baaa 


— ffee +26bffe —bbff =— 
"q Se +oilt=— T8 


eece — 4beee-þ 6 bbee — 4 bbbe-- b bbb =-þ a aaa [ 
_—_ 


Becomes ecee—6bbet +$bbbe®- c ce 
— f fee-þ2bffe + 3bbbb 
— ddde }-bbff 44) 
— bddd, 
Whoſe Root 1s em=a+b. 


XXIX. The Equation, 4444——4baaa—ffar-ddda=JL-ccce; 
Putting a=—e+b; 


And conſequently, 


ecee-}-qabeee-|- 6GbbeeFqbbbe+ bbbb=+ aazaay 
—4beee—12bbee — 12bbee —4bbbb = —4baaa 


_ —2b — bb = _ A A =-Þccecs 
7 eerbeh=d 


Becomes 


—  —— —_— 


> — wy 
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Becomes eeece—6Gbhee—8bbbe=—ccce 
— ffee—2bffe —+3cceec 


ddd bb 
O18 


Whoſe Root is e=|-4a—b. 


-Or putting : a=—e+b; 
| And conſequently , 


ecee—dbeee-6bbee—gbbbeÞ+bbbb=-+ aaaarN h 
+ gbece—12 bbee 4-12 bbbe — 4bbbb= ROOT 
—_—_ p 


an b —bb —=— ffaa 
+I I 147eI8 ET wv 


Becomes eeece—bbbee48bbbe=+cecc 


— ffee + bf fe +3bbbb 
— ddde +bbff 
. obdadd. 


Whoſe Root is e=—&4—+b. 
XXX, The Equation, 4aa4a—4baaa——ffaa—ddda==bcoccc; 
Putting a=e-b; 


'S | 


And conſequently, 


eece-qbeeed-6bbee + 4 bbbe-b bbbb=-+ aaaa 
—4beee— 12 bbee — 12bbbe — 4 bbbb =— 4 baaal _ | 
—f fee —abffe—bbff=—f faae= T4 
— ddde —bddd=— ddda) 


Becomes eeeemGbbee—8bbbe=--cccc 
| — f fee —2bffe 3bbbb 


— ddd b b 
* Fbads. 


Whoſe Root is en a—b, 


Or putting a=-be—b; 
And conſequently, 


eecem—4beeeb 6 bhee— 4 bbbe- b bbb=* aaaay 
+ 4bece —12bbee+ 12bbbe —q4bbbb = —gbaaa 
—ffee +abffe—bbff=—ffas ==pCccce, 
+ 4 e—bddd=— d dda} 


Becomes ceee—n6bbee+Bbbbe=-þ ccce 
= f fee-+2bffe {3bbbb 

+ddde bbff 

+ bddd. 


Whoſe Root is (= a-þ, 
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XXX1. The Equation, a444-{4bacu—ffaa =cccc; 
Putting ; a=e—b; 
| And conſequently, | 21 
eece—4bece 6bbee— 4 bbbe+- bbbb =.þ. aaaa)) 


+ qbeee—12bbeeþ 12bbbe—=xbbbb = + 4bt4aC= ttt; 
— } } CEP 00 ff now FOR { bh. 


( , 19h; 
Becomes en” ren 66 
— ffee--26ffie.1, +36 bbb 
ES; bb ff. 
. TE - | 4 { j- 33 3V 4.=j= 333J 
Whoſe Root is ,£=4xmk þ. SPE hs a<ads. os 
XXX. The Equation, aaaa—4baaa—ffaa=-|ceecz 
| | ) 2-= 3.933 2201009U 


Putting a=-+e-b; £ 


And conſequently, - 
4 «+ 1002] 2lon WW 

ecee-qbeeej-6bbee- 4 bbbeþ bbbb=+ a4a4a)) 
, —4beece—12bbee— bbc Dabbbh = —abaeeh = T7114 
Colt = Freed abffe—bopf = Of BCT EN 


5 £ £9165 irrining ods 


Becomes ecee—Gbbee—B8bbbe= ccce —_—_— 
bg — f fee —2bffe: + 306bb.;..p-q it 9Þ1AT 
nf | it v0” bbff, 14.4 lqae 03 
W . . fl Tl <1 
Whoſe Root Is e=-Þa—b. | :' +; £11 <£22ULYIOD OM» | 
TYS {ne J9119 208 wh 
Or putting : bs <= —e-+-b; tis ka 1 » MOR 
IN 


And conſequently, 


eeqgbeceſ6bbee —4bbbebbbbb= bl aaaa? 
oy Ha beee—12bbee-b12bbbeqbbbb= —qbaaa$=-exee; 
— f fee +2bffe—bbff =— ffaa 


mes ecee—6bbee+Bbbbe=—+cece 
_ —ffoo abffe 4-166 = 
+T6bfF. 
Whoſe Root is e=—4+b., 


: XXXIII. The Equation, aataſ-4baat—ddda=kcccc; 
Putting : a=-|-c—b; 
And conſequently, 


eece —4bece-|- 6 bbee— 4 bbbe-bbbb= + azuaa 


| 4bece —12bbee+ 12bbbe— 4 bbb = + gbaaa>= F 
hs — dddetbddd=— ddda r"o00ey 


Cc Becomes 
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—_— 


Becomes ecee—Gbber--8bbbe=+rccec 
— ddde + ;bbbb 
—bdadd. 


Whoſe Root is e=a db, 


XRX1V, The Equation, aaaa—4baan-ddda=—-}-cecb; 


Putting a=e-+b; 
And conſequently, 


ecee-+-4bece|- 6 bbee-þ+ 4bbbe-|-bbbb = + aaaa | 
— 4bece — abbr Ib bBe BAS ban bn 3-ecct) 


+ ddde—bddd=+ dd da 


Becomes ecee—6bbee—$bbbe =+- cecs 
+ ddde =|- 3bbbb 
— bddd,. 


Whoſe Rootis— * e=a—b. 


More Examples might have been added, (or may be yet, by any who ſhall 
pleaſe further to purſue theſe Methods ;) but theſe may ſuffice, as being moſt of 
oe —— caſes ; and being ſufficient direction for any who pleaſe to purſue 
| er. | 

Theſe Biquadraticks are not (as the Quadraticks and Cubicks were) reduced 
to Simple Equations; but only the Second Term abated. (And what is done in 
theſe, may accordingly be done in Equations of Higher Ranks. ) And with this 
he concludes his Firſt Part. 

But the perfect Solution of ſuch High Equations, he refers to his Exegeſis Nu- 
meroſa ( as Vieta and Onghtred, alſo do; ) which is the Subject of his Second 
Part. 


i 
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Of Harrior's Second Part: Concerning the Numeral Reſolution of 
AFFECTED EQUATIONS. 


H E Second part of Hurrior's' Algebra is imployed in the Exegeſis Nu: 

meroſa, or Numeral Extraction of the Koots of all Aﬀected Equa- 

tions ; very proper to be made uſe of , eſpecially in ſuch high Equa- 
tions, as are not ealily to be Reſolved by other Rules. 

The way of Numeral Extraction of Roots hath been known long ſince, as to 
Simple Equations ; (thuugh not of frequent uſe in other, than the Square and 
Cubick Roots» ) But not applyed to Aﬀected Equations ( that I know of) till 
Vieta firlt introduced it. Since whom, Harriet and Oughtred have improved it, 
and made the Method more eaſy. 

By this Numeral Solution or Extracting the Roots of Aﬀected Equations, 
(which extends to Equations of what Degree ſoever,) the value of - the Root in 
Numbers, is as truly and properly exprelled, as is the value of the Root of a 
Surd Number, (as y/ 2, 4/ C 3,) by a Numeral Extraction thereof. 

And conſequeutly, if we pleaſe to put Be for the Note of Radicality of an 
Equation , as we commonly, put y/ for the Note of Radicality of a Surd Num- 
ber 3 then is: (for inſtance) Ke .444— 74—6 = 0. as proper a deſignation 
of \ the: value of. a in that Equation 3 aSis /:44=2: orR.a4—-2=0, 
the value of « in this Equation. | | 

For by a Numeral ExtraCtioir in both caſes , we do either find the true value ; 
or at leaſt (ifit bea Surd Quantity) make continual approaches, though we do 
not attain the accurate Equality. | ; P12 
- Of this 1 have diſcourſed briefly in a former Chapter, (concerning Mixt Ex- 
trations, ) when 'I was ſhewing the Method of ExtraCtidig Roots of ſingle ' 
Powers, in Numbers. And becauſe the Method of Mr. Harrict here, doth not 
(as to the ſubſtance of it) duffer materially from the Method there delivered ; I 
{hall forbear here to inſiſt further on it, 

- But becauſe this is a matter of great variety , and ſubjeft to many incident 
difficulties; (which are better diſcerned in praCtiſe, than we can before hand be 
aware of, and provide for by general rules ;) I refer the Reader therein, to the 
Authors themſelve above mentioned, where he may ſee variety of Examples, 
and of expedients for preventing and remedying ſuch emergent difficulties. 


TOAST 
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CHAP. LII. 


A Recapitulation of Particulars in Harriot's Algebra ; and the 


Eſtate to which had be reduccd it. 


Have now given a brief account of -the Principal things contained” in 
Harriot's Algebra. 
He meddles not at all with Geomerrical Effedions,of which Getaldus had be. 
fore given a very good accounr, in his Book De Cor:poſtione & Reſolutione 
Mathematica ; And Mr, Oughtred in his Clavs, and his other Writings frequently 
doth the ſame. 

Nor doth he ma's particuler applicztion of his Algebra, to particular Sub- 
jets, whether Geometrical or others : His bulineſs being in this Tract, to treat 
of Algcbra purely by itſelf, and from its own principles, without dependance 
on Geometry, or any connexion therewith, 

Of ſach accomodation thereof to Geometry, or other particular Subjefts, we 
have ſtore of Examples in Yieta, Onghtred, and other modern Writers , (to ſay 
nothing of thoſe that were more ancient.) But that was not Harr;or's buſineſs 
here. | | | 
. What uſe he hath made of Algebra in order to other parts of Mathematical 
knowledge, in his other Treatiſes, | cannot ſay ; becauſe they are not publick : 
nor do I know in whoſe hands they are, if extant z nor whether they are ever 
like to ſee the light. | 

That there were many of them, and thoſe full of excellent knowledge, we 
are informed by Mr. Warner, the Publiſher of his Algebra, in the Preface and E- 
pilogue thereunto z and that this was by him publiſhed as a neceſſary Prodromus. 
to the intended publiſhing of thoſe others ; and an IntroduCtion for the .better 
underſtanding of them : However it comes to pals that the intended publication 
of them was diſappointed: 

But Pure Algebra, as it ſimply conſiders the Ccmputat.on and Management 
of Proportion, (abſtraCt from the conſideration of any. particular Subject ;) none. 
before him had ſo accurately delivered , by a genuine deduction from its true 
Principles: And what Des Cartes (who hath borrowed his Algebra from hence,) 
and others ſince him, have added to it, are built upon thoſe Foundations which 
he had laid. _ | | 

It will not be amiſs here to inſert a.ſhort Story which Dr. John Pell lately told 
me he had from Sir Charles Cavendiſh, only Brother to William then Earl, ſince 
firſt Duke of Newcaſtle; a Perſon of Honour , ( well skilled in the Mathema- 
ticks,) who about that time lived in P.rrs, He diſcourſing there with 440nſierr 
Roberval, concerning that piece of Des Cartes then lately publiſhed : I admire 
(faith A. Roberval) that notion in Des Cartes of putting over the whole Equa- 
tion to one ſide, making it _ to Nothing, and how he lighted upon it. The 
reaſon why you admire it (faith Sir Charles) is becauſe you are a French-man ; 
for if you were an Engliſh-man, you would not admire it. Why ſo? (faith A. 
Roberval.) Becauſe (ſaith Sir Charles) we in England know whence he had it ; 
namely from &arriot's Algebra. What Book is that ? (ſaith 2.Roberval,) I never 
ſaw it. Next time you come to my Chamber (faith Sir Charles) I will ſhew it 
you. Which a while after, he did : And upon peruſal of it, 21. Roberval ex- 
claimed with Admiration (1 P aveu! 11 P aveu!) He had ſeen it | He had ſeen it |! 
Finding all that in #arrior which he had before admired 1n Des Carres ; and not 
doubting but that Des Cartes had it from thence. 

The Improvements of Algebra to be found in Harriot (as appears from what 
is already fſaid,) and which (all or molt of them) .we owe to him ; (of which it 
will not be amiſs, before 1 leave him, to give a brief Recapitulation; ) are 
chiefly thele. 


1. His 
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1. His introducing Small Letters ( in the Room of Capitals) to deſign his 
Specics z as taking up leſs Room : Eſpecially when they come to be frequently 
Tepected. 

2. His waving the Terms of Squares, Cubes, Surſolides, &c, inthe deſigng- 
tion of them. Which he pertorms more naturally by the bare Number of their 
Dimenfions: As 4, 44, 444, 4444, &Cc. (inſtead of A, Aq, Ac, Aqq, Gc.) For 
which when they come to be numerous, it is conveniently expreſſed by a Nume- 
ral Figure adjoyned ; as 4 ?, 4 *, 4', &c. inſtead of 444, 4444, 44444, &Cc, 
Which Mr. Oxghtred alſo did ſometimes ule. 

3. His putting over the whole Equation to one ſide, making it equal to No- 
thing. And (which was the end why he did it) | 

4. Shewing thence, the true Original cf Higher Equations, from a Compoſi- 
tion of Lateral or more Simple Equations. (W hich is the great Key that opens 
the moſt Abitruſe Mylteries ia Algebra; aud which, I think we owe purely to 
him.) And (conſequently thereupon,) 

5. Determining the Number of Roots ( Affirmative, Negative, or Imagizs 
pary2) in every Equation. viz, So many as are the Dimecnlions of its Higheſt 

crm. 

_ 6. Diſcovering the genuine Conſtruction of the Abſolutely Known Quantity ;; 
(or Homogenenm Comparations, as Vieta calls itz) viz. by a continual Multiplica- 
tion of all the Roots, 

7. Asalſo the Conſtitution of all the Coefficients ; viz. of what, and how 
many Members each Coefficient doth couſiſt ; and by what Mulrtiplications (of 
Roots into one another) each Member is made. 

8. Diſſolving (by Diviſion) an Equation ſo compounded, into thoſe Simple 
Equations, of which (by Multiplication) it is made up. _ 

9. Determining ( by comparing Common Equations, with his — 
How many Roots of each Equation are Real, (and not meerly Imaginary 3) a 
how many ef thoſe are Affirmative, how many Negative. 

10. Reducing conditioned Equations, to more Simple forms, upon Suppoft- 
tion of eertain Equalities, or reſpective Proportions in their ſeveral Roots a- 
monegſt themſelves ; whereby ſome of their places become vacant, or ſo and fo 
qualified. And (conſequently,) 

11, A Diſcovery of thoſe Equalities and Proportions in the Roots, from ſuch 
want of, or Qualification of the Coefficients ; as ariling from thence. 

12. Turning at once (by changing the Signs of Even places) all the Affir- 
mative Roots into Negatives, and the Negatives into Affirmatives. 

13. Multiplying and Dividing the Roots of an Equation, yet Unknown, in 
any Proportion at pleaſure. And ; 

14. Thereby freeing the Coefficients of an Equation from Fraftions and 
Surds. 

t5. Increaſing or Diminiſhing the value of ſuch Unknown Roots, by Addition 
or SubduCtion of any Quantity aſſigned. And 

16. By this means, if there be occaſion, making ſome or all of the Negative 
Roors to become Affirmative ; or the Aftirmatives Negative, And 

17. Taking away (by the ſame means) one or more of the Interme- 
diate Terms in an Equation 3 and thereby reducing the Equation to fewer 
Terms. 

18. Taking away (in particular) the Second Term in any Equation; by in- 
creaſing or diminiſhing the value of the Root by an Aliquote part of the Co- 
efficient, denominated by ſuch number as is that of the Dimenſions of its higheſt 


Term- 
19. Reducing (hereby) all Aﬀe&ted Quadratick Equations, to Simple Qua- 
draticks. | | 
20. Reducing (in like manner) all AﬀeCted Cubick Equations to Two forms, 
very convenient for a further Reduction. | 
- 21. Reducing further, the ſame AﬀeCted Cubick Equations, to Simple Cu- 
bicks, ſo far as they are capable of being Reduced in Species. _ : 
22, Diſcovering thoſe Cubick Equations, which are not capable of Explica- 
tion in Species, (according to ſuch. ways of Notation as ace yer received,) with- 
out 
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out imagining the Square Root of a Negative Quantity. 7 With the Demonſtia-- 
tion of that lncapacity. "1 is | 

23. Shewing (notwithſtanding) that thoſe ſame Equations have Real Roots, 
and not mecriy Inaginary. = os 

24. A peculiar way (and very expedient) of reducing AﬀeCtec Quadratick 
Equations, to Simple Quadraticks z by comfplearing the Squire. 

25. An Improvement of the Exegeſis Numerof.: ; that is,, the Numeral So- 
lution (or Extracting, the Roots) of Aﬀected E#quations, firſt introduced by 
Vieta | | 

All theſe arc either explicitely delivered by him, in expreſs words z or be ob- 
vious Remarks, upon the bare inſpeCtion of what he delivers. And m<ſt of 
them are properly his own diſcoveries ( for ought 1 can yet find,) thyugh in 
ſome few of them Yiecta had gone before him. | 

To this eſtate had Mr. Harrivr advanced Algebra in that his Poſthumous Trea- 
tiſe, written long before, (for he died in 1621, ) but Publiſhed in the Year 
1631. : 


C H A P. LIV. 


Some Examples of the Application hereof to particular Subjetts. | 


"Y 
EFORE Tleave this, (though what we have in Harrier be pure. Alge | 
bra ſingly conſidered , ( without any Examples of its application to 
particular Subje&sz I ſhall yer here give ſome Examples thexeof, in 
applying it toa Geometrical Subject : And ſhall ſhew, that not only 
two.or three Propoſitions may be thus contracted into one, but even ſome whole 
Treatiſes into one Propoſition, | 

{ made an Eſlay of it, about the year 1649, or 1650, (when this Method was 
but new to me,) to this purpoſe. 

| obſerved in Herigone (ſubjoined to the firſt Volume of his Curſi Mathema- 
ticus) an Abridgment of three Treatiſes of Willebrordus Snellizxs; the firſt inti- 
tuled, Apolloms Perget, de Determinata Settione, Geometria ;, the ſecond, Apollonis 
Pergei, de Proportions ettone , Geometria ;, the third, Apollonis Pergei, de ſpatis 
Setttone, Geometria, (a Wilibrordo Snellio reſtitura;) each of them containing divers 
Problems, to every ot which he gives one ſingle Solution. : 

- ] ſingled out one (as that which ſeems in effect, to contain moſt of the reſt 
as to ſeveral caſes thereof, or which might with little alteration be eaſily derived 
from it,) which is the Third Problem of the Second of thoſe Treatiſes ; and ap- 
plying it to this Method, found it capableof Four Solutions. Which ſhews that 
the Solution of Srellis, though true, is but imperfeCt. (And the like may be 
ſhewed of rhe Solution of many other Problems, both in him and others; which 
may be truly ſolved, but not fully.) It is (in other words) to this purpoſe. 

T wo Streight Lines in the ſame Plain, (zs Bl, C H,) being given in Poſition; and 
therein two points aſſigned (as B, C;) by a given point in the ſame Plain (as D,) to 
draw a Straight-Line(asI DH) ſo as tocut off from their Segments (adjacent to thoſe 
points aſſizned ) in a given Proportion : Suppoſe C H toB1, as r to; or rather 
(to avoid, in Species, a Notation FraCtion-wiſe) as r to 1. 

Suppoſe we Qat it may be) the Lines BI, CH, (produced if there be need,) 
to mect in A. 

And parallel to one of them (ſuppoſe to B I,) let DF cut the other in F, 

Then put we AB =b, AC=c.FD=4.FC =f. andr the Exponent of 
the Proportion. (Which are all given, both as to their Magnitudes, and as to 
their Signs.) And (the Segment ſought,) BI =a: And therefore CH =ra. 


Now 


*. 
*s 
Dos 
” 
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Now, becauſe it doth not appear by the Dares (or things given) whether 
we are to take I beyond B (that is, in the continuation of A B) or ſhort of it 
(towards A,) we will ſuppoſe it to lye beyand A, (and in caſe it prove other- 
wiſe, this will, upon the Solution, diſcover itſelf by a Negative value of a;) 
And therefore AI (= AB+BI =) b-þ4. 

Again, whatever be the poſition of I (beyond A, or ſhort of it, (the Point H 
may either have a like Poſition (that is, beyond C or ſhort of it, according as 
I is beyond or ſhort of A;) or elſe a- contrary Poſition (that is, ſhort of C, if 
I be beyond A; or beyond C if -1 be ſhort of A:) 

In the former caſe, r a muſt have the ſame ſign with 4: And therefore, be- 
cauſe we put AI =b-+«a, we muſt put AH (=AC-+ CH) =c-þra; and 
FH (=F C+CH) =f-þ-r4. 

But in the latter caſe, r « muſt have the contrary ſign to that of «. And there- 
fore, having put AI =b +4, we muſt put AH=c—ra, and FH = f—7r 4. 

Then is becauſe of like Triangles) 


As AHwAIl, oP FH rw FD. 

That is, ctra. bþa::fire.d. 
And therefore (the Re&angle of the Extremes being equal tothat of the middles,) 

detrda =bf-fatrbatras. 

Which being duly ordered, affords us two Quadratick Equations, (anſwering 
to the two caſes mentioned ;) and (becauſe neither of them js precluded in the 
Problem) both uſeful. (And I chooſe to keep them ſeveral, rather than to involve 
both in a Biquadratick ; which would afterwards require ſome trouble to ſepa- 


rate them.) 
That for the former caſe (where 1 and H are ſuppoſed to have like Poſitions) 


ba = dc. 

9s. Sy Ts 
-—_ 
y 


Whoſe two Roots are, two values of «a = BI. Namely, 
— —rbbrd-fty:rrbb-rrddpff—arrbdozrdf—2rbf+qrdt: 


OY COD 


2” 


That 
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That for the latter caſe (where 1 and H are ſuppoſed to have contrary Poſitions) 


aa ba = — dc 
——_— + bf 
F ; 

7 


Whoſe two Roots are two other values of 4 = BI. Namely, 


|-rb —rd—fiy:rrbb4-rrdd+ff—2rrbd-|-2rdf4-2rbf —4rdc: 
P—_— mt — — 


27 


Of which four Roots, how many (and which of them) are Affirmatives, Ne- 
gatives, Real or Imaginary :-wilt depend on the different Magnitydes (and dif- 
ferent Signs) of the given Quantities; 6, c, d, f. As for inſtance ; 

I. If we hive AB=b=24. AC=c=33. FD=d=20,. FC=f=21. 
r = 4: (Which anſwers to the three Figures foregoing':) Then is "IJ 

30 3 («4 ; | - c 


The former Equati6n;- '* catnÞe 464 =]. 312; 


Whoſe two Roctsare a = — 23 © 29 that is, 4 = -|-6, and a =— 524 (the 
one Aﬀirmative, and the other Negative.) . . JOuts.s © 


1 J | tl 46 0 8 «122 I 
The latter Equation, aa + 38a=—312. 


% 


Affirmative.) mY | 
-- So'that 'if from: Bforward, we take B I equal-to 6; or 26, of 12; or back- 
wards from B, take, BI = 52 : Every- of theſe cafes gives us 9 Point I, front 
which drawing the Line 1 DH, it doth what js required, 2-7 | 445494 

Note her”, that the Angle at A, however changed, (folong as b, c, d, f,r, re- 
main the {anc,) doth not at/all alter the valpe of the Roots; (becauſe the quan- 
tity of that Angle doth not enter the Xquation ; As appears in the three Fizures 
premiſed ; wherein, though the Angles at A be much diftercnt (which cauſeth-dif- 
ferent lenyths of the reſþeCtive Lines I H in ſeveral Figures, which length is 
none of the Quantities jnquired after ;) yet the-lengths of B I, are the ſame.in 
oneigote ast & 6rfier 3 and thie Kngths bf CH likewiſe. All anſwering td the 
values now explained. 5. | i 

The like may be ſaid of the'Point Fz whether above ot below the pgint A, 
(provided it be not higher than C;) For (though we might have deſigned F, by. 
its diſtance above A,/ yet) inthis'Proceſy-we do not by f expreſs how far it Is 
above :A, but how. tar below'©; kick it may be though lower than A alfo's 
nor doth any. thing/-new: happert 1n this caſe , bnt only- that then F is greater 


-» 
£ 


Whoſe.Rvots | 216 4a=-<1419 + 7 3 that is, \@ = 4- 26, and - = + 12, (oth 


than cc} - *-: 113 20n0; £177; 

Bur in caſe F fall above C, then muſt f haye a Negative value, (for its diſtante' 
below, G,+ will ther be leſs-xhan nothing :) Andiifi caſe F be comcident with'C, 
then doth f vaniſh; (becauſe of FC =f = ©;) and conſequently bf, 

In like manner, if D, which 18 here ſuppoſed to fall on the ſame ſide (of A C) 
with B, ſhould be aſligned on the goutrary tide, then 4 mult havea Negative value, 
(tor its diſtance from F this way; will be leſs than nothing) and if it be aſſigned 
any where in the Streight-linc A C* (however produced,) the value of d vaniſh- 
eth, (becauſe of FD=4d = 03) and therefore that alſo of dc. 

And in caſe dc and bf ſhould bqth vaniſh whereby the latter pert of-cach, 
Equation becomes equal. to'& 5) the Quadratick Equations (divided by a) are 
deprelled to |.aterals. ( As will certainly be in cafe-D be aſſigned in C;. belide 
other cafes whercinthe fame may Tapper.) _ t-* t—_s 


/ 


If 
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If the point B chance to be the ſame with A, than 6 vaniſheth (becauſe of 
AB —PISJ and therefore alſo bf. | c _- 

If C chance to be the ſame with A, then c vaniſheth (becauſe of AC= c = o,) 
and therefore alſo dc. © » *7 bas « | 

(And, in theſe two laſt caſes, the Problem becomes more ſimple ; For then 
have we Two Points Aſſigned B, C, in the ſame Streight-Lina3_AC, or AB.) 

Now according to the variety of ſuch caſes in the magnitude and Signs of the 
Quantities given, greaf variety of cenſtruftions will ariſe ; which will all fall 
under the Feneral Equations given. Of which I ſhall briefly annex ſome further 
| Caſes. 1 herefore, 


II. If b = 7. c=3.4=6. f=4. y=2+, (Whatever be the le at A. 
The two Equations will be - | : Ang ) 


aa 164 =—-xt. 
The Roots of the Fiſt, . 


and 44 — 14 4==þ 51. 
a=—b24/13 _ 
6===- 4,4, and 4=— 11,6. fere. 


That 1s, 
The Roots of the Latter, a = 7Z 19. | 
That is, a=a1it7, and 8=—=3 


II. If b =4. c=8. d=—3,f=2. r= 1. The Equations are 
aaTga=—32 and--444-$4=þ32. 
The Roots of the Firſt, 4=—4,5=24—11,75- Both Imaginary. 
an—2;5=4/*#. 
That is, + 3,685, and — 8, 68g, ferd. 
Iv. f b=16.c=8. d==$. f= 35. r = *, The Equations ars 
26 +26 4=—160. and 46+ 12 4 = þ 160« 
— 1132's". ant —62 14. 
10, —16. +8. —200+.... 
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Of the Second, © 


The Roots, 


—_—_ - 
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V. If b=2.,c=1 A=3, f=—4.r=3. The Equations are 
an == 174 = 44. and a4 5-154 = —44, 
The Roots,  +8,5*y 16; 25. ind,=7,557 3,5- 
That is, ' + rg, 282, ad — 2, 282, fe?: And — 11, and — 4. 
VI, If b=6, oats. d=—4.f=—8.r = 2. The Equations are 
aa+64a= 16; ond an +144 =—16. 
The Roots, . — 374g. md e-7Zy/ 338. 


That is, + 2, — 8, aif=- b, 25. m 12,79). ferb. 


VIL If b=28$. ———— d=13;; f=40. yn; The Equatiotit aro 
aa +13 a= 3360, and an — $1 4=— 3360. 
The Roots, — 36,5 * 68,5. that is-|- 323 = 105. 
And 43, $£4/ —1467, 75, both Imagirary. 
Vl. If b=28. c=80. d=25,5. f= 40. r=, the Equations are 
44 + 85, 54=>þ 1360, and 465="24, 5 4 =, 1360, 


3. \ | The 


———_ —_— ST 4 
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The Roots — 42, 75 + / 3187, 5625+ thatis - 13,7 and ——_ fere. 
And + 37,25 * 5, 25. thatis 42, 5. and-|- 32, 
IX. f b=8.c=6. 4=2j4. f=—2.7=1. The Equations are 
aan 3,64=—30, 4. and 44+ 7, 64 = — 30, 4. 
The Roots, — 1,8*5,8; thatis, --4, and — 7,6; both Real; 
And — 3,3 /— 15,96; both Imaginary. 
X. If b =49. c=140. d=45, f=196. r = +. The Equations are 
aa--1564=<|-$152, and 44 — 1484 =—F152. 
The Roots, — 78 © 106: that is + 28, and — 148. 
And + 74<18; thatis, -|- 92, and | 56. 
XI. If b=q7.c=20, d=—2,y. f=13, r = 2. The Equations 16 
ad 1- 35,54 = — 282, and a6— 16,54 =—+ 282, 
The Roots, — 1775 IPO that is — 12, and — 23,5. 
And — 8,25 © y/ 350,0625: that is -|- 26, 96 and — 10,46. fere. 
XIl. If þ = 57, e= 220, d= 6g. f = 266, r= 1, The Zqualinans 
aa +- 2764 = — 6025S, and 44 — 2524 =—+ 6028. 
The Roots, —133Zy 13a16; that is — 23,91: and — 252,09. fere. 
And + 126 148 z that is, + 274, and — 22. \ 
XI. f b=49. c=14. d= 5. f= 8,5. r=. The Equations are 
aa-|-24,54=—+ 15735» and aa—26,54=—,157,$: 
The Roots, — 12, 25 y/ 37, 5625: that is, o+ 5, 33 and— 29, 8, fere. 
And -|- 13,25 © 4, 25: that is, -- 17,5; andg. 
And the like in all other caſes whatever. And it is eaſy to accommodate Figures 
to any of them. 
But incaſe CH, BI, (theLines given in Poſition) be Parallels ; where by the 


points A,F, are not to be had, (which take their riſe only from the ſuppoſed 
inclination of theſe Lines:) the Problem becomes more ſimple ; and admits but 


of two Roots in all. Which arethus had. 


Joining CB, let DG (parallel to the Lines given) cut it in G, And putti 
(as before) BI = « (which 1 ſuppoſe to be on the ſame ſide of CB, with D; an 
therefore, if it happcnotherwile, it will appear by a Negative value of 4) and 
CH=ra. Ilput BC=k, GC=g, (which I ſuppoſe to fall below Cz.-and 
therefore, if above C, it mult have a Negative value;) and GD =. 
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Then (becauſe of Parallels) Suppoſing I, H, on the ſame ſide of BC; 


As BC, to GC; foBI—CH, toGD — CH. 


That 1s, k £5: mrs , " Pn Fl 
And therefore k/—rka=ga—rga. That is, k/ =ga — rge-þrka. 
kt 
And =46 
g—rg-rre 


But, ſuppoſing H on the contrary Side of BC. 
As BC, ro GC; ſo BI-þ-CH, rGD+CH. 


That is, tt, git bchors, T+re. 
And therefore, kl. r a=gadrga. That is, kl =ga+rga—rks. 
kg 
And —=4. 
go gmare 


Or, taking in both caſes together, 
Ref 32: 45,74. [Or8. 


And therefore kl; rka = ga7rga; That is, ki=gaFrgazrka. And 
k | | 


— <>, 


gargtrh. 


Thus. if BC=k =9. GC=g=75. GD=l=x54.r= 


» be 


T hen 1s WG... 2” = 4= 4 _ +y And the like in other caſes. 
gergirk 7733244 \ 


But in caſek = 12. pg =4, |{=4. r = 5. One Root will be6z =, 
(becauſe of k/ = 48, and g —rg + rk = 8.) the other (*4, which is) Infimcez 
(becauſe of k/ = 4S, andg + rg—rk=4+2—6=o.) For in ſuch caſe 
I DH would be the ſame Line with DG infinitely produced. Which will happen 
ſooft as GBtO GD isas I to 7. | 

If D happen to be the ſame with G, then is DG = { = o; and therefore 
alſo k/ =o: and conſequently both Roots vaniſh ; the Points I H being no other 
than B C, 

And in like manner, judgment may bo made of other caſes that may happen. 

Laſtly, If the Lines (in given Poſition) BI, CH, be (not only parallel, but) 
coincident (lying in the ſame infinite Streight-line 3) the Points I H muſt alſo be 
coincident. For a Streight-Line from D (a point of it) can cut it but in one 
Point. (Which is the ſame with the caſe above mentioned, when B or C is. co- 
incident with A.) Which common Point we will ſuppoſe to fall beyond B toward 
C; (and thereſore in caſe it fall ſhort of B, this will be diſcovered by a Nega» 
tive valye of 4 — BI.) And becauſe it may fall either ſhort of C, or beyond it : 
Therefore (putting, as before, BC =k, BI=a. and CH=CI=r4,)) in 
the former caſe we have k —a = ra; (and thereforek = a-+r a; and 


a: ) In thelatter caſe a —k=7r4; (and therefore a —r a= k; and 
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] — Yr 
I—?7.1::k.a. In which latter caſe, if 7 be leſs than 1, the Point IH falls be- 
yond C, as was ſuppoſed, (becauſe then 1—r is a poſitive quantity ;) but if r be 
greater than 1 (whereby 1 —r becomes a Negative,) it will fall (on the other 
ſide) ſhort of B; but if 1 =7, (and therefore 1 —r = ©,) then is this (latter) 
caſe impoſſible, (for then 4 == BI muſt be infinite.) For if k.(a poſitive quantity) 
be divided by a Poſitive, the Quotient (or value of the FraCtion) will be Po- 
ſitivez bur Negative, if by a Negative ; and Infinite if by o. 

Thus, IfBC=k=6. arndr =&. Thenis, in the firſt caſe, 1 +xr = 2, 
4= 4. In the latter caſe, 1 —7=&, and a= 12. 

If BC=k=6. andr=2. Thenis,in the firſt caſey +r = z3,and a= *=a, 
In the later caſe, 1 —r =—1, and a = — 6. | 

It k—=6, andy =1. Then in the firſt caſe, 1-þ-r=2. and a=*= 1. In 
the latter caſe, 1 —r =o, and a=$ = Infinite, 


a= J That is, in the former caſe, 1 -]-r7. 1 ::k. a. in the latter caſe; | 


ju” D D 
B 7 Eg uot \ 
T7 _ TR —z = ——— — — B \[ 
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"D 
— ASTIOUM Ms 
i 7F-= i Infinite, 
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And thus it will be wherever the point D be aſſigned, (out of the Line BC how-' 
ever produced :) For the different poſition of D, doth not at all influence the 
Equation. 

But if D be aſſigned any where in that (infinite) Line BC; the caſe is then 
undetermined, For then (wherever in that Line, the Points BC be alſligned,) 
of the Points I H, we may take one of them, (ſuppoſe I,) any where (i the 
ſame Streight-Line) at pleaſure, and then take the other (forward or back- 
ward from C) at ſuch diſtance as the given proportion of CH to BI requires. 
That is, as 7 to1; ſuppoſe as & to1, or 2 to1, or whatever elſe. Where neither 
the different poſition of D, nor the different length of BC, do at all alter the 
caſe : For neither of them do influence the Equation. For a Streight-Line from 
D (whereever in the ſame Lines) will reach all of them. 


And all theſe latter caſes, though they are indeed particulars which fall withia 
the words of the general Problem, are yet of a more ſimple nature, and do not 
require {o high an Equation, 


Of Biquadratick Equations. CnarLV. 


CHAP. . LV. 


A Rule of Des Cartes, for Diſſolving a BrquayRaTICK 


EQuAT1ON into Two QUADRATICKS. 


ES CARTES ſeems to have been ſo well ſatisfied in theſe Im- 
provements of Algebra, to be found in #rr10r, and the condition 
to which it was by him reduced ; that in his Geometry (firſt pub- 
liſhed in Frencb, in the year 1637; and afterwards in Latine, by 

Francis van Schooten, in the years 1649, and 1659,) he doth perfectly follow 

Harriot, almoſt in every thing. And adds very little of his own, if any thing, 

(as to Pure Algebra,) to what we have before ſhewed out of Harrier. 

Beſide this, Des Cartes affordeth us ſome Geometrical EffeCtions and Accom- 
modations of Algebra, to divers Geometrical Propoſitions. - As Vieta, Gerald, 
Oughtred, and others had done before ; and many others have done lince, 

W hich is greatly illuſtrated by Frarc:s van Schooten (a modeſt, induſtrious 
Perſon, and a very good Mathematician,) in divers Tracts, (ſome of his own, 
and ſome of other mens z} ſubjoincd to his Larize Editions of Des Cartes Geo- 
metry. 

But this is not that which we are now treating of. 

As to Pure Algebra, he gives us one Rule (which I do not find in Harrior,) for 
Diſſolving a Biquadratick Equation (whoſe Second Term is wanting,) into two 
Quadraticks, by the help of a Cubick Equation of a Plain Root. (As Bombel and 
Vieta had done before him.) And this (fo far as 1 remember,) is the only thing 
which he adds (of Pure Algebra) to what we have above related out of Harrior, 

His Rule (which differs not in Subſtance from theſe of Bombel and Viera) is 
to this purpoſe. 

Inſtead of the Biquadratick Equation propoſed, 


bio SES cc G@ cf f=0:; 


Put theſe Two Quadraticks, 


xx —yx*]- LY eoo BP 6een 5 =O, 
. q 
EET --50- nf =0; 


In both which, p is to have the ſame ſign (-- or —) as in the Biquadratick., 
But 9 in the Former of the Quadraticks, (where is— y x) the: fame Sign it had 
in the Biquadratick ; but in the Latter (where Is + y x) the contrary Sign. 

But in order to the Reſolving of theſe, the value of y is firſt to be found by 
this Cubick Equation, 


Y* cc. 2py*Þppy—9q =0. 
eb VV 


In which,z p is to have the ſame Sign with that of p in the Biquadratick ; But 4 » 
the contrary to that of 7. : 

How he came by that Rule, he doth no where tell us ; nor give us any De- 
monſtration of it. (Perhaps, becavſe the ſame had been before ſhewn in Bozubell 
and Yea.) X 


Pur 


—— 
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But from #arrior's mi iples, It follows naturally. (As I had heretofore oc- 
caſion to thew in the year 1648, in anſwer to a Letter of Mr. Jeb» Smvirh, then 
I of Matheinaticks in Ca#$7idge, inquiring into the grounds of this 
Route: 

In order to lee Be are to m_— = — while he intimates the 
Compoſition i uations from the 'riiore ſimple; and: conſequently the 
Reſolution of thoſe into theſe : He dorh nbt. deſcend to particular Rules, Now 
'it may be conveniently done in particulzr caſes, otherwiſe than by way of Eſlay 
of all the particular forms of, which we may reaſonably ſuſpe&t the Equation 
propoſed, to be compounded. Which is left to each ones Sagacity to diſ- 


COVET. . 
But for our guide thereip (that we be pot left to gueſs at random) it 45 tha- 
nifeft (from his Method of anda: that the Abſolute - rowm Aon 
is made by a continual Mulciplication of all the Roots. And conſequietitly, it 
any Root or Compound of Roots be Rational, it muſt be a Diviſbr of that Ab- 
ſolure Quantity. Add then we are to make Eſſay, whether fuch Diviſor thay 
becoitie the Abſolute Quantity of ſome Inferior Equation, (whether abſolutely 
Simple, or leſs compounded; which may divide that propoſed. For if fo, fiich 
uation is one gf thoſe of which the Propoſed Equation 14 Cothpounded ;, #4 
Quotient 6r Reſult of ſuch Diviſion is the other. (Beſide which, the natare 
of the ſeveral Coefficients, duly conſidered, adds a further light.) 
For inſtanee. This Equation being propoſed (which is the Fifth of his Cubicks,) 


the 


; aaa —daa—bca+bcd=o0. 


If coun whether it may be divided by 4 Eb, oratc,oraathbd,or aatcd; 
(which ſucceed not,) 6r 4— 4, or 44 — be, (either of whichwill ſucceed) : We 
thence find, that as well the Equation which ſodivides it, (ſuppoſe aa — bc = o,) 
as the Equation Reſulting (4 — 4=0) #rt Components of this Equation. 


atimnbc) aan —daa—bia+bid (ad. 


| " ib —brta 
4 - © — n_ bed 
—dat_ brid 
©O 00:5 


$5 in Nithbers; 
aaaa—1044a4+35 aa=$6bu424=86 


OI” , , n x * 
(Which isthe firſt of his Biquadraticks; putting 1, 2, 3, 4, for b,c, 4, f;) finding 
tlizt ithiay be divided by, fo I, f—2,k— 3, A 4, 44 — 2 a +2, Aa — 44 
nz A4a—$ a+ 444 —$4+6,44—64+8,44—7i+ 1,,4#4—6Cas+ 
11 =, aaa —Taa-144—8, AAA — aa + I94— 12, 444 — 944 
26 4—'24 : We conclude, that every of theſe Equations is an higredliert #1 
Kee Compoſition; andif by ary ofthem it be Divided, (as dy00—10TEmEg 
the Reſuit will be ſome other ſuch Diviſor, (as as = 5 #4 4 = 03) which 
it, makes up that compound Equation. 


na = $46) 4444— 10 444+ 35 44 — $0 r-þ-24(nam gat; 


aAAA— aaa 644 
m— $444 -2944— $044 24 
— $444 42544 — 304 
* ____ &þ 4#u4= 204+34 
+ 44#— 204- 24 
©S oO je) 


Now 


Of Biquadratick Equations. Caae LV. 


Now to find ont the -Rule propoſed, (for Reſolving a Biquadratick, whoſe 
Second Term is wanting, into Two Quadraticks:) We firſt conſider, that any 
Biquadratick, compoſed of Two Quadraticks, muſt appear in ſuch a form as rhis z 


DS; ..0 
=_— Sd. 04 


aaaa...maan...baa...hna... bad. 
naaa daa ama 
mnaa 


Next, we ſuppoſe the Equations to be ſo prepared, as that 44 in the Qua- 
draticks, and therefore a 4 4 4 in the Biquadraticks,. have the Sign +. e 

Thirdly, becaule the Second Term in the Biquadratick is ſuppoſed to be 
wanting, or already taken away ; we conclude, that m,n, muſt” be equal, and 
with contrary Signs; (otherwiſe. they would not' deſtroy each other in the Se- 
cond Term of the Biquadratick.) . 

Put we therefore (that we may make uſeof the ſame Letters with him,) the 
one — y, the other + y.- And (for the Coefficients, and Known Quantity re- 
ſulting,) p, 9, 7- 

W hich will reduce it to this form, 


d-a4 —ya vb 
+ aa ya td 


| aaaa tShbaa Sbya Sbed 
&daa Raya 


— yy 44 
+aaaa Spaa IS qu Sr. 


Where the Firſt Term hath the Sign + (becauſe made by Multiplying + into+:) 


The Second Term is wanting (becauſe — ya 3 and + y a 3 deſtroy each other:) 

In the Third Term, yy hath — (becauſe made of f y into — y3) and 6, 4, 

have the ſame Terms as in the Quadraticks, (which Sign, be i + or —, we 

here deſign by x, and its contrary by a:) In the Fourth Term , & !:ath the ſame 

Sign as before (becauſe Multiplied into - y;) but d the contrary co what it 
thu 


had (becauſe Multiplyed into —y.) And thus far it holds conſtautly, whatever 
be the Signs of p, 9, 7. #1 v8 


Now, if it ber; then, d, (in the Quadraticks,) have like Signs ; (elſe 
the Product in the Biquadratick, would not be |- b 4=+ r.) And therefore, 
in the Third Term, (for the Second is wanting,) &b and & 4; and therefore 
..S&p+yy=vb...vd: (Thatis, +b+d if it be -|- p; and —b—&, if 
it be—p:) And in the Fourth Term, & 6b, ad, (becauſe — y changeth the Sign 


(os i 0 — 
of 4;) and therefore — =vb .-- + 24. (and therefore, if p, q, have the ſame 
Sign, b is the greater; but d the greater if thoſe have. contrary Signs.) So. 


that .... &p + yy, is the Sum, and . the Differencc; and + r the Reftangleof 


the two Species b, d, ſecluding their Signs, | 


But, if it be —r; then have 6, d, contrary Signs. And therefore & p+3 > 
the Difference of 6, 4, (of which the Bigger is Afrmative, if ir be 4p; bur 


the Leſſer, if —p;) and A the Sum of them, (and therefore -|- b and — d, if 
+ q; but —band+a, if — 93) and — 7, the ReRanele. 


So that in both caſes, we have all three (the Sum, Difference, and Rectangle 
of b, 4;) ſuppoſing y to be known. 


Since therefore & py y, and”, are the one the Sum, the other the Difference 


of 


PT 
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of b,4, (it matters not, as to this, which is which) the half $ 2nd the 
half Difference of theſe Two, are, the one the Greater; the otht the Leſler 
of b, d. That is, 


vet) , 1 + y)y-.v#py+9 
- *Y> That i + 
dar; £O - | ” TI)» BP: 447 
2 2y 2 
are, the one 6, the other 4. And therefore the Reftangle of them is Thad; 
or Er, 
».S2 'Yy-- — PRI med S211 0 
That is, TI) Hu! B22 dont i FOI, 461) dabi'y 


That is, y*..S# 2py*-+ppyy —9q=0, 
| R47)y 


Where y * hath always |-. (becauſe made by Multiplication of *þ into .|-. :) 
Pp hath always -|- (becauſe by Multiplication of like Signs:) qq hath always — 
(becauſe, by - into — ;) p retains its own ſign as at firſt 3 and r (decauſe of 
tranſpoſition) a contrary Sign to what it had. CLIT 
If then, (by reſolving this Cubick Equation, whoſe Root'is y y, {the value of 
y be known we have the Two Quadraticks , ; rR0 Cot. 


Lan: th)... ne. et for aa4—y4...Þb. 


R 
+ 00+ 904-299 oo BEPen 07. for aa-+y4...4, 


In which caſe, p doth, in both Equations, keep the ſame Sign it had in the Biqua- 
dratick : But q retains its Sign in the firſt, and changeth in the Second: 

And the Four Roots of theſe Two Quadraticks, are the Four Roots of the 
Biquadratick propoſed. 

| have been the more particular in this, (Des Carres having given us no account, 
from what Principles his Rule was deduced ;) that by the clear underſtanding 
hereof, we may the better ſee by what Methods ſuch other Rules may be farmed, 
as occaſion ſhall ſerve. dS e's 

The ſame may be more briefly thus expreſſed. 

Putting & for the reſpective Signs of 4, 4, (be they + or —, like or unlike;) 
and & for the contrary : (and the like elſewhere :) The Compoſition is thus; 


aa —ya th=0 - | ' | 
OE Woun'@ 1 
aaaa—yyaaþSbya bod 
& baa—tdya 
& daa 


—k. 


aaaapaa tqa Gor. 


s 


Whence it appears that 
; d-yy +vp =&b+vad. 


&q . 

— =th—-sd =>b+-&d. 
Y 

E e 


- | = Jon A. þ - he 
_- < 
— —_— *% a. M9; CE - 46% oy 
- 
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v 
Therefore, +10 +8p+ > =2avd. 


v9 | | 


1, 6 Pnhedg 


vr 

That is, + $99 eB49cn 55 = Bb, 
Rq 
D "==. 

4524 nee” "wakes 


Which (ſuppoſing the value of y to be known) gives the value of b and d, with 
their Signs. That is, 


& 
aa—ya yy. Lp. =a4 ya, Sh=0, 


AQ | 
FT + ya +3»): Sip =an dye. td=o0, 


So that 2 y y hath always +, & p retains the Sign of p: But q in the former Equa- 
tion (where is — y, and b,) retains its Sign; in the latter (where is 4- y #, 
and d,) changeth its Sign. 

Then, for finding the value of y ; 


&79 -y)y. BPY-59 
=3b. 


z Ig, — = 
Becauſe +Zyy.S3/ P 2 
Rq mÞ+)))- BPY-Rg 
L . 54 < —  __— __—_—A _. _.. —_— d. 
+iyy. 84p on = o 


Therefore the Produtt of them, 
y*. 8 2py*+ppyy —99 


=wubytd=yzr. 
4)y , n 
That is, J*. SE 2py *+ Pp) —99=B 47). 
Or y*. 8 2py*+ppyy—9q=0. 
R479) 


In which y* hath 4 ; 2 p hath the Sign of p; pp hath +; 99 hath —; and 
ar the contrary Sign of 7. 
Which agrees with the Rule of Des Cartes. 


CHAP. 
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C H A ÞP. LVI. 


Of other like Rules, of Hudden, Merry, Bartholine, ec. 
with other Improvements. 


ESIDE that one Rule of Des Cartes, (mentioned in the former Chap- 
ters, ) we have divers others of like nature, given us by Zohannes 
Huddenizs, (or van Hudde,) tor the more eaſy Diſlolving of Com- 
pound Equations : (Publiſhed by Francis van Schooten, amongſt other 
works of his own :) But without Demonſtrations, or ſhewing us by what Me- 
thods he attained them. 

(Such Rules are of very good uſe in High Equations 3 but it would be too 
great a Digreſlion, at this place, to deſcend to particulars.) 

The like hath been done by Mr. ferry (in a Treatiſe not yet publiſhed;) to. 
your with the Demonſtrations thereof, and his Methods of deducing them 

rom ſuch Principles as we have already ſhewed out of Harriot. 

And I can hardly expect any new improvement of pure Algebra, other than 
what is to be built on the Foundations laid by Harrier, and aſſumed by Des 
Cartes. 

But thoſe Generals of his, are capable of being Exemplified, and applied to 
particular caſes : As is done (as otherwiſe, ſo) particularly in thoſe Rules 
-- =o for Diſſolving Compound Equations ; to which others may yet be 
added. | 

But if we had a general Method, how in Quantities deſigned in Species con- 
ſiſting of mavy Members, to find all the Diviſors ; (as we have of finding all 
the Diviſors or Aliquote parts of a Number propoſed :) This of Diſſolving an 
Equation into all its Components, would be but a particular caſe of that 
General. 

Eraſmus Bartholinus, hath likewiſe given us divers Rules, (partly of his own, 
and partly of De Beanne's,) about determining the Limits of Equations. Which 
Subject is yet capable of further Improvement. 

I might give inſtance in many other Improvements, which ſince Yzeta's time, 
have been diſcovered in Algebra. Eſpecially for the Accommodation of Algebra ' 
to Queſtions in Geometry , or other like occaſions. Of which there is great 
«ſtore, in Writers of Mathematicks ſince that time. 

Such are thoſe of Renatus Franciſcus Sluſins,, a Canon of Liege, (a very Ac- 
curate and Ingenious Perſon,) in his eſolabum, and. other things arnexed 
to it, 

Of Dr. Barrow, in his Learned LeCtures, (filled with variety, and great 
accurateneſs of ſuch Learning) and other things by him publilhed. 

Of Frances van Schooren, and other Authors by him publiſhed and Subjained 
to his Editions of Des Cartes's Geometry. | 

Of Chriſtianus Hugenixs, in divers pieces of his extant. | 

Of Monſieur Fermat, in his Notes on Diophantus, and otherwiſe. 1 40} 

Of Herigon, and divers others. | 

As alſo, of the Lord Vicount Brownker, Mr. Newton, Mr. James Gregory; 
Mr. Nicholas Mercator, Mr. Kerſey, Mr. Dary ; and divers others amonglt our 
ſelves. Belide divers things not yet made publick ; of which Mr. John Collins 
had a good Collection ; partly of his own, and partly of other mens. {1 

To theſe I may add, Claudine Aidorgins, and Gregor ins a Santto Vineentvo 4 
Latovera, Bullialdus, Paſcal, Vivian, and others: Who, though in their works 
publiſhed, they ſcein to tike no notice of Algebra; "tis yet manifeſt enough, that 
they made great ule of it in their Inventions, however they pleaſe to wave it 
in their Demonſtrations. As Sluſis had alſo done in the firſt Edition of his 
Meſolabunm, And as the Ancients were wont to do. Like Builders, who, when 
the houſe is finiſhed, take away the Scaffolds imployed in the work. 

Ee 2 Alon rur 
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Monſiewr Malbranche , hath lately publiſhed (but without putting his Name 
to it,) his Elemens des Mathematiques ;, which is a Collection out of all or moſt 
of the Writers of this nature; eſpecially from Yieta's time downwards. But 
for the moſt part, without troubling his Reader with the Names of the Authors 
where he found thoſe things by him ColleCted, (except his two Countrey-men, 
Vieta, and Des Cartes ;) And without adding any great matter of his own, to 
what was beforc taught by others. 


CHA P. LVIL 


Of Dr. Pell ; and particularly concerning PROBLEMS Im- 
perfeftly Determmed. 


HERE is alſo another Anthor of our own, Dr. Fohn Pell ; who 

hath been for many years converſant herein, and well furniſhed 

with knowledge of this kind ; though he hath not been ſo kind as 

to make known to the world, what he might have done (to very 
good purpoſe,) long ago. 

Yet ſomewhat of his we have extant, in a Treatiſe firſt publiſhed in High 
Dutch, at Zurich in Switzerland, in the year 1659, under the name of Rhone : 
And ſince Tranſlated (much of it) into Engliſh, by Mr. Thomas Brancker ;, and 
reviſed and altered by Dr. Pell himſelf : And printed in a large Quarto at 
London, for Moſes Pitt, Anno 1668, and called, Ar Introdnttion to Algebra. 

He hath therein a peculiar Method of his own, in applying the Praiſe of 
Algebra to Problems of divers ſorts, (with a Regiſter in the Margin of the whole 
Proceſs.) Which will be better underſtood by a view of his Merkods there, than 
without it, can be ſo well expreſſed. 

And amongſt many other things, he ſhews how to judge of a Problem as 
fully Determined, or not Determined ; which (if I apprehend him aright) is 
to this purpoſe. viz. 

. If the Number of Data, or things given (independent of each other, be 
fewer than the Q=eſita, or things to be found, the Queſtion is not fully Deter- 
mined ; but is capable of Innumerable Solutions. 

But if the number of the one be equal to that of the other ; it is then 
IG (viz. either to ſome one ; or to ſome certain number of Solu- 
Jutions. 

- Aud if the 'Dara be more than the Queſita; ſo many as exceed, are ſuperflu- 
ous; and may perhaps be contrary to the others, and inconſiſtent with them, 
and render the thing unfeaſible. Th | 

And in caſe of ſuch Undetermined Queſtions ; the Deficient Determinations 
may be ſupplied by Quantities taken at pleaſure, ſo as may be moſt expedient 
for the better Proceſs of the Inquiry. But within ſuch limits, or {o conditioned, 
as the nature of the Queſtion may require. For ſuch conditions may be annexed 
toa Queſtion, ſoas to Reſtrain it, or Limit it, and yet not abſolutely Deter- 
mine it. | 
-» As, if it be asked what (Integer) Number is that which may (without a 
Fraction) be Divided by 3, 4, and 5. The Solutions are Innumerable ; viz, 60 
and all its Multiples. 

- If it be further ſaid, by 2, 3,4,5 3 the naming of 2 is ſuperfluous; becauſe 
implyed in 4. q 

If it be asked what Odd Number may be ſo Divided (by 3, 4, 5 :) This 
condition (of being Odd) is incongruous, becauſe it contradicts its being di- 
vided by 4. ; 


If 
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If it be asked, what Square Number may be ſo divided; this condition 
ſtraightens the Queſtion, but doth not Determine it. For even ſuch Square Num- 
bers. are innumerable, (viz. goo, and all its Multiples by Square Numbers.) 

Byr if it be asked,, what is the Leaſ# Number that can be fo Divided ; the 
Queſtion is then Determined to 60. 

Thos, to Aſcertain a Triangle, it is neceſſary that the Three ſides be deter- 
mined , (ſuppoſe a, b,cz) or what is equivalent thereunto. I muſt therefore 
have Three things given, from whence this may be inferred. 

If therefore only 4, b, be given ; inſtead of the Third Determination c, I 
may take any length at pleaſure: Yet with this condition, that it be a Streight 
Line; (for ſo much we ſuppoſe implied in the word Triangle, as Exclide defines 
it.) And that it be leſs than the Sum of both, a -+ 6; but bigger than their 
Difference, 4 — 6b; (otherwiſe, a Triangle cannot be formed.) But (within theſe 
limits) any Streight Line may be taken at pleaſure ; for want of a Third De- 
termination. 

| Bur if, beſide a, b, a third thing be given (independent on thoſe,) which may 
derermine c z the Queſtion is Determined. As if we have the Angle contained ; 
or the Proportion of a toc, or of btoc, or the like : (But not by the Propor- 
tion o atob; for this is no new Determination, but implied in 4, b, already 
iven. 

And if, beſide a, b, given, it be further required, that the Triasglebe Acute- 
angle, or Obtuſeangle ; this further ſtraightens the Queſtion, but doth not 
Determine it ; leaving yet innumerable varieties for the length of c. 

If it be required; that it be ReCtangular, it is Determined to two Caſes; 
(for either a, b, muſt contain the Right-angle, or elſe the Longer of theſe mult 
dubtend the wy n+ = z cither of” which, will determine the length of c :) 
Or (in caſe a,b, be equal,) to one caſe, (for then theſe muſt contain the Right- 
angle.) 

If that it be Equilater, it is either Determined (if 4, b, be Equal,) or (if 
Unequal) Impoſlible. 

If that it be Equicrural, ſuppoſing 4, b, unequal, c muſt be equal to one of 
them ; Bur, ſuppoſing 4, b, to be equal”; that. condition is ſuperfluous, as being 
contained 1n 4, b, given. 

Such Underermined Queſtions, are many of the Numeral Queſtions in Dio- 
phantws. And (in imitation of Diophantws) many of like nature have been diCſ- 
cuſſed by Dr. Pell, Monſieur Fermat, Frenicle, De Billy, and others. 

Now, as to the Solution of theſe Undetermined Queſtions, they are ſome- 
times ſo ſolved, as to take in all the Caſes Poſſible. As when we fay, that 69 
with all its Multiples, but no other Number, can (without Fraftion) be divided 
by 3,4, and 5. And when, 1 take the Queſtion to be perfeCtly ſolved. 

Sometimes, only ſo as to compriſe ſome one or more of ſuch Solutions, but 
not all. As when it is propoſed, How to give (as they call it) a Rectangle 
Triangle in Numbers : If it be anſwered, Wat 3, 4, and 5, or any Equi-multi- 
ples of all theſe, will perform it ; this gives innumerable Solutions of the 
Queſtion ; but not all the Solutions of it. (For the thing is feaſible in many 0- 
ther Numbers befide theſe, and their Equi-Multiples.) And when, but thus, the 
Queſtion is Truly ſolved, but not Perfectly. = 

(A more perfect Solution of this, we have of Dr. Pell, in his Probl, 17. pag. 
86; (and by others before him:) Namely, if the Sides be in ſuch Proportion 
as are cc-+-dd.cc—dd.zcd. (as the Sum and Difference of two Equare 
Numbers, and a Qouble ReCtangle of their Roots.) For in all ſuch caſes (ard 
ſuch only) will the Three Sides of 4 Right-angled Triangle be commenſurable, or as 
number to number. 

And ſuch as thoſe (ImperfeCt Solutions,) are many of the Solutions given by 
Diophantis, and the Authors but now mentioned. Where the Art Iyes ia the 
prudent choiſe of ſuch Arbitrary Quantities (in lieu of ſuch Determinations as 
are wanting,Y as that, in the Proceſs of the operation, ſome of the Quantities 
may ſo conveniently deſtroy one another, as thereby to Depreſs the Equation 
to a lower Degree, or at leaſt Reduce it to a more convenient Form, than what 
it would appear in, without ſuch prudent management. 


Such 
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Such Solutions as theſe, argue a Sagacity in finding the Expedient : But 
do not perfectly folve the Queſtion. And when poſſibly ſuch an Inquiry ſhall be 
requilite in order to a further ſearch ; amongſt all the Anſwers which ſhall by 
this means be founid 3; none perhaps of them jhall come to hand, which ſhall ſerve 
the preſent occaſion. (Of which I ſhall give inftance by and by in the Rule of 
Alligation.) 

Such Rules therefore are but Imperfect Solutions of ſuch Queſtions; as reach- 
ing but to ſome of the Anſwers poſlible, not to a!l ; nor perhaps any of thoſe 
which a preſent occaſion requires. | 

Which conſideration makes me leſs in love with Queſtions and Solutions of 
this nature, (in Dijophantus and others,) which reach but to ſuch Imperfect Solu- 
tions ; as not favouring of that Accuracy which Mathemaricks affect. 

But where the Solution is perfect and juſtly bounded, (fo as to take in all the 
Anſwers poſlible, and no more ;) it comes up to that exaCctneſs which Mathema- 
ticks require z as fufly, as where the Queſtion is capable but of one, or ſome 
certain number of Solutions. And are of like 1ature with ſuch as by the Ancients 
were called Places. 


C H AP. LVIIL 


Of the Rule of ALLIGATION, as commonly delivered ; and 
as perfefted by Bachelus. 


HE Rule of Alligation, as it is wont to be delivered in Books of 

Arithmetick, is an Example (as was ſaid but now ) of Imperfect 

Solutions. Which Rule doth in many caſes, give various Solutions, 

but not all ; and theſe perhaps not anſwering the preſent oc- 
caſions. 

As for inſtance, in a familiar Queſtion; To buy 20 Fowls at 20 pence, Geeſe, at 
Groats , Quails, at Half-pence;, and Larks, at Farthings : How many muſt there be 
of each ? Which. (in the nature of the Queſtion,) 1s a Queſtion of Alligation, 
or Allay , (How to proportion the number of cach, ſo as to reduce the value 
of All, toa Middle Allay.) Whereof, by the common Rules of Alligation, an An- 
ſwer may be found in FraCtions, but not in Integers, (which is here requiſite.) 

For here the Number of all, propoſed, is 20 : The Middle Rate required, 
Is 1 : "The Rates given, are One Greater, 4; and Two Leſler (than the Middle 
Rate,) £,and ;. Theſe given Rates are all (by the Rule of Alligation) to be 
Alligated (or compared,) a Greater with a Leſſer : (Which ſometimes, where 
there is a variety both of Greater and Leſler Rates, may be done with ſome 
variety : But here can be done but one way ; becauſe of ſuch as might be 
Greater than the Middle Rate, there is but one ; which is therefore ſeverally 
to be Alligated to each of the Leller, without any further variety.) And (upon 
ſuch Alligation) the Difterence of cach (from the Middle Rate) to be alter- 
ately ſet againſt rhe other Alligated Rate; (that of the Leller, againſt the 
Greater ; and that of the Greater againſt the Leſs.) Then, as the Sum of all 
thoſe Differences, to the Number propoſed, ſo is the Difference (or Diffe- 
rences) annexed to each of the Rates given, to {9 much as is of it to be taken. 
That is, here, As (3+4+3+3=) 7% to20; ſois (4-+4i=) 12+, to 
g 35 Geeſe z and 3, to 8,2 Quails; and 3, to8 ,* Larks. Which is the only 
Solution by this Rule. 
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Rates, Differences, Numb, Price. 
- 2. 4 3 3s | 133g [Geeſe, 
: 3. 8,3 | 455 |Quails, 
© 3 | 8,9 2 2 |Larks. 


N umber 5 20. 
Middle Rate, 2 . 


Yet the Queſtion is capable of a Solution in Integers: (as is here ſubjoined ; 
and of innumerable ochers in Fractions. N 3) 


Geeſe 3. Price 12: 
Quails 15. Price 73. 
Ss 2 MPS T7. 


— 


20, 2O 5 


And the like may be ſhewed in other Examples of the Rule of Alligation. 
Whereby, we may ſometimes have ſome variety z but never an account of all 
the Caſes. 

The imperfeCtion hereof, Bacherus takes notice of, in his Annotations on Quef 
41. lib. 4. Diophanti, And gives a ſupply of it, in a Method of his own, from 
the Principles of Algebra; of which 1 ſhall give inſtance in a caſe or two; and 
which is applicable to all caſes of this nature ; but with ſo much of more in- 
tricacy, as the number of Terms is greater. 

The firſt 1 ſhall mention, is juſt the caſe but now named; which (in other 
words) he thus propoſeth. To divide the Number 20, into three parts ;, ſo as that the 
Firſt Multiplied by 4, the Second by +, and the Third by *, will makg all 20. His Solu- 
tion is to this purpoſe ; Suppoſe the Firſt », therefore the two othets are 20 — x. 
(So that » mult be leſs than 20.) And ſince the firſt by 4, is 43, therefore 20 
— 47, are half of the Second, and a quarter of the Third. (So that 4 =» muſt 
be leſs than 20 ; and therefore » leſs than 5.) This 20 — 4# (being * the Second 
and * of the Third) Multiplied by 4, that is, 80 — 16 », will therefore contain 
the Third once, and the Second twice. Out of which SubduCting (the Sum of 
the Second and Third) 20 — #; the Remainder 60 — 15 = is once the Second. 
(So that 15,” is leſs than 60; and therefore » leſs than by, And this again our 
of the Sum of both, leaves 14 » — 40 for the Third : (So that 14 » is more 
than 40; and therefore » more than 2.) And therefore (there being no other 
occaſion of a Limitation, ) any Number ( Integer or other) leſs than 4, but 
greater than 2 *, may be put for» (the Firſt,) and then 60 — ny » for the 
Second, and 14 » — 40 for the Third, Which is the full Solution, and perfect 
limitation of the caſe. 

In more Terms, the Proceſs will be accordingly more perplex ; but according 
to the ſame Principles. As for inſtance, (what there follows,) Ts divide 100 into 
4 parts, a,b,c,d; ſothat 3 ab; c-+-34= 100. The Solution (for ſub- 
ſtance) is briefly thus : Becauſe 100 = 4 -|- b-|-c + 4, therefore is 100 — 4 
=b-+c+4a; (ſo that 4 is leſs than 100.) And becavie 34-|-b-j+43c-+34 
= 100, therefore is 100 — 34a =b-+*c-+ +4. (So that 3 ais leſs than 100, 
and therefore 4 leſs than *$4* = 335 .) Then, taking 100 — 4 as known, we 
are to divide it into b, c,d. And therefore 100 —« =b-þ-c +84; that is, 
100—4—b=c-þ+4d: (And therefore 4 leſs than 100 — b, and bleſs than 190 
—4,) But ſoas that 100— 34 =b-+3zc-+34. That is, 100— 34—b= ze 
+ + d. (So that b is Icſs than 100 — 3 4.) And therefore (Multiplying all by 7,) 
400 —214—7b=Zc+d. Whence SubduCting 100 — 4 — b =c +þ d, there 
remains 600 — 204 — 6b= Zc. (So that 66 is leſs than 600 — 20 4; that is 6 
leſs than 200 — 32 4:) Aud therefore (dividing by 3,) 249 —84 —*3b=c, 

So that 8 a is leſs than 240 — *3 b; that is, 4 leſs than 30 — 7b: "Tis there- 
ore certainly leſs than 30, how ſmall foever we ſuppoſe b. (SubduCting there- 
for this value of c, from ico —a—6=c-|-d, there remains 7 4 — 140 -þ + 
b =d. (So that 74 --3 6 is more than 1403 that is, «-þ j 6 more than _ 


1 AUR. 
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We muſt therefore for a, take any thing leſs than 3o . (For though, as before, 
it mult be leſs than 30 — , 2; this adds no new Limitation ; for how little ſoever 
it be, that 4 comes ſhort of 30, ,2 b may yet be leſs than it, being undetermined 
as to its ſmzlIneſs:) Be it therefore 30 — e = 4, (wheree may be any thing leſs 
than 30.) For b we may take any thing leſs than 100 — 3 3,43 that 1s, any thing 
leſs than 3 {e: Be it therefore 33 e—f, (where f may be any thing leſs than 


32e,) Forc, we muſt then take 240 --$4—23b; that is, (ſubſtituting for 
a, b, the values of them,) 2*f. And for, d, — 140 


= 20 —C. + 744- 146; that is, (by like ſubſticution). 70 — 
b =...32:e—f. 23e—15f. Which is a full Solution and Deter- 
SM TY mination of it, containing innumerable Anſwers, aC- 


d =70 — 2 © 12. cording as we may vary at pleaſure, the values of ae 


—— 


—— and f. Bacher there gives us 81 Solutions 1n Integers : 
100=44+b4-c+d. And in Frattions you may have as many more as you 


pleaſe. 
ſs $21 4.5. 155 Now according to the Rule of Alligation, even this 
"i" | Queſtion affords ( in effeft) but one Solution. For 
1 4 | there being but one Rate Greater than the Middle Rate, 
ec *:)f 2. |]:* that muſt be alligated with each of the two Leſler ; 
| FO 2x Without any other variety. And therefore a, c, 4, muſt 
as ++ ever be one tothe other, in the Proportion of 49, 28, 
2. a3. 28, And thoughb, which is the ſame with the Middle 
A Ga ; ** Rate, may be alligated with any or all of the other 
| b 122.%.£-|7% three; this-may indeed alter the Quantity of the whole 
84 - dio 2x (byadditionof ſomuch more bulk of the Middle Rate,) 
[” H '*  butaltersnothing in the Proportion of the other Three 
Ld *\2.0. |*% on which the whole myſtery of the Alligation (or 


Middle Allay) depends. 
More Examples may there be ſeen; but theſe may ſuffice to ſhew the difference 
between a True Anſwer, and a Full Anſwer to ſuch a Queſtion, 


CHAP. LIK. 


Dr. Pell's Method explained in an Example of his own. 


H A T Dr. Pel!'s particular Method may the better be underſtood, I 
thall here give an Example of it, as I find it in him. 

Where we may obſerve, that he firſt ſets down (each in a diſtin&t 
Line by itſelf,) all the Data, (or given Equations) of the Queſtion z 
and againſt them (in the outward Margin,) all yg (or things to be 
found out.) And in caſe the Q«eſita be more than the Dara, he leaves ſo many va- 
cant places at the end of the Dara (noted with Aſterisks,) importing the Queſtion 
not to be fully determined; and therefore, that he may ſupply ſo many Poſitions 
at pleaſure, inſtead thereof; not perfectly at all adventures, but with ſuch pru- 
dence as may be beſt ſublervient ro thoſe conditions which (as was ſaid before) 
Reſtrain the Queſtion, but not abſolutely Determine it. 

| He then proceeds orderly with other Equations, (each in itsown Line,) which 
either he Subſtitutes ar pleaſure, in changing ſome Note before uſed (in which 
caſe he makes a new Queſitum, for that new Note,) or.in the room of thoſe 
vacancies (or ſome of them;) or doth infer by argumentation from thoſe given 
in the Queltion. Which argumentations he doth (in that outward Margin.) 
briefly 1nſrauate by ſhort marks for that purpoſe; noting the Equations, from 
whence he argues, with his manner of arguing from them. 


And 
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And in order hereunto he doth ina middle Column, (or inner Margin,) Num- 
ber thoſe Equations (whether given, taken, or inferred,) that by thote Numbers 
he may cite them as there 1s occalion. 

The Notes or Marks he uferh to this purpoſe, are belide thoſe of Oughtred 
+ —x::= 4 (for Addition, Subtraction, Multiplication, Proportionality, 
Equality, Radicality ;) and thoſe of Harride > £ (for Majority, Minority ;) 
ſome peculiars of his own, as + for Diviſion ; and & w, for Involution and Evo- 
lution (as he calls them;) that is, the Conſtruction of Powers from a Root 
given; and the Extracting the Root reſpeCtive of ſuch a Power ; (thus G- 2,0-3,0c. 
!1gnifies Squaring, Cubing, &c. and w 2, w 3, Cc. the Extraction of the Root 
Quadratick, Cubick, &c.) He adds alſo, .*. for Ergo, or a Note of INllation. 
And when he uſeth (in this Margin) rt, 2, 3, &c. not for the Equations ſomarked , 
but for the Numbers themſelves, he puts a Line or Pvint to the top of them for 
{uch diſtintion. And when he intimates a Tranſpoſition of ought from one 
ſide of the Equation to the other, with a contrary Sign ; if it be of ſome lingle 
part, he notes It by -|- or —, (as it happens to be a common Addition or Sub- 
traction) with the nore of what is ſo tranſpoſed; bur if of divers parts, by -- 
— barely, leaving the Reader to obſerve by his Eye what is ſo trantpoſed. 

Thos, (in the Example following) 4 =? # Equal to whar ? lignfies 4 to be 
one of the quantities ſought, whoſe value we inquire. And becauſe there be - 
ſuch, and but 4 data, theretore (at 5, 6, 7,) there be 3 Aſterisks; which allows 
(at 13, 17, 29,) three new Politions ; but tor two others, (at 11,123) n=? 

— ? are to be ſought out. Again 4dd — 2, ſignifies that out of ddd is tobe 
ſubdufted the Second Equation, (eack part of it.) So 11 & 3, that (each part 
of) the Eleventh; Equation 1s to be Cubed:. And 18 —14, out of (the two 
parts of ) £q#. 18, he Subducts (the two parts of) £qwa, 14. And 8 19, that 
it follows from thoſe two Equations compared. And 29 = n, dividirt (both 
parts of ) Equ. 27, by n. And 32 -þ- 10 p, that to (each part of ) Equ, 32, is added 
10p. And 33 --10, that (each part of ) Equ. 33, is divided by (the Number) 

10. A blank againlt £9.39, becaule it is only a Calculation, and proves itfelt. 

And 48 -|- 49 -+ 5o, that ( the reſpective parts of ) theſe Equations are added. 

And 54w2, that the Square Root of ( each part of ) Equ. 54, is Extracted. 

And 55 * 10*, that (each partot) Equ. 55, is Multiplied by (the Number) 1c. 

And 82 -|- -|-, an Addition of ſeveral parts. And 8$ ++ —, an Addition and 

Subduction. And 89-+ 121 * , that to ( each part of) Equ, $9, is added ( not 

Eqs. 121, but) the Number (tor which reaſon there is a Point at the head of 

it.) And the like elſewhere. | | 

| give here (in his own words) his Problem XX Y111. - (Which ts his Second 

Solution of the 19th Queſtion of the 5th Book of Diophantus ;) Namely, To find 

three Numbers, which will leave as many Cubes ,, after the Subtratticn of each from 

the Cube of their Sum ? 


Ve 


=f 1] -|-b+ce=4d . — 
= [dd —a-—cee | Js 7 
e =? 3ddd —b=—=fff 
"+3; 44dd —c=gg8 ” 
e = 5X) 
=? Þo*) 
g=0 7) ——_ WE | 112 
ddd—2 | $8 =dda—ece | 
ddd—3 |9 = dad—fff = 
ddd—4 oc =ddd—g ogg 
=? [1]Let e =p—#x 
p == # 12|Let f =4qn—p ' | | 
FOR) [ORE [ 
i1G&3 4jece =ppp—3PP1-þ3pnn— mann | 
12 & 3 fff =—ppp+itppn—48pnn-ſ-64nnn ' 
113-3 16/887 = 0nnn 


Ff 6 (*) 


220 Of Dr. Pell's Algebra. Cnav.LIX. 


| 6 (* 19]Let 4 = 47 
he wg 181d dd = 64 111 
* Wy” 19 dd—ece=65nnn—3pnn-|-3ppn—PPP 
| 18 — 15 20ddd — fff = +48pru— 12ppn-1-PPP 
: | 18 — 16 211ddd—ggg =56nn1 ES 
[ | 8, 19 aza=65nnmn—3 pun 3ppn—PPP 
[| ozs [ajþ=+a8pro—12ppn i-ppe 
Il 10,21 .. +0256 --+ aged fs ER 
Ii 22+ 23+2 25/4 + b+e= 121 1nn-+ 45 pun —gpp# 
'TIf 1, 25 261d = 121 #nn + 45 pun —gpp!n 
[| 26, 17 _ nnn-- 4 prn —gppn = 47 
Tt 27 —1 28h 21 nn +45 p21 —gfpp = 4 IF 
vt bo Let 118 bp=32 © 
St 7(X) z P 
j 1 || Ka 30121 nn--22p1n +pp=4 
iy! 28 — 30 3123p — 10pp=O 
1! 31 —P 32/23 1— 10p='O 
F 22 +10p [33237 10P 
| : 23% 23 
Pe — 6 
_ 9 
: TT > ww 
13 
ii 11, 35 3 nook w 
+| =— 
__T 
| 17 
27 — 34 [$$82—=Pe 
17 
| 12, 38 39 — 
Wl So. 
I NN wh 
It 36@ 3 = m—_— 
I | | 4913917 
If | 39G& 3 af ff = 0 
Wi $ooonnn 
i | 49 & 3 888 T "ooo 
F. 4dd 6400017 
||. | 15 "4 = 1000 wen: 
{ % 2] 61802 nn "| 
j [34 | $5 =—_ 41 45ddd—ece a 1000 
it | | $9037 nnn | 
44 —42 [qa6ddd=fff= Toon | 
414 $6000 7777 
44 — 43 47 —£— "000 
E L 61803 nnn fo 
"Ry 7 ſ2ev0 


| kh 9, 46 
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590871 nn 
56000 nn Nn 
I 47 « nn 
| 176590n nn 
484-49 + gog1+b4-6=— ——_ 
| "hs 17639 nn 
| "I 5 100 
| 17689 nn 
$2417 a” wt 
Ei: & 4 
$3 = _— = 9 
| 133 
_ = 3 
$4 w 2 T5} =—_ 
55x 10 561334 =20 
I by 20 
$6 — 133 * —_ 133 p 
| 40 
. 82 N —= — 
$7*2 3 133 
| j Mo 80 
A * 4 —  ——_ 
Fo x [| "2 
=. 
$7 — 10" 133 
g= 3 
60 & Sy————= W_ 
| 5 | Io 2352637 
The Anſwers. 
61803 x 8 4944 
48, 61 lg = he25s =S 
| —— 2352637 
* 696 
| 2352637 © 2352637 
56000 x 8 448000 
gO, G1 © = = — 


n 235 $2637 2352637 
5 


7 a f > RW” 
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4 FY 4 


The Proofs. 


YR" 4+ 2045 120 
”"O ſy —_— Jo —_—— 
- B -+- RE 
. [145120 1763g x 80 _ 80 


62 -þ 63 + 64 


4 23 52637 — 1689x133 133 
an tf 512000 
2 ==— 

5 & 3 7 2352637 
, 47576 

6 EEE = — 
66 & 3 73 2353637 
f FFF = ID 
7G 3 74 _— 2352637 
GG _—_ 
8 G = <__— 
68 & 3 75 332637 


Gm—_ 


72 — 62 76]5 12000 — 494424 = T7576 
2 — 63 7715 120CcO — 472696 = 39304 
72 — 64 781512000 — 4. $0c = 64000 | 


Dr. Pell adds, 


&« In Fr, van Schooten's Book called Seftiones Miſcellanee, Printed at Leyden, 1657, 
© the Thirteenth Section, hath this foregoing Queltion with One Solxrion ;, which 
« he ſays, he took out of a Letter written by Ludoiph van Keulen, toone Nicholas 
&« van Perſin . Ludolph's Proceſs is very near the way here exprelled; and his 
« vaiues of A,B, C, D, E, F, G, are the fihe with theſe ; ſave that he makes 
«(, = 422 (which is only a falſe print, 240 for 40; and is amended in the 
« Jatter Fdition.) It is not unlikely that he ſought, other Anſwers, but gave over 
<« hefore he had found any, being diſcouraged by meeting, with Nambers under 
&* nothing. If in the 2gth Equation, inſtead of 11 »-+1p=2, you write 
«© 1172 +2p = 2, and proceet; there upon this new ground; you will find 


— 2 
© 44d leſs than a, and @ 02 If you ſuppoſe 11 »-|-op= 2; you will 


| —2 
« find dddlefs than b, and ſorf = gg $0 that you will think that it was only 


&« Ludolph's good hap to ſteer betweeti thoſt: two Rocks of Negation, and ſo to 
* light upon ſach a propofittert, as affbyded him an, Anſwer, wherein none of his 
&« Numbers fall under o. Which might give him occaflon to coriclude as he did, 
&« Conſtar ergo numeros rite eſſe inventos : Cugms rei ſoli Deo debetur gloria. Schoot., 
« pag. 436. lin. 1. 22 F 

* This made var Perſiin think it a great matter that he had found out Ore 
« Anſwer mote; which van Schooren hath there publiſhed 3 namely, 


15819315000 9569152000 8925120000 
bh 86526834967 4 56526834967 OE 86526834567 


& But he adds not a word: concerning the way by whRh he ſought them. Nor 
&« Joth van Sthooten ſeem to have examined whether they be true Anſwers or no. 

* At firit fight it is manifeſt, that his way of fearching was noxe of the beſt, 
& ſince it led him to FraCtions expreſled ip:ſuch large Numbers ; whereas octher 
** ways woultl have ſhewn him many Anſwers in fiorter Numbers. The way 
&* that Ludolph had ſent to him, by an eaſy, iipprovetnttit, would have been made 
** fit to lead him to-an wmmmerable Maltitude of Anfrersimtrattions, excluding 
© not only Surds, but alſo Negatives, or. Numbers under 0. 


* For 
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<< For the Excluſion of Negatives, my thus. In the improvement of the 
© Inquiry next preceding, inſtead of its 2gth Equation, I take 11 » + Qp =-+2, 
*©or—2. And then 1 inquire, what Numbers may be the values o 2, that 
« both e and f may be above o. 

* To this purpoſe, having borrowed the 1 1h, 12th, and 28:b Equations ; I fay 


> EE | 
121f = 47—P 
28121 #4 -\- 45 ?P—9pp=4<4 
20 | 791un+qp=+2, or —2 


79 &2 80121 un -|- 22 qup--qqpp=4 
28 — 80 | 8145p —gpp—22qup—ggpp=0 | 
$1 — y | 82452 —gp— 22q%—9q9p=0 ] 
824+ | 83459 —229n=9p--q9p 
$3, 847.p::9-+44.45—229 
Firſt Scope | 85e = © 
11, 85 80p —n=0 | 
2” A 87p =» 

p 88 9 + q= 45, - 22 
88 + — Silo at 2a9= 96 , 
89-t- 121*] 9094 j 224-þ121 = ty7 


tt. Min Sai Abend mnantrntrace % 


| 
| 

- JO ww 2 919 11 = or — y/ 157 
qgT —I1r" g2 =— 114 157 | 
$1 —1f*' | gaf@ =—1t—y t57 , 
| . NG ry7 = 12.529964 &c. | 
. 02, 94 95.2 = + 1.529964 &c. , 
. $3, 94 | 96 Q = — 23.529964 Cc. 48 / 


' 5, 98 97 Ergo, 0 between 4-17 355 Oeand — 23 7385 &, makes E > 
: $9, 96 '98 © not between thoſe limits, ! makesE 2,0 4 


Seco Scope ogf =0 
I2, 9) 10-47 —Pp=0O0 
10O, -1- p acihgm=p 
6, 102j4n.p:: 36 -|-4499-45—22 4 | 
K 102 os 36 © 49qT=45—2249 | 
z6 | 
1 


03, + — ye ragngen—_ 


| 
. 121 Lo | N 122 157 
x 2 —  —— 
m—__—_— 4 94-þ-22 94+ p 4 


11 - Of = of 157 
TOS wy 2 lodzg+ = {+ = nw___ 


2 
i -For—y 157 | 
2106 a2 2 * fron þ — 2 ————— 
4 + 
11" — 11-4 157 
107 — — Joe = 
Me 
11* —— II—4y1 
_—— log} = - 4 
95 + 4* |11o2 = + 0.382491 Ec. = 


96 — 4* 111Q = — $.882491 &e, : Rs nt 

L110, 111 11 2]Ergo Q between + 7443 &c, and— 5 7348 &c, makes F £ © 

(IO, 111 1 13] not between thoſe limits, makes F So 

97, 112 114\Both £ and F, will be greater than o, when you take 
Q between -þ- 1-529964 &c. and + 0.382491 &c. 

or between — 5:382491 &c. and — 23:529964 &c. 


— — - 
tam. / VO ESE 
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+FY | 1,529964 , 0.382491 
e : action between — Fcand———-—&&c. 
114 15:2 may be +13orany Fr : 000400 1,000000 
114 1116 © may be any of the 18 Integers between — 5 and — 24; or any 
— 5,382491 Fs 23,52 9964 


| Fraltien denwony —— ec... —— 
I, 000000 | 1,000000 


For Examples ; I will ſuppoſe 


117, 


q = +, as being of 1mall Fractions, the next leſs than 1.529 &c. 
= — 6, as being of Integers, the next after — 5.882 &c. 


Thus far Dr. Pell ; who alſo proceeds on in purſuance of thoſe two Examples 
laſt mentioned; (which 1 ſpare here to repeat.) And then proceeds farther to 
Tables, by help whereof, xreat varieties of ſuch Anſwers may be readily had. 
But thus much; may be ſufficient for a $pecimen of his Methods. | 

I here olicrve, as a main aitifice in this Proceſs, that an Equation 11, 12, 13, 
17, 29, v/here he makes choiſe of Su'ſtitutes to expreſs other Quantines z it;is 
not 0.00% wt ail adventures, but with ſpecial care. At Equ. 11, he puts pwith +; 
Þ.t with - at Egu. 12; tothe end that at 14, 15 ; and conſequently at-19, 20, 
22, 23 , — compared, + p 3, and — p3, may dettroy each other ; ard thereby 
deprets the Equation : So that at 25 ( and all that depend on this,) p ? appears 
not : And (thereupon) at 28, » 3 1s gone alſo; and the Cuvick Equation, de- 
preiled to Quadratick. Ard at Eg. 1, 12, 13, 17, 29, he makes uſe of pin- 
ſtead ot them, and of x in all; that-hencetorth, he may need no other, Letters 
but p and », wiicreby to delign all the Quantities; and after &qu. 34. none but z. 
And it is 4 7, at Equ. 12,17; and 2”, at Eqa. 13; and1y” at Eqs. 11,tothe end 
that at Equ. 20.9.3 may vaniſh; and at Eqs. 28, he might have 121 2, and 43 
both Square Numbers. And at Eg. 29, he puts 112 and 2, (the Roots of thoſe 
Squares,)' that'rheir Squares at Eqs. 30, may (at £qz. 31.) ſerve to deſtroy.thoſe 
thoſe of Equ, 28. For without ſuch expcdients, it would not have been eaſy to 
to have carricd on the work, But where ſuch are neceiiary, it 1s a Sign that ſuch 
kind of Solutions, though true, are bur ImperfeCt, and not exteuding to all caſes. 
And this is the condition of very many of Diophantus's Queitions and Solutions, 
(and of others in imitation thereof,) where the great Myſtery lies in a ſagacious 
inveſtigation of ſuch expedients as may ſerve in ſome, (or many) caſes, when 
2 general -olution for all caſes is not at» hand. 

Tis true, he doth here ſufficiently limit the value of q, (which is to be the 
Cocfficient of p at Equ. 2g.) And thereby , gives not only innumerable Solutions, 
but all the Solutions depending ingly on ttas (the reit remaining as they are.) 
But all the other Poſitions (which were before taken at diſcretion) remain yet un- 
limited. Every of which (to a full determination) ſhould be as well limited ; and 
every variety in thoſe, will require new limits to this qz thoſe which are here 
given, being only ſuited to this one caſe as toall the reſt, 

But his following Tables (whtich are there to be ſeen, but for brevity ſake are ' 
here omitted) procecd to further limitations even of thoſe other caſes. 
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CHAP. LX. 


Another Example in Imitation of bls. 


O R a further explication of Dr. Pell's Method, I here ſubjoin atiother 

Queſtion, not undetermined as the former ; but (in itſelf determined,) 

propoſed to my ſelf, long ſince, by Colonel Silas Titxs (then of his 

Majeſties Bed-Chamber \ a very Ingenious Perſon, and well skilled in 
affairs Civil and Military, and very well accompliſhed in Mathematical and other 
Learning, 


The Problem. 
aa--be=16 

Suppoſing Neb +a 17 > What are the Numbers a, b, c? 
cc ab= 18 


And it was deſired, that 1 would at leaſt in Decimal parts, inquire the Near 
value of the Numbers ſought. : 
To this, (ina Letter of June 12. 1662z) I returned him this Solution; 


a = 2, 5255 + | 
The Numbers are <qb = 3, 9692 — proxime. 
C = 3, 2406 — 


The neareſt Squares and Reftangles of which Numbers, are theſe 


aa=6, 3782 + bb = 8, $161 — CC = 10, F0I5F— 
bc = 9, 6220 — 8c =ÞS, 1841 — ab = 7, 4987 — 
4 a4-bc=1 6,0002— bb-4-ac=17,00002 — C-j-ab=18,0002— 


The Proceſs of which ( becauſe I underſtood from the Colonel, it was a 
Queſtion Propoſed by Dr. Fell,) 1 drew up in general Terms, = Dr. Pelſ's 
Method, with which the Colonel was well acquainted,) in this form z (as | find 
it yet amongſt my looſe Papers, 


_ Iaa-j-be =l| 1 —aal4be=l —aa |} 
— } 2b —_ 2 —ac|s|bb=m— ac 
—FY ”7 ab=n 3 —ab|6|cc=n—ab 


4 & 2 = bee =ll—:tlaaaaua 
6xbb 8bbcc =nbb —abb 
7, 8 gl —21aa-|-4aaa=nbb—abbb 


g | — 1olebbb = nbb—ll+21laa—accs | 
Fxab 1114 bbb = mab — aabc 
Io,11 [izpbb—ll-h2laa—aaaa=mab—aabc 


4x44 þ goods = logmocce 
14\mab—aabc=mab—laa-aaaa : 
12, 14 {lginbb—ll-þ-2laa—aaca=mab—laakaaad 


I5 + — 16ndb —mab =24aa4a—31laa+ll | 
mmas Zaaat—ylaa ll - ma 
16 Feſol. [19]þ =: | ori Ber. 
41nn n 27 


maty:mmaa-|-8na* —I2lnaa+4lln 


| - 2 


17 x 
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17 x 2ujI8}2nbþb =maLy:5nat -+ mmaa — I12lnaa--41ly 
18 &2 1914 nnbb—8n4'-þ-2mmas—12Inaa-- 411 | 
Ttymay:i8na*-|mmaa— 12lnaa41lln 
18x19 VOY ING 24 mna)' þ4m3a3 —36lmna3-+- 12 mna 
plus: 8B na*-]-4mmaa—12lnaa alin: 
in: Ty: 8nat + mmaa — 12lnaa+4lln: 
x8 niahi8n abc =8n'la—8n343 
2x 8n>b22[3n3b3 }-$n3abc = 8mn3b 
20,21,22/23]8 mn3 b=24 mna\ | 4m 43 — $13 43—36lmn 431-1 2llmina-\-8n2la 
wu 8Bnat | 4mmaad— ilnaad-gqllin: 
:t/:Bna*-+mmaa=— Illnaa+4lln; 
18x 4117 a{8mmb=a mmiuna® 4mnny/:$na*%--mmaa—lilnaat4ltl 
23, 24 25 24 mna) -|- 41 4 \— $13 43 — 36lmna3 + 121lmna-+ $1314 — qommnna 
=: —8na'—4mmaa-IInaa—gqltinJ-4mnn: | 
"in: 2 oft : Bn a* | mmaa—12inaa-qlin: , 
25 === 4/26 6 mna' 4-113 43 — 21343 — glmna3 + 3!lmna -| 2 n3la — mmnna (A) | 
=; —2na* — mmaa-\- 3lnaa —llIn-|-mnan: (A 
inTy/:38na*t +mmaa—1izlnaag4lln: (E) 
26 © 2/27 Eq= AqxEq | 
A 6-2 28/Aqz=qanna' — 1211? a* --4a4m®*na*-|-13llnna* —6lmmna* 
27 Ta —emyi4'—612n44-2lmmuea; 61m? 5 | 
—2m\nnaa ln —2lImn--m* nt 
E &-2 [29Eq=8nat 4 mmaa—12tnaa Fmmaa+4lln 
28 x 29 cheie= 32n'a'' — 144ln* a ® + 264 {In?a® 
+ 36m*n" —108/mmnn 
+ 12m*n 
— 32mn* 
—25213n 4 a* +1321*n*2a* —361 n3 aa + 41*n) 
-|— 117 Um? Ps _—_ 541314? |= g1*m®*n* —— $1* mn* . 
— 18{m*'u {+ 6U mn -|-48 mnt +qallm* s 
| g6Imna*%* —1noglImn* — 1ollm3n3 | 
+ ms -+ zolm3n3 — 121 m* n' 
— 20m3in* — 2m'n*' + qam*n 
n 8” 8m*n) 
XAG@& 2 [31j&q=36mmnna® — 108 /mmnna*þ 117 Ummnna* 
-|- 12m*yn — 18lm* n. 
— 24mn* + 60lmn* 
PL. 
— $4Bm* i — 16m3n3 
+ 6llm*n + gm fa + 44n* \ 
— 4811 mn + 121* mn 
+ 221lm3n3 — Gm i 
— Yla*® + 4llis 
| — 2m” n* — 4lm*n' 
| 4m*n) + m* n* 
30— 3132120 4 — 14411 4*+ 264 [Im & —252 ma + 132 14m a 
— Smu* + 361-5 — g6Umns 
— 260 2344 — am'm"-|-8lm'n) 
-|-36 13mn* 4l*n3 TY 4ns -|- 8$1n* 
— 4llm3n* — 81*mn"v  <-4mmn' | 
— alln* + lImmn' = © | 
— B{[ mmn' 


\ 


32 + 
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2 27 
TETan i <TD TT ET fa FF 
— mn --$Imn —7Tlimn --$Pmn —E—_ 
—t mM? Elms — Pm ob 3H ma? 
— $23 -F43 : Ins — ; [4,3 
Put 6 = 244 + £19 13 — > In* 1 
33 34|:* —gle'4-331le* —63130 3+ 661*e> — 36Ve +815 - =d, 
—mnp Fglmn —23lImn -|-36Pmn — 161" mn 
— 3 [4 1m3 — alas 8Um* nm 
_'Y þ- 4113 —alln' 
—|- 2m*n* — $l*%2 
;4. 351:)ivide it by this Equation e * —4leb41l= oO. ( Whoſe Root 
'se = :(, and is then totake place when 2/ = 2aa; and there- 


fore either b or c = ©.) So have we 
Por RT — F130 jo a1* = 


_— © + 51m — allmn | 
aus If} 3 + 2m* n* 
1 a 


This Biquadratick Equation hath four Roots,and therefore ſo many 

values of eor244: And therefore Eight alues of a. Which 

eingAound (by aN umerick ExtraCtion,) will give as many values 
/ Sn T4: 


| ſt b, by Eqnat, 17, and thenas many of « = — by Equ. 4. 


— ” —__ 


C HAP. LA. 


The ſame Solution otherwiſe Explained. 


HE fame Solution, for Subſtance, was in the ordinary way of ex- 

prellion thus delivered : (Putting /, 7, for 16, 17, 18, tomake the 

Solution univerſal. And cutting the whole Proceſs into Sections or 

| Paragraphs, for the convenience of Citation: And uſing Dr: Pell's 
Note of Diviſion — to avoid Double Lines.) | 


aa-be=t> | 
Suppoſe 3; b -|- ac = "> What are the Numbers a, b, c? 
cc+ab=2 


1. Becauſe aa | be = I. Therefore <1 at ande (= be b) = 
—a*;—b. andece =l— 2laa+a*t: bb. 
2. Becauſe cc-|- 4b =n. Therefore cc => — ab. 
3. And therefore (by Sect. 1,2.) ll—2laa-þ 4: —-bb = (cc= I 
nbb—ab3: b. 
4. And therefore ll —2laa+a* =nbb — ab3, 
And nbb — !I-|-2laa —a* =ab3, and dd — than ab: 
= bb. 
- But bb Jac =m. And therefore bb = m — ac, 
. Therefore »bb —{l +-2laa—4*: —ab: =m— ac, 
8. But (by Set. 1,) e=1— aa: —b, andtherefore ac =la—a: — b. 
and m —ac =m;—la—a3: —b=mb—la+a3: —b=mab —laaw, 
— &b: 


Gg 9. There- 
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9. Therefore nb? —!l-þ- 2laa—4a*:—ab, (=m—ac) =mab—laa 
+ 4*:; —ab. and nbb —lI+ 2laa—a* = mab —laa+ at, 


24* -laa+ll 


n 


aA 
10. That is, bb —mab=2 a —31aa-bll. Orb ——b= 


11. The Affirmative Root of which Equation is, 
mmaa 24* —3laa+ll ma 


ne : —* that is, 
ma-|./:8na* _— 12Inaa-mmaa++-4ll: : | 
a K _ - —_ =b. (But it hath alſo a Nega- 


tive Root; ma — y: &c. to be conſidered in due time.) 
12. And the Square of this, bb = 


814* -12[naa+ 2mmaabk 4lln, 4-2may:38nd* — 121naa-\-nf aan: 
—_ _ 


41nn 
—) 2lna—2na3 


13. And ac (= | — mad-y/:8na*—121naa+mmaa-alln: 


b 
14. But (the Aggregate of theſe two) bb -|- ac = m. Therefore 
8na*—12lnaa-\-2 mmaa + 4lln,+2may:8 na*—12 lna*-4- mmaa --4lln: 
4 nn 
2Ilna— 21444 


ma-|-y/:8na* —12Inaa + mmaa-- 4lln: 
x5. That is, reducing it to the common Denominator (4 »», into ma + 4: 


8na*— 12Inaa+mmaa-41in:) and taking it away ; we have qmmnna, 
J-amnny: 8na* —12lnaa+mmaat4lln: = 

\C24mnal —36lmnas pama'—8143 +12 lmna+-81Ima: 

Ye cb 1 et 4lln,iny: 8na* —121naa-|-mmaal-alln: 


16. And (by Tranſpoſition,) 


24mna) — 36Imna3 + am 43 —8m4 412llmnal-8Iniea—qmmnna 
= —$na' +12 Inaa—qammaa—alln+4man:in #:38na%* — 12lnad 
mmaaalln. 

17. And (equally dividing on both ſides) | 
24 mna) — 26Imna3 + 4m a +831 43) 4-12Umna 81m A— 4mmnnd 
ee > Gs Te — $na*4-12Inaa— 4mmaa—4llnk44mm 
=4/: 81n* —12lnaa + mmaa+-4lln.. 

18. Or (abbreviating the Fraftion by 4) 
6mna' —glmna + mYat —2n3 3 4-3llmna+2Ilwa—mnnma (XK 

—2#4 + 3lnaa-—-mmaa —lIn--mnn 4 (=) 

=: $na*— 12lnaapmmaaglln. (/: Eq.) 

19. Then Squaring both ſides, to take away the Note of Radicality ; ſuppoſe 
- =Eq. And then reſtoring the Multiplication, &q = Aq « Eq. 
20, SoisAq=4nnat—1lzlana* + ammna®t 4-13 llnna*--6lmmna" 


L m*a* —4mna* —6l*nnaa+2llmmnat--6lmna*—-2minnad 
+ Inn —2Imn3+ mmn\, 


21 AndEq=8n4t - I2InaaJ=mmaart 4lln. 


plus : 


22, And 


PE » per Ter, jews on 


; 
| 
| 
: 
| 
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22. And the Product of theſe two, AqzEq, = 


=328'a" —144Ina"* -þ- 264HIma) — 25204 + 13204 —36F nas b af 
+ 36m n* — 1080 -|- 157m — gol nb gb mn tm 
+ 12m*n— 18Im'n+. min 48m bln 

— 32mn* | g6l mn* — rogllmnt —tollms 

+ ms <þ 3olmn —l2lmw 

— 20mm" — Zr + min" 

| + 8 mf 1 
23. And XAq = 

36 mn a'* — 108 Inf if a) — 117 HP hf $4 m* if of {gm i at 
— I2m'” — i18Im'n + 6lim'n +121" mntv 


— 24mn* 6olmn* —qgBlimn* — 6&lImwn 
m*"' +221m\n —+ 4liIns 
— I16m3ns — $ln* — 4alm*n' 
+ 4n* ' t— 22min” |} = mnt 
+ 4m'n' 


24. Since therefore AqzEq= &q; taking this out of that, there reſts 
3204 14411%4* + 264llne*— 2521 þ 132134 — 360 naaþ al = 0. 
— Smu þ 36Imn. 6mm kb; mnt $1 mn 
— amn 81nn — 4liwn + all n 
m— 4n* $ln* — 4llns 
- 4m*n' — $Im*n' 

29. That is, (dividing all by 32) 

= $a ii lUa —_ $313 24% + 23 1*4* _FDas +#1* =0. 
; mn — j1mn —2 [as + #13mn — mn | 
— þ mm + = 1 1mm3 —- #11 m3 ++ Um" of 
— x 1} din3 —4t{n 
| + 4 oe — 2 Im*# 
26. Then putting e* = 2 4* (to avoid Fradtions,) we have 
e?=gle* +323 le? — 631305 + 6614e* —361e* 4.815 =0, 
— + glmn — 28llmn+ 361 mn -— 161*mn 
— nm + 4m — 4gllm + $Um rn" 
— #3 - 41n* — zglln 
t | by ha 2m i -$[m*n? 

27. This Equation hath in all 6 Plain-Roors, expreſſing the value of e*; (as 
appears by its aſcending to e '* the Sixth Power of e* . Whereof one at leaſt 
is to ſerve the preſent occaſion. But 1 find it may be Reſolved into Two Equa- 
tions, Dividing it by £+-= 4lee-a!ll=0. 


The Equation Divided. 
Den gle —33He) — 63 Pe + 661424 —61e* + 815 =0(T. 


—T wv glmn -28llmn 4-36Þmn — 161*m# 
— m) _ 4lm% — 4llm* + $I wr 


— # gin — 4llm 
2 i — $I 


The Equation Dividing, The Ortive, or Reſult of the Diviſion. 


* et —gle* all=o Qei—gle*þgllet —71e* +2lv =o, 
—my S+ylmn —4limn 
—_—_— + 2-1 of 
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Diviſor, Dividend. | 
gl c* + all) —gle'* 4-3 3 &c: 
Ortive. * ON4 52 pr NP ©: 
4c [ablat, e—qfte*--alle® , 

eſid.. —5lt*þ29ilf#=634e& &c. 
—mn + glmn 
_ 7. 
| YT 
= 5le* [Ablat. 5h pacllet—zoPr ; 
Reſid. . +gllf*—q3/t*-+66F& &c. 


+17 | glas —28llms 
— m* -alm. 

— 4m 
+ 20% 


ai dc anal PR" | yay a AC at... 


+oretſivn oa aries 
—mn Þ ——=n 4m — 41 Imp. 
__—_ 


— we -þ- 20 146* — 2615 e* &c; 
* +5 lmn— 24llmn + 36Pmn 
- wm? +almw —4llm 
2 rein” — 41 


+ 2 mf 1 — 8 ln 
| — - _ 
— 57 1* [Ablat. — PE 4-28b& — 281 e? 
+ 51mn} + 5 lmn— 20 lmn + 20Pmn 
wm —m* +4lm* —4llm 
_— 7 — 7 3 + 41 n* — 411 
Reſid, + Oonbaltet* 8D 8 
| — 44 mn + 16PÞmvti— 16 I* 96 
 bawe* —- 8 In** +8 Un" 1 
| 214 {Ablat. +4 es +2[e* —8Ve2> 1-815 
— 4llmn — 2lImn-- 16m — 16 mn 
<2 m* 18 : 1 bs + 2 1 — Bn + 8M 
—__ 0... W od 


23. The Diviſion being thus diſpatched,that Compound Equation isdividedinty 
Two; whereof the one | call the D5vsſeve, the other the Orrive, The former 
contains T'vio of the Six Roots z; the latter, the! other Four. But neither of 
thoſe two contained in the Diviſive, (e* — 4 lee + 4!!* = o,) will ſerve our 
preſent occaſion. For thoſe-two-Roots are e* = 24, ande* = 21, (equal cach 
to others by reaſon. that: the Square of the Semi-coefficient 2-7; is equal to the 
abſalure quantity/4/{.)\ And therefore (becauſe by cenſtruCtion, ee = 2 4a) we 
ſhould have 2 | = 2 44, and {= aa. Which cannot be- (becauſe of /= aa+bc,) 
unleſs we will ſuppoſe be = 0. Bn&this/the Queſtion propoſed will not admit ; 
which intends (I preſume) that a, 6, c, ſhould all be Poſitive Numbers, 

29. It. remains; therefore what the 'Root ſaiting the preſent occaſion, 'be- (at 
leaſt) one of thoſe Four in the other Equation. 


elmglt*Þglle+ —9Dee 421% =0. 
—mn —T-glmn —qllmn 
—m 2m n* 
us I 3 


350, This Equation being Biquadratick, and not eaſily diviſible into two Qua- 
draticks, (at leaſt not univerſally, asitſtands in Letters ; though in particular 
caſes 


| 
& 
' 
' 
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caſes it n to. be ca ble of: ſuch Divifion.;} We are ( |; nm 
te5 to " the FI of e? ; and out S the ood peeiyra ſo 
many it will have,) to make choiſe of ſuch (one or more) as will ſuit the pre- 
ſent occahon. 24 

31. Having thus found the Rootee, we havethereby a« = ee. anda=y/+ ee, 
one of the Numbers ſought. And having this, we have b and c, by $ 11 and x 3; 
Namely, 

, man y/:8na*— 12lnaammas+4lin: 


21 


; 211-2244 


ghee may: 8na* — 121naa+mmas —4lin: 


32. Or thus; becauſe 44 ++ be = 1, and therefore 1 = a« = bo, and 
la—a'—abc: Again bb 4- ac = m, and therefore m—bb = ac, and 
mb — 3 =abc: Therefore mb—b* =la—4*. Having therefore' m, 1; a, 
we may have 6, by reſolving this Cubick Equation, mb — b3 =la— 47, 

; The Root of this. Cubick Equation (at leaft one of the three Roots,) is b, 
the Second Number ſought. 

234. Then, becauſe 4a 4-be=1; and therefore |= aa = bc ;, therefore 


{ — 44 
ow the Third Number ſought. Sv have we a, b, c, as was deſixed. 


CHAP, LAI. 


The Application of the General Inquiſition to the particular Caſe. 


'HE two former Chapters have ( in diffetent ways of ) 
given a General Solution of the Qpeition pr At leaſt, with 
no other Reſtriftion than that «, b, c, be Poſitive Numbers, | 

I ſhall now apply the General Inquiſition to the' particular caſe, 
ich may be a direction for other like Applicatiotisſin other Problemsz) where- 
in. ( for the more convenience of Citation) I ſhall proceed in numbring the 
ny ar. Paragraphs; where the laſt Chapter enged, in making Application 

the General Inquiſitipn td the particular caſe. 

: 35. Becauſe [=16.m = 17. = = 13. 

Therefore [1 = 256. mm = 289. m = 324. mn— Jos. 

Il = 4096. m= 4913 . i= 5832.1mn= 4896. 

1+ = 65536 - [Umn = 78336. mm =93636. 


And'therefore, 5 l= 80. 9il=2304. — 3 +2 =þ131072 


—mn=—306 --50m=—-2445%0 Ts — 113344 
— [| =z 7 

1698 —— ſk = > un 

+ $000 


|  =14997 
Therefore e*— gle5 + glle* —7Pe halt =6 


— mn +;lmn—4llmn 
—M —_20#* 


—— 


comes to ef — $0e*.+ 1999 e* — 14937 e? +: 5609 *0o. 
Suppoſe et —_Bet + C g® —De> + F =0. 
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36, This Biquadratick Equation hath (in all) four Roots ; Namely, 


ft e9j= 34, 83 
| : e* = 32 ©6 = 
I: EY » Ox1me. 
j e* = 12,756 Þ ” 
: i eo” = 3,351 
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For if, by a Numoroſe Exegeſis, or ExtraCtion ini. Numbers, we find one Root 
(for inſtance) e* = 12,7564. And by telp of this (that we need nor, for every 
one, be put to reſolve a Biquadratick Equation) the Equation be depreſſed to a 
Cubick (containing the other Three Roots 3) ſuppoſe 


e* — 8oe*--1998:4+—1493 7ee-|-5000=0 


—=Cbnm_b - £0 _ 
e—1a7364=0 © pact ferences apnang, 
And' then find (by ailike Extradtion in Numbers, one Root ; Suppoſe, 

tn | ee = 0,351. 
And by help of this, (that we need not again be = to reſolve a Cubick Equa- 
tion,) reduce the Cubick to a Quadratick; ſuppole 


e® — 0,351 = 0)e& — 67,2436 © þ 1140, 2114, 6? —392 = 0 (e4— 66;893 e 
-+—1116,733 =0© 


This Quadratick Equation will have Two Roots, ee = 34,83, and ee= g2,06 

ime. 

37. Of theſe four Roots (that we may not at uncertainty, be put to purſue 
them all,) 'tis manifeſt, that the two greater 34,83, and 32,06, are uſeleſs to 
the preſent inquiry (ſuppoſing the Queſtion to be underſtood of Poſitive Num- 
bers :) For if ee be either 34,83, or 32, 06; then 44 (the half thereof) muſt 
be 17,415, or at leaſt 16,030. Which cannot. be, becauſe (by Suppolition } 
aa Lt = 16; thatis, 44 =16— bc; and therefore'a4 leſs than 16. 

38. The leaſt of the four, ee =o, 351, may be ſerviceable. For, ſuppoſing 
this, and therefore a« = (4ee =) c, 1755,: we may find b and c ſuch as to per- 
form the reſt of the Queſtion, in this manner. Suppoſing aa = 0,r755 5; and 
therefore bc (= 16 — 44) = 15,8245 3 it we Multiply this by « = 0, 4190, 
we have abc = 6,6305 : And therefore, becauſe (by Sed. 2) mb —þ3 =abc; 
that is, 176 — b? = 6, 6305 3 the Root of this Equation is to give usb. But 
it hath (beſide a Negative Root, b = — 4, 3038; which here we lay aſide, be- 
cauſe -4, b, c, in the queſtion, are ſuppoſed to be Poſitive Numbers,) hath two 
Affirmative Roots, 'b ==.3, 9122, and b = 0, 3936; whereof one may be here 


; be 15,8245 
of uſe. For if b = 3,9122; then c = Tom”) 4,04493 and cc 
a 6333 
= 16, 3612; andab = (18 —cc =) 1,6388 ; and ry Ms = 3,911 + 


| 4190 
=b=3,912: Which agrees well enough. But the other ſuits not ; for if 
FI be "Y I $8245 | 


b "3936 =) 40,20; and ce = 1616,040 = 18 


— «b : Which cannot be, ſuppoſing a6 to be a Poſitive Number. 

39. In like manner, the other value of e e, will be found to be uſeful alſo to 
= Won purpoſe. - Namely, ee = 12,756 proxime., And this latter I will 
rIt proſecute to a greater accuracy ; continuing the Inquiry to a greater a 
ber of Decimal places. oo . TOM _— 

40. The Equation therefore to be conſidered, is this : 


b = 0,3936, then c = ( 


| & — 80 ef + 1998 e*— 14937 + 5000 =0. 
Suppole &— Be* Ce — De* + F=o. 
That is, =O þ Br = Co: + De? = F. 


k 
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and the 1 Members of the Root ſought A +E=e*, The Exon 
on will 
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Ee Le ee O_—_ 
_ UBS” 9 ee 


LE aCs FF S.4 


thus proceed, 
Reſolyend mu 
\'4 . ©0,5OOO, (12.7564,4179,4480,744 "7 +7 3 $2, Q 
"— 14qq Ablat. — INn00 972 
=—_ BAc — 3737+ 3441, 
+1 19,98 CAg Relid. — 298. 6559,0000, == 
Di ” 14,937 DA I o —— 
iv and —— 1 » 935343 A 
Ablar. + 1,957 (1 EN 907374 5 Ac 
Reſidual, — 1,4570. * ww 2508 4" 
= _ I I 
— 4 4AC — $07.492 
Ne bo 2CA 
—_ x = ; TP 387.0980! b 
—_ bo I . 3048. 43% 
— 3,996 2CA 89 B 
- Koa AC T 149437 D 
_ en _ Diviſ. _ 52 . 9530,6481, is - 
80 4AcE 
I B — 409.6766 
| + 144937 « D = 2141953 Sage 
Oy | — 41 93,50 6 Aq 
viſor. — 15182 = "= *"__ 4AEc 
ol — 2 
_ 5 4ACE — 32537 . 460 " 20k 
" 24 6Aq wy 4 » 995 Op CE 
n. 4AEc +1935» 4800, 3BA x 
— IO; Eqq _ T7. 6200,0 BAL 
— now 2CAE TL I 00,00 BEc 
—_ 92 . 2CE 746 35 D 
- _ E 
T w_ ag Ablat; — 264. 5973,062 Wo 
640 mw Reſid - med 8 | L 
. y 3 «. © 
= Þ 2,9874 DEC ons : — EDD —_— 
Ablatitions— 1,0534. 47 —_ "— _ En 
. 94753759 6Aq 
Reſidual, — $4036. 0000 4 Tt _— 44 
= Page 4 4Ar — $0.9490,0 ; 2 CA 
=  *% 2" _ + ww 4s 
G 000 
_ b - P 30,6000; . Bat 
— 4795-2 2CA _ =_ * I 
T 19.98 CG | + 14. 937 ; D 
p 3450 5 3BAq- Diviſ. — 5 . 2876,0084.6 M-- 
+ > T7 = —  _—— 
| — 49. 7441,2500 | 
ry | 41493. 7 D is 351, 735008 > Forks 
Diviſor. 0536. 4881, Tl _ $101,800 4A Ec 
— 4A&8338.4 4AtE — 305. 6940,0.. 1396, cd 
— 423.36 6AqEq _ 719,28. CE 
=_ 16. 464 4AEc | 234 0900,000 3BA x 
a «2401 Eq T . 1101,6000, 3BA 
—— 3,3566 .4 2 CE = ,1728,0 B q 
an 979.02 + 39.622 y SEE 
+ 2,4192.0 3H4ge Ablat. — "31.52 S.. 
+ « 7230,002 3,7296, , 
= 27. 449 BEc Rehid. — 2. 3355,9351,2704, © 
+ 1,0455-9 DE - == _ 


F 
1 
4 
8 / 


a —__ 
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— - $302,3975,0886, 4Ac — $8,3032,5863, 4AcC 
wa 976,2932, 6Aq —_ g.9 6Aq 
_—_ Fl, 4A — $0,9747,3024, 2CaA 
— 5 . 0972,976 2CA WS : 19, GC 
ws 1 998, C + 39954442887, 3B Aq 
+ 3 . 9051,7286,40 3BAq _ 30, 3BA 
| mg” Eq + 14,937 D 
| O ad. 
x2 4937 I. Dn Diviſ— 5,2865,6798, (7: 
Divi — . $236 S$8:...-þ..: (4 — 58,1228, ap" dF fo 
— oe «. - 6 _ 47 \gF 
— 3. 3209,5900,3546, 4ACE  —356,8231 6765, 2CAL 
— 1,5620,6915, 6AqFq — 979, CEq 
c—_ 43265, 4AEc -1-273,3810,0214, 5BAgE 
_ E 49 s 15900, 3BAkg 
—20, 3891,904 2 CAE -|-104,559 DE 
m—_ 3,1 968, CEq Ab] a Wn” — 
5: 6206,9145,6 3BAqt _— os 
43983,04 3BAEq Reſid.—/ 4,9947,5*65, 
25120, BEc = " A 
+ 5. 9748, DE — 55303,2000, 4 Ac 
Cs — 6AQq 
lat, — 2. 1146,4400,2206, = — $,0974,7410, 2CA 
ixelid. — =. 2209,4951,04.98 on C 
LEE Md. nw + 390544331, 3BAq 
— 830,3178,5679, 4Ac a 3 BA 
—_ : 9,7635, 6 ” q + 1,4937, D 
 w— _ your and 2 NETS ITC 34-4 — 
wy ) _—_ CG Divi — 4,5286,5679, (+ 
+ + 3905,4177,8204, 3BAq — 74729,3400, . 4AcE 
_- 30,6154, 3 BA — 6, G6 Aqtq 
- =P « I 493,7 D _ 459772 6693, 2 CAE 
Divif, — _. 0528,6574, ....... (4 pos CE 
3... .HN |- 35,1489 8985. 3BAqE 
— + 3321,2714,2717, 4 ACE _ | : 25, 3BAEq 
n— 156,2167, 6 AqEq + 13,4433, DE 
—_— — oe  ———_———— 
— 2. 0389,8297,6 2CAE Pt— 437579,1107, 
_ 319,68 CEq Relid.— 4,2368,7758 
« « $621,6711,3216, 3BAGE CR mw 
489,8458, ZBAEq —" 0000 4c 
+ 5, BEc oy - ST, 2 C4 
"a DE T 13905,4433, 3BA&q 
i aj ol 
Ablat. — .21 14,6286,6008, —_— E D wn 
im — 26,656 
Reſid, — 94,8664,4490, ——— SEES... 
" 4 Ablat.— ,2114,6272 
Diviſ. $2,968... (1 — c— 
954 PM. RO  *. 254,1486, 
o—__ 83,0325,6677, 4ACE Diviſ _——— 
_ 976, 6 AyEq DO hen 52,8657, (4 
—_— $09,7473,424 2CAE Ablat — 211,46 2 
—_ 1998, C Eq Reſid ——— — 
© 390,5442,2754, 3BAgE i 42,6359, 
3061, 3BAEq Diviſ.,— 286 ; yt 
Ablat, — 52,8656,8076 I; _ <-> ENEL 
— man | BO, 393 
Relid. — 42,0007,6414 Divi. AT 
4 , —_ 523, (07 


Pr—_ Le eg 
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Ablat. — ,3700, Reſid. . — 22, ] _ 
Reſid. — 234, x Diviſc — 5, (4 

Diviſ. — 53 (+. Ale. — 2, os 
Ablat. — 212, WG n bs 


41. We have therefore (by this Inquiry) 


And tkerefore, aa (= ee) = 6. 3782,2089,7240,372 


ee = 12. 7564,4179,4460,744 
; proxime, 
And (its Square Root) «a= 2.5255,1398,6744,158 


_—— FT 


| 42. Therefore 164 = 40. 4082,2378,7906,528 
| — 444=—16. 1082,8608,6524,432 


16 4 — 43 = 24. 2999,3770,1382,096 = 17b — þ?, 


| 
L 


43- This Cubick Equation hath in all Three Roots 3 one Negative , 
b = — 4.707634 - (Which we ler paſs, as being now inquiring for Affirma- 
tives.) And two Afﬀfirmatives, b = 1.738481, and b = 2.969153, proxime. 
44- Of theſe two, one proves uſeleſs ; for lince a4 = 6. 378221 ; and there- 
fore be = (16 — 44 =) 9. 621779: If thenb= 1.138481, we ſhall have 
be 9.621779 


—=[—= ———=. L . _ x 
o= =) —5 $-$345397 3 and therefore c c = 30. 631676*, 


Which muſt not bez for cc = 18 — 4b, muſt be leſs than 18. 

It remains therefore, that of theſe three Roots in the Cubick Equation,) there 
is but one ſerves the preſent occaſion ; 6b = 2.969153 proxime. Which is the 
ſame that we might have had (without the Cubick Equation) by Se#. 3x. But 
I choſe this way, to ſhew that however ſuch Equation may ſeem to promiſe us 
more ſtore ; yet in effect it gives no more but that one. Which is wont to be 
= effe&t (in other caſes,) of uſing a Higher Equation , when a Lower will 

uffice. 

46. This being therefore the value of 6, for our preſent occaſion; I will pro- 
ceed (in the ſame Method of Extraction) to determine it to a greater accuracy. 
The Equation therefore to be conſidered, is this. 


17 b — þ3 = 24. 299,937,701,3832,096. 
That is, Ch b:=D. 


Suppoſing therefore the Members of the Root ſought, to be A+E=b; the 
Inquiry will thus proceed. 


D b 
Reſolvend. 24. 299,937,701,332,096, (2. 969,152,768,61 9,848, 
| _ Divi + 439, (9 
LE ol. hae A " —10,8 3AqE 
Diviſ. +16. (2 — 4.86 = q 
_ A gs 729, C 
Ablat. I-26: " Ablat. — 1 . o8g, ” 
Reſid. ED © 700, DER NI Reſid. _ .G61 1,062, = 
; ms” —_—_ 3Aq 
n— + 3A , 
ann 6 3 a! hs _ $7 
_—_ 1 , 
+ 1.7 7 C ”” 0 » 


0 D J 2 l 
| f Dr. Pell's Algebra. C 
Diviſ. 1% 8; HAPLXII 
QI71, , 
_ = = 
i, C9 elid. — 

=; ow TYT3 — 7,261,611,064,192 

+ 216 zAEq — 2,0447594079 : 

1 - 02 q EC "* _—_ 3Aq 
oe. __ = + 137 1975, 3A 
mats, LEAR. Iviſ.— 94 
Refid. — = - _— .- | 

__ 85,726,298 _— ; 00% 18, 3AqE 

— 1-119 +654» 3% 

þ = q 3A Reid om wile 4 

+ 17 bu I goons 648 2 _ FO 
Diviſ. _— ? C wo L 93,1414,420, 

WEIR: 9,293, ++ +++ 0 7 TY RC 

— - —_— _ Diviſ.— — 590, 
jy = 719,28 Sk NNN, —_ S000 00 (6 

972 — 1,586,8 —— 
Ablat + 15 » = + 11/02. $6,196,065, 
: wes 84,28 GE Ablat.— 32,067, 
Reſid. __ (ns Reſid 4566,856,228,132 
I id. — n 

DE Er y — 81 436,95 3,288, þ 

— n 23 FY 26,447,650 \ 

— 89,07 TY ND; m_ I 3. bi 41330) 
_ s :. by © wil.— 9444 +++ ++ : ( 

lat. _ 0 nh _ I 
Reſid- I 194495779371, & en ay 3z 
,498,512,246 Ablat.— 257% 

"= 26 Eng 75, 580,835,263, = 

_ ,264,466,644,3 3A Reſid. — G 220 3, 

a 890,73 2 mY 5,856,078,025, 

2.6 LOS 
Diviſ L. 4 * © + AION, 

oy 9444 +» 0000 (5 Dwil— $944,760 4.48 

REFER 1,322,333922155 FF 15,868,562 —_ (6 

+ 22,268,25 Abl ——_— = 3, 

12 at. .- 
Ablat. _ 55 ”” Refid— ST ty 
Reſid,—0.000,026,1 er. _ 11 97531523344 
En 9156,757,029,000, os - Divi + POt70045s 
| 96 ahy 3Aq Ablar. 9 VERS 
= 4907,45 3A Reſid.— 4,476,045, (1 
I I 93,0 
Divil. w 2 ; *  Dd— 3,939,289, 

a 9,44 SS abeks + : Ablat _ : D 9,447,004, (9 

os 52,895,110,335,09 3 AqE Reſid.— 85,928,441, 

ab 35,629,80 zAkq Divit— 8,010,848, 

+ 34 8, Ec A” 

Ablat. —— CE Ablat.— 3944,760, (8 
18,895,145,964,808, Refid.— 7:5 53,084, 'Þ 
PTR 44524764; 


DiviCſ. 


CHae.LXIT. Of Dr. Pell's: Alpebra. 


Diviſ — 94,476, (4 Diviſ. — 9,448, (8 fere. 
Ablat. — 4,377,904, > 
Relid. — 74,860, Te 


47. We have therefore (by the foregoing Inquiſition,) 
b = 2. 969,152,768,61 9,848, 


| 48. Laſtly ; Hence (by Suppoſition) a a + bc = 16; and therefore 16 — aa 


16 — 44 
=bc; and — p—=6: Having already found a, b, we have c alſo. Namely, 


+ 16. 


—44==—6, 378,220,897,240,372, 


OO 


16 —ad = 9.611,779,102,759,628, = be. 


| Thares be = 9.621,779,102,759,628, 
erefore —— nine. 3. 240,580,681,617,174, =C. 


49. We have found therefore (as was required) the Three Numbers, 4, b, c. 
Namely, 


a = 2. 525,513,986,7444158, 
b = 2. 969,152,768,61 9,848, > proxime. 
C = 3. 240,580,681,617,174, 

50. Which performs what waggrequired ; as appears by the Calculation. For 


aa=6, 378,220,897,240,372, 
be — 9.621,779,102,759,628, 


— 


aa + bs =16. 000,000,000,000,000, 


bb = 8.815,868,163,402,909, 
ac = 8.184,131,836,597,093, 
b b -|- ac = 17 . 000,000,000,000,002, 


cc = 10, 5$01,363,154,070,430; 
ab = 7.498,636,845,929,567, 


cc -|- ab = 17. 999,999,999,999,997, = 18 proxime. 


51. Having thus diſpatched the firſt ſet of Numbers for 4,,c, in purſuance 
of ee = 12,7564 3 I ſhall now purſue the other value ee = 0,351; which (at 
See. 38) we found alſo ſerviceable for this occahion. Which (withour again re- 
ſolving a Biquadratick Equation as before, ) I ſhall (by help of that already 
found) reduce to a greater exaCtneſs. 

2. By help of that Equation already found (Sef.40) ce= 12 .7564,4179, 
echo. : we will deprels' the Biquadratick (Set. 35,) e& —80 e&. 1998e* 
— 14937 e* -- 5000 = ©, toa Cubick; in this manner. 

$3» Equation Diviſive, *ee— 12 . 756,441,7 94,480, = 0.) Dividend, 


#) e*. $0, 000,099,000,00 e*-]- 1 998 . 000,000,00 e 4 
— 14937 - 000,000,0e? 
-+- $000, 006,000, = © ( 
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Ablat. 
Relſid. 


Ablat. 


Relſid, 
Reſid. 


Ablat. 


Relid. 
Reſid. 


Ablar. 
Relid. 


& — 12.756,441,794,48 e* 


a 0} . 
— 67, 


2434558,205,52 e* + 1998. 000,000,00 e4, &. 
243,558,205,52 e* + 857 . 788,536,39e4, 


1140. 
1140. 


+ 1140.211,463,70 04, — (Fc. 


211,463,70 £4 — 14937 . 000,000, © e* 
211,463,70 e#— 14545 -. 041,170, 1 e* 


— 391 . 958,829, ge* | &e. 


— 391 . 958,829,9 £2? Þ JOOO, ©00,000, 
— 391 . 958,829,9e*-| 4999 . 999,999, 


+ ©. 000,001, 


C Ortive,e*—67. 243,558,209,52e*-1 140+ 211,463,70e%=-391 . 958,82 9,9=0 


54. Of this Cubick Fquation, we ſhall purſue (for more exact determination) 
that Root (of the Three,) which (art Sect. 38)' we found ſuitable for this ors 
calion , Namely, ee = ©. 351, proxime., In this manner ; 

55- The Equation to be reſolved, 


&*—67 .243,558,205,56þ1140'. 211,463,7—391,958,829,96=0: 
Bes + Ce 


Suppoſe ef — 


That 1s, 


i 


Be* = 


C 6 


— D =sS. 


= D. 


And iu.ppoſe ( as .ctore) the Members of the Root ſought, A+E=e?. The 
Extraction (or Reſolution)” will ſtand thus. - 


D ee, 
Reſolv. + 391 . 958,829,959 (0. 350,987,046. aa =0. 175,493,523 * 
T I, : c Ablat. + 54. 841,032,543, 
114. 021,146,370 
ow 672,435,582, B Reſid. + 1. 079,278,535) 
Diviſ. 113.3 «++. (3 Diviſ. ad oY 3 IRORIS (0 
» 027, Ac Reſid. + 1. 079,278,535, 
-T- 342 - 063,439,110, CA 
— 6.051,940,238, BA(q. F 36,759, 3Aq 
Ablat. + 336. 038,518,872, _ T "Th 4, 
Reſid. + 5s. 920,311,078, + «+ 114,021,146, C 
_ _ 4,707,049, 2BA 
—+ 2,7 3Aq vines 672, B 
+ 9 3A ale 4 FER, 
= I, I ENS. Þ  , 10K ooo<o > (s 
-- 17. 402,114,637, C EL OO {UM Hm 
— . 403,461,349, 2 BA PF 330375 3Aqt 
_ 6,724,356, B F 0; 3Atq 
Kh = _ 1, Fc: 
Diviſ, + 10. 994, + 0000's 0 (5 | + -. GI 9I397; os 
+ 13,5* 3AqE- _ 42,303,442, 2 
” 2,25 3AEq — ___ "% 
oo 1125z Ec Abtat. - 084. 104.606 
+ 57- 010,513,185, CE TT 
— 2. 017,306,746, 2BAE Reſid. + . 095,174,526, 


. 168,108,896,  BEq 


+ 3, 
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+ 3694; 3A q Diviſ. - 1,093,379, (7 
+ 11,402,115, C T Rt 3AqE 
am—__ 1.O1 2BA 749 1,480, CE 
471,9155 
TN 7, B — 330,416, 2BAE 
90 _ OOO 3z BEq 
Diviſ. _ 10,9 ....-. IT Ablat. I- 7,653,647 
— _ pl p 7 
2 I AqE 
” "_—_ Aka Reſid. + $50,156, 
+ 91,216,917, et Divif. + 109,338, '& 
— 93,775,522 2 ' 
RY ON — BEq Duvif. +___ 10,9345 5 (4 
Ablat. + $5,470,723, Ablat, + 439735) 6 
Reſid. + 7,703,803, : _ = Wl 6,421, _ 
+ A w—_- Divif. q 1,093, (6 fere. 
+ 1,140,212, C Ablat. + 6,560, 
= WG —_—_— OR" 
$6. We have (by this Inquiry) 
h ee =0. 350,985,046,7"— 
And therefore 4 a (=3w)= E. r peo3pg proxime; 
And a =0O. 418,91 9,470, 
_ $7. Having thus ford the value of 4 ; we may have that of 6, either 


Numerick Solution of another Cubick Equation, (becaufe of 16 4—a= 157 


bh 


as was done at Se#t. 42. c ſeqq. (which here [ chooſe to follow) by the Quagratick 


Equation mentioned at Set. 10, 11, (as was intimate&at; Se. 3 1.) 


58. We have therefore (by Se. 17,) | 
ma 4: $na* —12Ina* mf ba Pi 


—_— m— 


2 
That is, (becauſe of | = 16, m = x7, n» = 18,) 

174 +4: 14p4% — 31674* + 18432: 

—_ 36 — 0, 

59. Now (by Set. 56.) #4 = 0.418,91 9,470, 


a =0.175,493,523z 
And therefofe* &= 0.030,797,976,63 


Therefore + 18432 = -+ 18432 + 
+ 1448= 4+ 434,998,635, 


— 3167&=— 555 787,987, _ 
- 17880. 646,921, 
The Square Root hereof, 133+ 718,536,191, 


+ ma =7 . F21,639,99 
145. $45,167,18 = 36b, 
And therefore 3. 912,216,866, = b, 


I6 — 44 


\. be =16 — 44=15.. 824,506,477, _ 
Te b = 3. 912,226,866, wo 


4+ 044,384,670, =e 


61. 


d . 4 _ 
4 Poe —_— a + o 
£ * ho _ 
.- = n L 10m FP” - Y, - = 
_0 *: fe 
- —_ r= 
- 1 _ 
—_ o 
- Ba. 4 - 


qg— 
» - 0) — 
gs 4 
EET ot © 4 
- 20; ow * 
ena 
< -E _ L _ . 
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61. We have therefore found (now a Second time) Three Numbers ſought, 
a,b,c. Namely, 


a= 0.418,919,47,2 _ 
b = 3.912,226,866, > proxime. 
c = 4.044,584,670, 


62, And that they fatisfy the demand, appears by computation. Namely, 


aa= 0.175,493,523,) 
bg=19. 824,506,477, 


aa-bc = 16, 


bb—15. 305,519,052, 
a6= I, 694,490,942, > PrOxime. 
bb-l-ac=16. 999,999,994, 


EC=16.361,091,994, 
gb= t . 638,908,005, 


ec-|-ab=17 . 999,999,999, j 


63. There remains yet (of the Biquadratick Equation at SeZZ. 36) Two Roots 
more z which (at Set. 37) we jaid by, as not fitting the preſent purpoſe ; (be- 
cauſe they give us 4a greater than /z whereas the Queſtion preſumes them lefs, 
becauſe of aa -1- be =1,) Yet theſe, to a full Solution of the Queſtion, have 
their uſe alſo. For however the Quellion ſeems to reſpelt Politive Numbers, 
yet may Negatives, , mixt with the Poſitives, perform what is required. For 
finding out of which, thoſe Roots are uſeful : Which therefore I ſhall now re- 
duce to ſomewhat of more exactneſs. 

64 To this purpoſe, the Cubick Equation (at Se7. 5 5,) by help of the Root 
there ſound, may be deprelled to a Quadratick, containing the ather 'I'wo. - 


ee —0. 350,987,046, = 0) * 
*) e* — 67. 243,558,205,5 e*-|- 1140.211,463,7e*— 391 . 958,829,927 (F 
e& — 0. 350,987,046, ef? pea 
— 66 . 892,571,160, e* + 23. 478,425,9c* 
: 1116. 733,037,5e* — 391 . 958,830, 1 
4 Relid. ah 


all (6. $92,571,160, © + 1116,733,037, $ = 0. 
Suppoſe ef — Be? -|- C =O, 


n 
»12 


65. Of this Quadratick Equation, there be Two Roots ; Namely, 


& m+ 4.4 eo of Wha ee = 34.832,280,28 
=*B: :389 ; =e\,. That 1s, ſpits gum. 


And their halves, vos T a : _ —_ 
—_ . 7 2 


' Bq = 1118. 654,01 9,1 34 + $32,280,28 = ee. the Sum. 
— C=—11 [6 . 733593748 aB = 33 - 446,285,58 
" L . $20,981,3 : = 1. 385,994,70 
32. 060,290,88 =ee, theDifference. 
66. The 


— 7 
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| 66. The former of (ce =34. 832,280,28) affords us "T0 


aa = 17.416,140,14 
And therefore a= 4. 173,264,926 
And 4a*= 303. 321,937,4 


67. Now as at Sef7.,q8,59,)n =17.2n=36,.8n= 144. I2In — mn =3167. 


and 41ln= 18432. And (by Sef. 11,) may: 8$n4* — 12 lnaammaa 
+4lln:=2nb. 


That is, 4lln = + 18432. 
+ 81 4+4+=1444* = +43678.358,982,1 
—12a* + ma*=—31674*=—55156.91 $5823,4 
s : 6933-443,158,8:=83.387,308,140, 
ma=—174=70.945,503,742, 


154-332,81 1,882,=2nb=36b. 


154. 332,811,882 
And therefore — LE apes ER 4+ 287,022,553, =b. 


l-4aa 
63. Then having, : and b 3 we have (as before) c = —_— 


That 1s, I = 16. 
— 44=—17.416,140,14 


-— 1.416,149,14 = bc 
+ 4. 287,022,55 =b 


==— 0.330.331.8315, =c. 


69. We have therefore (a third time) the Numbers «, b, c. Namely, 


b = + 4. 287,022,553, 


a = +4. 173,264,926, 
proxime. 
Cc = — ©. 330,331,815, 


0. Which perform what was required ; as appears by Calculation. 
4417, 416,149,147 


bc=—1 .416,140,14 
aa+be= 16, by 


bb =18.378,562,37 
4CZ=—=I . 378,562,37 > Proxime. 


bb Þac=17- | 


c=þ- 0.109,119,14 | 
ab=-+17.890,880,85 


ec -+ 4b= 17. 999,999,994 


21, For inthis cafe it is altogether the Tame thing ; to take 


aa +-be =16. bb + 4c = I7. ec +ab= 18. by c Negative. 
and a4 —be=16. bb = 46=17. cc+4b=18, by cAffirmative. 


72. In 
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-2. In like manner, if we take into conſideration, the latter of the two 
Roots at Sett. 65; namely, ee = 32. c60,290,83. For then, 


aa= 16. 030,145,44 
and therefore a= 4. 003,766,407, 
and #* = 256. 965,562,853 


3. But then; for finding the value of b, by the Quadratick Equation at Se. 10 


maty/:8na—1Ilna* 4-m*a* +-glln: = 2nb. 


(which hath Two Roots, the one Affirmative, the other Negative 3 according 
as we put -- or — to the Note of Radicality:) We are to take, not the Afﬀer- 
mative (as hitherto,) but the Negative Root ; to have a Negative value of 6. 


Namely, 


ma —x/:8na* —12lna*+m*a*HaÞPn=2nb, 


74. Thus have we 4lln=-+ 18432. 
+—8n4* = 1444* = + 37003. 041,05 
— 12 Ina*-|- nf a* = 1674" = — 50767. 470,61 


+ 4667. 570,44 


Ce mm _—_—_—_—_! 


75. And therefore, —/ : 4667 . 570,44: = — 68. 319,61 9,72 
+ ma=17a = +68, 064,028,92 


2nb=36b=— 0, 255,580,80 
and therefore, === O,. 007,099,744 


' 
76. Then having a and b ; we have (as before c = —— Namely, 


[= +16. 
— 4a = — 16. 030,185,44 


l—aa = — 0. 030,185,44 


= + 245,9389.,3 =c. 
ns; yrs ye a + 4+ 245,989,3 


77. So have we (now a fourth time, a,b, c. Namely, 


b = — 0. 007,099,744 


a = + 4. 003,766,407 
proxime. 
C = 4+ 245,999,3 


78. Which by Calculation, are found to ſatisfy the demand. For 
aa = + 16. 030,145,147 

; bc = — ©0, 030,145,114 

aa--b c =-+16. OT, 

bb = + ©. 000,050,4. 

ac = 16. 999,949,3 \ proxime. 

bb--ac = 1-16. 999,999,7 


cc=-—-18.028,425,2' © 
ab =— 0©, 028,425,2 


«Þ-ab = + 18. J 


99. For 
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79. For here alſo 'tis the ſame value, 


aa bce=16. bb-ac=17. cec+ab=18, by b Negative, 
and aa —be=16. bb+ac=17. cc—ab=18. byb Affirmative. 


80. Now (to look back upon what we have done or not done, and ſee the con- 
ſequence of it:) If the firſt value of 44 (found at Se. 41,) had been (as the 
other Three) applied to the Quadratick Equation (of Sett. 10, 11,) for the 
finding of b; the Reſult had been juſt the ſame. 


81, Forit aa =6. 378,220,897,24 
And therefore, «a =2. 525,51 3,986,744 
And, &* =40. 681,701,81 3,99 


Thea 4 lIn=-|- 18432. 
+8 na*=1444*=—+ 5858.165,061,22 
—lns*-m=—31674=— 20199.825,581,56 


y: b+ 4090:339,47966:=63.955,76r,895,6 
+ m4 =42.9335737577446 
2 #=b=106.889,499,670,2 

$ & = 26. 


= 2.969,152,768,6=6: 


Whence follow the reſt, as at Se#. 49, 48, 49, 5 0. 

82. But if there we ſhould have made uſe of the Negative Root, and inſtead 
of me -þ- y/ : &c, taken 2#b= may; $na*— 12 In + m* a* + 4 lin: 
the buſineſs would not ſucceed, That is, 


If - 42 . 9334737417446 
— 63 . 955,761,895,6 


36.) — 21+ 022,024,121,0 = 36b (— oO. 583,945,114,5 = b. 


16 —44=6. 378,220,897,2 = be 
— ©, 583,945,114,5 = b 


Then = — 16. 477,197,709,9 =c: 


And therefore bh = ©. 340,991,896,7; And cc = 271. 498,044,371, 
ac=—41 .613,893,278,7 ab = —1. 474,761,553, 


bb 4 ac=—41. 272,401,382, ee ab= 270. 023,282,818, 


Which doth not ſatisfy the demand. | 
83. In like manner, in the ſecond value of 4 4; namely, a4 = 0. 175,493,523 3 


if for the Affirmative Root, (found at Set. 5g,) we take the Negative, it will 
not ſatisfy. Namely, 


if for ma=—= 7. 121,630,99 
+ 133 . 718,536,19 


36.) +140. 840,167,18: (+ 3. 912,226,866, = þ. 


We take mea= #7. 121,630,99 
— 133. 718;536,19 


36.) —126. 596,905,420 (= 3+ 516,580,770, =b, 


Then 16 — 4 = 15. $24,506,477 = be 
— 4, 666, =E, 
— 3. $16,580,700 = b 4+ 499,969,600, 


li And 
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And therefore bb = 12. 366,339,382 And cc = 20. 249,726,995 
ac=—1.83%5,124,91 ab =—1. 473,164,123, 


bb4-ac = 10.481,214,91 cc-+ab= 18. 776,562,872, 


Which do not ſatisfy the demand. 

£4 0 likewiſe, 1n the third value of 4a; (namely, 44 = 17. 416,140,14,) 
and therefore 4 = 4 . 173,264,926; If for the Affirmative Root, at Se. 67, 
we take the Negative ; it will not ſucceed. That is, 


If for ma = 70. 945,503,742, 
+ B3 . 337,308,140, 


36.) +154. 332,811,882, (+ 4. 287,022,552, =b. 


We take ma = 70. 945,5034742, 
— 83. 387,308,140, 


36.) — 12. 441,804,398, (—0. 345,605,678, =b. 


Then 16—a44==—1. 416,140,14 = bc 


n—_— = ) 60, 40 = CE, 
WET 345,605,68 —=b + 4 97» 5 Oz 4 


And therefore bb =-þ o. 119,443,284z5 And cc = 16. 790,001,23 
ac = -- 17. 100,205,099,5 a b=—1 .442,304,05 


bb-|-ac = + 17. 219,648,384 ceÞ+ab=15. 347,697,18 


Which do not ſatisfy the Queſtion. 

':. Laſtly, in the fourth: value of 44; (where we have a4 = 16. 030,145, 
44, + | 4 = 4. 003,766,497 :) ii for the Negative Root, (Set. 75,) we take 
the Atiiuative (retaining as before the Affirmative value of ,) it will not ſatisfy. 
That 1s, 


If for ma — 68, c64,028,02 
— 68. 319,619,72 


36.) — 0.255,590,80 (— 0. 007,999,744, =b. 


We take ma = 68, 064,028,92 
+ 68. 319,619,72 


36.) +136. 383,648,64 (+ 3 . 788,438,684, = b. 


Then 16 —a4 = —0. 030,145,44 = be 
+ 3. 788,438,68 = b 


And therefore bb = 14. 352,237,358, And cc = 0, 000,063,317, 
ac=—0. 031,858,866, ab =15. 168,007,524, 


bb-|-ac=-+-14. 320,378,492, ce ab=15. 168,070,841, 


=— 0, 007,957,228, =c 


Which do not ſatisfy the Queſtion. 

86. For the Equation therefore at Se, 4o , (which is a Biquadratick of a 
Plain Root,) we have found Four values of ee, all of uſe; (the halves of which 
are {0 many valuesof 4a; to every of which we have fitted ſingle values for b 
and c ; ſome Affirmative, ſome Negative z but retaining every where an Afirma- 
tive value of a.) Which isa certain evidence for the full Solution of the Problem, 
a lower Equation than a Biquadratick will not ſerve. 


87. And 
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87. And to each of thoſe values of a, there are no other values for 6 and c: 
than thoſe aſſigned z rhough the Quadratick Equation Set. 10, (from a given to 
find 64) may ſeem ( becauſe of its double Root) to promiſe more: For one of 
thoſe Roots is always uſeleſs. As we have already ſhewed in each of thoſe Values 
of a feyerally conſidered. , | 

88. This holds true alſo of the Cubick Equation, ( Se#. 32.) for the fame 
purpoſe : which of its Three Roots, hath but one uſeful. For taking the firſt 
value of aa (by Se. 41) = 6. 358,220,897,24; then is, 16 a— 4% = 179b— þb3 
( by Sett. 32,) that is, 24. 299,937,701,3832, == 17 b — b3, (by Se, 42.) Of 
which Cubick Equation we have found one Root by Se. 46, rhe very fame with 
that of the Quadratick Equation Sez?. 81, nartiely, 6 = 2. 969, 152,768,6. 

8g. By the help'of this (that we need not again be pur to extratt in like 
mainer another Root out of that Cubick Equation) we may thus depreſs it to a 


Quadratick. Namely, 


b — 2. 969,152,768,620 = 0) * 
*) b— 17 b +24. 299,937,7014382, = ©. (q 
q (bb+2. 969,152,768,620, b— 8, 184,131,836,597; = 0. 
Suppoſe bb + C6 = D =o. 


go. Of this Quadratick Equation, the tws Roots ate, one Afirmative,and the 
other Negative. Namely, b6=—ZC*y:iCq+D. 


That is, b =— 1. 484,576;384,310, 2 3. 223;057;380,415 . 
That is, b = +1 . 738,480,996,105, and b = — 4. 907,633,764,725- 


gt. The former of theſe, which is the Aﬀirmative, we have already laid by 


as uſeleſs, at Sett. 44. Becauſe, ſuppoſing a4=6, 373,221; and therefore 

: 9.621,779, 

be (= 16—4a) =09« 621,779: Kom=zy, 733,433, then 18c = Laakeds. 
w p, 

— $.534959z and ce = 30, 641,63, Which cannot be, fuppoſing 4, b, (and 

therefore 7) to be poſitive Numbers ; becauſe of cc (=18—a6b) leſs than 18. 

But neither can it be, (while b remains Affirmartive,) though we ſappoſe 4 to have 


a Negative value ; ſuppoſe a = — 2. 525,514- 


For then re = JO, 671,63 
+ ab=—4. 390,56 


ec-+-ab(=18)25. 241,12. 


92: The latter of them, which is the Negative, wonld give to b a Nezative 
yalue ; namely, b = — 4. 707,633,769,95 5- And therefore 


16 — 44 = 9: 621,779,102,760, = be 
— 4 - 107,6333769,955, = 6 


Which by computation will be found dfelefs. For then, 


aa =6. 378,220,897,24 bb=22 . 161,815,662;78 
b C=—= 9. 621,779,102,76 ac = —g - 161,81 5,662,78 


aa--bc=16.: Þ  db+ax=17, 
Hitherto right. But in the Third Member it fails. 


TTY 177139387923 
ab=—11. 889,1 94,9172 


ted-ab(=18)=—7. 711 wa 1,038,095. 
i 2 


2. 043,867,380,714, = c. 


03. In 


_—— 
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F 93. In like manner taking (by Seft. 56.) the ſecond value of 44 = o. 175,493 , 


| — 
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523, and therefore 4 =0. 418,919,473 and 43 = 0.073,517,65 z and 164 
= 6.702,711,5; then is, 16 4 —#3 = 6. 629,193,9 = 17 b— b3, (by ' 
Seft. 32.) | 

94. Having therefore found (at Se, 5g) one value of 6 = 3 . 912,226,866 ; 
by help of this, we reduce the Cubick to a Quadratick, containing the other 


two Roots. 


þ — 3. $12,226,9=0) * 


| *)þ — 7b +6. 629,193,9 = 0 (| 


| (bb + 3. 912,226,9b— 1.694,480,9 =0. 
Suppoſe bb + Cb mw. D'=0. 


That is, — 1. 956,113,5*2. 349,651,2. 
That is, +0. 393,537,7 =b;z and — 4. 305,764, 7 =b. 


F | 
| | 95. Of this Quadratick Equation,the Two Roots are, b=— { C* y/:3 Cq-þ+D: 
| 


Whereof both are uſeleſs. 
96. For ſuppoſing b = 0. 393,5377 3 Then is 


| —aa=bc=15.824,506,5 
, —_— — = 40. 210,897.8. And therefore 
b = 0. 39345377 hp R 


—— 


aa= 0.175,493,5 Andbb= 0.154,872,0 But cc=1616.916,229,5 
bb—=15.824,506,5 ac=16.845,128,0 ab= 0.164,860,6 


aa-|-be=1 " "uj bb-[-ac=1: 7. ccbab(=18)=1 617.081,160,1 


be =15 . 824,506,5 
b = 4. 305,764,7 


97- And ſuppoſing b = — 4- 305,7647 3 then is, c = 
= — 3c 675,190,8. 


And aa= 0.175,493,5 Andbb=18.539,609,0 But cc=13.507,027,3 
be =15. 824,506,5 ac=—1 .539,609,0 ab——1 . 803,768,6 


— 


aa-bc=16. bbÞac=17. cc—ab(=18)=11.703,258,7 


98. In like manner ; taking (by Se. 66,) the Third value of aa = 17. 416, 
140,143 and therefore, 4 = 4. 173,264,926 ; and 16 a = 66. 972,238.8 ; 
and 43 = 72, 682,166,8. 


Then 1s 16 4a—4 = —5. 909,928,0 = 17b — b.- 


99. Whereof (by Set. 67,) we have found one value of b = 4. 287,022,x5. 
By Help of which, we reduce the Cubick to a Quadratick. 


b—4. 287,022,55 wo 0) o : 
*) b —176—5. 909,928,0 = 0 (] 
T) 66+4.287,022,55b+1. 378,562,4 = 0. 
Suppoſe bb + Cb + D =O. 
100. The two Roots of which Equation, are both Negatives ; b = — 2 C 
*4/:3Cq—D: Thatis, b=—2. 143,511,28 *1. 793,342,75. ; 
That is, —©, 350,168,52 =b. and — 3, 936,854,03 = b. And both uſeleſs. 


101. For 
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' 16—aa=bc=—1.416 
101.For ſuppoſing þ=—0. 350,168,5 : Then is c= 1.416,140,14 


==+ 4. 0444167,46. And therefore 


b=—0.350,168,53 


aa= 17.416,140,14 ; bb= 0.122,618,0 But ce=16.355,290,4 
be=—1.416,140,14 ac=16 .877,382,0 ab ——1,461 ,346,0 
aal-be=16. bb+ac=17. cc-|-ab(=18=)14.893,944,4 


be = — 1. 416,149,1 
102. And ſuppoſing b = — 3: 936,854,0. Thenis c = —— —— COTE 


b = — 3. 936,854,403 

= +0. 359,713,65. And therefore 
a4=17.416,140,14 bb=15.498,819,7 But cc = ©. 129,393,9 
be=—1 . 416,140,114 ac=-+1.501,180,3 ab=—16.429,534,9 
aa +bc=16. bb-þac=17. cc-|-ab(=18)=—416.300,141,0 


103. Laſtly, taking (by Se&. 70,) the fourth value of a4 = 16. 0301 45,44 + 
And therefore a = 4. 003,766,4 3 and 16 4 = 40. 037,664, ) and 43 = 64. 
180,958. | 


Then is, 16 4h— 4* = —0, 120,695,3 = 17 b —b®, 


104. And we have (by Se&#. 75) one value of b =o. 607,099,7- By which 
we depreſs it to aQuadratick, for the other two Roots. 


b — 0. 007,099,74 = 0) * 
*®) b3—17b—0.120,695,3 =o (7 
J) bb —0. 007,099,74 b — 16. 999,949, 9 =O. 
Suppoſe 5 —» Ch —D =0. 


105. The Two Roots of this Equation, are + {Ct 4/:3 Cq+- D: =b. 


That-is, 6b =-|-0. 003,549,9 Z 4. 123,101,2 + 
That is, b =-|-4. 126,651,0 and b =— 4. 119,55133 - But bothuſeleſs. 


16 —aa—bc=— 0. 030,145,4 


: if b== 4. 126,651,0. Then 
106, For if 4 - 126,051, b = 4. 128,651,0 


= — 0, 007,305, 1 = ©. And therefore 


aa = 16,030,145,44 bb= 17,029,248, But cc = 0,000,053, 

b c =—0.030,145,44 ac=—0.029,248, ab—=16.522,1 46,7 

aa-+be=16, __ bb-kac=17. cc-|-ab(=18)=16.522,200,1 
be = — ©. 030,145,4 


. And if b = — 4.119,551,3 : Then = 
{ 07 4 255 p b = — 4. 119,551,3 
+ 0, 007,317,7 =c. And therefore 


aa —=16.030,145,44 * bb=16.970,702, But cc = 0; 000,053,4 
| be=—0,030,145,44 a= 0.029,298, ab=—16 . 493,721,9 
aa-\-bc=16. bb —ac=17, cc-pab(=18)=—16 . 49346776 


108. 1t is certain therefore, by what hath been ſhewed ; that, ſuppoſing the 
yalue of 4 to be aſcertained, (whether Firſt, Second, Third, or Fourth value,) 


the 


LY 
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the value of 6 (whether fonght by the Quadratick, or by the Cubick Equeticn,) 
can be but one, (the cther Roots of thoſe Equatiors being here unſerviceable.) 
Aud conſequently the value ot c, but one alſo. And theretore, It ts more proper 
to ſeek it by the Quadratick (as the more timple) than by the Cunick, 

109. But for the values of a#, (there being four in all, and a} ſerviceable, 
'tis mavife!t that the principal Equation ( which contains the Queltion in all 
its varietics) cannot be any more finple than the Biquadrattck, (as that of Sect. 
29, and 36) there being no Equation lower than this, that contains Fouf 
Rocts. 

tio. Morcover the Root of this Biquadratick Equation, mult bz a Plain 
Root ; that is, of Two Dimenſions ; (as 443) thaf 4 (ineach) niay be capable 
of a double value; Affirmative and Necacive. For whether ſoever be ſuppoſed 
(+ 4or — 4,) yer {till a4 will be Affirmative ; (and ſo of the reſf bband ce; 
WiicLher b,c, be + or —. And the reſult 13 KNl the ſamez # as we vary the 
Signs -|- — iti«, we do it alloinb a:d 6; For the Sigiis of ail three being 
changed, the $q. arcs and ReCtangles will be ſtiſl the fame as before, and with 
the iame Signs Beraule the Sin + or - bn the Plain, doth net fo nach de- 
peiid upon the $./1.S ct the Compone::ts (ſo multiplied) being -}- or —, as on 
their veg Like or Unlike. »or —inio —, mikes +>; as well as + iato + ; 
and + into —, as well as — Ro 5-, makes —, > 

111. 1 hus, inthefirſt value of 4@= o. 378,221. It is all one, whether we fay 


a = +2. 525,5t4. b=-+2-969,153, &=-+3.240,581. 
Or. a= —2. 525,514» b =— 2. $69,153 C = — 3, 240,993. 


So in the Second value of a4 = o. 175,193, Whether we ſay 


a=-+ 0. 418,919. b = + 3. $12,227. c=-Þ4- 044,885. 
Or a==—0.418,919. b = =» 3, 912247 C= += 4. 044,985, 


And in the Third, aa = 19 .416,140; whether we ſay 


a=—+4.173265. b=þ+4.287,023, c=—0. 330,332, 
Or 4a4=—4- 1733265, b=—4.287,023. c=-0o. 330,332. 


And in the Fourth, 44 = 16. £30,145. Whether we ſay 


a = þ 4. 003,766 b=—o0.09,100, c=-+4. 245,989. 
Or a==—4 . 003,766. b = <6. 607,100. cC=— 4. 245,989. 


For either way, the Plains 4a, bb, cc, ab, ac, bc, will have the ſame Signs, 


112, And that it muſt needs be thus, follows-from the nature of the Queſtion 
itſelf. For ſince that , in the Queſtion propoſed, we have nothing given but 
Three Aggregates of Plains, 44-J-bc, bb + ac, cc + ab; and theſe being 
given, the ſingle Numbers or Quantities, 4, b, 0, mayeither be all Affirmatives, 
or all Negatives, or Mixec of both : There do hence ariſe (as theſe Signs may 
vary) Eight Caſes ; according to which, the Signs of the Simple Quantities, 
a b, c, and their ReCtangles, «b, ac, bc, may change ; (the Squares aa, bb, c c, 
always remaining Affirmative.) Namely, 
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The Simple Quantities. 


The Squares and ReCtangles. 


«&''6 Cc. aabbe=l, bbh-ac=m. ce-l-ab=—xn, 

(L + +6 +»: a« |- fy =l. 88-bay =m. yy a6 =n. 
IL +a, --&, :—y* «« — þy 88 — ay vY» iT a8 
Their II +a, —þ, + y+ &« — fy 88 tay I) — a8 
_ | ao + &, —Þ, — + ««< -- þy EB —ay yy — 48 
ſeveral 3} V- —« +6, Ty- a -|- by £8 — «y yy -— «8 
Caſes. VI. —@, -- &, — Y- aa — 6 68 -F ay yy — <8 
VII, —-a, —þ&, +y + az — by 88 —'«y 337 Fas 
CVIIL—a — &, —y + «a + b&y B&-ey wy a8 


113. For theſe Eight Caſes, we muſt needs imagine Eight Roots, to expreſs 
the values of 2. Four Affrmatives, and four Negatives. 

174. But for as much of as theſe eight Caſes, Two and Two, as to their Squares 
and ReCtangles, are always coincident: Namely, I and VIII, II and VII, il and 
VI, IVand V; (Which differ not one from the other, fave only that the Signs 
of the one, are in the other all changed z but the Squares and ReCtangles have 
in both all the ſame.) Hence it comes to _ that however there be Eight va- 
lues of 4, there are yet but Four values of 44. Which therefore requires a Bi- 
quadratick Equation, but of a Plain Root, or 44; which doth contain a double 
vaiue of 4; Affirmative and Negative. 

115. But it may ſo happen, that although the Problem abſolutely conſidered 
contain Eight caſes, or Four-times Two; yet according as the given Quantities 
i, m, n, may vary, ſome or other of theſe caſes may ſometimes prove Im- 

ſible, 
gi 16. Thus, in the preſent Queſtion, Caſe 1I and VII, are ſatisfied by the 
third value of a4; which, for a, b, c, gives the values +e, +8, —y; or 
(changing all the Signs) — «, — 8, +-7y. Caſe III and VI, are ſatisfied by the 

ourth value of 4a ; which for a, b, c, gives the values +«, — g, 4-5; or 
(changing all the Signs) — <, +8, —7. But Caſe 1V and V, have no value to 
anſwer them (as being here Impoſſible, as we ſhall ſhew preſently :) Whence it 
comes to paſs, the Caſe I and VIII, have double Solutions. For both are ſatiſ- 
fied, both by the firſt, and by the Second value of a4; each of which, for a,b, c, 
gives the values + «, + 8, + or (changing all the Signs) — «, — þ&, — 7, 

117. Now that (as /, m, », are now given, namely, 16, 17, 18;) Caſe 1V and 
V are impoſlible, may thus appear. When as by Suppolition, aa + be =16; 
that is, in theſe caſes, ««, -|- gy = 16 : &y mult needs be leſs than 16, Burt by 
Suppoſition, bb + ac = 17 ; that is, in theſe caſes, £6 — «ay = 17: And there- 
fore 88 more than 17; and & more than 4/17. Again, by Suppoſition, cc-þab=18z 
that is, in theſe caſes, yy — «8 = 18; Ant therefore » more than 18; 
and y more than 4/ 18: And conſequently, gy more than 4 17 in / 18, Bur 
/171iny18, is more thany 16iny 16, which is 16. Therefore much more 
muſt &y be more than 16. But by what was before ſhewed, the ſame gy is 
leſs than 16. The ſame therefore ſhould be both Greater and Leis than 16, which 
is impoſſible. Therefore Caſe IV and V are here Impoſſible; as was Afﬀirmed. 
That is, ſuppoſing the value of 4 to be Affirmative, aud of b,c, Negative; 
(or contrariwiſe, theſe Affirmative , and that Negative; ) it cannot be that 
aa+bc=16, and alſo bb ac = 17, andecqo-ab = 18, Butindeed, this 
impoſlible Suppoſition, makes + « in Caſe IV, which was intended for an Afir- 
mative, degenerate into a Negative; and —« in Caſe V, which was intended 
for a Negative, degenerate intoan Affirmative; (as oft happens in other Equa- 
tions, where the Root falls out to be contrary to what was intended or ex- 
pected ;) and by this means, Caſe IV and V, degenerate into Cale I and V111; 
which make theſe caſes here, to have a double Solution. 

113. The ſame may happen in other caſes, (according as {, m,n, may be va- 
riouſly given ;) and in the like manner demonſtrated. 

I19. More- 
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119. Moreover, Beſide theſe eight caſes already mentioned; there be Four 
more, or Twice Two; belonging to the abſolute determination of the Problem, 
(though as 1, m,n, are now given, they -be all Impoſſible 3) the yalue of a « {till 
— Affirmative. For, whether the value of a be Affirmetive or Negative 


yet may b or c vaniſh or become equal to 0: The values of 7, #,», yet remaining 
Affirmative. Whence theſe Four caſes ariſe. j- (2 

The Simple Quantities. Their Squares and Rectangles. 

& & is. aa-bc=l. bb + ac=zm. ce-|-ab=p, 

CIX. + a, O, -|-Y. eaZoe=l. Oþ a% =. yy tomn, 
Their values | X. —e, 0, — y. as * © obey  yyZo 
veral Caſes, | TT ay [oe 44-150 2- 0-Fe 

Xl. 4,8, 0. ae 0 68 i © 0O-þaf 


120. To theſe Four Caſes, belong the Two Plain Roots in the Quadratich E- 
quation e* — 4 lee + 411; (which as unſerviceable to the Queſtion as propo- 
ſed, was laid by, at Se# 28; for thoſe caſes are all impoſhble, as /, m, n, are 
there propoſed, 16, 17, 13.) Which Quadratick Equation, together with the 
Biquadratick of Set. 29, make up the Bicubick (of Six Plain Roots) of Se. 26 ; 
(as appears by the Reſolution at Set. 27.) Whoſe Six Plain Roots, or values 
of ee (whoſe halves are ſo many values of as, affording twice as many values 
of a) furniſh us with the values of a, for theſe twelve cafes, or Six times 
1 wo. 

121. For the Two Roots of that Equation e* — 4 lee + 4.11 (as was ſhewed 
at Se. 28,) are both Equal; ee=2/,ce=21: And their halves, aa=1, 
aa = |. Andtherefore a = +y/l, a=—yl, a=--y#/l, a=— yl, asin 
theſe Four Caſes. From whence b and c (fitting thereunto,) may be colle&ted 
as before; or (more re:dily,) by what is after to be ſhewed, 

122. Theſe Twelve Caſes which may happen (the values of /, m, », remaining 
Affirmative, as hitherto we ſuppoſe all along,) require as many values of 4: Which 
no one Equation more ſimple than a Bicubick of a Plain Root (as is that of Se. 
26) can ſupply. Though ſometimes ſome, ſometimes others of them, proving 
Impoſſible, (according ro the various Poſitions of 1, m, ,) make ſome of them 
at one time, ſome at another time, unſerviceable. 

123. And that theſe four laſt Caſes, according as {, m, », (16, 17, 18,) are 
now given, are Impoſſible; (and therefore the Equation that contains them, 
juſtly laid alide at Set#. 27, 28,) may thus appear. Becauſe, whenever any of 
theſe happen, then will -zor » be a mean proportional between the other Two 
of thoſe Three, /, m,n: (Namely, in Caſe IX, X ; becauſe b vaniſheth, and there- 
fore ab, bb, bc, alſo ; we have | =aa, n=ec, m=ac=/yln: In Caſe XI, 
X11, becaule c vaniſheth, and therefore, ac, bc, cc; we have | = aa, m = bb, 
n—ab—=,/lm:) Which not happening in the Numbers propoſed, argues 
thoſe Caſes, as [, m, n, are now given to be impoſlible. 

124. And hence, for thoſe Caſes when they happen, (that is, when /, m, n, 
or /, », m, are in continual proportionz) we have a readier way to find a,b, c. 
For it isinall aa = 1; and therefore, a=*y/1: And then, if m» = v/ In, 'tis 
b=o, c=yn: If n=4/Im, thenb=y/n, c=0, 

125, but it is true alſo, that if /=4/ mn, (that is, if , 1, n, be incontinual 
proportion,) one of the Three will vaniſh alſo; namely, one of the values of 
aa will be a4 = o. (And therefore, a= + o, a=—0, will be Two of the 
Twelve values of 4.) But this caſe doth not raiſe the Equation to a higher De- 
gree, (as do the caſesof b = © o, and c = *0o,) becauſe a (at Set. 25,) and its 
ſubſtirute e (at Sect. 26) arc lagredients in the Principal Equation; which band 
c, are not. 

126. For whenever this happens, (that one value is 44 = o,) then is ee=244=0, 
one of the values of ee in the Biquadratick Equation, Set. 29. 


"1 Jn 


CHae.LXIL, Of Dr. Pell's Alzebra. 


ec'—xgle+glle* —qllle*-|-253 =0, 


—mn -—-Slmn —4qllmns 
— 3 = 2 m' 117 
we If 3 


And hereupon (becauſe of one value ee = ©; and therefore all the Members 
vaniſhing , as to this value, wherein we have ec;) we ſhall have (the abſolute 
term) 2/*' —ql/mn-þ 2 mmnn=0, (As italways happens in all Equa- 
tions, where one of the values of the Root are =o.) And therefore, its half 
[4—2llmn +-mmnn=0: And the Square Root of this, 1/ — mn = 0: 
And conſequently | = wn, And therefore (taking out of the Biquadratick, 
this value of the Root ee = ©) the Biquadratick Equation deſcends to a Cubick; 
(dividing it by ee = o; Namely,) | 


ce —gle'-glle*®—7 111? =o©. 
es IJ} I + 5lmn 
By i 


e—_ 3 


127, And (contrariwiſe,) iff = mn; thenis 1/ =mn; and /[/—mn =0; 
and 1 — 2 Hmn+} mman=o0o;and 20 — 4!1mn-|-2mmnn =o, And there- 
fore (the laſt Term of the Equarion vaniſhing, and the reſt divided by ee) the 
Biquadratick links to a Cubick Equation, containing the other three values of ee ; 
in like manner as before, at Se. 53, 544 55- 

128, For this value of aa = Zee =0; = values of b and care found cither 

ma :814* — I2lnaab-1 a? yn: 
as before: Namely,(by Se&.11) b= REEY + T9 —_ 


22 
, EPR ; ; ; a/qlln UÞ [ 
That is, (becauſe of a vaniſhing with all its Multiples) b = = 
21 


= 2 — 

an HA 
Or elſe, (as at Se. 123, 124, 125 3) becauſe by reaſon of 4 vaniſhing, mn 
therefore ae, ab, ac, allo) m = bb, un =cc; thereforeb = /m, ande=/y nv. 
Which values of y/ mn, y/ », may indifferently be taken for Affirmatives or Nega- 
tives, as occaſion requires. 

129. It will not be neceſſary here th add, (as a new Caſe,) that it may ſo 
happen, as that of the Three Numbers ſought, a, b, c, Two, or all may be equal 
to 0. For this being ſuppoſed, nothing anew happens, but that (accordingly) 
Two or all of the given Quantities (/, »z, z,) will vaniſh alſo, and be equal to 
nothing. And in caſe one of theſe Three remain, it is obvious which that is, and 
how great : Namely, a = y/{, orb = / m, orec=y/n; as it ſhall happpen. 

130. Laſtly ; Becauſe at firſt, all the given Quantities, /, nz, », were Afrma- 
tives, (and we are not to change the Dara or things given;) We have through 
the whole Proceſs, preſumed them as ſuch, (and therefore to be Added or Sub- 
ducted, as the Signs + and — intimate z) and not contraty to what is ſuppoſed. 
Which yet, as to the Quantities ſought, a, b, c, may often happen, (which there- 
fore are indeed Negatives ſometimes, when they ſeem to be, or are ſup- 
poſed Affirmatives.) And therefore, we have rot enumerated (amongſt the 
Caſes poſſible) ſuch Caſes as require any of thoſe Three {, m, n, to be Nega- 
tives. 

131- But if the Queſtion be ſo at firſt propoſed, as that one or more of them 
be aſſigned Negatives : As (for inſtance, if it be ſo propoſed as that a#-+be= —4, 
Which may be, in caſe we ſuppoſe a = -þ «, b = —&, c=-þ > ; becanſe then 
bc will be a Negative, and may overbalance the Affirmative a4, and make the 
Aggregate =—1:) This is a thing not to be determined from the variety of 
Caſes, or variety of Roots A—_— but 1s part of the Data, and noe ſo 
changed. Burt in the Qye/ira 4,06, c, (to be ſought 2) not the Greatneſs only 
but alſo the Signs + —, are part of what is inquired. 


K k 132. Now 
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132, Now incaſe ſuch [. m, n, be aſſigned as are all or ſome of them, Nega- 
tives z Which is to appear in the Propoſal of the Queſtion : The Inquiſition 
from the Firft, is ſo to be ordered, as to agree with ſuch ſuppolitions. Which 


| yet differs no otherwiſe from what we have dire&ted for ſuch Affrmartives z 


{ave that where any of theſe {, mr, , propoſed, have Negative Signs ; the Signs 
of ſuch Negatives are in the whole Proceſs to be accordingly ordered. As for 
inſtance, if inſtead of ++ / (as here) the Queſtion be propoſed of — {; in 
ſuch caſe we muſt through the whole Proceſs, inſtead of + /, -| {3, -þ- 15, &c, 
( where the Number of Dimenſions is Odd, ) put — 1,— 3, —, &c; (and 
contrariwiſe, for —l, — 13 —{, &c, we mult put +1, ++, + , &c.) But 
where there occurs {*, [*, &c. (where the Number of Dimenlions is even, (the 
Signs are to remain as before. And what 1s here ſaid of — 1; is accordingly 
to be underſtood of — 1, or — 7, in caſe ſuch occur. And in caſe more than 
one of ſuch Negatives occur at once ; there, if the Dimenlions of all put toge- 
ther be ©dd, the Sign is to be changed; but not, if even. As in caſe of — [ 
and — 2; we are for + {ls to put —{1n; but for +1, we are toretain 
-- [n. 

And thus have I purſued the Problem, through all its Cafes and varieties, 
to an Abſolute and Univerſal Solution and Determination of them. Which 1 
have done more at large and diſtintly, to ſhew a Method how the like may be 
done in other Problems in like manner propoſed. 


CHAP. LXIIL 
* Another Method for like Queſtions. 


ESIDE the Method in the former Chapter (which is Abſolate and 
Univerſal, there is another Method- (though leſs Artificial) which 
may be © ' uſe in particular caſes ; eſpecially, where a full deter- 
mination of all the Caſes poſlible, is not required ; and where we do 

not ſeek an approximation in long Numbers, but content our ſelves with ſome 

few places of Decimal FraCtions. 

In order to this, we are firſt to reſtrain the Queſtion within ſome bonnds, ac- 
cording to ſuch limitations as the circumſtances of the Queſtion afford us; and 
then make Eſſays within ſuch Bounds, and correct them according as we find 
them too great or too little. Thus, in the Queſtion propoſed. 


aa+be=16 
Suppoſing Ne + ac= 176 Wha are the Numbers, 4, b, c ? 
cc+ ab —=18 


bb ac=17 17 — bb = ac. 179 bþ= 
cc +ab=18 IDO —-(C= 4b IB Com} = 


1. Becauſe aa-{-bc= 16. Therefore 16 — aa = bc. And 6=6E8 
abc. 


2. Of «, b,c, no Two are equal. 


8#=6E aa+be=6ec+ab. I6=18., 


Not a=b. For then eEbe Sort oh That is, 16 = 17. 
b =c bbpac=cc+ab. 179 =18, { 
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3. The Number c is the greateſt of the Three. 


For, ſuppoſe we, the lealt, « 
the middlemoſt, « + & 


the greateſt, a+ #+y- 


Then is « « -|- 6 
IP ——— The Square of the leaſt, with 
I. Aggreg, «<a: -|-:aa-þ2«8--68-+-«% +87: the Rectangle of the other. 
& -|- : a 
= CIT > The $q. of the Middlemoſt, 
II. Aggreg. «#-þ2« 8-|-f8:+:2«+«8-þ-ey: with the Redt. of the reſt. 
+8 +» a 
«<->: i. The $q. of the Greateſt, 


IlI. Aggreg. ea: 246-1-66--2 ey-2&Y+Yy:+:a&+e6: withthe Reft.ofthereſt. 


Now ſince theſe three Aggregates are ſeverally equal to 16,19,18, (the greateſt 
to the greateſt, the middle to the middle, and the leaſt to the leaſt 3) and the 
Third of theſe (where is the Square of the Greateſt, with the ReCtangle of the 
reſt) is manifeſtly the greateſt of all ; (for it exceeds the firſt, by «g + « 
8» +22 and the Second, by «y + 2 |-y y,) Therefore this Third 
Aggregate is equal to 18 = cc -t ab. And conſequently c ( whoſe Square it 
contains) is the greateſt of the Three. 

4. The number 6 is the middlemoſt ; and 4 the leaſt. 

For ſince the Three Aggregates, _ equal to 16, 17, 18, are therefore in 
Arithmetical Proportion : If we Subtract from each, what is common to all ; 
that is, 2a«-þ 2&8 +þ8 ey, the Three Remainders will likewiſe be in 
Aritimetical Proportion z and each in the ſame order with their wholes : That 
is, 8, and 8, and «8 ey + 28+ yy. Of which, the laſt is manifeſtly 
the greateſt, (as containing both the other, and more.) And therefore 8 y, Or af, 
the Middlemoſt. Burt not 8 ,, (for if fo, then the double of this, ſhould be &- 
qual to the Sum of the other Iwo; that is, 26, =2<8-a3 þ28y+25; 
the whole to the part.) *'Tis therefore « 8 that is the middlemoſt of the Ke- 
mainders : And therefore the Second Aggregate ( which gives this Remainder) 
the middle Aggregate in Arithmetical Proportion z and therefore the ſame 
with bb ++ ac = 17, And therefore þ =«--8=a +8, the middlemoſt of 
the Numbers ſought, and 4 the leaſt of them. 

5. The Exceſs of the Second Aggregate above the Firſt is «4 — þy, =x, 

Of the Third above theSecond, is ay F 284+ y=1. 

Of the Third above the Firſt, e8+eyþ8, +,y =2. 
For SubduCting what is common to all, 2 a« -2a8+4y-|-88; the Re- 
mainders are &y af, a8, |< y + 28 + yy whoſe Differences are the ſame 
as thoſe of the Numbers 16, 17, 18. 

6. eg=ay +38, +y>y. And eb—26y Zay by +yy =cy. 
For ſeeing a# —8&7 = 1 =@ 7 + 28y +2: If on both ſides be Added or 
SubduCted 8 3 the thing affirmed is evident. « + 8-|,,, being equal to 6. 

7 t4a>c—b. And therefore 4 4 - b >c, andb >6—42 4, 

For a4 — 28% (=cy) being a Politive Quantity; and therefore , — 2 y ſo 
alſo: Therefore « > 27, and 3« > that is, 344 >6—b, 

8 bc >$. 4aa<8+ And thefefore 4 < (V8=24/2=)2.828427. 
For (becauſe c > b > a) therefore bc > aa. And (becauſe aa + be = 16,) 
therefore bc > 2*, and «44<*$. As is affirmed, 
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g. ab<g.cc>9, And therefore c > 3- 
For ( becauſe c >b > a) therefore cc > 4b. And (becauſe ce + ab = 18,) 
therefore ab << **, andce > *, As is affirmed. 

10. cc<C 18, And therefore c © (y/ 18-=34/2 =) 4- 242641. 

For cc = 13 — ab. 

11. bb © 16. And thereforeb <4. And ac >1. 

For (becauſe b <c) therefore bb < be (= 16 — ac) <C 16. And ( becauſe 
bh .j ac =17,) 46 > 1." | 

12. 4c< 12. bb >5. And thereforeb S (5 =) 2. 236068. 

For (hecauſe a< 2 y/ 2, ande<3y 2,) therefore ac <. 12, And (becauſe 
bh -1-ge= 17,) bb >5. 

13. 44 >78. anda > (4; v 2 =) 0. 235702. 

ac>1 , 
For -—— —=4 ( =); SS. And 44 DP 5%. 
<< 3y2 342 

14. bb —aa >1. Namely, =1+#&c. 

For bb -|- ac —aa—be= (19 —16=) 1. And (becauſe b > a, and there- 
fore be > ac) therefore bb + bc — aa — be (= bb — 44) > 1. Namely, 
=1-|-bc; becauſe b—a =p. 

15. cc—bb >1. Namely, = 1-|-ye. 

For cc-|- ab —bb —ac (= 18 — 17) = 1, Therefore, becauſe of c (>6) 
—b-|-y; it is alſo ce ac—bb—ac(=cc—bb) >48. Namely, 
1+ 7 4. ; b, 

_ cc —aa >2, Namely, = 2+ gb +yb. Or2z+pc+ye. 

For cc -- ab —aa—bec (=13— 16) =2., And becauſe c (>4) =a 
+ 8+y, ; therefore ce be—anu—be (=cc—aa) > 2. Namely, 
—» — 8b -|- yb , 

Or thus ; Becauſe b =a-þ 8; andce = by =4-+8-{--y ; 2nd therefore, 
bc —ab |- 8 b-- yb: 

Therefore, bc — ab = 6b +- vb. 

Or thus, bb =aa-+ 1+ bc. and ce =bb + 1-|-y4a=aa+2 4 fc 

- A, 

17, Other ſuch limitations may be obſerved from the circumſtances of the 
Queſtion. And then from theſe or ſuch other limitations, we may be directed 
how to make Eſſays (within ſuch limits,) and then correct them, by Adding or 
SubduCting, according as we find them taken too little or too great. In like 
manner as we do to find the particular Quotients in Diviſion; or the particular 
Members of a Root, in ExtraCting the Roots of ſingle Powers; or in ExtraCting 
the Roots of an Aﬀected Equation. For though ſuch Stochaſtick Proceſs (by 
way of Gueſling, ) be not accounted Artificial in PraCtical Geometry : (As for 
inſtance, if by ſeveral Efſays with a pair of Compaſſes, we try to cut an Arch 
given into Three, or Five parts; amending it {till, as we find the former Eſſay 
to have been taken too little or too much: ) Yet in Arithmertical Operations, 
(ſuch of them as are Analytical,) that Proceſs, is allowable and neceſſary. And 
therefore, though in Multiplication and Compoſition of Powers, ( which are 
Synthetical Operations,) we proceed direQtly without preparatory gueſlings or 
conjectures ; (as, in caſe I am to Multiply 12 by 3; I take three times 10, which 
is 30, and 3 times 2, which is 6; and putting them together by Addition, 
make up the number 36 z) yet in Diviſion aad Extraftion (which are Analytical 
Operations,) we proceed by ſeveral ſteps of Eſſay ; (as in caſe I am to ſeek how 
many times | may have 2 in 36 I find by Eſſay, for inſtance, that I may have 
It 10 times. for 10 times 2 is but 20, which is leſs than 3s ; but I cannot have 
it 20times, for 20 times 2 is 40, Which is more than 36; and then, having taken 
as | find 1 may, 1otimes two out of 36, and finding 16 remaining ; I inquire in 
like manner how many times more I may have 2 1n this Remainder ; and find 
that g times i cannot, for that is 18, which is more than 16; bur 7 times I may, 
for that is but 14 3 and finding g times too much, and 7 times too little, I make 
tryal of 8 times, which falls between them, and find 8 times juſt to fit it ; be- 
cauſe 8 times 2 1s juſt 16; And ſo by ſeveral Edays, I find 2 to be 10 times and 
8 times, that is 18 times, contained in 36.) And if, in Diviſion, this Proceſs be 
allowable, 


»— —— -: —_— — 


allowable, and indeed neceſſary ;z it muſt needs be fo much more, in more intri- 
cate Analytical Operations, ſuch as are the Extracting of Roots, whether of 
Single Powers, or of Aﬀected Equations; I mean , in a Procels Ari.hmecical, 
but not Geometrical, 

18. Accordingly, having found (by Set. g, 10,) that cis more than 3, but 
leis then 4 ; | might by Eſſays between theſe limits, make nearer and 1 arer 
approaches as far as | ſhould think fit ; and thence inter the values of b and 4. 

19, But having hitherto begun with 4; I ſhall do fo here ; though 1 find his 
limits at a greater diſtance : Namely, (by Set. $, 13,) Ics than y/ 8, but more 
than y/ 75s. And therefore, between 2,0, ando.2 4. And 1 proceed thus, 

20. Becauſe, (by Sett. B,) aa <. 8; ſuppole it to be 5.93 and theretore 
(by Se. 14, 1;,) bb >8.9; andce >9.9; b>2.98-|; c> 3. 14-þ: 
' And therefore be >g. 35-þ-; and aa +Fbe (=16) > 17. 25-|-. Which 
cannot be. So that a was t09 big ; and therefore 44 < 7.9, 

21. Suppoſe aa = 7.5 : And therefore bb > 8.5; and cc>9.53 
b >2.91-|-, c >3.08-|-: And therefore bc > 8. 96+, and aa + ec 
(= 16) > 16.46-|-. Therefore aa = 7+, is yet too big. 

22, Suppoſe a 4 = 7. (That 1s,a = 2. 646—:) Andtherefor&bb >8.c e>9g. 
h>2.8 +;zc>3. be >$8.4-þ;z aa-þbe (= 16) > 15. 4+: (which 
hitherto may be:) Yea, be (= 16 —aa) =9g. be+b, =£c3.2—; cc 
(>9) < 10. 2—: (which hitherto may be.) Aud therefore 43 —cc = ab 
(<9) > 7,8; and ab —4a, =b (<3.4) > 2.9: And becauſe 
this, for ought yet appears, may be; (for, by the Suppolition, þ > 2.8:) 

Suppoſe we further,bb (> 8.) 8.2; (and fo, b = 2. 86-,) Whence follows 
cc >9.2; ande > 3.03-þ And becauſe be (= 16 — 44) = 9; there- 
forec (=bc —b) = 3.14þ;and cc = 9.38, Therefore 4b(=18 — cc) =8B.12. 
and 6 = 307 ; bigger than was ſuppoſed; therefore b was before taken too 
little. 

Let therefore bb =8.5; andſob = 2.915; (whence follows cc >9g.,5;) 
And therefore (becauſe be =g,) be+b, =c=3.%N$; and cc =9. 49: 


(But cc >9+ 53 therefore, bb =8.5, is too much, and ce too little.) Yer 


(ſuppoling this,) 4b (= 18—6c) = 8.51 z therefore ab a, = b == 3-215; 
more than was ſuppoſed ; which therefare was before taken too little z and 
therefore (4 remaining as Is here ſuppoſed) b, and bb, are to be increaſed. Bur, 
as was ſhewed but now, they are already too much. Therefore, 4 = 7, cangat 
ſtand, but (though near the matter,) is yet to be leſfened. 

23. Suppoſe a= 6; =6.5: (andia 4=2.549 3) and be (=16— 44) 
=9.5: (And weare to inquire kc, ſq far diſtant art leaſt, as that ce —bb>> 1.) 
Thane, bb >7.5; b > 2.739. ce > 8,3, yea (by Sed.g,)ce>g. 
andce > 3. Yea, c>(vbe=)3.08. Againe (=be—b, < 3. 469; 
cc <12.033z 4b (=18—cc) >5.967; b (=ab—a) >32. 3404. 
Which having nothing that yet: appears repugnant. _— we further, 
b (> 3.7393) = 2.4; andtherefore, bb =8.41z 6c (=bc +—b) =3, 276; 
£6= 10.731; ab (= 18—cc) = 7. 269; and bþ =2.852 leſs than was 
ſuppoſed. Suppoſe therefore b (>2.9) =3 ; therefore « (= be + b) 
= 3.167; cc = 10,038; ab=7.972z b= 3.127 3 greater than was 
ſuppoſed ; and therefore 6 = 3 to be letlened. Suppoſe therefore b ( < F& 
but > 2.9,) = 2.953 (and ſo bb = $. 502:) Therefore c (=be—b) 
=3 +220; cc= 10.3713 #b = 7.629; b= 2,992, too big; (and therefore 
þ = 2.95 to be lelſlened:) But this remaining, 4c=8. 198; and therefore (be- 
cauſe bb = 8.702,) bb + ac = 16. goo, < 17: And therefore, « remaining, 
b muſt be increaſed : But @ remaining, it was before to be leſſened. There- 
fore aa = 67, cannot ſtand; but myſt be diminiſhed, that bs may be in- 
creaſed. 

24. Suppoſe a (<2. 549,) =2.5; and ſoaa=6.25, = GL; be =g. 75: 
Then is, b <,, and c >, (/be =) 3.1225. 

Puth = 3. 12: Therefore c (=bc > b) = 3,126; bb=g.7z3z cc=9.38. 
But we ſhould have cc — bb > 1, 

Put k=3-1: Thenc (=3. 145) <y/ 10; butb > 4/9. Therefore b yet 
too big, and c too little. "Y 
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Put b==3.=4/9. Thenc=3.25; ce=10. 5625; 4b (=18 —cc) 
= 7.43753 b=2. 975: Therefore now c too big, and b too little, 

Put b==3.02: Thene=3.228;cc = 10. 423;4b =7.577; b=3. 031. 
Therefore c too little. 

Put b=3.01: Thenc = 3.23923 cc =10. 4924; ab =7.5076; b = 3003. 
Therctore b. too little. 

Therefore (bc thus remaining,) b = 3.01 is too little ; and c = 2. 28 istoo 
little. Yet (theſe remaining) 6b = 9g. 0601; and ac = 8.070; and fo 
bb - ac = 17.13, > 17. Therefore bc cannot ſtand, but muſt be leſſened, 
and aa increaſed. 

25, Suppoſe a(<< 2. 549, but >2.5,) =2. 52 ; andtherefore a4=6.3504; 
and bc = 9.6496. (Leſs than before,) and we are to ſeek b, c. 

Put b =2. 95: Thenc = 3.271;3cc = 10.699; ab=7. 301; b =2. g87. 
Therefore b was too little. 

Put b=2 . 98: Thenc=3. 2381 3cc= 190.4853; ab =7.5147;b=2. 982. 
Therefore b was too big. 

Put b=2.. 975 ; Thenc=3.24333 ce=10.5190zab=75,4801;b =2.968, 
Therefore b was too little. 

But taking b = 2. 975,andc = 3. 2381 ; (both toolittle,) and retaining bc 
= 9. 6496 : we have bb = 8.8505; and ac = 8. 1600: Therefore bb + ac 
= 17. ©0105 >> 17: Therefore bc < 9. 6496; and 4a>6. 3504. 

26. Suppoſe a=2.525 z and therefore aa = 6. 375625; bc = 9.624375. 
Put b=2.97; therefore c = 3. 240533 cc = 10,5020; ab= 7. 4990; 
b=—= 2. 9699. * 

But bb =8. 82095; ac = 8.1823; bb +ac =17.0032, Therefore 4> 
FS 9 

27. Suppoſe a= 2. 5255; and therefore 44 =6. 37815025 ; be=9.62184975:; 
Put b = 2. 96918: Thenc = 3. 240574753 cc=10.50132334b = 7. 498677; 
b = 2. 969185; too big. 

Put b=2, 969178; Thenc= 3.24057694z3 cc=10.501339zab=7 . 498661; 
b = 2. 9691788; too big. 

But this ſuppoſed; 6b=8. 816018; ac =8. 184077; bb -|-ac=17. 0000gg; 
Therefore 4 1s yer to be a little bigger than, 2. 5255 but very little. For 


Suppoſing a= 2.52559 +. b=2.969178— &=3. 240577 — 


We have aam=6.37815+ bb=8.816018+ cc=10.501339+ 
be =9. 62185 — ac=83, 184077 + ac= 7.498661 — 


16, 00000 * 17. 000095 18, 000000 

At leaſt aa=6. 37815 = cc=10. 501339+ 
be= 9.62162 ab= 7.498659 

15. 99977 + 17. 999998 + 


And if this be not thought accurate enough; it might by like Proceſs, be brought 
yet to a greater accuracy. 
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C H AP. LXIV. 


Of what the Ancients called Places. 


O the. Head of Undetermined Problems, (which for want of ſufficient 
Data, are capable of Innumerable Solutions :) I refer ſuch as (in Geo- 
metry,) were by the Ancients called Loc: (71) or Places, As 
where they treat T1 Ts dyaavousre, 

That is, Problems propoſed with ſuch a Latitude, as that the Solution was 
not determined to one or more ſingle Points; but extended to all Points within 
ſuch a Place. 

As when the Queſtion might be ſolved by any Point in ſuch a Streight Line, in 
ſuch a Periphery of a Circle or Ellipſe, ſuch a Parabola, ſuch an Hyperbola, &c 
this was called Locus ad Lineam ; and particularly, ad Lineam Rettam, ad Cir- 
culem ; (which are called Loci Plani;) ad Ellipſia,, ad Parabolam;, ad Hyperbolam;, 
(which are called Loci Solidz;) and fo to any other Line more compounded. 

When any Point in ſach a Surface would ſuffice; this is called Locus ad Super- 
ficiem. And ſoif any Point in ſuch a Solid would ſuffice, this was called Locus 
all Solidum. 

As for inſtance; A Right line (terminated) being given as 
A, B, to find a Point from whence a Perpendicular on that Line 
ſhall be a Mean Proportional between the parts of it. This 
Eutocius tells us ( about the beginning of his Comment on 
Apollonins's Conicks) is by Geometers called 4 Place , 
becaufe not one Point only (or ſome certain Number of 
Points,) will fatisfy what is propoſed, but a whole Place; 
natnely , the Circumference of a Circle deſcribed in that 
given Line, as a Diameter. For if from any Point C in ; 
the Circumference CC be drawn a Perpendicular CP to the Diameter AB, 
this (by the 1 3th of the Sixth of Suclide) is a Mean Proportional between the 
parts of that Diameter ſo divided. 

And ſuch is that other there mentioned ; Such Streight 
Line AB being given; to find a Point P, from whence, to the 
ends of that gruen Line, Streight lines, P A, P B, will be 
Equal. For, not ſome one Point, but every Point in P, M, 
a Perpendicular on M the middle of that given Line, will 
ſatisfy that demand ; (by the 4th of the firſt of Euclide.) £o 

And that other by him, there cited out of another Book 4 
of Apollonius, called dyanubuyes 7s, (whereby , though 
the Book be loſt, that Propoſition 1s preſerved ;) to this prrpers 

T wo Points being given ( as A B,,) to find a Third D, from whence to thoſe too, 
the Streight lines drawn D A, D B, ſhall be in any aſſigned Proportion. 

If that Proportion given, be the Proportion of Equality, the Locws or Place 
of ſuch Point, is the Perpendicular on the midit of a Streight Line, which joins 
the Points given, ( as was but now ſhewed.) For every Point in ſuch Perpen- 
dicular (how far ſoever both ways continued) doth fatisfy the demand, Bur if 
ſuch given Proportion, be a Proportion of Inequality ; he tells vus (out of Apol- 
lonins) that ſuch Place, is the circumference of a Circle. Which gives occation 
to this following Problem. 

Two Points being given, as A, B, to deſcribe a Circle D D, to every point of whoſe 
Circumference, Streight lines drawn from the Points given, D A, D B, ſhall be in any 
given- Proportion of Inequality. (Tis expreſly faid of Inequality; becaule, if equal, 
the Line will not be a Periphery,but a Perpendicular Streight line.) This Problem 
is there performed by Extociis: And by Oughtred in his Clavs, pr. 22. Cap. 9- 
And by Galileo in his Dialogues, pag. 45. And ( 1 think ) by Des Cartes ſome- 
where : And perhaps by others, 
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I ſhall (as an Example for other like caſes) examine it ab origine,. by way 
of Analytical Inquiſition; firlt, whether ſuch Circle can be deſcribed ; and thea 
if ſo, how it may be done. | 


PROBLE M. 


Two Points ( in a Plain) being given, A,B, fo to deſcribe (in the ſame 
. Plain) a Circle DD ; that, toevery Point of its Circumference D, the Streight 


_ AD,BD, ſhall be in a given Proportion of » (the Greater) to » (the 
eller. 


INQUISITION. 


Suppoſe it done; and C the Center of ſuch Circle. 
Then (becauſe the Points AB are given) the Streight Line A B is given: And 
(becauſe of the given Proportion m: to z,) its Point E where the Circle cuts it, 


(this being one of the Points D ;) and therefore the Streight Lines AE,BE 3 
alſo given, 


1a 

Put AE =a. BE (= 5 ) =b.AB (=a+b) =s, the Sum;a—b=d, 
the difference. And therefore a —=d = b. 

Thenis, (becauſe AE.BE::m.n::AD.BD.) alternately, AE. AD: : BE .BD. 
Be it::1.y. And therefore, AD = ay. BD=by. 

And (becauſe AD, BD eannot be leſs than AE, BE; and therefore y not leſs 
than 1,) put we (for the more convenient notation) yy — 2 = e. 

Suppoſing then from D ( wherever) on AB (produced if there be need) a 
Perpendicular DP; and taking (on oppoſite Sides of AB,) AD = Ad; and 
therefore BD = Bd: The Triangles on the oppoſite Sides of AB (becauſe of 
equal Sides, and equal Angles reſpeCtively) will be like and equal : And there- 
fore D P4 one Streight line, biſefted in P by AB, (continued if there be need) 
at Right-angles : In which therefore is the Center C: And the Diameter E CF 
(whoſe Poiut F is another D) muſt lye toward the Side B (not A :) Otherwiſe 
BF would be Greater than AF; that is, (in this caſe) BD than AD. 

Put DP =p. PE=c, And therefore AP = a-þc. BP=bwc, (the 
difference of 6, c.) The values of y, e, p, c, changing, as the place of D 
varies. 


And put the Radius CD (=CE =CF) = r, And therefore EF = 2 r. 
Then 1s PP = (Q-DP=QLAD—Q.AP =aayy—Q:a+c:=aayy 
—AA—ZAC—CCZ)Aae—24AC—CC. 
pp= (Q.DP=Q.BD—Q.BP=bbyy—O: bu c: 
SL Ed ded-26e—67, EY 
PP = (Q-DP =EPxPF=c into 2 r —c=) 2rc—cc. 


=bbyy 


Therefore (putting out — cc in all) aae =p ac=bbe-2bc=2rc. 


And 
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And | aae— bbe=2ac-|-2bc. 


aa—bb s d ns 
"77 24-26 2s "Segecond 


Therefore dre(=2rc=a4e—2ac) = 44c — ade (becauſe of de = 2c.) 
And dr =4a — 4d. 


That is, == —_=—=—_=EC=CD. 


We have found therefore the Center and Radius.of the Circumference DB, 
in whoſe ſeveral points, the Lines AD, BD do meet. 

And then, that no ſuch Lines can meet in any other points (in the ſame Plain,) 
will be manifeſt from the Seventh of the firſt of Exclide. So that the Cir- 
cumference of this Circle, is the Place, ( and the Adequate Place) of ſuch con- 
courſe. 

Bur, if ſuch Circumference turned about its Axe, EF, deſcribe a Spherical 
Surface; every point of this ſurface will in like manner, ſatisfy the Problem : (bur 
it is not then in the ſame Plain.) And what is now Locus ad Circumferentiam Cir- 
cali, will then be Locus ad Sphericam Super ficiem. 


CONSTRUCTION. 

Taking therefore (in AB,) As mn ton, ſo AB to BE. 
And again, ASm—#to #n, foAEtoEC. 

On the Center C, at the diſtance CE, deſcribe the Circle EDD. 
EXAMPLE. 

If m to », as 3to2; and AB=15. Then AE=4AB =g; andBE 
—+AB= 6. And as(3—2 =) 1to2, foAE=9, toEC= 138; (and 
therefore AC = 27; BC=12. EF= 36, AF=45. BF = 3g.) 

DETERMINATION. 


1. It isevident from the Analyſis, that the Propertion given #2 to n, muſt be 
n 


a Proportion of Inequality. For becauſe of r = - 


ton (ora—btob) ſoa (=AE) tor=EC: If m» =»#, and therefore 
m—n=0;r = EC will be Infinite, That is, the ſuppoſed Circle EDD, 
will degenerate into a (Perpendicular) Streight line. 

2. Of all the Lines AB, BDin the given Proportion, the ſhorteſt are 
AE, BE: (for if ſhorter than ſo, they could not reach from A to B, ) And the 
longeſt are AF, BF. (For if longer than ſo, and in the ſame Proportion, their 
difterence would be more than the Side AB, (for even now it is Equal,) and 
therefore could not meet at D; becauſe this A B + BD would together be leſs 
than AD.) In both Caſes, the Triangle A BD degenerates into a Streight line 
(the point D falling in the line AB, at leaſt produced;) in the former by Re- 
plication of (BD on BA) in BE; in the other by Explication (of BD in the 
the continuation of AB, in BF.) 


Ll CHAP. 


260 Of Places. Crap LXV. 


CHAP. LXV. 
Other Examples of the ſame Kinds. 


ORE Examples of this nature we have in Francis van Schooten's 
Seftiones Miſcellanee , Publiſhed in the Year 1657, amongſt which, 
one is intituled Apollonii Perges Loca plana reſtitura. And ( before 
that ) in his Comment on the 24 Book of Des Cartes Geometry 

Publiſhed in 1649 : To which, in his latter Edition 1659, he addeth one of 

mine 3 which he ſays he ha received from me above Three Years before, (that 

is, before he wrote it ; but longer before he printed it,) to wit, in a Letter of 

mine to him of Febr. 25, 165 2, (Engliſh Stile,) in Anſwer toone of his, of Fay. 6. 

(new ſtyle.) To this purpoſe. 


PROBLE M. 


A Circle being given (whoſe Center C, Radius R,) and a Point A (in the 
ſame Plain) aſſigned at pleaſure ( whether within or without that Circle, ) 
through which, a Streight-line paſſing, cuts the circumference in BD : To find 
a Point E, (or any Number of ſuch points,) through which , if a Streight-line 
paſs, cutting the circumference in L M ; the Square of the diſtance AE, ſhail ve 
equal to the Sum or Difference of the Reftangles, LEM, BAD. 


That is, GAE = @LEM © a BAD. 


CONSTRUCTION. 


On AC as aDiameter, deſcribe the circumference of a Circle AEC, and its 
Tangent E AE (infinitely continued both ways.) Each Point of this circumference 
and Tangent perform what is required. 
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Namely, If A be within the Circle given; and E in 


— 


. FAG, the Tangent within 2 the Circle ABAD—ALEM. 


. AEC, the Circumference drawn.  ELEM—-DABAD. 
then a AE= 
. FE,GE,theTangent without \ given. COQBAD-|-QLEM. 


ww 14 


If Abe without the Circle given; and E in 


5- FAG, the Circumf.without ?the Circle QBAD—ALEM. 


4. EAE, the Tangent drawn- DPLEM-R BAD. 
Theno AE= 
6.. F CG, the Circumf. within given, QBAD+ALEM, 


If A be aſſigned in the very Circumference of the given circle ; it is indifferent 
to either of the Two caſes, (of that within, or that without.) And alſo, if A 
be aſſigned in the Center Cor E be in the Circumference or Center of the Circle 
given, or be coincident with A: All theſe cauſe no variety in the ConſtruCtion 
or Demonſtration from that of the cafes propoſed ; ſave that ſome of the Quan- 
tities may chance to vaniſh, or degenerate into nothing. *Twill therefore be 
ſufficient to demonſtrate the Six Caſes mentioned. 


DEMONSTRATION. 


' Let AC, EC, (produced) cut the Circumference given, in H K,and ST. Then 
ln the firſt caſe, | 


= LEM=([SET*” = YJoR—oeEcvs, a, by 35e 2. 
mD BAD= (0 HAK-=oR-oAC=) oR—OEC—-OAEr, b,by $2, 
_ c, by 470 1. 
Therefore = LEM— a BAD = DAE dvy + why 
b . 
In the Second Caſe, BJ on 
 BAD= (HAK = )JaR—QAaACE, 
BP LEM= (0SET* =OR—oOEC'=) OR —DO AC—noAE:. 
Therefore QBAD—LEM = QAE. 
In the Third Caſe, | 
ABAD=(mHAK: _ )oOR—oAC6. 
QLEM=(mSETi=o0EC—oRy,=)oAE-+oAC—oR< 
Therefore QBAD-+ a LEM = )QAE, 


In the Fourth Caſe, 
aLEM=(OSET:=oEC-oOR'=)OoAE+oAC—AR 
ABAD = (QHAK«d = ) OAC—0 Re. 


Therefore 2QL EM — ta BAD = GAE ; 
L132 In 


| | 262 Of Places. Cnae.LXV. 


| In the Fifth Caſe, 
| aBAD=(HAK'=oAC—oR'=)oAE-+oEC—oRc 
= LEM=(SET* = ) +OEC—nRe. 
Therefore QBAD—mLEM = GAE. 


| In the Sixth Caſe, 


ABAD=(DHAK=OAC—-noR = oAE+g8EcC-ao Rc. 
QLEM = (ASET= = Jo R — OEC?. 


Therefore QBAD-þ BLEM = )Q AE. 


Which was to be Demonſtrated. 

Now if we ſuppoſe the whole Plain converted on the Axe AC (continued,) 
each Point in the Spherical Surface AEC, and in the Infinite Plain E AC, do in 
like manner perform what was required. So what was before locus ad circum- 
ferentiam Circuli &- Rettam Tangentem, is now locus ad Superficiem Sphericam & 
Tangens Planum. | 

And much more hath been ſince Publiſhed about ſuch Geometrical Place: ; efſ- 
pecially in order to the Geometrical Solution of Equations; ;(and the Limits 
of them,) as may be ſeen in thoſe who have written of theſe Subjects. | 

I ſhall only for Example, give two more (the one to a Parabola, the other to 

_ an Hyperbola,) with a Compound of both together. 


PROBLE M. 


| 4 A Streight Line F O being given, to find a Point $S (or any Number of ſuch 
| Points,) whence letting fall on it, (produced if need be) a Perpendicular SR, 
(making FR S a Right-angled Triangle, ) the Sum or Difference of F $, SR, 

ſhall equal FO. That is, FO =FSZSR. 


ERS EVDVEITOR. 


Let F be the Focus of a Semi-Parabola, F O its Ordinate, - A the Yertex : 
every Point of the Curve ſatisfies the demand. 

Namely, if $be above it, then is FO=FS+SR. If below it, then 
FO=FS—SR. | 
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DEMONSTRATION. 


Suppoſe | the Perameter or latws Reftwm ; and therefore 
(from the nature of a Parabola, and its Focws,) AF= 21, 
FO=2!. Put FD(=RS) =4a, and DA (=FA 
TFD={/17a) =e. Then s FR(=DS)=yel 
=+:%+ 11> al: And thereforeFSq(=FRq+SRq) 
= ZE [I-al ++ aa. And its Root FS = £ {7 a. That 
isFS—=+*1—a(ifSbe aboveO) and therefore FS -|-SR 
=2/=FO. Or(ifS be below O,) ES=#l-þ a; 
and therefore FS—SR = */= FO. And this is Locks 
ad Parabolam. . 

And if we ſuppoſe the Plain to be converted about F O as an Axe; it will then 
be locus ad Superficiem Solid; Parabolici ( which Superficies will be convex, as to 
ASO, above FO; but concave as to OS, below F O.) ATA 

The like will happen upon a converſion about the Axe AF. But then, inſtead 
of the Line FO (on'which FR ſhould be perpendicular,) we myſt ſabſtitute the 
Plain FO, made by the converſion of that Line. 


COROLLARY. 


If F SR be conſidered as the half of an Equicrural Triangle (to the Vertex 
F;) all thoſe Triangles, wherever $ be taken in the Upper Segment AO, will be 
Iſoperimetral ; and the whole Ambit, (that is, the Sum of the two Legs, and 
the Baſe,) = 2 FO. 

Bur if S be taken in the lower Segment OS (below F O,) then is the Difference 
of the two Legs and the Baſe (that is, the Exceſs of the Two Legs above the 
Baſe,) = 2 FO. 


PROBLE M. 


A Square or Parallelogram AFRY, being given ; to find (under the ſame Angle 
AFR) a Parallelogram FS (or any number of ſach,) equal to that given, 


CONSTRUCTION. 


Within the Aſymptotes F A, FR, deſcribe (by V) 4 
an Hyperbola V S. Every point of this Hyperbola 
ſatisfies the demand. (For 'tis a known property of R 
the Hyperbola, that all the Inſcribed Parallelograms 
inſcribed within the Aſymptotes and the Curve, are ® 
Equal.) And this is Locus ad Hyperbolam. 

And if a converfion be made of that Plain about either 
of the Aſymptotes z it will then be Locus ad Super ficiem 
folidi Hyperbolict. 


COROL L ARY. 


If AFR be a Right Angle, and (the Diagonal FS being drawo,) FSR be 
conlidered as the half of an Equicrural Triangle, (to the Vertex F;) Allthoſe 
Equicrural Triangles, will alſo be Equal, each to other. 


COROLLARY. 


From the Solution of the two Problems laſt re- , 4 
cited, it follows, That if F be the Focus of ſuch Pa- 
rabola, and the Center of ſuch Hyperbola, inter- 
ſting each other in SV; and F Ss, F V v, ſuch Equi- #{&== 
crural Triangles : They will (becauſe of the Hyper- * 
bola,) be equal; and (becauſe of the Parabola ) Iſo- 
perimetral. (Which obſervation I firſt had from 
Sir Chriſtopher Wren, ſometime Aſtronomy Profeſſor 
in Oxford ; and now his Majeſties Surveyor General. Now 


——— 
oe DEHSS==0 


264 Of Negative Squares. Cray. LXVI. 


Now for as much as on the ſame Focus, may be drawn an infinite Number of 
Parabola's; and to every of thoſe, an infinite number of Hyperbola's, whoſe 
Genter ſhall be that Fccus; it follows that there is a variety doubly infinite of 
ſuch pairs of Equal lioperimetral Equicrural Triangles. Andall this, without 
varying the Point F;, or the Plain FSV, or the Polition of FA in that Plain 
every of which will yet afford an infinite variety. And yet even this may be in- 
finitely varied, if we leave out the condition of Equicrural. For then a new 
Semi-Parabole with a new Hyperbola, will give new portions ( on the other 
ſide of the Perpendicular FR,) of ſuch Equal Iſoperimeter Triangles, (but not 
Equicrural) with infinite variety. 

/ Of this nature is that Problem which Francs van Schooten tells us, (in the 
Twelfth Section of his Se&iones Miſcellanee,) was openly propoſed at Pars, in 
the Year 1633: To find Iwo Equicrural Triangles, equal each_to other in Perymeter 
and Area , but further clogged with this condition ; ſo that all their Sides and 
Perpendiculars be commenſurable, or as Number to Number. Which new condition 
doth reſtrain the Problem, but not determine it; ſo that it is yet capable of 
innumerable Solutions. 

To this, he tells us, Des Cartes gave one Solution, (making the Sides of the 
one 29, 29,40; of the other 37, 37, 243) But Dr. obs Pell, (in his Intro- 
duCtion to Algebra, - publiſhed by Thomas Brancker , at his Probl. 29. 30, 31.) 
diſcuſſeth the ſame at large ; and ſhews how, by eaſy Methods, (from Tables by - 
him ſet down,) to give innumerable Solutions in Integer Numbers. 

And he ſhews moreover ( which is very true, ) that to every of theſe pairs, 
there belongs a Third Triangle; . whoſe Baſe if ſ{uppoſed a Negative quantity, 
the Aggregate of it, and the Legs, will be equal to the Sum of the Baſe and 
Legs 1n either of the other : Or (which 1s all one) the Legs wanting the Baſe 
(if. in this the Baſe be ſuppoſed Affirmative: ) will be Equal to the Sum of the 
Baſeand Legs ineither of the other. As for inſtance, (in Des Carres's Triangle,) = 29, 
| 29, | 49, = 37; + 3%, + 245 (= 93) = 56 3, + 564,— 15 the Peri- 
meter. And the Perpendiculars will be 21, 35, — 56. And conſequently , 
21 X40 = 35x24 =— 56x — 15 (= 840) the Double of the Area. The 
whole Proceſs I forbear to repeat; referring to the Author for it. 


C H A P. LXVI. 


Of NE&ATIVE SQUARES, and their IMAGINARY 
RoorTs in Algebra. 


E have before had occaſion (in the Solution of ſome Quadratick 
and Cubick Equations) to make mention of Negative Squares 

R and Imaginary Roots, (as contradiſtinguiſhed ro what they 

call Real Roots, whether Affirmative or Negative;) But re- 
ferred the fuller conſideration of them to this place. 

Theſe Imaginary Quantities (as they are commonly called ) ariſing from the 
Suppoſed Root of a Negative Square, (when they happag,) are reputed to imply 
that the Caſe propoſed is Impoſſible. 

And ſo indeed it is, as to the firſt and ſtrift notion of what is propoſed. For 
It is not poſſible, that any Number (Negative or Affirmative) Multiplied into 
itſelf, can produce ( for inſtance) — 4. Since that Like Signs ( whether S- 
or —) will produce -|-; and therefore not — 4, 

Kut it is alſo Impoſſible, that any Quantity (though not a Suppoſed Square) 
can be Negative. Since that it is not poſſible that avy Magnitude can be Leſs 
than Nothing, or any Number Fewer than None, 


Yet 
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Yet 1s not that Suppolition (of Negative Quantities, ) either 11 

Abſurd z; when rightly underſtoad. no though, as was bare porn 
Notation, It import a Quantity Jeſs than nothing: Yer, whea it comes to a Phy- 
ſical Application, 1t denotes as Real a Quantity as if the Sign were -|-;3. but to 
be interpreted in a contrary ſenſe. 

As for inſtance ; Suppoling a man to have advanced or moved forward, (from 
AtoB,) 5 Yards; and then to retreat (fromB to C) 2 Yards: If it be aske@ 
how much he had Advanced (upon the. whole march) when at C? or how many 
Yards he 1s now Forwarder than when he was at A? 1 find (by SubduQting 2 
from 5,) that he is Advanced 3 Yards. (Becauſe -| 5 — 2 = ++ 3.) 


D A C B 
[np ſan nn bn bd => 


Burt if, having Advanced 5 Yards to B, he thence Retreat $ Yards to D; and 
it be then asked,, How much he is Advanced when at D, or how much Forwarder 
than when lie was at A: I fay — 3 Yards. (Becauſe + 5 —8 =— 3.) That 
is to ſay, he 1s advanced 3 Yards leſs than nothing. 

Which in propriecy of Speech, cannot be, ( ſince there cannot he leſs than 
nothing.) And therefore as to the Lice AB Forward, the caſe js Impcſſible. 

But it (contrary to the Suppolttion,) the Line from A, be continued Backward, 
we ſhall iid D, 3 Yards Behind A. (Which was preſumed to be Before it.) 

And thus to iay, he is Advanced — 3 Yards is but what we ſhould ſay (in 
ordinary form of Speech, | he is Ketreated 3 Yards; or he wants 3 Yards of 
being ſo Forward as he was at A. 

Which doth not only anſwer Negatively to the Queſtion asked. That he is 
not. (as was ſuppoſed,) Advanced at all : But tells moreover, he is ſo far from 
being Advanced, (as was ſuppoicd,) that he is Retreated 3 Yards; or that he 
is at D, more Backward by 3 Yards, than he was at A. 

And conſequently — 3, doth as truly deſign the Point D; as -|- 3 deſigned 
the Point C. Not Forward, as was ſuppoled ; but Backward, from A. 

So that -|- 3, ſignifies 3 Yards Forward z and — 3, fignifics 3 Yards Back- 
ward: But {till in the ſame Streight Line. And each deſigns (at leaſt jn the 
ſame Infinite Line,) one Single Point: And but one. And thus it is in all Lateral 
Equations 3 as having but one Single Root. 

Now what is admitted in Lines, muſt on the ſame Reaſon, be allowed in 
Plains alſo, : 

As for inſtance : Suppoling that in one Place, we Gain from the Sea, 20 Acres, 
but Loſe in another Place, 20 Acres: It it be now asked, How many Acres we 
have gaived upon the whole : The Anſwer iS, 10 Acres, or -|- 10. (Becauſe 
of 30 — 22 = 10.) Or, which 1s all one 1600 Square Perches. (For the liſh 
Acre being Equal to a Plain of 40 Perches in length, and 4 in breadth, whoſe 
Area is 169 10 Acres will be 1600 Square Perches.) Which if it Iye in a Square 
Form, the Side of that Square will be 4o Perches in length ; or (admitting of 
a Negative Root,) — 40. , 

But if then in a Third quan we loſe 20 Acres more; and the ſame Queſtion 
be again asked, How much we have gained in the whole; the Anſwer muſt be 
— 10 Acres. (Becauſe 30 — 20—20 =— 10.) That is to ſay, The Gain is 
10 Acres leſs than nothing. Which is the ſame as to ſay, there is a Loſs of 10 
Acres: or of 1600 Square Perches. _ : 

And hitherto, there is no new Difficulty ari{ing, nor any other Impoſſibility 
than what we met with before, (in ſuppoling a Negative Quantity, or ſomewhat 
Leſs than nothing :) Save only that y/ 1600 is ambiguous; and may be -+- 40, 
or — 40. And from ſuch Ambiguity 1t is, that Quadratick Equations admir of 
Two Roots. - | : 

But now (ſuppoſing this Negative Plain, — 1600 Perches, to be in the form 
of a Square ;) muſt not this Suppoſed Square be ſuppoſed to have a Side? AMtif 
ſo, What ſhall this Side be? 
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We cannot ſay it is 40, nor that it is — 40, (Becauſe either of theſe Multi- 
plyed into itſelf, will make 4 1600; not — 1600.) | | 

But thus rather, that it is / — 1600, (the Suppoſed Root of a Negative 
Square ;) or (which is Equivalent thereunto) 10 4/ — 16, or 20 y/ — 4, Or 
40 y/— 1: | | | 

Where y/ implies a Mean Proportional between a Poſitive and a Negative 
Quantity. For like as y/ bc ſignifies a Mean Proportional between -- band -þc; 
or between -— b, and —c; (either of which, by Multiplication, makes-þ-b c:) 
So doth 4/ — be ſignify a Mean Proportional between -|- b and — c, or be- 
tween — b and +c; either of which being Multiplied , makes — bc, And 
this as to Algebraick conſideration, is the true notion of ſuch Imaginary Root, 
y/ — be. 


CHAP. LXVII 


The ſame Exemplified in Geometry. 


HAT hath been already ſaid of 4/ — 6c in Algebra, (as a 
Mean Proportional between a Poſitive and a Negative Quan- 
= :) may be thus Exemplified in Geometry. 

If (for inſtance,) Forward from A, I take AB = +b; and 
Forward from thence, BC = + c; (making AC 
= + AB BC = +6b-+c, the Diameter of a 
Circle: ) Then is the Sine, or Mean Proportional 
BP =y/+Fbc. | 

But if Backward from A, I take AB = —b; and 
then Forward from that B, BC =-þc; (making 
AC=—AB--BC==—b-|-c, the :iameter of 
the Circle:) Then is the Tangent or Mean Propor- 
tional BP = / — be, 

; So that where y/ + bc ſignifies a Sinez / — be 
ſhall fignify a Tangent, to the ſame Arch (of the ſame Circle,) AP, from the 
ſame Point P, to the fame Diameter AC. 

Suppoſe now (for further Hluſtration,) A Triangle ſtanding on the Line AC 
(of indefinite length ;) whoſe one Leg AP = 20 is given; together with (the 


Angle P AB, and conſequently) the Height 
IN PC= 12; and the length of the other Le 
1— > IT 


PB = I5: By which we are to find the leng 
of the Baſe AB. 

'Tis manifeſt that the Square of A P being 
400; and of PC, 144; their Difference 256 
(= 400 — 144) is the Square of AC. 

And therefore AC (= y/ 256) = + 16, or— 16; Forward or Backward 
according as we pleaſe to take the Affirmative or Negative Root. But we will 
here take the Afhrmative. 

Then, becauſe the Square of PB is 225; and of P C, 144; their Difference 
81, is the Square of CB. And therefore CB = vy/ 81 ; which is indifferently, 
+ gor—9g: And may therefore be taken Forward or Backward from C. Which 
gives a Double value for the length of AB; to wit, AB = 16 + g = 25 
or AB=16—9g = 7. Both Affirmative. (But if we ſhould take, Backward 
fro®A, AC==— 16; then AB=— 16þg = — 7, andAB=—16—g 
= — 25, Both Negative ) 


t 


Suppoſe 
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Suppoſe again, AP = 15, PC= 12, (and therefore P 
AC=y: 225 — 144: =+/81=9,) PB= 20 (and PS: 
therefore B C = /: 400— 144: =4/ 256 =—+ 16, or B:-...., '- Nt 
—16:) Thenis AB=9g -16=25, orAB=g—16 *«. -o>B 
==— 7. The one Affirmative, the other Negative. (The %.. 


ſame values would be, but with contrary Sigas, if we 
takeAC=4/81==—g: Thatis, AB=z—g-16=-þ7, AB=—g—16 
= — 2c. 

In all which caſes, the Point B is found, (if not Forward, at leaſt Backward,) 
inthe Line A C, as the Queſtion ſuppoſeth. 

And of this nature, are thoſe Quadratick Equations, whoſe Roots arc Real, 
(whether Affirmative or Negative, or partly the one, partly the other; ) with- 
out any other Impoſſibility than (what is incident alſo to Lateral Equations,) 
that the Roots (one or both) may be Negative Quantities. | 

But if we ſhall Suppoſe, AP = 20, PB=12, PC= 1x5, (and therefore 
AC=y 175:) When we come to SubtraCt as before, the Square of PC (225,) 
out of the Square PB ( 144,) to find the Square of BC, we find that cannot 
be done without a Negative Remainder, 144 — 225 = — 81. 


So that the Square of BC is (indeed) the Difference of the Squares of PB, 
PC; but a defective Deference ; (that of P C proving the greater, which was 
ſuppoſed the Leſſer ; and the Triangle PBC, ReCtangled, not as was ſuppoſed 
at C, but at B:) And therefore BC = / — 81. 

Which gives indeed (as before a double value of AB, /175, -- / — $1, 
and y/ 175, — / — 81 : But {uch as requites a new Impoſlibility in Alyebra, 
(which in Lateral Equations doth not happen ;) not that of a Negative Root, 
or a Quantity leſs than nothing ;, (as before, ) but the Root of a Negative 
Square. Which in ſtriftneſs of ſpeech, cannot be : ſince that no Real Root 
(Affirmative or Negative,) being Multiplied into itſelf, will make a Negative 

yare. 

"his Impoſſibility in eMgebrs, argues an Impoſlibility of the caſe propoſed in 
Geometry ; and that the Point B cannot be had, (as was ſuppoſed,) in the Line 
AE, however produced (forward or backward,) from A. 

Yet are there Two Points deſigned Gout of that Line, but) .in the ſaine Plain ; 
to either of which, if we draw the Lines AB, BP, we have a Triangle; whoſe 
Sides AP, PB, are ſuch as were required: And the Angle PAC, and Altitude P C. 
(above AC, though not above AB,) ſuch as was propoſcd ; And the Difference 
of Squares of P B, PC, 1s that of CB. | 

And like as in the firſt caſe, the Two values of AB (which are both Afﬀir- 
mative,) make the double of AC, (16-+9;--16—9g, = 16-16 = 32:) $0 
here, / 175 + /—8$1, + v/ 175 —+ >$1, =24/ 175. 

And (in the Figure,) though not the Two Lines themſelves, A B, AB, (as in 
the Firſt caſe, where they lay in the Line AC;) yet the Ground-lines on which 
they ſtand, 'A 8, AB, are Equal to the Double of AC: That is, if to either of 
thoſe AB, we join Be, equal to the other of them, and with the ſame Declivity ; 
ACe (the Diſtance of A a) will be a Streight Line equal to the double of AC; 
as is AC in the Firſt caſe. _ 

The greateſt difference is this; That in the firft Caſe, the Points B, B, lying 
in the Line AC, the Lines AB, AB, are the ſame with their Ground-Lines, bat 
not {© in this laſt caſe, where BB are ” raiſed above 85 (the reſpeCtive Points 

m in 
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in their Ground-Lines,over which they ſtand,) asto make the caſe feaſible z (that 
is, ſo much as is the verſed Sine of CB to the Diameter PC: ) But in both 
AC# (the Ground-Line of ABa) is Equal to the Double of AC. 

9. that, whereas in caſe of Negative Roots, we are to ſay, The Point B can- 
not be found, ſo as is ſuppoſed in AC Forward, but Backward from A it may in 
the f:me Line : We mult here ſay, in caſe of a Negative Square, the Point B can- 
not be found ſo as was ſuppoſed, in the Line AC ; but Above that Line it may 
in the ſame Plain. 

This I have the more largely inſiſted on, becauſe the Notion (I think) is new 
and this, the plaineſt Declaration that at preſent I can think of, to explicate 
what we commonly call the Imaginary Roors of Quadratick Equations. For ſuch 
arc theſe. 

For inſtance; The Two Roots of this Equation, 44 — 24y 175 + 256 = 03 
area=y/ 175, + + —81, anda=y175—y/—81. (Which are the values 
of AB in the laſt caſe.) For if from 195 (the Square of half the Coefficient,) 
we Subdudct the Abſolute Quantity 256, the Remainder is — $1 ; the Root of 
which. Added to, and SubduCted from,the half Coefficient,) makes y/ 175Zy/—B8t: 
Which are therefore the Two Roots of that Equation. In the ſame manner as 
in the Equation 4? — 32 a -175=0 if from 256 (the CR of Half 32,) 
we $ubduct 175, the Remainder is -|-81 ; whoſe Root y/ 81 =9, Added to 
and Subdutted from, 16 (the half Coefficient, ) makes 16 * 9g; which are the 
values of AB in the Firſt caſe. 


CH AP. LXVIIL. 


The Geometrical Conſtruttion accommodated hereunto. 


N the former Chapter, we have ſhewed what in Geometry anſwers to the 
Root of a Negative Square in Algebra. 
I ſhall now ſhew ſome Geometrical Effections, anſwering to the Reſolu- 
tion of ſuch Quadratick Equations whoſe Roots may have (what we call) 
Imaginary values, ariſing from ſuch Negative Squares. 
] he natural Conſtruction of this Equation 447 ba + e = 0; is this The 
Coefficient 6 being the Sum of Two Quantities, whoſe ReCtangle is «, the Ab- 
ſolute Quantity : This cannot be more naturally ex- 
5 preſſed, in Magnitudes, than by making b (= As) 
the Diameter of a Circle, and 4/ « (= BS) a Right 
Sine or Ordinate thereunto. (For it is one of the moſt 
4-0 known Properties of a Circle, that the Sine or Ordi- 
AB C35 6 nate is a mean Proportional between the Two Seg- 
ments of the Diameter.) And becauſe BS (of the 
ſame length,) may be taken indifferently on either fide of CT, we have there- 
fore, in the Diameter, two Points B, B, ( anſwering to SS in the Semicircum- 
ference, either of which divide the Diameter into AB, Be, the Two Roots 
deſired. ( Both Affirmative, or both Negative, according as in the Equation 
we have —ba, or {-ba.) And as BS increaſeth , ſo B approacheth (on either 
Side) toC; and CB (the Co-Sine, or Semi-difference of Roots,) decreaſeth. 
But becauſe the Sine BS can never be greater than CT the Semidiameter : 
Therefore, whenever 4/ « is greater than £b; the Caſe according to this con- 
ſtruction is Impoſſible. 
1. The Geometrical EffeCtion, therefore anſwering to this Equation, a a7 b a 
3-e =o, (loas to take in both caſes at once, Poſſible and Impoſlible ; that is, 
whether + bb be or be not leſs than « ;) may be this, 
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On A Ca =b, biſected inC, erett a Perpendicular CP = ve. Andtaking 
PB=26, make (on whether Side you pleaſe of CP,) PBC, a Rectangled 
Triangle. Whoſe Right Angle will therefore be at C or B, according as PB or 
PCis bigger; and accordingly, BC a Sine or a Tangent, (to the Radius P B,) 
terminated in PC. 

The Streight Lines AB, Be, are the two values of «. Both Affirmative if 
(in the Equation, it be — 64: Both Negative, if + ba. Which valves be 
(what we call) Real, if theRight-Angle be at C : But Imaginary if at B. 


In both caſes (whether the Right Angle be at C or B,) the Point B may in- 
differently be taken on either fide of PC, ina like Poſition. And the Two Points 
B, B, are thoſe which the Equation deſigns. 

In the former caſe; A Be 1s a Streight Line, and the ſame with ACe. 

In the latter 3 AB« makes at B, ſuch an Angle, as that A Ce is the diſtanee 
of As; and is the Ground-line, on which if AB« be Ichnographically projected, 
B falls on 8, the point juſt under ir. E 

And therefore, if (in the Problem which produceth this Equation) AB gwere 
ſuppeſed to be a Streight Line; or the Point B, in theLineA Ca or the ſane 
with £4; or that ACs be Equal to the Aggregate of AB.|- Ba; or any thing 
which doth imply any of theſe : This Canſtrution ſhows that Caſe (ſo underx- 
ſtood) to be Impoſſible; but how it may be qualified, ſo as to” became pollible.. 

The difference between this Impoſlibility, and that incident to a Lateral E- 
quation, is this. When in a Lateral Equation, we are reduced to 8 Negative 
value; it is as much as to ſay the Point B demanded, cannot be had (in the Line 
A-C propoſed,) Forward from A, as is preſumed : But backward from A i may, 
at ſuch a diſtance Behind it. But when in a Quadratick Equation, we be re- 
duced, (not to a Negative value z wherein it communicates with the Lateral ; 
bur) to (what is wont to be called) an Imaginary value ; it is as much as to ſay, 
The Point B cannot be had in the Line AC, as was preſumed ; Bux, out of that 
Line it may (in the ſame Plain;) at ſuch a diſtance Above it. 

The other form of Quadratick Equations, 44 + ba—e= 0; is naturally thuz 
Effeted. Taking CA, or CP, =4b; andPB=ye; containing a Right 
Angle at P. The Hypothenuſe, B C continued, will cut the . 

CircleP Au, in A#. And the two Roots deſired, are AB, n 

Ba; between which the Tangent PB is a mean Propor- 
tional. and A their Difference. But one of them 1s to 
be underſtood Affirmative, the other Negative. (Becauſe 
if AB be Forward, Be is Backward ; if that be Back- 
ward, this Forward.) To wit, + AB, —Be, if we have 
(in the Equation) + 94; or — A B, B & if —bs. 

But this Conſtruction belongs not properly to this 
lace: Becauſe in this form of Equation, we are never 

reduced to theſe magnary values. ForP B, of whatever length, may be a 
Tapgent to that Circ 
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1 - CHAP. LXIX. 


Other Geometrical Conſtruftions thereunto relating. 


OMF other Geometrical Effeftions there are, (though I do not prefer 
them to that of the foregoing Chapter,) whereby thoſe Imaginary values 
m2 be expreſſed : Such as theſe. 
| 11. The natural conſtruction of this Equation,a a J ba -|- e = o, (as was | 
it | ſhewed but now) being this; in a Circle whoſe Radius isCA, or CT = £b, 
ll the Right SineSB=,/ «, will cut the Diameter AB= = b, 
into Two Segments AB, B ,, (which are the values of 4.) ; 
Whoſe Co-line SPor BC =, : : bb — &, doth continuaily 
decreaſe, according as. ,/ e doth increaſe, the Point B ſtill ap- | 
| 


proaching to C ; till at length (4 «; becoming equal to £ b,) 
|  B is coincident with C, and P witl: T. 
| Now in caſe « be greater than 4 bb; ſo that y/ « caunor be a Right Sine as | 
is ſuppoſed ; nor CP ſtand upright without be.» {1i-cr then T the top of the , 
Circle: "That thereiore Unis may be accommodated, j 
we may ſuppoſe Ct to lye ſloping, ſo as (inſtead of 
a Sine, ) to become a Secaut. And inſtead of the 
Co-ſfine SP, or BC=y/:ibb—e, (the Root of | 
an Afhrmative Square, ) we ſhall have the Tangent 
| PT=4/:4366—#; the Root of a Negative 
gone nnen ones Square; « being by Suppofition greater than 2 bb. 
- For ſuch we are to ſuppoſe the Square of the Tan- | 
gent, if the Square of the Sine be reputed an Affirmative : ) Which Negative { 
Square ſhews the meaſure of Impoſlibility in the caſe propoſed. 
So that for the Sine and Co-line, we ſubſtitute the Secant and Tangent; into 
which (by the Impoſlibility,) thoſe degenerate. 
Nor doth this differ in ſubſtance from the former conſtrufion ; For if there, 
on the Center P, with the Radius PB=AC=?+6b, we deſcribe a Circle, CB | 
(which in a Caſe Poſlible, is a Sine) will in this caſe be a Tangent to that Circle. 
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I11,-Or it may be thus expreſſed. Though y/e (if greater than 3b) cannot 
lye as a Sine BSor CP within the Semicircle, in the ſame Plain: Yer if on the 
Semicircle, we ſuppoſe a Cylinder to be 
| erected, whoſe height ſhall be TP=y: 
| — bb 4-e: (or /: \ bb —e:' the Root 
| of a Negative Square:) CP = ye ſhalkbe 
' | (in that Cylinder, a Slope-Line ; whoſe 
' Ground-Line ſhall be CT=+#6b. And the 
Ed Square of TP, the meaſure of the Impoſſi- 
bility. 

Which differs little from the former, 
& ſave that the Triangle CTP which there 
lay flat in the ſame Plain, 1s here ereted 

in the Cylinder. 
| | IV. Or 


[©] 


Cav. LXIX, Of Negatroe Squares. 


IV. Or it may be conceived thus. If the Cylinder 
ſo conſtructed, be cut by the Plain APa: In the 
Ellipſe made by this Section, half .the ſhorter Axe 
ſhall be AC = +6; and half the longer Axe, CP=4/ es; 
and its Elevation above the Baſe, TP=y/: — 2 bb-|- «; 
or TP =y:{ bb— &, the Root of a Negative 
Square. Which differs little from the former. 

V. Or thus ; If (inſtead of a Semicircle) AT , be = J —"y 
a Scmiellipſe 3 where half the leſſer Axe CT=£*b; 
half the greater Axe AC = y/e 
(equal to which is T F, the diſtance T 
of the Conjugate vertex frem the | 
Focus, F A f being equal to F Tf;) 
then is CF =4y/:—Zbb+e; or 
(the Rcot- of a Negative Square,) A gm F ir 
y/: * bb — e, Where the Points 
FC f, which in a Circle are all the ſame, (the Focus of a Circle being no 0- 
ther than the Center ;) are here (by the Circles degenerating into an Ellipſe,) 

a Three. Whereas if F T were equal toCT, this Ellipſe would be a 

Circle 

VI. Or it may be thus conceived ; making A « = b 
the ſhorter Axe of an Ellipſe; and AB=ye, the 
diſtance of its Vertex from the Focus ; we have 
CB=4y:—*bb+ «x; or (the Ront of a Negative 
Square) 4/:4 bb—e, ſhewing the meaſire of the 
Impoſſible ; or the Gaping Hiatws requilite to make 
the caſe become poſſible. Which is the ſame in ſub- 
ſtance with the tormer conſtruftion. 

This caſe differs from the firſt of all, only as a 
Particular caſe from a General : (For CB, which there 
ſtands at any Angle on AC«, is here erect.) And 
this (with the Four next foregoing,) doth principally 
reſpeCt ſnch caſes as where the I'wo Imaginary Roots 
are ſuppoſed equal. 

VII.. There is. yet another conſtruction of a like 
nature with theſe, which is this. In caſe ye be 
greater than 2b; ſo that BS cannot be the Sine or Fx 
Ordinate in a Circle. Yet if for that Circle, we ſub- 
ſtitute its concentrick Equilater Hyperbola z then 
will BS be the Ordinate from that Hyperbola, to its 
Conjugate AXE. | | 

For the Square of CB, is (in the Hyperbola, as 
well as in the Circle,) the difference of the Squares FF 
of CT and BS; (BSin the Hyperbola being equal TY > 
to BT.) That is, the difference between 4 bb and e. 

Bur in the Hyperbola, BS is the greater of them; in the Circle it is the 

Leſler. 

: So that the Quadratick Equation becoming: Impoſſible, ſhall imply, That 

what was ſuppoſed to bygn the Circle, may be found in the Hyperbola. 

And here, in caſe , (that is, BS,) be greater than ; bb; that is, the Square 
of BS more than double the Square of CT ; that is, BS, or (which is equal 
thereunto,) BT, bigger than T A, B falls without the limits A a. 

VIH. Or elfe, (without conſtruCting the Hyperbola,) take TB= y/ <; which 
is coincident .with the Second Conſtruction. For T B, CB, here are the ſame 
with CP, TP, there. -T P there, or CB here, giving us the Meaſure of Im- 


poſſibility , and no more. 
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IX. Or 
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IX. Or it is thus again by the help of an Hyperbola. Suppoling Ae = 6, 
the Diameter of a Circle, ( as before,) to be the Aggregate of A B, Ba, the 


Two values of 4, whoſe mean Propor- 
bh 5 
VV perbola of the Oppoſite Vertex; and 1s a 


tw tional is BS=4/<e: In caſe BS be too 

A B "Þ Mean Proportional between AB, Baz and 
Ae the Aggregate of both : Becauſe (AB 

being greater than A«,) Be returns back- 

ward, and becomes a Negative Quan- 


= to ſtand in the Circle, it may yet 
tity. 


nd as-an Ordinate in the Collateral Hy- 

X. Or-without conſtrufting this Hyperbola, take BP a Tangent of the Circle, 
inſtead of BS the Ordinate of the Hyperbola, which is equal thereunto. And 
then this becomes coincident with the conſtrultion we gave (in the clole of the 
former Chapter,) for the other form 447 2ba—e=0. And Ae becomes in- 
deed the Difference, which was ſuppoſed to be the Sum of AB, B «, ſecluding 
the Signs. Or an Aggregate of Unlike Signs, for Like Signs; whereby this 
Form degenerates into the other. 

We find therefore, that in all Equations, whether Lateral or Quadratick, 
which in the {triCt ſenſe, and firſt Proſpe@, appear Impoſſible ; ſome mitigation 
is to be allowed to make them Poſlible ; and in ſuch a mitigated interpretation 
they may yet be uſeful. 

As 1. By admitting a Negative value, inſtead of what is preſumed Affirmative. 
What is incident to Lateral Equations, as well as thoſe of devacier degrees. 

2. By admitting a Point in the fame Plain, Above or Below the Line; inſtead 
of _ is preſumed in it. As in the firſt conſtruftion of the imaginary Quadra- 
TICKS. 

3. By admitting a Secant and Tangent, inſtead of the Sine and Co-ſine. As 
in the Second and Eighth ConſtruCtion of the ſame. 

4. By admitting a Point above the Plain, inſtead of one init. As in the third 
conſtruction of them. 

5. By admitting an Itxlined Plain, inſtead of the Horizontal, As in the 

fourth conſtruction. 
6. By admitting an Ellipſe, inſtead of a Circle in the ſame Plain. As in the 
Fifth. 
- 7. By diſtraCting the Focus of an Ellipſe from the Center ; which in a Circle 
are the ſame. As in the Fifth and Sixth conſtructions of them. 

8. By admitting an Hyperbola, inſtead of a Circle. As in the Seventh and 
Ninth conſtruction. 

9. By By admitting 2n Aggregate of Unlike Signs, for one of Like Signs. 
As in the Ninth and Tenth conſtruCtion, 

In all which, (ud others the like, ) the Solution amounts to this; that the 
caſe propoſed, as to the rigor of it , is impoſſible : But with ſuch mirigations, 
it may be thns and thus conftrufted. 

W hich »cude declaring the caſe 1a Rigor to be impoſlible, ſhew the meaſure 
of the impoſſibility z which if removed, the caſe will become poſſible. 

And they direct to ſuch ſaccedaneous operations in lieu of what is prapoſed, 
as may aftord uleful diſcoveries of ſomewhat which Phe firſt Propoſal was 
not thought of. 5 

Thus, ofttimes what was preſumed to be a Circle, 'may be found to be an 
Ellipſe, or Hyperbola; and again may degenerate into a Parabala, or a Tri- 
angle, or perhaps a Streight Line, according as ſome preſumed quantities either 
vaniſh in the operation, or prove contrary to what was preſumed. Of which 
Caſes, there are ſtore in Geometry. | 

But all this concerning Geometrical Effeftions or Conſtruftions, is beſide 
the preſent bulineſs ; which is to conſider of pure Algebra from its own Prin- 
_ abſtracted from Geometry and other Accommodations to particular 

ULJEcts. 


And 
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And thus conſidered, rhe whole Impoſlibility in Zazeral Donny amounts 
but to the Imagining a Negarive — And in _ tions, the 
Root of a Negative Quantity 3 or a Mean-Proportional btrween a Poſitive and a 
Negarwe Quantity. 


. 
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The Geometrical Conſtruttion of CuBICK and BiQUADRA- 
TICK EQUATIONS. 


Have in great part of what goes before, ſtudiouſly avoided Geometrical 

Conſtructions z (as not being purely Algebraical, but rather an application 

of Algebra to Geometry, or of this ts that :) But having by ſteps, been 

tempted into ſomewhat of that kind, (by way of Digreſſion ;) I think 
it not amiſs to make one ſtep more out of the way. : 

The Geometrical ConſtruCtion of ſuth Equations as do not exceed a Quadra- 
tick, is eaſy enough to underſtand, by what hath been before delivered ; or (if any 
pleaſe to ſee it further,) it may be ſeey in what was written by Gerald long 
lince 3 and (to name no more, by Mr. Kerſey of late. And it may be all per- 
formed Geometrically, in the ſtricteſt ſenſe of that word; or (as it was uſed by 
the Ancients,) by the help of Rule and Compaſs only ; that is, by drawing only 
of Streight-Lines and Circles, without aty Lines of a higher compoſition. ' 

But in caſe the Equation be Cubick or Biquadratick, there will be need (be- 
ſide Circles and Streight Lines,) at leaſt of a Conick Seftion: If yet higher, (as 
to the Surſolid, or Sixth Power,) then of a Line yet more compounded. 

(Which laſt, I would have underſtood with this Limitation ; (though I do 
not remember that it is by others interpoſed :) Or, (inſtead of ſuch more Com- 
pounded Line, ) of more than one Coni-ſecttion : (For by Two Coni- ſettions an Equation 
of 5 or 6 Dimenſions may be conſtructed.) | 

And in higher Equations, ' Lines more compounded (or at leaſt a higher Com- 
poſition of Lines,) will be required. 

As to Equations (higher than the Quadratick, but) not exceeding four Di- 
menſions ; that is the Cubick and Biquadratick ; we have, in (the Third part of ) 
Des Cartes Geometry, a general Method of conſtrufting them, by the inter- 
ſeftion of a Circle, and a Parabola: But he ſuppoſeth them firſt reduced to ſuch 
form, as that the Second Term be wanting. | 

Mr. Thomas Bakgr , in his Clavis Geomerrica, (lately publiſhed, while this 
Treatiſe is under the Preſs, (doth the ſame more generally ; (without ſuch pre- 
vious Reduction for caſting out the Second Term :) by ſuch interſeCtion of a 
Circle and Parabola. Which he doth, by making uſe of any Diamecrer of the 
Parabola;, whereas Des Cartes confines himſelf to the Ax of it. 

I had done the ſame formerly , (in the Preface to a Treatiſe concerning Pro- 
portions, Publiſhed in the Year 1657,) by the InterſeCtion of a Srrezghe Line and 
Cubick. Paraboloeid : But ſuppoſing the Biquadratick Equation firſt reduced to a 
Cubick; and of this, the Second Term to be caſt out. 

Thar of .Des Cartes, I ſhall not need here to repeat ; becauſe it is contained 
(for ſubſtance,) in that of Mr. Baker ; as being but a particular caſe of Mr. Baker's 
General. 

That of mine, was to-this purpoſe : 

Lemma. | firſt allume, (as Known,) That Biquadratick Equations may be reduced 
to Cubicks,: And all theſe, ro'oncerolt thete Two fora. . 
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Conſtruttion General, Of Two Cubick Paraboloeids (whoſe Parameter is the 
ſame,) inverſely placed about the ſame Axe, let A be the common Vertex ; and 
TAT the common Tangent. Then taking P, a Point in the Axe at pleaſure 
and BP its inſcribed Ordinate ; and «F its Tangent, meeting with the Axe 
at F; (which is beſt had by taking AF = 2AP:) This one Figure once drawn 
(and ſufficiently continued,) will ſerve for all Equatiogs in either of thoſe forms. 
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| Conſtrultion particular. As to each particular caſe: Take (in this Tangent;) 
as y/ 9 ſo «F toFH; (on this Side F, if it be 7; but beyond it, if 
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—#;) and HT ( parallel to the Axe, cutting TAT in T; and TGO ( pa- 
rallel to « F) cutting the Axe in G, and the Curve a AaOin ©, (once or oftener 
as it may happen, and the Alternate Curve BA 8, in @. 


This done; each of the Streight Lines GO (be they one Or more,) is a Root 


of the Equation in the Firſt Form; and G © (which can be but one real) in the 
latter form. And theſe Roots are Affirmative, when O or are below TAT; 
Negative, 'whea above it. 


GO m n former : 
ar. FH=T6.3 Er: wm Rof the {ot Þ Equation. 


The Demonſtration I do not repeat , but refer to the place cited. Now the 
Lines GO are Three, in caſe G fall between A F, (Two Affirmative, and One 
Negative 3) or (taking 4 as much below A, asF is above it,) between A #*, (one 
Afﬀfr.native and Two Negatives :) But two, in caſe G happen inF, (becauſe the 
Two Affirmatives being Coincident at the Contadt,) or in + (becauſe then the 
Two Negatives are coincident : ) And but Two likewiſe, if G be in A » one 
Affirmative and the other Negative z (becauſe in this caſe, the Third vaniſheth, 
and the Cubick Equation degenerates into a Quadratick:) And but One Real, 
in caſe G happen above F (where it is Negative,) or below * (where it is Aﬀir- 
mative;) the other Two being but Imaginaries, (the Line paſſing the oppolite 
Paraboloeid , without touching it.) And G® is ever but one Real (for the like 
reaſon,) the other Two being always but Imaginary ; which one is Afhrmative, 
if G be below A; but Neganve, if above. it. The reaſon of all which deter- 
minations will ealily appear, upon a view of the Scheme. 

It may be objected againlt this Conſtraftion, that I here make uſe of a Line 
more compounded, for a Problem which may be conſtrued by a Conick SeCtion. 

But this Objection, | take to be (in this _ of no t weight; becauſe it 
is compenſated by cutting this with a Streight Line, inſtead of a Circle. Which 
makes the Conſtruction no more compounded than when) a Circle cuts a Para- 
bola. | | 

For explaining of which (becauſe the notion is not ordinary, though of 
weighty conſideration 3) I compute thus : A” Streight Line is to be eftimated as 
of one Dimenſion 3 a Circle, as of Fwo a Conick Section, as of Three; a Line 
ohe degree more compounded, (of which the Cubick Paraboloeids the Simpleſt,) 
as of Four ; and ſo onward, And the interſeCtion of any Two'pf theſe, as of 
ſo many as both of them.. As for inſtance, a Lateral Equation (whoſe Root is 
but One,) is determined by the interſetion of Two Streight Lins; which is a 
Compoſition of 1 + 1 = 2. A Quadratick (whoſe Roots are O,) by the 
interſeCtion of a Streight Line and Circle ; anſwering;to 1 + 2=4. A Cubick 
Equation, (whoſe Roots are Three, ) one might, ex (by a lik Analogy,) 
to be ſolved by the Seftion of two Circles, (that is, 2 2 = 4,) or of y Streight 
Line and Conick SeCti8n; (that is,-1 -M-H3 = 4,) were it not that, ndither can 
a Circle cut a Circle, nor a Streight Line, cut a Coni-ſeftion, in more points 
chan Two; and therefore for this (as well as the Biquadtatick,) we muſt ad- 
vance the Compoſition one ſtep higher ; and do it either by cutting a Coni- 
ſection by a Circle, (that is, 3 + 2 = $2) or 2 Cubick Parabolocid (or fome- 
what as high compounded,) by a Streight-Line, (chat is, 4 -+ 1 = 5,) Which 
( for the reaſon aſſigned.) I take to be a Compoſition not higher than the 
former. | 

Mr. Baker's Method (on the account of which it is, that ] interpoſe this 
Chapter,) is to this purpoſe. 

He ſuppoſeth his Equations, (after the manner of Des Carws,) to be thus 
deſigned, 


Cubick XI. PXX.q4X.7=0 
Biquadratick a*. px? . qxx.zx.5=0, 


Where p, 9,7, 5, are the Known —_—_ and x the Root ſought. 
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All ſuch he conſtruts, by any one Parabola , whoſe Parameter, ( or Latws 
Rettum,) anſwering, to the Axis, he calls L = 1; (to the end that the Powers 
of L may in the operation, create no trouble ;) and its Vertex 4. But A the 
Vertex of that Diameter, (be it Axis or other, ) which he calls A D, of which 
he makes more eſpecial uſe. 

This Parabola is to be cut or touched by a Circle, (whoſe Center he makes H,) 
in ſo many Points as are the Real (not Imaginary) Roots of ſuch Equation; 
which Roots are deſigned by ſo many Perpendiculars, from thoſe Points of Section 
or Contact, on the Diameter AD. 

His Diameter A D he thus determines. At Right Angles to the Axe, inſcribe 
BA=4p: whoſe Point A, (that toward our Right hand,) is the Vertex of the 
Diameter AD, Parallel to the Axe; (that is, he takes a Diameter whoſe di- 
ſtance from the Axe, is #p, or +p'L.) So that, ifp = ©; that is, if the Second 
Term be wanting, (which is the caſe of Des Cartes) AD is the ſame with the 
Axe, (the points B A being coincident with a, and the diſtance vaniſhing,) otherx- 
wiſe, it is ſome other Diameter. 
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In this Diameter, hedetermines D, by the length of AD ;”and (ina Perpen- 
dicular toit,) the Point H, (the Center ſought) by the length of DH, according 
to (what he calls) his Central Rnle: Namely, 


2 &L. al 
3 
Th + £7. + —=d = DH 


la the firſt part whereof, -- ſignifies downward from A: —, upward from A. 
Sothat Disin AD (produced if need be, ) below or above according as the 
Quantities noted with +, or thoſe with —, are greater. 


In 


A Eu 
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[a the latter part, + ſignihes, toward the left hand ; — toward the right 
hand. So that H is to the left or right hand of D, accordiug as the Affirmative 
or Negative Quantities prevail. 

And in both parts, if p, q, orr, be =o, (that is, if the Second, Third or 
Fourth Term be wanting,) the Member where ſuch is found, vaniſheth, or be. 
Comes —' ©, 

The Signs in this Rule, he thus orders. The Quantity p, retains its Sign as 
in the Equation ; q takes the contrary to what it had in the Equation; r hath 
always -þ, except when pr have contrary Signs ; and in ſuch cafes it hath —. 

The Center H , being thus determined , the Radius, (or Pojut by which the 
Circumference is-to paſs,) 1s thus had. 

Join H A, and if rhe Equationbe but Cuhick, (that is, if there be no 5,) this is 
the Radius; the Circumference paſling by A. 

But if Biquadratick; then in cafe it be — , take in HA (produced if there 


need, both ways, ) on the one ſide AT=L; 'and on the other fide, A K=: 


and on the Diameter 1 K , deſcribe 8 Semicircle 3 and- AL (a Perpendicular 
on 1 K ,) cutting that Semicircle in L. (That is, let AL, thus erected, be a 


Mean Proportional between Al, and AK.) And by this L, is the Circle to 


pals. 
But in caſe it be + 5, then draw moreover on the Diameter H A, a Semicircle, 


and therein adapt AZ = AL (for in this cale the Square of AL is tobe ſub- 
ducted from that of HA; which in the former caſe, was to be Added to it I) 
and the Circumference is to paſs by Z. 

Laſtly ; On the Center H, draw a CircleN M, paſling by AL, or Z, (as the 
caſe ſhall require z) which may cut or touch the Parabols in 4, 3, 2, 1, or no 
point ; and accordingly ſo many (Real) Regts will be tg fuch Equation; being 
fo many Perpendicalars from thoſe Pojuts. to AD 3. as NO on the left hand, 
and MO on the right hand of AD. And of theſe, 

. If we have no p, but —7; then are NO Afﬀirmatives, and M O Nega- 


tives, 
If we have —p; NO are Affirmatives, and MO Negatives. But contrari- 


wiſe if + p. | 
This is the Sum of his conftruCtion, | 
But as to the Demonſtration of it, and the different Figures which will ariſe 


according to the different Poſitigns of N aygd H ( above, below, on the right, 
or left hand ;) and according; as one or-more of the Magnitudes be wanting, or 


yariouſly ſigned ; and the method of his inveſtigation of this conſtruRion, (which 
may be purſued in like mapper for Superjour Equatiops: ) I ſhall refer $6 the 
Author himſelf. 
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CHAP. LXXl. 


Of ImyosSsIBLE RooTS in SurERIOR EqQua-. 
TIONS. 


HE Cubick Equation hath nothing of peculiar impoſſibility beyond 
that of the Quadratick. 
For a Negative Cube, hath as well a Negative Root, as an Affirma- 
tive Cube, an Affirmative Root ; (— 2 being the Root of —8 z 
as +2 isof +8.) And the like is to be underſtood of the Fifth, Seventh, and 
other degrees, whoſe number of Dimenſions is Odd. 

So that the Impoſſibility of what they call maginary Roots, ariſeth from the 
Impoſſible Quadratick ; and is thence derived tothe Superiour Equations, com- 
pounded of ſich Quadraticks. 

And accordingly, ſo many as are the Impoſſible Quadraticks, of which ſuch 
Superior Equation is compounded z ſo many couple there are of ſuch Imaginary 
Roots. y 

Thus, in a Quadratick Equation z the number of Imaginary Roots, is Two 
or none. 

K. In a Cubick Equation; their Number alſo is Two, or none; ( not One or 
hree.) ; 

In a Biquadratickz None, or Two, or Four. 

And ſo in that of Five Dimenſions. 

= _ of Six Dimenſions, it may be none, Two, Four, or Six. And fo of 
the relr. 

But in none of theſe, (nor any other,) can their Number be One, or Three, 
or Five, or any odd Number. | 


C H AP. LXXIL 


A Recapitulation of the Solutions of QpavrRaTICK and 
CuBsick EQuATIoONS. 


Shall now in brief, ſum up the Reſult of (the chief of ) what hath been 
ſaid for Reſolving the ſeyeral forms of Equations. 

The Quadratic —_— (by what is before delivercd,) may be reduced 
to one of theſe Four forms here following, with their Roots adjoined. 


Equations. Roots. 
aa—2ba—_e=o. +btyY:bb+e., TheGreater, Affirmative, 
aap2ba—e=0. —bEty/:bbþe. TheGreater, Negative. 
aa—2bae=0, -+bTy/:bb—e, Both Affirmative. 
aah2bahe=0, —bEy:bb—e. Both Negative. 
Which (putting v for the Sign of each Member, be it - or —; and a for 


the contrary z) are all reduced to this one Form, (in which, if b =o, the 
middle Term will be wanting.) 


aag 
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aa Sha Se=0. abtEyV:bb ae. 


In the Two latter of thoſe Four Caſes, the Roots may chance to be but (what 
they call) Imaginary. But in the Two Former, they be always Real; (Negative 
or Affirmative | 

And to the ſame Forms belong all thoſe Equations , whoſe Three Terms are 
(as Mr. Oughtred calls them,) Equally aſcending in the Scale: That is, where the 
Number of Dimenſions of the Unknown Root, are in Arithmetical Progreſlion : 
Suppoſe, 2, 1, 03 or 4, 2,0; or 6,4, 0. &c: 


Such as EOF: co $880: 2: 86 E ©, 
Or | OY 2by3,c,e=0« 
And ſuch like. 


Whick are no other than Quadratick Equations, of Plain, or Solid Roots, &c. 


That is, the Root of the Equation is ſuppoſed to be of a, 3, (or more) Di- 
menlions. 


For putting ee = 4, or y3 = 4, the Equation isas before, 


aa S2ba S&4 =0. 
And the Root, abTy/:bbae: =a=ee= yyy. 


And if we further deſire the Simple value of e or y; having ſound as before, 


the Root of the Equation ee, or yyy, &c; the ReſpeCtive Root, ( Quadratick, 
Cubick, &c, as the Caſe requires,) is the ſitgle value of e or y, That is, 


o/*. ROE bb ae. =4/4 =0C., 
43. \abE\y/:bb ae. =4a=y. 


And the like in other Caſes. 
The Cubick Equation always hath at leaſt One Real Root; Affirmative or 
Negative ; (the other Two being ſometime Real ſometimes Imaginary.) And 


may always (caſting out the Second Term if ariy be,) be reduced to one of theſe 
Four forms. 


Equations. Root. | 
ac +3ht—24=0. 4/FOF FACET. — ST ETA. = 
aaa + 3ba2d=0. —VIFd+vdd-+bbb. + v3. —d Gov. = 
au— 3ba—24=0. +/*Fd+/J2—bb. +. +d—vid7=o.=4 
1a4— 3ba+24=0. —IFdÞ+ db. — VT, FA=y.Jb.=4. 


Which Root is always Real, (Affirmative or Negative :) Though in the Two 
latter of theſe forms (fo often as bbb is bigger than 4d,) each part ſeverally is 
but Imaginary, ( becatiſe 4: pot by then be oy og of 6 gs 
Square. ) For notwithſtanding this, (the Imaginary parts of each, deſtroying 
one another z becauſe of — hk , as, hath been ſhewed,) the Aggregate 
(whether Affirmative or Negative) will be Real. | 


Or, (putting & and & as before,) they may be reduced to theſe Two forms, 


444-þ- 3bat 2d=0, avi FdÞ+y:ddf bb. vj). —dff AFbbb.=. 
444— 2ba's 2d4=0. ali FIFET TOEmn.a via HT =4, 


Which 


i 
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Which Root is always Real, though in the latter form, the 'Two Members of 
it, when bbb is bigger than dd, are but Imaginary. 

Then having thus found One value of 4; ſuppoſe a = & = : The other Two 
will be contained in this Quadratick Equation. 


2d 2 
44 $34 —=0. Rint iiat -<£ 


24 
The Roots of which Quadraticks, are then but Imaginary, when = is bigger 


than * zz. Which always happens in this Quadratick Equation, when it did 
not ſo happen in the Members of the firſt Root. 

And this is 2 brief Synopſis of the full Solution of all Quadratick and Cubick 
Equations z with the quality and condition of their Roots in all Caſes ; what 
of them are Affirmative, and what Negative z what of them are Real, and what 
Imaginary. 

How the Biquadratick may be reduced to Quadraticks by the help of a Cu- 
bick ; is ſhewed before. 

Thoſe of Higher Powers, may in many Caſes be reduced to Lower Equations 
of which they are compounded. But how that is to be done, (otherwiſe than 
by making Eſſay of the ſeveral Likely Caſes) is too long a buſineſs to be here 
inſerted. To which the Methods of Hudder, and,others of like nature may 
be ſubſervient. | 

And all Equatiens (not impoſſible,) of what form ſoever, fall under the Ryles 
of Numeral Exegeſis, or Extratting (in Numbers,) the Roots of Aﬀected Equa- 
tions,. (at leaſt, as to a continual Approximation, ) delivered by Yieta, Harrige, 
and Oughtred. _ fs 


C H A P. LXXIIL 
The Method of Exhauſtions. 


HERE is yet another thing to be ſpokey of, which I look upon as a 
great improvement z which is that of fre Series, (as they are 
wont to becalled :) That is, certain-Progreſſions or Ranks of Quay- 

. tities, orderly proceeding ; which make tontinual approaches, and 
if infigitely continued, wonld become equal to whiar is inqujred 7 whe 
' Which ſpeculation, (as it is now purſued, having taken its riſe from my 
Arithmetick, of Tnfinites, (Publiſhed in the Year 1656, ) and been purfued, eſpe- 
cially by ſome worthy Perſons of our own Nation, (though little of it be yet 
extapt. in Print,) it will be convenient to give ſame ſhort account of it, for the 
better underſtanding what is the deſign of theſe Serjee, ti | 
In order to which, it will be necyfry0n premiſe ſomewhat. concerning (what 
is wont to be called) the Method of Exhauſtions, (on; which they are grounded;) 
and the Method of Indiviſibles, introduced by Cavalterins, (which is but a ſhorter 
way of expreſſing that Method of Exhauſtions ;) and of the Arirhmtrick of In- 
finites, (which is a further improvement of that Merhod of Indiyifibles,) - 
Exctide having, in” his 3d Definition of his 5th Book, defined Ration, (Rate or 
Proportion,) to be The Relation of Fwo Homogeneons M:gniindes, one to the other, 
abcording to Luateplicity, (or Quantupticity.) So that none but Z7omogeneous Mag- 
nitudes, (that is, Magnitndes of the fame king gr pature,) avs cipable of Pro- 
portion z (which is Cicero's word, anſwering to the SIDI »bys) each to 0- 
ther. He doth in the 5th Definition, as Claviss numbers them, and others after 
him; 


/ 


_ 


” mw ? a 
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him z (bur in the Greek it is the 4th, ) define what he means by Homogentons 
Magnitudes, (or Magnitudes capable of Proportion each to other ;,) Namely, ſuch as 
that either of them may be ſo multiplied as to exceed the other. And conſequently, 
That there can be no Quantity (of what kind ſoever,) ſo ſmall, but that it miy 
by Multiplication, become as great, or greater than any of the ſame kind, how 
great ſoever. And whatſoever is fo little or nothing in- any kind, as that it can- 
not by Multiplication, become as great or greater than any propoſed Quantity 
of that kind, is (as to that kind of Quantity,) None at all. 

I ſay, As to that kjzd of Quantity. For, in another kind of Quantity, it miy 
notwithſtanding, have its Magnitude. 

As for-inſtance ; a Zine how long ſocver, becauſe yet it hath no Breadth, and 
conſequently can by no Multiplication become Broad ; (for Nove however Mul- 
tiplied will ſtill be Noze ; and no Breadth however Multiplied, will {till be 6 
Breadth;,) is therefore Heterogeneous to a Surface ; and whatever it hath of 
Length, it hath nothing of Area, or Superficial Greatnels : And a bare Line (of 
no Breadth,) though many Thouſand Miles long, will never make an Acve. 

And for the ſame reaſon, a Surface (as well as a Lize) is Heterogeneus to a 
Solid. 

So is Number Heterogeneous to Length ;, and both to IVeight ; and all to 
Time : &C. 

For though each in its own kind, have Magnitude; yet are they not capable 
of Proportion each ro other. -No number of Yards will make an Howr 5 and 
no number of Hours, make a Yard, And a Surface, though it have Length, and 
may according, to that Length, (fumply conſidered, ) be Homogeneous to the 
length ot a Line, (to which it may be Equal, or Unequal ; and each Length my 
be ſo Mulriplied, as to excced the other: ) Yet becauſe on the other ſide, that 
Line hath nothing of Breadth ; and fo nothing of Area, or Superficial content, 
(which might be ſo Multiplied, as to exceed ſo many Acres;) they are therefore 
as to this Heterogeneous. For though the Length of an Acre may be ſo Multiplicd 
as to be longer than a Mile, yet a Mile cannot (as toany thing of Breadth, be 
ſo Multiplicd as to become larger, broader, or greater than an Acre. Whereas 
Homogeneous Quantities , by that Definition of Euclid, may be mutually ſo 
Multiplied, as that either may exceed the other, 

Which 1s not ſo to be underſtood, as if the Nature or Eſſence of Homogeneons 
did conſiſt herein; (for Mathematical Definitions are not to be thus reſtrained 
tothe Phyſical c{ſence of the things Defined ;) but that this is ſuch a convertible 
property, (as Logicians uſe to ſpeak,) as may determine what Quantities thoſe 
are which are intended by that Name, Like as in Archimedes, when a Streight 
Line is defined, the ſhorteſt between I'wo given Points : Which is not ſo much the 
Phyſical nature of Streightneſs; as a necellary .conſequent or concomitant z and 
2 certain characteriſtick of it. And when Exclide defines Parallel Lines to be 
ſuch Streight Lines (in the ſame Plain,) as though infinitely produced, will never meer, 
This is not ſo much the nature of Paralleliſm, (which rather conſiſts in an cqui- 
diſtance, ) as a neceſlary concomitant of it ; and ſufficient to determine what 
Streight-Lines are (in him) to be accounted parallel. And though Circles, and 
other Curve Lines, may (as to Equi-diſtance,) be truly enough reputed Parallel; 
yet they are not the Parallels there defined, and of which he is (in the Sequel,) 
to ſpeak, and to be underſtood. Like as when he defines a Triangle, to he con- 
tained of Three Streight Lines, its manifeſt he intends that word, to be under- 
ſtood only of Rediilineal Triangles, ( not of Spherical, or other Curvilineal 
which yet, in another acceptation of the word, are Triangles alſo ; and other- 
where ſo called.) And the like when ke defines a Cone, (and Cylinder, to be 

made, by carrying about a Rectangular Triangle, ( or Parallelogram ;.) Which defi- 
nition of a. Cone or Cylinder, 1s intended therefore to be underſtood only of the 
Erett Cone and Cylinder, not the Scalene ; though in Apollonius (and. ſome other 
Authors,) the words are to be underſtood both of the Erect and Scalene-z and 
therefore (in them,) otherwiſe defiued. So here, he defines Homogeneous (net 

erhaps by that whercia its Phylical Eſſence doth properly conlilt , but) by 

Fich 2 CharaCteriſtick as doth adequately determine what are, and what arg 
not, Homogeneous Qziantities, As alſo, ſoon after, he deliges —_— 
; y 
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by a conſequent remote euough from the nature of Proporrionality ; but ſuch as + 
(without deſputing the nature of Proprotionality in its Metaphyſical notion) . 
doth ſufficiently diſtinguiſh what he calls Proportionals, from what he accounts 
not to be ſuch. 

W hich is done (in this and many ſuch caſes,) becauſe ſuch a Charatter is more 
eaſily demonſtrated ( when need requires) of a Subjett in queſtion, then ſuch 
a Metaphyſical Eſſence ; (which in itſelf may be diſputable, and not fo _ 
demonſtrated when there is occaſion.) As a Non-currence, is more eaſily proved, 
than an Equi-diftance every where, And ( without diſputing whether there be 
any other Parallels,) 'tis enough, that this is what he there means by that word. 
And ſo, when he defines —_—_— by being capable of ſuch Multiplication as 
ro makg either greater than the other ;, he hath no more to prove, (for their being 
Homogeneous or not Homogeneous, ) but that they can, or cannot, be ſo Mul- 
tiplied. 

mT purſuance of this Notion ; when in the 10tb Book , he comes to treat of 
Incommenſurable Quantities 3 (which though Homogeneous, and therefore capable 
of Proportion ; yet being not Commenſurable, cannot have that Proportion ex- 

reſſed in Numbers preperly ſo called: ) And when in thoſe Books following, 

e had occaſion to compare Quantities, wherein it was not eaſy by direct De- 
monſtration, to prove their Equality ; he takes this for a Foundation of his 
Proceſs in ſuch Caſes: That thoſe Magnitudes ( or Quantities,) whoſe Difference 
may be proved to be Leſs than any Aſſignable are equal. For if unequal, their Dif- 
ference, how ſmall ſoever , may be ſo Multiplied, as to become Greater than 
either of them: And if not ſo, then is it nothing, 

This he aſſumes ( by vertue of the Definition above mentioned, in the De- 
monſtration of his 1 e 10 (the firſt Propolition of rhe Tenth Book of Elements;) 
W hich is __ aL aac PR SOT 

T wo une nitudes bem ea, 25S ABand C: om AB, t ater 
be taken — 44 balf ; = Ro the Remainder more than its half; IC con- 
tinually : There will at length remain a Magnitude, leſs than C the leſſer of thoſe 

ed. 
"I proves it thus. For (faith he,) C Auriphed, will at length berome greater 
than AB. This he aſſumes,) not as a new Poſtulate, as Clavims would have it ; 
but) by virtue of 5 dg. (For if AB andC, be 
Magnitudes, and Unequal, then they have Pro- 


K H inn ; 
X F portion ; at leaft that of Inequality ; by z d x. 
A— — And conſequently, by 5 dF, cither of them may 
C_—— be ſo Multiplied, as to exceed the other.) Then he 


rom - — A Be x jo OS And let DE 
— — u t riple a Mults arer 
F G ther AB. And be ir divided into BY Fw ro 
C,as DF, FG, GE. And from AB, be taken more 
than its half BH; and from (the Remainder) AH, more than its half, HK: 
eAnd thus continually, till the Partitions of A B be equal in number to thoſe of DE. 
Be they AK, KH, HB, juf as many as DF, FG, GE. Now, for as much «s 
DE, Oy ConſtruCtion,) 5s greater than AB; and from DE is taken EG, wt more 
than its balf ;, but from AB, (more than its half ) BH : Therefore the remainder of 
that DG, zs greater than the Remainder of this, HA. Again, becauſe GD is 
greater than AH ;, andfrom GD, is takgn (not more than its half } GF ; but for 
AH (more thanits balf,) HK; therefore the Remainder D F, 5: greater than the Re- 
mainder A K. (And fo forward, in like manner, if there had been more parts.) 
But DF (by ConltruEtion) 57 equal to C. Therefore C is greater than A K. There- 
fore AR (the Remainder of AB.) is leſs than C, (the Leſſer of the Two propoſed 
Magmtudes.) Which was to be proved. And the ſame (faith he,) will in like manner 
be proved , if the Ablations be Halves; (not more than halves.) 

The Propalition would be alſo true, if inſtead of +, be taken }, or *, (or 
indeed, any other fuch part,) and fo continually. For if we take away * (and ſo 
continually,) the Firſt Remainder is 3; the Second, + x 4; the Third, 4x #x z 
and ſo onward, till at length it become leſs than the aſſigned Magnitude. And 
fo for \, or any other leſſer part. 

Much 
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Much more if we take $, (or the like,) which is greater than £. For then the 
Firſt Remainder will be + ; the Second, 4 «4; the Third, 4x 3x $; and ſoon. 

But he rather takes £; (not of neceſſity, but of choiſe z) as more conveniently 
applicable, when there is occaſion to make uſe of this Propoſition, 

You'll ſay perhaps ; if taking always the Half were enough, (as himſelf af- 
firms, ) or even leſs than ſo: Why doth he bid us always to take Afore than 
half? (as if leſs than ſo, were not enough ?) Les ; ; 

[ anſwer. If this Propoſition had been intended ly for itſelf : 1 doubt 
not but Euclid would rather have ſaid, if from the whole, we take the half of 
it ; and from the Remainder, the half of it; and ſd continually, &e. Or rather 
more univerſally, if from the whole, we take any Proportional part of it ; and 
from the Remainder, a like Proportional part of it; and ſo continually : &c. 
For even thus, there will at length remain a part leſs than any aſſigned. 

But this Propoſition was here intended, only as a Lemma for uſe. And 
for that cauſe, Exclid doth not here ſay all that he could bave ſaid ; bur 
much, and in ſuch form, as might moſt readily be applyed to thoſe uſes for 
which it was intended. 


As for inſtance ; in the Segment of a Circle ABC, D « 
the inſcribed Triangle 'A CB (of the ſame Baſe and 
Altitude,) is more the Half, (for it is the half " 


of a CO Parallelogram ; IS Og A 
exempted, the remaining Segments A BC, are 

leſs than the Half : And in like manner, the Inſcribed Triangles ADC, and 
CEB, are more than the half of thoſe Two Segments, and therefore the four 
AD, DC, CE, and EB, -are (together ) leſs than half the Firſt Remainder 
and ſo continually, till we come to fo ſmall, as that the Sum of them 
(that is, the diference of the ptopoled Segment from the ReCtilinear thus inr 
ſcribed,) will be leſs than any alligned: 

But if we were confined to inſcribe Triangles (on thoſe Baſes,) which ſhould 
be juſt the half of each Segment, ( or juſt any oo _ e part proportional 
thereof ; ) this could not eaſily be performed. Twas therefore prudencly done 3 
ſo to fit his Lemme as might be moſt convenient for the uſes intended. 

Now this Propoſition (fo fitted,) is the Foundation of (what is commonly called) 
the Method of Exhauſtions. (Of frequent uſe in Euclid, Archimedes, and other 
Mathematiciahs , Ancient and M .) | 


Of which I ſhall here give (for the Illu- - ml "WM 
ſtration of it,) one Example out of Ar- Zo | | AY 
chimedes, prop. 1. de Dimenſione Circuli, s DD 
Which is this ; 


A Circle is equal to a _— d Tri. 

angle, whoſe Sides containing the Rig gle, | 

ere Equal, one to the Sem er, the or | 

to the- Perimeter of that Circle, Which he * _F | 

thus demonſtrates, by help of that Lemma. | 
Lee ABCD be ſuch Circle, and E a Tri- \ 

anole, as is "poſe To this, he ſays, that | 


td. } 
Circle $5 _— (Not _ = - Px _— 
For if poſſible, let the Circle be Greater. . PY 
And let AC be an Inſcribed Square. And Dn 


the Arches continually biſetted, (and ſo forth, 
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25 waz bat now ſhewed, ) and the remaining Segments (by 1e10) Leſs than that 
Exceſs mhereby the Circle is uppoſed to exceed the Trizagle, And therefore the In- 
ſcribed Rettilinear, is Greater than the Triangle. Now from N the Center , let 
N X be Perpendicular to the Side. Which (bemg leſs than the Seni-dianetr, ) is 
leſs than one of thoſe Two Sides in the Triangle. And the Perimeter of the Retti- 
tinear (being leſs than the Perimeter of the Circle) 4s leſs than the orher of them, 
And. conſequently, that Rettilinear Leſs than the 1riangle ; which is Abſurd. (For 
it was before preſumed to be Greater.) 

Let then if poſſible, the Circle be leſs than the Triangle, And let a Square be cir- 
cumſeribed ; and the Arches biſetted ; and T angents drawn by thoſe Points of Biſetton, 
(And ſo forth, as in the Figure.) Then is OAR a Rivbt- Angle : And therefore 
OR greater than MR; (for RM and RA be Equal.) And therefore the Triangle 
ROP 4s more than half of the Figure OFAM. Azxd thuz continually, till che 
remaining Settors, ſuch as PF A, be leſs (by 1e 10,) than the Exceſs whereby the 
Triangle is ſuppoſed to exceed the Circle. And therefore the Circupnſcribed Rittilmear, 
leſs than the Triangle F. Which is abſurd. For it is greater ;, becauſe N A is equal to 
the Catheruz of that Triangle ; and the Perimeter (of the Circumſcribed ReQtilinear) 
Greater than its Baſe : (For it is greater than the Perimeter of the Inſcribed 
Circle. 

The 2" therefore (being neither Greater nor Leſs,) i» Equal to the Tri- 
anple E. 

It may be here obſerved, (becauſe it will be of uſe afterward,) how eaſy it 
were to elude this Demonſtration, (and all others of rhe like nature,) if we 
might ſay (as Clavins doth in another caſe,) either thar the Circle is Greater than 
ſuch Triangle, or the Triangle than ſuch Circle, by Somewhat. But that Some- 
what is ſo little, as (by its ſmallneſs,) to become Hetcrogeneal, and by no Mul- 
tiplication capable of becoming as great or greatcr than either that Circle or 
Triangle, And therefore doth nor tall under that Propoſition, 1 e 10, on which 
this Demonſtration is grounded. 

After the ſame manner (with this of Archimedes,) it is very uſual, both in 
Ancient and Modern Writers; when they aflign the Magnitude of a Curve-lined 
Figure, or a Round Solid, (and in other the like caſes;) To demonſtrate this, 
by ſhewing, That a Figure may be ſo inſcribed, (which is therefore leſs than it;) 
and one circumſcribed, (which is therefore bigger than it;) and yet the diffe- 
rence between theſe Two, (and much more, of either from the Intermediate Fi- 
gure,) leſs than any aſſignable. And thence conclude the Magnitudeof that in- 
tcrmediate Figure to be ſuch as is affirmed. » 

On this account, all continual approaches, in which the Diſtance comes to be 
leſs than any aſſignable, muſt be ſuppoſed, if infinitely continued, ro determine in 
a Coincidence or Concurrence: The Difference thus coming to be nothing ; or 
(what Geometry accounts as ſuch,) Leſs than any zſſignable. 

Thus the Hyperbola and its Aſymprore, it infininely continued, muſt be ſuppoſed 
to mect. And ſo the Conchoid with its Regula. And the like of all Aſymptotes 
in Geometry. 

Thus a Circle muſt be ſuppoſed Coincident with an ( Inſcribed or Circum- 
ſcribed) Regular Polygone, of Sides infinitely many. And the like in caſes In- 
numerable. 

This Poſtulate, (that of Two Unequal Magnitudes, the Exceſs of the Greater 
above the Leſler cannot be ſo ſmall, bor that it may be ſo Multiplied as to exceed 
either of them, or any other Magnitude of the fame kind ;) Archimedes (as well 
as Euclid) doth aſſume, as there is occaſion, of any ſort of Magnitudes. As (in 
the Preface to his Quaarature of the Parabola,) of Unequal Spaces ;, (telling us, 
withal, that the ſame had, without ſcruple been made uſe of by former Geo- 
meters, in proving that Circles are in Duplicate Proportion to that of Diameters, 
and Spheres in T riplicate to that of their Axes; that Pyramids are one Third part of 
Priſms, and Cones of Cylinders of the ſame Baſe and Altitude. And that Propoſi- 
tions thus demonſtrated, are by Geometers reputed ag well demonſtrated, as thoſe wherein 
that Lemma is not made uſe of. He poſtulates the ſame (in his Preface to that 
of Spiral Lines,) of Unequal Lincs, and Vnequal Spaces. And (in his Prefaceto that of 
the 5, here and Cylinder,) of Unequal Lines, Swfaces,,nid Solids. And (in the F rop.2.0f 

| that 
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that Treatiſe,) doth prove it of all Magmitxdes whatever; That of Two Une 
Magnitudes ( of —__ kind ſoever;) there may be Two Lines ſo oo As _ 
greater of them to the leſs, ſhall bave leſs Proportion then the greater of thoſe Mapni- 
tudes to the leſſer. So that it is maniteſt in the opinion of Archimedes, (and as 
he tells us of Mathemarticians before him,) that no Unequal Magnirudes can differ 
by ſo little, but that the difference may be ſo Multiplied as to exceed either 
or any other that bears any Proportion to either of them. 

In purſuance of this notion, (That all Suppoſed Magnitudes of any kind , 
which may. be proved leſs than any aſſignable, have indeed no Magnitude of 
that kind z and that ſuch as differ but by ſach Magnitude, differ nor at all:) 
I have heretofore in my Treatiſe of the Avgle of Contact, (Publiſhed with other 
things in the Year 1656,) ſhewed (with Peletarixs againit Clavins, ) that it is 
not an Angle of any Magnitude; bur is, to a Real Angle, (whether Rectilinear, 
Curvilinear, or Mixed,) as 0 to amber. Which becauſe it looks like a Paradox, 
and ſome Objections have been made to it, I had thought in this place, to have ſaid 
ſomewhat forthe further clearing of.it. But finding it might here be thought too 
great a Cigreſſion, I have referred it to the Appendix, with ſome other Treatiſes. 


C HA P. LXXIV. 
Of Cavallerius his Method of InD1visiBues. 


HE Method of Exhauſtions, (by Inſcribing and Circumſcribing Fi- 

» till their difference becomes kefs than any affignable, ) is a 

little diſguiſed, in (what bath been called,) Geomerria Indiviſibiliun:, 

The Geometry of Indivifibles, or Method of Indivifibles: Firſt intro- 

duced by BoraventaraC avalleris, im a Treatiſe by him Publiſhed in the Year 1635; 

and purſued by Forricellaus, in his Works Publiſhed in the Year 1644. And by 

C avallerius again, in another Treatiſe of his, Publiſhed in the Year 1647. Aud 
lince allowed by others. 

Which is not, as to the ſubſtance of it, really different from the Method of 
Exhauftions, ( uſed both by Ancients and Moderns, ) but grounded on it, and 
demonſtrable by it: But is only a ſhorter way of expreſling the ſame notion in 
other Terms. As I have ſhewed at the beginning of my Cap. 4. de Morw. 

According to this Method, a Line is conlidered, as conſiſting of an Innume- 
rable Multitude of Points : A Surface, of Lines, (Streight or Crooked, as occa- 
ſion requires :) A Solid, of Plains, or other Surfaces. 

Or (perhaps) a Circle, of Innumerable Sectors or Trizmgles : A Sphere, of In- 
mumerable ides: or the like. 

Thus, (for inſtance,) ſuppoſing the Parabola AP B'Bto be A 
made up of innumerable Lines, Parallel to the Baſe BB, 
w one is PP: And the inſcribed Triangle ( of the 
ſame Baſe and Altitude,) of as many, whereof one 15 TT: 
And the circumſcribed Reftangle or Parallelogram of as 
many, whereof one is CC. Now it he prove that all the 
Lines PP in the Parabola, are toall the Lines TT in the 5 
Triangle, as 4 to 3; or toall the Lines CC in the Paralke- | | 
logram, as 2 toi3 : He thence concludes that the Parabola 1s to that Triangle, 
as 4to3; and to that Parallelogram as 2 to 3. ; : 

In like manner, for Solids; ſuppoſing the Parabolick Conoeid to be made up of 
Innumerable Circles, whereof one 1s P P, and the Inſcribed Cone of as many, where- 
of one is T T ; ad the circumſcribed Cylinder of as. many, whereof ones CC: If 
now he prove all thofe Circles FP, to beto all thofe TT, as 3 to-2 3 or toall thoſe 
CC, 2s 3 to 6 hence he concludes the Conoeic'to that Cone or Cytinder, to be in 
ſuch Proportion. Oo 2 And 
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And the like in other caſes, of Surfaces, Solides, or other Magnitudes what- 
ſoever. | 

Now this is not ſo to be underſtood, as if thoſe Lines (which have no breadth) 
could fill up a Surface ; or thoſe Plains or Surfaces, ( which have no thickneſs ) 
could compleat a Solid. Bur by ſuch Lines are to be underſtood, ſmall Surfaces, 
(of ſuch a length, but very narrow,) whoſe breadth or height (be they never 


10 many ,) ſhall be bur juſt ſo much as that all thoſe togerher be equal to the 


height of the Figure, which they are ſuppoſed to compoſe. 

And in like manner, by ſuch Surfaces or Circles, are to be underſtood Priſms 
or Cylinders, ſo thin, as that the thickneſs or heighth of them all together, 
may equal the height of the Solid, which they are ſuppoſed to compoſe. 

S0 that to ſay, ſuch Parabola, Triangle, or Parallelogram, conſiſts of ſo 
many Lines ; or ſuch Solid of ſo many Circles, is the ſame as to ſay, thoſe con- 
ſiſt of ſo many narrow Parallelograms ; and theſe of ſo many thin Cylinders, 
(be they more or leſs; ſo as that the height or thicknefs of them all together, 
be equal to that of the Figure. The breadth of thoſe narrow Parallelograms, 
and thickneſs of thoſe thin Cylinders, filling up the diſtances -between Line 
and Line, and between Circle and Circle. 

Now true it 1s, that ſuch ſmall Parallelograms may exactly compleat the 
Great one ; and ſuch ſmall Cylinders, compleat the whole Cylinder ; in Geo- 
metrical rigor. Bur as to the Triangle and Parabola; and as to the Cone and 
Conoeid, it cannot be exactly done; (tor ſuch are not made up of Perallelograms 
and Circles.) Only thus much is true, that of ſuch Parallelograms, may be 
made a Figure ſo to be inſcribed or circumſcribed to ſuch Tfhangle or Parabola z 
and of ſuch Cylinders, a Figure to be ſo inſcribed or circumicribed to ſuch Cone 
or Conoeid; as to differ from it by leſs tharr any aſſignable Quantity ; and ſtill 
as the number of ſuch Parallelograms, or Cylinders increaſeth, ſo will that dif- 
ference be leſs and leſs; and if thoſe be ſuppoſed infinitely many, this will be 
infinitely ſmall, and 1o vaillth. 

Thus (for initance,) ſuppoſing the Lines in a Triangle parallel to the Baſe, 
(taken at equal diſtauces, ) as ©, 1, 25 3, 44 5, &c. If to every of theſe, except 


\ the Greateſt, we do (underieath) annex his Parallelogram ; we have a Figure 


mwicrived if, to every of them except the leaſt, we do (over it) annex his Pa. 
rallelogram z we have the Figure circumſcribed z and the Altitude of each, juſt 
the ſame with that of the Triangle : which Figures (inſcribed, and circum- 
ſcribed,) difter.not each from other by more than the Magnitude of the Pa- 
rallelogram adjacent to the greateſt, (and each of them, from the Triangle, 
yet leſs ;) while yet the number of thoſe Lines may be ſo many, as that ſuch 
Parallelogram ſhall be leſs than any-aſſignable Quantity : And if to every of 
thoſe Lines, (not excluding either the leaſt or the greateſt,) ſuch Parallelogram 
be annexed ; this alters not the Altitude from that of the Figure, more than 
by the height of one ſuch Parallelogram ; which ( ſuppoling thoſe Lines Innu- 
merable,) will be leſs than any aſſignable. 

So that all the Lines of ſuch Triangle; that is, all the ſmall Parallelograms 
annexed to ſuch Lines; (which ſoever of thoſe ways we take it,) do (ſuppoſing 
their Multitude Innumerable,) differ by leſs than any aſſignable Quantity from 
ſuch Triangle. (And the like in all ſuch caſes, whether of Surfaces or Solids.) 
Which is but juſt the Method of Exhauſtion in other Terms, and more ſhortly 
exprelled. 


That form of expreſſion therefore (if rightly underſtood, ) may ſafely e- 
nough be uſed, (and relied upon, as ſufficiently demonſtrative (being but a 
| . ſhore 
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ſhort way: of expreſſing the ſame notion, with that of>the 


old Method of Exhauition. | 
Thus that great Propoſition of Archimedes, That « Sphere 
# Two Third parts of the circumſcribed Cylinder, is briefly de- © 6 


monſtrated.For ſuppoſing (as 1n the Figure, )a Cylinder, He- 
miſphere, and inverted Cone of the ſame Baſe and Altitude, 
cut by Plains parallel to the-Baſe ; whereof one is CS K D.C: Becauſe the,Square 
of SD, is (every where) equal to that of (OS or) CD, wanting that of (OD 
or)-D K ; and conſequently, (becauſe the Circles of theſe Semidiameters are in 
like proportion as their Squares,) all the Circles of the Hemiſphere equal toall 
thoſe of the Cylinder , wanting all thoſe of the Cone : Therefore the Cylin- 
ders wanting the Cone ) is equal to the Hemiſphere; and conſequently, ( the 
Cone being one Third part of the Cylinder,) the Hemiſphere is Two Thirds of its 
circumſcribed Cylinder ; and the whole Sphere, Two Thirds of the Cylindcr 
circumſcribed to it. | 


C H AP. LXXV. 
Of the Arithmetick of Infinites. 


N the account of ſuch Exhauſtions or continual Approaches before 

deſcribed ; 1 do in my Arithmerick, of Infinites, ſhew Firſt, that in 

any rank of Quantities, in Arithmerical Proportion, ( beginning at 

Nothing,) as ©, 1, 2, 3, 4, &c; whoſe laſt ſhall be / ; and the Mul- 

titude or Number of Terms m: The Agg egate of all theſe ſhall be * »/: That 

is, one half of ſo many times the Greateſt. (Whence is inferred , that a Tti- 

angle is half a Parallelogram of the ſame Bale and Altitude : And a Parabolick 
Conoeid, one half of the Cylinder ; with many other the like Conſequents.) 

Then, that the —_— of thoſe, if finite in number, ſhall be more than £ {, 

(more than a Third part of fo many times the Greateſt 3) the Exceſs being al- 


I - I 
ways ——< mll; or (putting » = m — 1,) yall. HI, ({uch a part of ſo many 


times the greateſt, as 1s 1 of 6 n: (That is, if» =m: — 1 (the number of Terms 
wanting 1, or the namber of Terms conſequent to o,) be 1, the Sum is 4-3 
of mll; if n=2, the Sum is 4 + 57; of mill; if n=3, itis$ + 77, of 
mll; &c. Whichexceſs, 5, 7x, 78, ©&c, continually decrealing, as the Number 


I 
of Terms, (intermediate between o and /) increaſeth; ſo as that at length - 
n 


ſhall be leſs than any aſſignable Proportion ; if infinitely continued, it muſt be 
ſuppoſed to vaniſh. And All the Squares of ſuch an Infinite Series, 4 m{/ + 


l , . | | 
— mll, to be the ſame with 4 -»/1; that is, a third part of fo many times the 
5Nn 


greateſt, (Hence 1s inferred; That a Cone or Pyramid » 1s a Third part of the 
Cylinder or Priſm, of the*ſame Baſe and Altitude : And the Complement ot a 
Parabola, + of the circumſcribed Parallelogram z and conſequently , that the 
Parabola is 4 of it; &c.) 

In like manner ; becauſe: all the Cubes of the ſame o, 1, 2, 3, 4, &c ; are 


I 
more than £ m[11; to wit, os Saab is, if” =1, 3 -++ of mlll; 
I 
fn=2,*+;; if n=3, 4-75, &c, of ml: The Exces— continually 


I 
decreaſing as » increaſeth ; whereby __ thereof, at length becomes. leſs than 
any 
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any part aſſignable : It muſt, ſuppoſing the oumber of Terms Infinite, be ſup- 
pefed- to vaniſh; and that Infinite ſeries of Cubes to be 4 m1] ; that is, a 
Fourth part of ſo many times the greateſt. (Hence is inferred, that the Com- 
plement of the Cubick Paraboloeid, is 4 of the Circumicribed Parallelogram 
and conſequently the Paraboloeid itſelf, + thereof : &c.) 

In like manner, becauſe the Sum of all the Biquadrates. of the Fifch Power, 
the Sixth, Seventh, &c,z do exceed 2+, +, +, +, &c, of ſo many times the greateſt, 
by au Exceſs continually decreaſing , and at length vaniſhing: The Aggregates 
of thoſe Biquadrates, &c, where the number of Terms is ſuppoſed Infinite; 
are 4, 4,2. + &c, of ſo many times the greateſt. 


Namely, for Biquadrates, if the Series be 'finite, the Aggregate is J m[* 
3 I I 
ml »[*, That is, + + — + —_ — 


+ — m1 4- 
107 30 7m 307nmn 107 307m zonnn 
of -11* or of ſo many times the greateſt. 


l 
And for Surſolids, the Aggregate is 5 mt + = ml + 


MEET cnn 
1278 12nnn 


; I I I X 
ml), Thatis, 5 *þ — p+ —— — of 15, or of ſo many times the 


37 I2 1 I2 nnn 


rcatelk, 
: And for Sextan's, (that is;the Squares of Cubes,or Cubes of Squares,) theAggre- 
gate (ſuppoſing »=1) is 2 ml*-|-; 4 mb 4-3 m— 3 mB — 73> mF-j- 7+ ml, That is, 

I I A I 
bh et — —_— — + ———— of m1*, or of ſo many times 
14% Tm Tun 42nnmm 42nnmnnm 
the greateſt. And the like for other Powers. 

Where it is manifeſt, that ( as the number of "Terms increafeth,) the Exceſs 
2bove +, 4,4,+, +, (and ſo of thereſt,) will ſo decreaſe, as to become leſs than 
any aſſignable. ; 

And the thing muft needs be ſo; for ſuppoſing /* a Magnitude (other than 
Number,) of 6 Dimcnious (beſide the numeral m,) then muſt , Þ, [3, 1,1, be 
(all of them) hererogeneal Quantities to it (on the fame account as a Le, or 
Surface, being bur of one or 1 wo Dimenſions, was before ſhewed to be hetera- 
gencous to a Solid, which is of Three Dimenſions, ) and therefore, ( as to it, ) 
as © or nothing. And therefore the Addition or Ablation of any or all of theſe 
(with whatever numeral indication prefixed, which alters not the nature of the 
Magnitude ; as for inſtance, 10 Lixes are of no more local Dimenſions that 1 Lize, 
or + Line;) to or from *m1*, alters not the Magnitude of this Quantity ; no 
more than the Addition or Ablation of 10 Miles of Line, or 1900 Acres of Sur- 
face, can increaſe or diminiſh the Solid Magnitude of a Sphere or Cube, whoſe 
Diameter or Side is otherwiſe aſſigned ; for that a Line or Surface, (how great 
ſoever in their own kind,) is to a Solid, as nothing. | 

That is, (univerſally, ) As 1, to the Exponent of the Reſptttive Powers, (or 
Number of Dimenſions,) increaſed by 1. So 3s a Series of ſuch Powers reſpettively, 
to ſo many times the greateſt. 

W hich I intend to be underſtood, not only of Squares, Cubes, &c, aſcend- 
ing above the Root 3 but of the reſpe(tive Roots, Quadratick, Cubick, &c. de- 
ſcending below the Root 3 or any Compounds of both or either; and the Reci- 
procals of any of them. Underſtanding, by the Exponent of the Side, Square, 
Cube, &c; the whole Numbers 1, 2, 3, &c; and of the Roots Quadratick , 
Cubick, &c, the Fralted Numbers $, +, &c; and of their Compounds, the 
Square Root of Cubes, the Cubick Root of Biquadrates,&c. 3,*, &c ; and of their 
Reciprocalsz — 1, — 2, — 3, — 33 — 33 — $4 3» ©. 

(Hence is inferred, the Quadrature of all Paraboloeids, of Spiral Spaces in 
great variety, of Interminable Figures, whaſe Length may be ſuppoſed Infinite, 
and yet their Area Finite, the Magnitude of ſach Interminate Solid Figures : 
And many other things of like nature.) 

Or (waving the Terms of Square, Cabe, &c,) more univerſally thus : A Se- 
ries of Quantities, (infinite in Number,) in the Simple, Duplicate, Triplicate, 
or otherwiſe Multiplicate Proportion, of ©, 1, 2, 3, 4, &c. in Arithmetical 
Progreſſion ; 
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Progreſlion ; ( underſtanding the-words Duplicate, Triplicate, Multiplicate, &c ; 
as they are defined by  Exclid, def, 0, e 5. Which is equivalent to what we now* 
call Squares, Cubes, and other Powers ;) or in Proportion Subduplicate, Snbrripli- 
cate, or otherwiſe Submultiplicate z or Subduplicate of the Triplicate or Sub- 
triplicate, or otherwiſe compounded z or the Reciprocals of any of theſe Pro- 
portions 3- or in any other Proportion" (of the fame; 1, 2, 3,7, &7) fo tobe 
denominated by any Numbers, Intire, Fracted, Surd, or Negative: And to ſo 
many times the laſt of them ; as is 1, to the reſpective Exponent of ſuch Pro- 
portion increaſed by 1. - | 


Powers, Exponents. Rations. 
, V 3-2 
1, #) I to 1. 
a4 1 ps 
aa 2 PR ” 
F a14 3 T 4, 
me 2 38 TL. 
4/* a + b:. 38 42 2 &e 
y/ aaa =ay/ 4 2=1} 8. 3h :ri Seo 0 
y/*& = aay3a f=27z t'. $f 220.0 
I 
OE —T I 1I—1 I " I, 
a 
I 
» aa 
I : 
RIS —_ I 2 I, 
4/4 
a4 
6a gn} 3. 24:23. be 
a fſ* v2 1.1+4/3. 
CC, &c. KC. 


The ſame Indices or Exponents are ſince made uſe of by Mr. Iſazc Newton, 
(the learned Profeſſor of the Mathematicks in the Univerſity of Cambridge,) in 
the way of Notation by him uſed. Who | 


i; 


for IT. A, AA. AaAA. " © i : AAA. ws © ewes 0 Tc, 
4/4.4/34.4/ == 
puts a” . a, a. a3, az a5 at g=*®, F*®, &c. 


And the like in Compound Quantities. As 
for Q: AR—aa. y/:RR—aa: &C 
he puts, RR—aal. RR—aa? &c, 


Of what vaſt extent this one Propoſition is, and how comprehenſive of an 
innumerable multitude of ſuch things as were ſingly wont to be looked upon as 
great Diſcoveries : I have made evident by a yn Specimen of ſuch Caſes, 
in my Arithmetick of Infinites ; my Treatiſe of the Cyclozd, with that therevnto 
annexed, of Rettifying and Planing Curve Lines and Surfaces, my _ or 

reatiſe 
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Treatiſe of Motion (Cap. 5. &c.) and elſewhere. And is now commonly under 
ſtood by moſt of thoſe who apply themſelves to theſe Studies ; and generally 


admitted by them. 
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The ſame applyed to CONICK SECTIONS, and other like 
Seftions of SOLIDS by a PLAIN, 


ONSONANT to the Doctrine here delivered, I have in a ſhort 

Treatiſe (publiſhed together with my Arithmetick of Infinites) given 

a compendious and clear account of the Doctrine of Conick, Settions 

(as they are wont to be called:) Which was before looked as ſo per- 
plex and intricate, as that moſt of thoſe who pretended to Mathematicks, were 
deterred from medling with it. Even to that degree that (for this very reaſon, 
if I miſtake not,) we have loſt the Four laſt Books of Apollonius Pergeus's Conicks, 
(the four firſt being only extant, for want of Tranſcribers to tranſmit them 
to poſterity. 

'Tis true, that Doftrine was with much accuracy and great profoundneſs de- 
livered by Apollonius, (who upon that account hath obtained the name of Magnus 
Geometra, the Great Geometer,) which was but —_—— delivered by thofe 
before him. For thoſe before him bad conſidered hut one fort of Section in one 
ſort of Cone: Namely, the Parabola in the Reitangular Cone, as they called it, 
(that is, whoſe SeCtion by the Axe is a Triangle Rectangular at the vertex;) the 
Hyperbola in the Obruſcangular ;, the Ellipſe in the Acutangular Cone. And Con- 
ſonant thereunto, the Firſt was called Refanguli Cont Seftio; the Second, Ob- 
ruſanguli Coni Settio ; the Third Acuteanguls Com Seftio. And accordingly Ar- 
chimedes in his Book, De quadratira Parabole (as we now call it,). calls it by the 
name of ReZ#angli Coni Settioz having not then obtained the name of Parabola, 
which was after given it by pollonius. Whereas eApollonins ſhews, that all thoſe 
Sections are to be had in every Cone. 

And we may well give him the name of Magnus Geometra, and look upon 
him as a man of a prodigious reach of Phanſy, if we can think it poilible that 
he could diſcever all thoſe Propoſitions, and perplex demonſtrations, in the 
ſame order they are there delivered , withoyt ſame ſuch Art of Invention, as 
what we now call Algebra. 

Now in this Dotrine of Conicks, there are theſe two things, (very different) 
to be ſeparately conſidered. Firſt, what Figures or Curve-Lines do ariſe from 
the Seftions of a Cone, by a Plain, in different Poſitions, (and of a Cylinder 
likewiſe.) And Secondly, what is the true nature of ſuch Figures or Curve Lines 
ſimply conſidered, without reſpeCt had to ſuch ſuppoſed Original by cutting a 
Cone. 

As to the Firſt of theſe, It was proper and neceſſary to conſider the Solid it 
ſelf; and to demonſtrate from thence what muſt be the nsture of ſuch Figure 
or Curve-Line as would ariſe from ſuch Section. 

And accordingly Apollonins Pergens dath demonſtrate, That from the Seftion 
\,of a Cone by a Plain, there do ariſe (beſide the Triangle and Circle,) thoſe - 
Three, 4 Parabola, an Hyperbola, and an Ellipſez but no other. And Serenys 
Auatinſenſis, That from the Seftion of a Cylinder by a Plain , there doth ariſe 
(beſide the Circle, and Parallelogram,) an Elip/e only : And that this Ellipfe 
A the ſame nature with that Ellipſe which is made by the Seftion of 2 

ONE. 


And 
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And having thus derived the Parabola, Hyperbola, and Ellipſes, from the Section 
of a Cone; they do, from the Cone, demonſtrate the Nature of ſuch Sections 
and the AﬀeCtions of them. » 

(And Mydorgins who hath ſomewhat contrated the doCtrine of Apollonizs into 
a leſs room, purſues the ſame deſign.) 

The reaſon why they did thus proceed, I take to be this. Euclid, having 
(in the Poſtulates of his firſt Book, ) poſtulated the conſtruttion only of a 
Streight- Line and Circle, that which could not be effected by theſe Two, ( that 
is, by Rule and Compaſs, without other Inſtruments,) was ſaid not to be done 
Geometrically : the Ancients by Geomerrical Conſtruttion, underſtanding oply. what 
might be ſo conſtrufted. And accordingly, the Duplication of « Cube, the Tri- 
ſettion of au Angle, and the like; could not (they ſaid) be Geometrically con- 
ſtructed. ; 

When Euclid comes to his Books of Solids, he doth there ( ſilently ). intro- 
duce another Poſtulatez which is, the Converſion of a Plain. And by the ſuppo- 
ſal of this, he conſtruCts a Cone (by the converſion of a Right-angled Triangle,) 
a Cylinder ( by the converſion of a Right-angled Parallelogram.) and (by the 
converſion of a Semicircle,) a Sphere. 

Thoſe who conſidered (what we now call) Conick Seftions; finding that theſe 
were not to be conſtrutted by any of thoſe ways ; (for the Rule and Compaſs 
alone cannot deſcribe ſuch a Line; nor can any converſion of a Plain; ) found 
it neceſſary (for the deſcribing thereof,) to aſlume another Conſtruction ; and 
to that end did introduce that of the Sett:on.of a Solid by a Plain, And others, 
for other purpoſes, introduced others. As Archimedes, that of a Compound 
motion ;, namely, that of a Streight Line, and of a Point therein, for the con- 
ſtruction of a Spiral Line z whether that in a Plain, or that on a Cylinder ; 
and the like. 

This therefore ( of cutting a Solid by a Plain, ) being looked upon as the 
moſt ſimple conſtrudtion or EtfeCtion of theſe Curves; and that by fach cattmg 
a Cone by a Plain, they might be all produced; they aſſumed this ; and thence 
gave to them the name of Conick Settions z and from the Cone, demonſtrated the 
Properties thereof : Which required that intricate Proceſs which Apollonius and 
other Writers of Conicks, ſuggelt to us. Which though it be intricate, yet 
is it very natural, and artificially derived from that conſtrution. 

But beſide tke ſuppoſed conſtruCtion of a Line or Figure, there is ſomewhat 
in the nature of it ſo conſtrufted, which may be abſtraftly conſidered from ſuch 
conſtruction ; and which doth accompany it though otherwiſe conſtrutted than 
as is ſuppoſed. As for inſtance, a Circle (according to Euclid's conſtruction, ) 
is ſuch a Figure as may be deſcribed by carrying about of a Streight Line (till 
it return thirher from whence it began,) whoſe one cnd remains fixed at (what 
we call) the Center, and the other deſcribes (in the ſame Plain) a Curve. But 
the ſame may be deſcribed alſo (as Apollonms ſhews us) by cutting a Cone by 
a Plain Parallel to the Baſe; or ( as Serens ſhews) by ſuch cutting a Cylinder 
parallel to the Baſe 3 or ( as others alſo ſhew) by cutting a Sphere by any 
Plain however ſituated. Yet are all theſe Circles {however conſtructed) of the 
ſame nature, and have the ſame propertics appertaining to them. And the like 
might be ſhewed of a Triangle or Parallelogram z whether conltruCted as Fuclid 
directs (by drawing Streight Lines in a Plain ;) or, by cutting a Cone by the Axe, 
for a Triangle 3 or a Cylinder by the Axe, (or parallel to it,) for a Parallelo- 

ram. 

, And this is that Second thing which (1 ſaid,) is conſiderable in ( what we 
call) Conick Sections z namely , what is the nature of them, abſtrattly conſi- 
dered from this particular conſtruftion, and which doth accompany them how- 
ever conſtructed, 

This 1 have there ſhewed, (briefly and Clearly,) by taking them out of the 
Cone, and conſidering them abltratly as Figures  plano, without the em- 
branglings of the Cone. But then withall, that theſe Figures thus abſtratly 
conſidered in plaro, are the very lame with thoſe ſo ſuppoſed to be made by the 
SeCtion of a Cone, 
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How convenient it is, thus to deliver the Elements of Conicks, may be eaſily 
diſcerned by any who ſhall pleaſe to compare theſe with thoſe formerly delivered 
by others. Yet I do not know that any before me, had attempted it. But lince 
that time, 1 find ſomewhat of like nature done by John de Witr, publiſhed by Francis 
van Schvoren in the Second part of his Geometria Carteſiana, in the Year 1659. 

And I have in like manner conſidered the Sections of another Solid, (to which 
I give the name of Cono-Cunexs,) 'in a diſtinct Treatile ſubjoined to this. And 
after the ſame way, may any other conſider the Sections of other 5olids, other- 
wiſe compounded. | 

And this Abſtraftio Mathematica ( as the Schools call it,) is of great uſe in 
all kind of Mathematical conſiderations, whereby we {ſeparate what 1s. the 
proper Subject of Inquiry, and upon which the Proceſs precceds, from the im- 
pertinences of the matter (accidental to it,) appertaining to the preſent caſe 
or particular conſtruCtion. 

For which reaſon, whereas I find ſome others (to make it look, I ſuppoſe, 
the more Geometrical) to affe&t Lines and Figures; I chooſe rather ( where 
ſuch things are accidental) to demonſtrate univerſally from the nature of Pro- 
portions, and regular Progreſlions ; becauſe ſuch Arithmetical Demonſtrations 
are more Abſtract, and therefore more univerſally applicable to particular oc- 
caſions. Which is one main deſign that I aimed at in this Arithmetick of Infinites, 
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The ſame applyed to the Refifying Curve Lines, and 
Plaining Cur vE SURFACES. 


N purſuance of the ſame Doctrine, I apply thoſe Series or Progreſlions, 
abſtra&ly conſidered in my Arithmetick of Infinites , ( amongſt other 
things,) to the Refifying of Curve Lines (and Plaining of Curve Surfaces,) 
to which the ſame is as well applicable as to the Squaring of Curve-lined 
Figures. For the ſame methods of reducing (thereby) Curve-lined Figures to 
Streight-lined, ſerve as well (if conveniently applyed) for the reducing of 
Curve Lines to Streight Lines ; and Curve Surfaces to Plains. 
Of this I had given intimation in thoſe Three Propoſitions which are there 
in the Schol;um ſubjoined to prop, 38. 
| And F was then aware, that in caſe a 
- Curve were ſo ordered, as that the differen- 
ces of the Ordinates to the Axe (whether on 
the Concave or the Convex ſide ) taken at 
_ diſtances, be as the Quadratick Roots 
of Numbers in Arithmetical Progreſſion, as 
/O.4/1.4/2.43. Cc, (as are the Or- 
dinates in a Parabola, ) and therefore their 
Squares as O, 1, 2, 3, &c; theſe Squares in- 
creaſed by the Square of the intervalls of 
ſuch ordinates, ſuppoſe by 4 (the Square of 
; 2,) will be the Squares of the Subtenſes to 
the portions of the Curve as 4, 5,6, 7, &c; which in parts infinitely ſmall, 
are coincident with the Curves 3) as are the Ordinates ina Trunk of the tame Pa- 
rabola. And conſequently, as a Parabola to a Trunk of the ſame Parabola, ſo 
is the Baſe (or Aggregate of thoſe differences) to the Curve (or Aggregate of 
ſuch ſubteyſcs.) But 1 had not then conſidered what Curve ſach would be; In- 
tending at leiſure (but was otherwiſe diverted for the preſent,) to have purſued 
it further. Burt before I had time to purſue thoſe thoughts, 1 was (upon that 
hint) prevented by another. For 
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For hereupon Mr. William Neil ſoon after (in the Year 1657, then next fol. 
lowing,) applyed this particularly to (whart I call) the Semicubical Paraboloeid : 
whoſe Ordinates are ig the Subrripticate of the Duplicate roportion of the __ , 
that is the Cubes of the Ordinartes are as the Squares of the Diameter; : (for thoug h 
perhaps he was not at firſt aware what was the nature of the Curve which he had ſo 
rectified ; as ſoon as I ſaw the Proceſs, Idiſcovered the nature of;ig, agd gave. igtyar 
name.) In which Paraboloeid,the ſmall Segments of the Curve,cut by Ordinates (ar 
Equal diſtances) are as the Ordinates in a Parahola ; and therefore their Squares 
increaſed by Equals in Arithmetical Progreffion ; aud conſequently that Curve 
to a Right Line, as the Trunk of a Parabola to a Parabola; 'which (the Squaring 
of a Parabola being known,) is a Known Proportion. And he (l think) is the 
firſt that hath diretly aſſigned a Streight Line equal to.2 urve;j Which was 
preſently ſeconded with other Demonſtrations of the ſante thing, by Dr. Chrifo. 
pher Wren (now Sir Chriſtopher, ) the Lord Vicount Brownkyy, my Telf.\ and/( as 
t remember,) ſome others of that meeting, then held at Greſhane College, which 
gave riſe to (what is now called) the Royal Society ; to-whom the thing was then 
publickly made known. | ; 

I know that 4fonf. Hugens, (at Prop. g. of the Third part of his 4” laghum 
Oſcillatormm,) ſeems to doubt whether Mr. Nel did at that time indeed Re ify 
that Curve, or did only come very near it. But the thing was ſo notorious, and 
known to ſo many, (being then made publick to that Society at Greſham College) 
and by ſo many others (after him,) demonſtrated the ſame Year; that My. FHitvens 
(in a Letter purpoſely written on that occaſion) did foon retract that fu ton, 
and did expretly give us leave to print what we ſhould think ft for reatlert; iS 
it to Mr. Neil; which occaſioned the printing of thoſe Three Letters (off the 
Lord Brounkgr, Sir Chr. Wren, and my ſelf,) in the Philoſophical 7 ranſattyons of 
November 1673. | 

The following Year ( 1658, Dr. Wren, fhewed the Curve of the Cycloide to 
be Quadruple of its Axisz (which ſome others alfo in purſuance thereof, have 
ſince demonſtrated.) And this (I think) is the Second Curye to which a Streighe 
Line hath been aſſigned equal. \ 

The Year following (1659,) Mr. Hexralt, lights on the Reftification of the 
ſame Curve, which Mr. Ne had done before; publiſhed the ſane: Year by 
Francis van Schooten in. the Firſt part of his Geometria Carteſiana. 

Of all which 1 give a more particular account, in my Treatiſe publiſhed (the 
ſame Year) De Rettificatione Curvarum, ( ſubjoined to that De Cycloid:, (with 
general direCtions for the Rettifying of others Innumerable ; accordiug to the 
Methods of my Arithmetick of Infinites. With like Methods for reducing of 
Curve Surfaces to Plains ; of which is there to be ſeen great plenty. 

And laſt of all onſ. Fermat, in the Year 1660, in a Treatite by him 'then 
Publiſhed, and ſince reprinted amongſt his Poſthumous Opera Mutbematica, in 
the Year 16793 with this Title De Cervarum linearum cum lineis Rettis tomparg- 
rione z gives us the ReCtification of the ſame Curve, which Mr. Nejl (ind {6 many 
after him,) had Redtified before. Namely, that Parabola (to uſe his own words) 
in qua Cubi Applicatarum ad axem, ſunt iater fe, ut Onadrata portionum Axis: (as 
his words 2re 1n the cloſe of his prop.z.) But he adds moreover (toward theend of 
his prop. 5.) ExX una bac Curva derivers & formari alias munero infinitas, non Jolumn 4b 
ipſa ſed imer ſe ſpecie,differentes,que tamen ſingulg refti datis aquales efſe demonſtrentur. 

But this Curve of his, is no other than that of Mr. Ne, which is (as I had 
before ſhewed) a Paraboloeid, whoſe Ordinates are in the Subtriplicate of the 
Duplicate Proportion of the intercepted Axes, (or portions of the Axe, be- 
tween the Vertex and the reſpeive Ordinates. ) And thoſe innumerable , 
which he ſays, are differenr Curves from that; are indeed but the ſame Curve (or 
parts of the ſame Curve) beginnung at different points thereof. As I preſently 
diſcerned upon the firſt reading of that Treatiſe (ſent me by Sir ene! Digby 
upon its fed contenany z) and Gignified preſeatly (within Two days) ina Letter 
of mine to Sir Kenelm Digby, then at Paris, (from whom I received that Book,) 
who was the intermediate manager of the intercourſe between Aonſ.. Fermat 
and Monſ. Frenicle on the one part, and the Lord Vicount Brownker and my ſelf 
on the other part ; and to whom both _ addreſſed their Letters. Of which 

P 2 there 


—__ 


294 Of Curve\Lines, 8c. Caae.LXXVIL 


there is a large account in my Commercyum Epiſtolicum , publiſhed in the Year 


658. | 
Which Letter, becauſe it happencd too late to be there inſerted, I ſhall here 
inſert verbarim out of my own Copy. 


| Niaſtridiemo Nobilidimoque Viro, D. KENEL MO DIGBY, 
dit Equiti Anglo. 


WA | Anguſti 24. 1660. Londini. 
| . : 
Wuftridime'Vir, 

"CF 1debam ego nudius tertius Fermatii quod miſeras acutum opus ; quo 

'F V/ - Curwam Parabolotidem , quam ego Semicubicalem appello, (cujus 
Ordimat im-applicate ſint in Diametrorum ratione Subtriplicat e-duplicata,) 
equalem Rette oftendit. Quod acut? quidem & geometrice (ut ſua ſolet) 

" perartt. Fe | | 
F" x46 autem eft aut alterum, quod monendum duxi. 

Primo quidem, Eandem ipſam Curvam Rette equalem, primus (credo) 
omnium oftenderat Gulielmus Nelius, Equitis Pauli Filzus ; ſuamgue 
hujus Demonſtrationem jam Anno 1657 drunlgaverat : quod & 4 oleries 
apud.nos poſt illum demonſtratum eſt, & paſſim notum. 14 Ipſum deinde, 

ſt annum circiter, ab Heuratio Batavo peraitum eſt, quod (neſcins, puto, 
quid apud nos fattum fuerat ) iterate fe Carteſian Operis Editioni ſub- 
Janxit Schgotenius, I rem in Epiſtola, quam Trattatui de 
Cycloide ( Anno preterito a me eaito) ſubjunxi, fuſius proſecutus ſum, Que 
gamen (mnia cum Fermatio, credo, minime innotuerint, nou mirum eſt ſi 

 tpſe ſe primum hoc inveniſſe putaverit. 

, Alterumeſt, Quoa, cum (preter primas illas,) Secundas, Tertias, Quar- 
tas, aliaſque in infinitum 4 primis derivatas, in Diſſertatione ſua memo- 
ratas, quas item a primis ſpecie difterentes appellat, rettis equales dederit ; 

non videtur Vir acutiſſimus —_—_— e, non alias illas eſſe Curvas, a 

' primis diverſas, ſed earundem partes ab aliis aliiſque punitis inchoatas, 
Qued fic brevi demonſtro, ; 

Eſto, in ipſius Fig. 11. paraboloides ſua Semicubicalis, cujus vertex A, 

_latus reftum AD, quod fit, werbi pratia, 9, ( 2m nempe retta, in quadra- 
rum intercept e drametri dutta, ſolidum efficiat Cubo ordinatim-applicate equa« 
te,) fitque Semibaſis EF. Formenturque ad mentem ſuam ES, ER, EL, 
Sands, Tertia, & Quarta, ab ills Prima derivate. Exponatur autem 
Parabols G >, cujus Latus retfum GH fit 4, ( nempe * rette AD.) 
Samptiſque (in Diametro) GK equali lateri-retFo, & G Y ejuſdens quadru- 
pla, continutntur K Q, &Y 0, quarum utraque ſit ſemibaſi E F equalis ; 
& ordinatim-applicentur Kl, QP, Y T,bA. 

His ita ad mentem ſuam conſftruitis ; Aſſumo, tanquam ab ipſo demox- 

ſtrata, Curve AE particulas, quantumvis minutas , (vel potins harum 
tangentes,) rettis Diametro Parallelis abſciſſas, reſpettivis in trunco Para« 
bolico KI PQ ordinatim-applicatis proportionales eſſe ; (nempe, curve par. 
ticulas, ſive harum Tangentes, ad correſpondentes particulas baſis, ita eſſe 
ut ſunt reſpettive ordinatim-applicate in Parabola ad ſuum Lains-rettum:) 
| Item, Curue LE particulas, reſpettivis in Trunco Y TA ordinatim-ap- 
|| plicatis ſumuliter proportionales. 

| His poſitis ; AE Curva eonſque deorſum continuetur donec baſin j1, v #qua- 

lem haveat toti K 0, Eaque ita in go diviſa, utin QY aividitur K, 
erigantiw 
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erigantur inde perpendiculares , quarum altera occurret Curve in'E ; 0c- 
Currat altera in t. 
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Manifeſtum eſt, ex ſuis demonſtratis, ut AE Curve Trunco KIP Q, 
fic Curvam Av Trunco KI M4 correſpondere, & partes partibus : Adeoque 
ET Curvan TrancoQPTY, & Curvan ty * rr CT 28, & partes 
partibus reſpettive, | 

Sed, eidem Y T A 0 trunco ſimiliter correſpondet LE Curva, ( quod ex 
illo ſupra ofteuſam eſt,) & partes partibus. Ergo (per ipſius conceſſa & 
demonſtrata) Curva LE eadem eſt atque tv, 

Et ſimiliter oftendetur , fi ſumeretur uo duplayrette GH (& ov ut 
prins' equalis rette EF, ) eſſet Ty Curva eadem atque RE. Siu uo retts 
GH aequal:s, eſſet Tv eadem atque SE. Et in reliquis (imiliter, 

Non ſunt igitur "ES, ER, EL, alieab AE Curve, ſpecie diſtinits ; 
ſed, ejuſdem coutinuate, alie' atque alie partes. 

Atque hec ſunt, Vir Illuſtriſſime, que impreſentiarum monends duxi, 
Ceterum Vale, Vir Illuſtriſſume, Tuoque faveas, 


Obſervantiſſimo & 
DevinCiſſimo, 
TFOH. W ALLIS. 


With the following Poſtſcript. Which, becauſe it went with that Letter, 1 
ſhall here ſubjoin, though I do not properly belong to this place, and do rather 


concern Monſ. Frenicle, than Monſ. Fermat. 

D meam Circuli Quadraturam quod ſpettat , Hoo (ex mea Arith- 
A metice Infimitorum petitam) [ finem Epiſt. XXII. fic deſwgndves 
ram : Ut faQtum ex quadratis numerorum imparium 3, 5, 7, 9, &c, 
In 


LO 
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in infinitum, ad factum ex iiſdem quadratis'unitate minutis : Sic Qua- 
dratum Diametri, ad aream Circuli. Puta, wt 9 * 25x 49 *$1* 121, 
&c, in infinitum ; ad 8 x 24 * 48 *« 80x 120, ec, in infinitum. ( Que qua- 
drature mee nonniſi pars eſt ; quatenus nempe ad numeros abſolutos reduci 
poſſit.) Quod reponit D. Freniclius, Hanc aliam non eſſe quam Metho- 
dum approximandi, qualis eſt illa Archimed;s per inſcriptas & circum- 
ſcriptas 3 & ut nunquam perventuri ſumus ad illud intinitum, ita 
nec ad perfeam Circuli Quadraturam hac via pertingemus ; Omnino 
wverum eſt, prout hic per numeros abſolutos deſignatur. Sicut nec poteſt: nu- 
merus ſurdus, puta y 2, aliter deſignari in numeris abſolutis, quam ſimils 
approximatione in infinitum ; puta, per Unitatem cum annexis partibus de- 
cimalibus, ut 1.41421356 &c, (continuando radices quaaratice extrattio- 
nem in infinitum.) Nec tamen culpandus ille erit qui walorem numer 
Surds 4/ 2, numeris abſolutis ſic deſignandum dixerit :.-Qhtoniam ut nume- 
ris abſolutis perfette deſrenetur (aliter quam per approximationem) nume- 
rorum natura non patitur ; quique illud fieri poſtulet , poſtulat a3varey, 
Idemque & hic obtinet. *&.> oviiaa enim ( Arithm. Von prop. 189, 
190, hujuſque Scholio,) primus credo omnium, fortaſſe & ſolus ; Rationem 
Quadrati ad Circulum Inſcriptum, talem eſſe, ut nec numeris abſolutis ex- 
primi poſſit, nec etiam Raatcibus Surdis (puta Quadraticis, Cubicis, Biqua- 
draticts, &C, ) ſed weque ulla adhuc recepta Aiquationum formula : Quippe 
ad hoc requiritur , ut numerus Impar in duos integros equales dividatur ; 
atque ut An1tionis formula reperiatur Laterali & Quadratice intermedia ; 
adeoque que radices habeat plures quam unam , ſed [uw quam dugs. 
Quorum utrumque eft —_— uod autem in raaice Surdi d:ſienanda 
fit ; nempe, ut quod exatte fiers nox paſſit, nota aliqud inſinuetur quaſs fattum; 
put? / 2, vel 1x2; quo ſignificetur terminus intermedins inter 1 & 2 
in ſerie continne proportionaltam 1, 2, 4,8, &C , que fit continud multi- 
plicatione yer communen Multiplicatofem 2 ; puta 1* 2x2 x2 &c: Idens 
bic facicndum oftendimms , nempe cum - ha nghe ſit , rationem Circull 
ad Quadratum Diametyi eſſe "ut .1 ad Q terminum intermedium inter x 
& + in ſerie 1,2, *4, *53, &c, que fit ex continus Multiplicatione ( now 
quidem per eundem communem Multiplicatorem, ut in continue- Proportio- 
nalibus, ſed) numerorum 1 *3*3x73 &c, poterit ille (ad formam medii 
Proporttonalis , inter 1&2, puta 1x 2,) ſic utrunque deſignari ; 
nm” 1]: (wel alid forma fimili.) Et propterea ( prout latus ad diagonium 
quadrati eft ut 144 /1*2, fic) Circulus ad Quadratum Diametri , wt 1 
ad mn” 1|:, Que vera eft Circult quadrature in numeris, quatenus ipſa nu- 
merorum natura patitur." Quans ad nameros abſclutos ( per continuans ap« 
proximationem,) ſic reduci poſſe ut ſupra dittum eſt, ibidem demonſtravimgs 
Prop. 191. Quomoao autem in lineis exhibeatur, oft enſum eſt ibidem Prop. 
192, 193, 194. Qu4s autem memcrat D. Fermatu refas Curvy: equates, 
jam confideravimus. 


But I return to thoſe Curves of M. Fermat, which gave occaſion to this diC- 
courſe. 

Beſide, what he calls his Primary Curves, (as AE in the former Figure, whoſe 
Vertex is A,) whichis no other than the ſame Paraboloeid with that of Mr. Neit: 
He tells us of others which he calls Secondaries, Thirds, Forrths, &c., derived from 
thoſe Primary ones ; (as ES, ER, EL, beginning from E, aPoint at the Baſe,) 
which he deſcribes by this Charxter ; ereCtingany where on the Baſe, a Line 
NMOVX parallel to the Axe; NO of the Second is equal to E M of the Firſt, 
and NV of the Third, to EO of the Second; and NX of the Fourth to EV 


of 


CrHae.LNX VII. Of Curoe Lines, &C. 297 


— — —— 


of the Third, 2nd fo onward infinitely. Theſe he tzkes to be Curves of a 
dtfferent Species from E A : whereas they are indeed but parts of the ume Curve 
continued, ( beginning therein at different Points,) as i h: ve already ſhewed. 
And can no more he ſaid to be of different Species, than fereral SC2ments of 
the ſame Parabola to be of different Species from one another, 

And in the clofe of that Trcatife, (which he purſues at large inthe Appendix , 
ſubjoined,) he gives us othcrs, taking their beginning in like manner from the 
Vertex A, (as thoſe formcr did from the Baſe at E;) which he deſcribes by this 
charaCter: From any Point in the Axis, drawing D OIG parallel to the Baſe, 


4. - 


DI for the Second is equal to AO of the Firſt, and DG of the Third to AI of 
the Second, and ſo onwards. And theſe other Curves, he tells us, are not only of 
different Species from the firſt AOC; hut from thoſe others betore derived from 
the Baſe Point E in the former Figure. (His words are theſe, Hujuſmodi oancs Curve 
en ſolum ſpecie inter ſe, &, a proma. AOC different , ſed etiam ab 1is quas ex parte 
baſis ſupra effiximus. ) Whereas, they are indeed no other than the ſame kind of 
Pzraboloeid, all of them; (that is, if one of them, as he direfts, be what I 
call the Semicubical Paraboloeid j they are all ſo;) only with this difference, they 
have each a different Latws Reftum, namely in ſuch Proportion one to another 
as are their reſpective Ordinates to the ſame Point DO, DI, DG; or BC, BF, 
BE. Which doth no more vary the kind of the Paraboloeid, than in a Common 
Parabola, a different Latus Rettum would make a different kind of Parabola. So 
that Mr. Nei (and thoſe after him) teaching how to reCtify any one of th:m, 
teach how to rectify all of them. Like as Archimedes teaching the Quadratvre 
of any one Parabola, teacheth the Quadrature of all (common) Parabcla's, lct 
their Parameter (or Lats Rettum) be never ſo much varied. 

I will not diſparage Aon. Fermat's Invention herein ,Mor his Demonſtraticns 
thereof. But allow the Invention to be very Ingentous, and his Demonſtration 
to be good and full. (Save that he takes thoſe to be fo many different ſorts of 
Curves, which are indeed all the fame.) Nor will I impure it as a fault in tim, 
that others had done the ſame thing before him : Or that he had (or might have 
had) the firſt hints of it from my Arithmetick of Infinites, (which I am ſure he 
had read.) Only I permit it to the Readers judgment, (who ſhall take the pains 
to compare them) whether any one of thoſe Three Demonſtrations (which inthe 
Treatiſe above mentioned l have recited) of this ReCtification (the longelt of 
which doth not extend to a Quarter of a Sheet, and all three to little more than 
half a Sheet) be not as clear and fatisfactory to the underſtanding of any in- 
different Mathemartician, as his long Proceſs of more than five Sheets of Paper. 
And if ſo, I know no reaſon why he ſhould diſparage thoſe ſhorter Mcthods, in 
compariſon of ſuch his Prolix Proceſs. (Of which 1 am to ſpeak more in the 
Two Chapters next following.) For my own part, I take a 1)emonſtration, if 
* clear and cogent, to be the better for being ſhort. Nor do I think a Procels 
the worle, for ſhewing me the ſeveral ſteps by which the Author did, or I may, 
arrive at the ſame or a like invention. Sure I am, that ſince the Introdutticn 
of ſuch Methods, Mathematicks have been more improved in this preſent age, 
than they had been in many ages before. And ſuch things as were (ingly) 
wont to be looked upon as profound diſcoveries, are now ( in Multitudcs wru- 
merable, ) by general Methods, (of which I take this Arithmetick of lafinites 

to 
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to be none of the moſt contemptible, ) eaſily diſcoverable by a dircCct Calcu- 
lation. 

And I do not at all doubt but this notion there hinted, gave the occaſion 
(not to Mr. Neil only, but) to all thoſe others (mediately or immediately, (who 
have ſince attempted ſuch ReCtification of Curves (nothing in that way having 
been attempted before ;) and even to that of Monſ. Hugens (which he thinks did 
give the occaſion to Monſ. Heurats invention) giving the Curve Surface of a Pa- 
rabolick Conoeid, equal to a Circle. Which how eaſily it follows from my Me- 
thods, I had ſhewed him in a private Letter of mine to him (in anſwer to one of 
his to me on that Subject, in the Year 165g9,) and in another (Printed the ſame 
Year,) ſubjoined to my Book de Cyclozae. 


C H AP. LXXVIIL 


Of the Demonſtrations uſed in the Arithmetick of INFINITE s. 


b- - HOSE Propoſitions in my Arithmetick of Infinites, are (ſome of 
p i? [0a P1rng them) demonſtrated by way of InduCtioh : Which is plain, obvious, 
and eaſy ; and where things proceed in a clear regular Order, (as 
here they do,) very ſatisfaftory, (to any who hath not a mind to 
cavil ;) and ſhews the true natural inveſtigation. Which to me, is much more 
grateful and agreeable, than the Operoſe Apagogical Demonſtrztions, (by re- 
ducing to Abſurdities or Impoſlibilities,) which ſome ſeem to affeft; and which 
was much. in uſe amongſt the Ancients, for reaſons which now (in great mea- 
ſure) are ceaſed ſince the introducing the Numeral Figures, and ( much more) 
ſince the way of Specious Arithmetick. 

If any think them leſs valuable, becauſe not ſet forth with the Pompous oſten- 
tation of Lines and Figures: I am quite of anether mind. For though ſuch Lines 
and Figures be neceſſary where the Truth of a Propoſition depends on Local 
Poſition : And though they be otherwiſe of uſe, ſometimes for aſhiſting the Fanſy 
or Imagination, (ſhewing that to the eye, by way of inſtance, inone particular 
caſe, as that of Lines w> is abſtractly true in all kinds of Quantity what- 
ever :) Yet where the fruth of the Propoſition depends merely on the nature of 
Number or Proportion; (and is equally applicable to other Quantities as well 
as to Lines and Figures:) It is much more natural to prove it abſtraCtly from 
the nature of Number and Proportion ; without ſuch embaraſling the Demon- 
ſtration. 

As for inſtance; It is much more natural to prove, that Three times Four 
makes Twelve, (whether of more Angles, or any thing elſe that is numerable,) 
from the nature of Number, and of Multiplication; than by deſcribing a Rect- 

angular Parallelogram, whoſe breadth ſhall be a Line of 3 Inches, 

| and its length a Line of four Inches ; and then proving that its 
— || 3 Area will be equal to 12 Square Inches : For though this be true, 
| yet Is it not to the purpoſe ; nor doth it prove, that Three 
4 times Four Angles, are Twelve Angles, ( where Lines, Inches, 
Parallels, and right Angles have nothing to do ; ) nor that Three 

Groats make a Shilling ; nor ſo much as that Three times four Miles are Twelve 
Miles, ( for though here be Lines, yet nothing of Arca or Superficial content.) 
It proves at moſt, but the truth of the Propoſition as to one caſe; which is 
univerſally true in all caſes: Nor can the Univerſal be proved from this parti- 
cular, without aſſuming further (from the nature of Number and of Propor- 
tion) ſo much as would have proved that general without the help of this par- 
ticular. And I look upon this, as the great advantage of Algebra, that it- ma- 
nageth Proportions abſtra&tly, and not as reſtrained to Lines, Figures, or any 
marticular 
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particular Subject ; yet ſo as to be applicable to any of theſe Particulars : as 
there 1s occaſion. 

If any think it neceſſary or worth the while, to make a ſolemn demonſtra- 
tion of each of thoſe propolitions in particular : I ſhallgize an exampl in age 
oat of Archimedes ;, which may be a pattern for any who pleaſe tdi it in 
the reſt. It ſhall be of hat. which concerts the ColleCtion ( or Aggregate) of 
the Squares of Numbers in Arithmertical Progreſlion , inning; at, Oy: Cas. ot 


©, 1,2, 3, 4, &c.) Which I ſay, is equal to jull+= mll, (A Third. part 


of ſo many times the greateſt Square , and moreover - och a part of fo many 
times the greateſt as is 1 of Six times that number wanting one.)" | 
And it 1s an ſubſtance, the ſame with Archimedes, » Prop. 10, of Spiral Lines; 
ſave cnn, as iny Series begins-at o, his begins at 1,07 that which is the cominotr 
excels of the Progreſſion, and what he applies pa arly to Lines, (as 5, 
= — occalion,) Iapply indifterently t@ any | Quanticiesiaſuch Arithmer! 
r On. 
is Propoſition is this ; 1f any number of Streioht Limes be 
nn_ one a in _—_— Fx dn +5 he common ©xcv go res far 
of them ;, and as many others each which are equal to the waſh of pure = 
quares of all theſe Equals together, with one more ſuch Square, and a Reftgngle 
rained by that leaſt and one E qual to all thoſe Unequals firſt propoſed, are the - 
of the Squares of all thoſe Unequals firſt propoſed, ſo proceeding & Equal Exceſſes 
Which 1 expreſs thus. 
Suppoſe any number of arkinnicaly-Progertiencſs, s b.c hy ey , whereof 
the greateſt a, the leaſt e, and this alſo the common Exceſs 
all » : Then is (I ſay) naa, +a4,-+<e into pn ww = 3-lato 
44a +bb cc + dd -þee. 


DEMONSTRATION: 0 G 

For ne=4a, And therefore nace=aa, ' oY _—_ 
Again, a=b-þe=c+ze=d-þzegebge.. t,, 16 ond, 
That is, a=bbe=c+ d=dþ cnet b, v0) zify boo! 
Therefore, a= 4 2b + 2c+2 d+2e- * | | 0 es 
Likewiſe,Cas = 7 E ”> = bY = 7 IS qv 2 ms "I 
Ts Fe br ; 2X en —_ 


y Dango #8.. 00 0.0 EOF {1 oh 1 bit} 

Tom aa cob dd FH 1 -1442 qpaank 

Þc dd + Ts ts 02007 1 (11 i11 (10d 

Therefore * Pp Y 2ed-hi2 be, [ + & 501 7 rotNotY "it 


«= 2teh-j4ec+6ed--Rce wergares ad 
6 =einto ab + 46+ 64+ 8 2.4; wAv'ys v0 YANN 


+ e into 4 b + 6+ d+ ec MK way WY \o dan» 
y = <into4 3b + wriadi-gs ma d1 \\s \o LY & 
C TO un mhgct= | maine 013 _ 
= IntO,'.. ...b+ 2c +24 - — wo dan, —_ S w- « 
= C INtO,... m4 oo th wr =" KS ooo 
84 liiO, co oooere .4 \_- =} 10 as” _ 
tobe RG . —_ "OS "=#x m yuey _— 
= aan bb + ec + dd + ce Re 4 10 ot in: p2: 120 a) 3 e199 
Aa ITY hens nn AID Cm=) 
y = 344-þ 3bb+ 3 co 3dd 4-38 =6 LSE 
= Into, 44+bbþcc+-ddcþee =0::c - DO - 2” © OI : 


o x/n24, +4 el, Fre de: "7 
be demonſtrated, . oz, a haz 
Which was to Win . {og ok6k 


—. A . M4 I 4a 


goo The Arnhmertuk of Infumtes. Cray. LXX VIII 


COROLLARY. 


"u _ F<3 into, aa+bb +cc+ dd ee | 
Therefore ies. os nt AYR es becauſe of «. 


| ui-eint0 ad-b4c4-44-e <(cinto a 2b4- 20-4 244-20 =44<") 2 44, 
That js, Becauſe (to make it the Triple of all ) it malt aſſume fomething, bus 


tefsx Jad. 

eArchimedss exprelſigh it thus; Therefore the Square of all thoſe Equals to the 
greateſt, are leſs the Triple of the Squares of thoſe Unequals , ( becauſe they 
alung ſpew t to make them. 5) but greater than the Triple of all the 
reſt of thim, wanting, the greateſt, Ebecauſe what is-ſo aſſumed, is leſs than Three 
times the greateſt.) Ad what 57 aid of Squares, holds equally of other Liks-Figures, 
its like nanner deſtrahed onr theſe Lines. . ... 

Note here, that 144-44 in this of Archimedes, is the ſame with #2 // in mine; 
(and therefore © of that = £ 11: For + 1 there, is my m, ( who reckon 
--. © in the number of Terms , which he doth: not;) and his 4, is my /, (the 
greateſt Term in the Arithinetically Proportionals: ) And then his e into 4-j- b 


O41 I 
+c+4d + &, is the ſante with my = »'b1, (and therefore 4 of it, = — mll:Y 


For'the ſum of the Atitinnetical Progreſlion a + b -|--c 1: d +e (making the 

leaſt Term equal to the common exceſs, and the number of Terms z or (which 

is'the fame) a+4-b--c+- 4+ e+ © (making the leaſt Term 0, andthe gumber 
—__ 7 © I R_—_ 


of: Terms w= #+r,) is $1 "Wit or *214;-and this into e, is Z mae; that 


a \ 1 I 
is, (becauſe of 4 = ze, and- therefore bas — Maa; that is, —mll. So 


that his Propoſition is, for ſubſtance,. the ſame with mine ,- though othetwiſe 
expreſſed. *Tis true, (nor is it a ſhame to confeſs ir,) that when 1 firſt wrete 
that Arithmetick of Infinites,' F was ſ@ young 4 Mathematician, as not to have 
read this of Archimedes :. But had the good hap tvitight on it before the printing 
of my Book; and when I afterwards found it there, I was not diſpleafed to 
find mine ſo well agree with his. 

His next Propoſition, (prop: 11- of Spiral Lines;) is.on the ſame ſubje&t; but 
not confined to this condition, thatithe leaſt. Term in the Arithmetically Pro- 
portionals be equal to the commin Exteſs 3 admitting 'it to be any whatever. 
(Which I do the rather expreſs, becauſe -I-do not- find that rhe Publiſhers and 
Interp: eters of Avchimedes hae tykettrioticeof it; but do at Iesft moſt of them 


by t 
exceeds the lea 


bet of all »+ 
(=m:) Then is -1- wy "Rs 


f . 
ceſs e, (whether equal to f, or no, it matt&s$ hor;) arid tejium 


- 


00:04 SQebf + QUbbf+ Qed fob hd f {Qed fe eh. 
Qua f. JEerhr FER RSS Ed bor PiQetf, at ber 


thQ&9+f. f intonb+f, + $04,328. h 


DEMO N- 


——_ I OOTY 


Caae.LXX VIII. The Arithmetick of Infimtes, 


ZOI 


DEMONSTRATION, 
That is, (Multiplying both by =) 


«::#Q; a+f. (vf int0 4 4f, + $46, =) nf fo nf a, 4-$n4a=8 


—_ $<Q:4+4,+Q:b+f,+Q: bf +Q:i dA Q:ie+F,.:. .. = | 
SET PTE TEA TEE? 
Y Ff+ ff ff+ Ff + ff= nff- 
_ aa | bb+ cc + dd + ee >7 naa, by Coroll. prop. preced. 
d-2 af -2bf +2cf +2df +-2ef > naf. becauſe of s. 


= SET Lo ere 


— 


ee . .. . <C £ nas, by Cor.prop.prec. 
2bf+2cf -2df b2ef....< nef hn” 


£., a+2b--2c+2d+2e= na. as was ſhewed in the precedent Prop. 


Theſe Demonſtrations are the ſame with thoſe of Archimedes, but otherwiſe - 
expreſſed : Which becauſe as they lye in Archimedes, they ſeem very perplexed ; 
I thus digeſted into a brief Synoplis, (that rhey might the hefter be apprehended) 
at the 'requeſt of Sir Charles Scarborongh, (Dr. of Phyſick, one of his Majeſties 
Phyſicians in ordinary,) a Perſon eminently skilled in theſe affairs; and tranſ- 
mitted then to him in a Letter of Novend. 21. 1671 ;, together witha like De- 
monſtration 6f another exed Lemmeof Archimedesy which is Prop. g. of 
his Second 'Book of Jon pick, Which (though it do not properly belong to 
this place,) I ſhall (by way of digreſſion,) here ſubjoinz to accompany its fel- 
lows, thofe other Two ſitions. | 

His Propoſition is this, 1f there be Four Lines in cortinnal proportion; and what 
proportion the leaſt of them hath to the Exceſi, whereby the greateſt of them txcceederh 
that leaſt ; ſuch have a Line aſſkmed, to Three Fifth payts of the Exceſs, whereby the 
greateſt of them exceedeth the Third : and what the Apgregate of the double 
of the greateſt, and the Quadruple , 2 the Second, and the Sextuple of the Third, and 
the Triple of the Fourth, hath to the Aggregate of Five times the greateſt, and Ten 
times a Second , and. Ten times the Third, and froe times the Fourth ; ſuch have 4 
Line aſſumed, to the Exceſs whereby the greateſt of =_ onals txteeds the 
Third : Thoſe Two aſſumed | Lines will together be equal to To Fifth parrs of the 
greateſt of thoſe: proportionals. : ; 

Which (without taking notice whether they be Lines, or other Quantities, 
if Homo s,) I thns expreſs. 

Su four continnal proportionals, 4 4 4, 44e,4ee,cee: 

And e3, 43 —63:; baa. a3 —ace into 4. pu” 

And 243-4 a4tj Gate 3 eee. 5 adnarft l0aatþ Ioategeree:tcad ; 
aaa — ate: 

Then is, baa+ caa =4 44a. 


DEMONSTRATION, 
That is (becauſe of the Analogies 3) 


444 — ACEC | 
— into+$ eee (= baa) 
aaa—cee 


aaa-— ace, into, 5. mn ie Lea _ | 
__ "_ e_o 
5444+ 104ae+ 10ace eee F 


aad — ACE 


That is (dividing all by Mn X ; 
QqZ - geen 
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zeee 2444 44aats|- ace zeee 2aaa 
ana—cec aaa-{-24a4ach-2ace+ ece ana—ace 


That is (by reducing all to the common Denominator, and taking that away.) 


3 eee into 444 —arte(= 343 timza,) intoa? -|- 24aej 24c0 er, _ 
+ 243-þ-444e-+64e-þ-363, into(43—t into a!—ae e=)a*'—aee—ie3-4-a0 : —"_ 
TY = 34 64640 +64&@& +34 

24%-|-44*t-þ-64"ce+- 3.4% £3 — OO 62306 —=6aa7 — 34a 

nm 24 CC—4 df 03 = 64\' * — 340 
—_ 4 03 44 nn CAO —34 i 
+ 24 {- 4483 f J=baat +3 act 


a=24'|-q@&t-h4-44 te... ,—440 Of - 44% —2 430%, = 8 


6 =24 intoa3— 3 (=24\— 24) into i +2 a4t +2 aceh-e3 =» 


24 + 444-44 ceh 243, v 
—2 BO —ADVO—_4CAO —248< 


y=24 4&cl- a0 tete....... a4) f—=4aat& —20>s- = <0 


The Demonſtrations of theſe Three Lemma's, which Archimedes had occaſion 
to make uſe of, in his following Propoſitions (as is there to be ſeen;) which 
as delivered in him ( without the uſe of Symbols which are now ia pradtiſe,) 
ſeem very perplex and intricate : I have thus repreſented in a manner more ob- 
vious to be apprehended. As a Specimen, how other intricate demonſtrations 
of the Ancients, may be repreſented as more intelligible. Which (on the Firſt 
view,) a manmight well wonder by what methods they came at them ; and with 
what a prodigious reach of imagination they could connett ſuch remote princi- 
ples to make up ſuch demonſtrations ; had they not ſomewhat anſwerable to 
our Algebra, though ſtudiouſly concealed. And the great advantage of this Me- 
thod, will be very apparent to any who ſhall compare theſe very demonſtrations 
as they are in Archimedes, with the ſame as here delivered. 

But that which is here principally intended, is the firſt of the Three. Which 
is Archimede's demonſtration of the Propoſition which I make uſe of, for the 
ColleCtion of the Squares of Quantities in Arithmetical proportion. And here] 
ſet it down as a pattern for others, (who pleaſe) to imitate, in like Colle&ions 
of Cubes, Biquadrates, and other Superior Powers, of ſuch Arithmetically- 
proportionals, in number finite; (which would be too great a digreſſion here 
to proſecute. ) | | 

Yet to ſhew that it is imitable, and how it may be performed, I will add one 
example more, for the collection of "Cubes, in the ſame manner as that of Ar- 
chimedes for Squares. 


PROPOSITION. 

Suppoſe any number of Arithmetically-proportionals, «, b, c, d,e; whereof 
the greateſt, a, the leaſt e; and this alſo the common Exceſs ; and the number 
of all,: Then is, a4, 4- 44a, -|-c into 244+ 2bb-j-2cc 424d | 2 ec, 
-+ecinto 2 b p4c-|-644-8e; = 4into Of + b) + 0 +43 + e, 

DEMONSTRATION. 
For ne=4. nae = 44, naae =ae4a, &C. 


And a=bpe=c+d=dec=ebb. as before in Prop. 10. Spir. Archim. 


Therefore 
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Therefore aaa= bbb = ecc = ddd = eee 
+ cce ddd + coco -|-bbb 
+ 3bbe 3ccd þ3ddc 4=3ceb 
+ 3bee +3cdd +3 di -|-3ebb 


And the Sum of theſe, '= na 4a; 
Likewiſe 34a 3bb+3ccþ-3dd+3ee = 4 

« = 744, -|- aa, +-tinto a+b+c-þd te: as before, 
Therefore $396 + 3bb+3ce-þ 34d + GE =g 


+ ©& I0tO ..... bc +d-ke 
_ Snaa, + aa, +e into a+ b + d 
B=3 Tei be Tobitey 


y = 1naa-| 24a. by what was ſhewed there at &. 


: _—_ Siaa-k 3bbþ-3cc + 324d T. 
Therefore, naa —= Irv into bbc +4 +e. + p 
-|- 244 = BMD ESSE. ES ov oe gr. "nn 
aaa bbb+ tcchk ddd ceeC — 
Lan So rege dab ceo an ; 
5 kT Y grotto a: 
: + 2bee+-3cdd +3 dee be =0 
H= Gbbeþbeid+Eddeb berth = «8 
s = Gbbe—12cce-|-18 dde 4-24ce =E 
6.= ein raed R 


Therefore 4 
$ 


= 0 0d. ©. 244 T=T —Ay 24d-)-. 2ee ; | 
y = eC.into 244 bb-|-1 4c e--20dd-|-26ee 
L304 ID c:o do oe o.0'0 6 26. et il=g 
C- ec into 244 -|- 6bb+6cc+ 6dd + 6ee? _ 
Toe —_— 2 b+2 fo 5 ah (=(nve=)20) 
| CintO «cc + 2bb+ 6ct+6dd 4+ 6c? _ _ 
b-CC INTO cc eee ce +58 Ss S334. = 2bbb | 
g= 4+ CiNO...co ceo 2cc-|-6dd j-6ee?_ _ HOY 
6 rune +6006 Coke 23 d-jon of * © SEO _ 
ol (M00 - coo cov 000. 24d b-6ee?__ _ | 
ef FCINQ + + 000+ 00000 0-0 6 «2 ec an come, 
LT ) _ UTR” TT s a8 = mn 2eee 


= 24 420 +2024 Lat =a 
z = 243 4-2 b3-p20 243 + 203% 
x = 40 +46 p40 pq +43 =p 
uw = 4into 3 +bB3 ++ + e& =v 
_Cnaaan, +444, + einto 244+ 2bb +-2c-+2dd + 2 
e =3 ec into . +. 2 b-p4 C- 6 a +8 o 


Which was to be demonſtrated. 


Note here. that n4a4a 444 (becauſe of m=2n + 1, and |= 
fame with my mill (and therefore 4 of that, is 4 11: ) : 4) is the 


.tinto 2aa + 2bbþ2cc+244d-j-2ett , ; 
a b + 4 c+6 d + 8 - is the ſame with my 
mlll 


l 
—— (and therefore + of that is, — mm111.) 
4 


' , -— * 
For (by the ſormer propolition) 244+2bb |-2c6 4-244 + 264 is = 
nan, +442, 4-4e into a b+c-þ-d-e, + 3 


Bur: 
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But a-+b-+6c -}-d-þe, is ae into 4 n, =; na þ,ne=3n44- 34. 

And this intoZe is 3nac + 3ae=ta4 5 ae. | 

Which added to 44a + + aa, makes 4144 + 4a+34ae (=2 44+ 26bb 
+ 2cc-þ-2dd + 2ce.) 

And then, all this intoe, is 4 #4aae -þ aae 3 ace. 

Again, eeinto 2b + 4c-þ-6d-þ8e, or 2ce intob--2c+ 3d +4 is 
2ee into b-|-c+d-{-e | | 


C4 a 
*Io0s 
+ Ee 


That is (ſuppoſing e = 1,) ace into a Pyramidal number, whoſe ſide is b = 
— 1. Or (it e have any other value, ) it is ſuch Pyramidal number Multiplied 
Now ſuch Pyramidal Number, (as I have elſewhere demonſtrated, prop. 176, 


bbb b 2b 
u- T * Or (whatever be the value of e,) 


pep +3ep+ uo 

Re” : 
And this into 2 ec, is ppp ++ 3pp+ 2p into3 eee. 
That is, (reſtoring # — 1 for p;) 


177, Arithm. Infin.) is 


putting p =»2— 7, it is 


m —3#t 1-31 —14+3mM —6n14+ 34+2n—=2 (= —3) intozeee, 


That is 31303 — $263; Thatis F vane — 4 ace. 
And this added to the former 3 aac + aac +4 ace; makes n4a4te S-aac; 


| mM m 
That is mae, or = 44a. Which is the ſame witlr my - HI. 


From hence may be inferred, for Cubes, a like Corollary, as that ( before) 
for Squares, at Archimede's Cor. prop. 10. of Spirals: And the like propoſition 
to his prop. 11 3 (when the leaſt Term of the Arithmetically Proportionals is 
not equal tothe common Exceſs :) In order to a Proceſs by his way of Exhauſtion, 
when there is occaſion. 

After the ſame manner may Demonſtrations be framed, for like ColleCttions of 
Biquadrates, Surſolids, and other Superior Powers ; as is here done for Col- 
lections or Aggregates of Squares and Cubes. 

But thoſe who will content themſelves with my Method by Induction (and 
by Deductions from thence) may ſee it in my Arithmetick of Infinites, at 


Prop. 1, 2, 19, 20, 39, 40,43, 182. &c. 
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C H A P. LXXIX. 
Of Monſ. Fermat's Exeptions to it. 


HE fotegoing Chapter ( written divers years ago;) was firſt occas 
ſioned, not by the late Treatiſe of Morſe Bulliald, (tint then extaiit,) 
bet by fome exceptions taken to m Arithmtich of Infinites, by Monſ.. 
Fermat 4 (which are to be ſeen in my Commercinn Epiſtolicnm , at 

EpiF. 4. 12,47, with my Anſwer to them, at Zpiff. 5, 16.) Not as it, the doctrine 
thereih coritaincd, were either not true, or not uſeful ; (fot he atlmits both :) But 
becaaſe the Method of Demonſtration there ufed, is brief and compendious, 
(without the prolixity frequently uſed in former Ages,) and by Notes or Symbols 
(w#hieh yet fince the mroducing of Specions Arithmetick, is generally received 
without exception ; as is to be ſeen in the Writings of Yietay Gaghtred, Harriot, 
Carres, Schooten, Sluſius, and many others ;) and (as to ſome few Propoſitions, ) 
by way of IndnCtion. Whereas he thinks (and I think i t6, and had ſaid 
it more than once in the Treatiſe itſelf,) That the ſanie Propoſitions might have 
been denienſtrated, (as he ſpeaks,) via ordinaia, legitima & Archimedea ; accotd- 
ing to the Method of the Ancients. ( But when he fays, it might have been ſo 
done i# mmch fewer words than according to the Method of my Book, I muft there 
ctave his pardon”, that I cannot aſſent to him.) And therefore doth deſire (at 
Fit. 47,) that we would, ſeppſiris tantiſper ſpectebus Analyſeos, Problemata Gedine- 
tried vid Entlidearid & Apolloniand exequi , nt pereat pdulatim tlegantia & conſtru- 
ends & demonſtranti , cal procifut optraim dederunt veteres, ) lay aſide (for ſotne 
tire at leaft, ) the Notes, Symbols, or Andlyfick Species, (now ſince Yierd's 
tithe, in frequedt-afe,y it rhe conſtention ard demonſtrationot Geometritk Pro- 
blems, afid perform ther in fiich method as Exrtar and Apolionins were wont to 
de; that the neatnicfs and eleganceof Cordtraction and Demonftrafion, by thent 
ſo much affeted , do not by degrees grow itto difuſe. And (ar Epiſt. t2,) he 
iftimares as if, af bis firſt leiſure, he would ſhew me how it might be done more 
efegantly, and int fewer words, according, to the Method of the Ancients. (Which 
eirfre of leiſure, is not yet come. (And wondets' I world prefer faith Method by 
Abebrick. Notes, before that of the Ancients. 

 Pe-which my teply is, that tothe elegance and teatneſs of the Ancients way of 
Conſruttion and Demonſtration, Fat no Eacmy, And that theſe Propoſitions 
mizhe' be ſo demonſtrated, 1 was {6 far frony being ignorant, that I had apain 
andapahi affiriied # (iv the places there cigedz) but had ſhewed 2Ho the reaſ6h 
why Echoſe t6 g&/# thorter way. That if ti& would give Himſelf the trotble 
of doing.the ſanic, after the other Method, it was free for hirfi f& to do; but 
tar he might ſpars himſelf the taboar,” becauſe it was already done to his hand 
by Cavallerind iti-Nis Book D# uſu Inlivifibiliun ini Poteftatibus Coficie. Not is it 
difficalt for one ( moderately $Killed in Mathematicks) out of fuch Proceſs by 
Algebrick Notes, to form Deftonſtrations Iike rhoſe of the Ancitnts. ( And 
Frattis van Sehooken,” kathy in « pectier Treatiſe to that putpoſe; inthe Second 
pate of his Gtonitrria C arteſimna Thewed how it ray be efily done.) But t choſe 


the-Morter way, b&anſe by this- ears I might in a compendious corititttted 4I{- 


cotitſe deliver that! inbrief; whclvin the other way niufſt (with more pomp and 


ſolemnity,) bepareelled env ifits feverd? Lemma's, and preparatory Propofitions.” 
With, yy Night [o6kKrhbi# Aveuſt, would be lefs edifyin bor I fre-. 


dice-the fanie"tof # brief SynoplN. 

© Bur he doth wholly mifftadke/the deſign of that Treatiſe; which wit not b& 
nitich to ſhew # Method of ' Degiviiſtrating things already known ; (which'the 
Method that 8&'cotitendd; dtiehiefty aim at,Y 28 to ſhew 2 way of Þ» CR 
'hyror finding ont: 8f-thingsVEnmmKnown : (Whi: It the Antients dicf Rudidully 
conceal.) For which he doth admit thy (Epift, 125) if warily ufed; tobe 480d 
a Method, 
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Method ; and therefore ſhould not have found fault with it, when applyed to 

' ſuch a purpoſe. And he could not be ignorant, thar it hath been the delign of 
the late Writers of Algebra, to diſcover the Methods of Inveſtigation, which 
the Ancients were wont (as great ſecrets) to conceal from us. And that there- 
fore 1 rather deſerved thanks, than blame, when I did not only prove to be true 
what I had feund out 3 but ſhewed alſo, how I found it, and how others might 
('y thoſe Methods,) find the like. # 

And as to my Proceſs by _ of InduCtion ; he admits this alſo for a good 
way of Inveſtigation; (and therefore ſhould not have blamed it when ſo applyed:) 
And if he doubt whether the things therein ſo demonſtrated be'certain; I ſhew | 
in the @hapter here foregging, how any that pleaſe may demonſtrate the ſame 
things, (as he ſpeaks) 4 la mode d' Archimede, (or via ordinaria, legitims, & Ar- 
chimedea,) after the faſhion of Archimedes ; for I give juſt the like Demonlitrations 
with thole of Archimedes on like occaſions. | 64 

But he might have taken notice alſo, that while he blames my demonſtration 
by InduCtion, and pretends to amend it; he doth but give another demonſtra- 
tion, which is by induction alſo, and nothing; better than mine. - For he propo- 
ſeth for inſtance, an Arithmetical Progreſſion of Five Terms, beginning at © 
and then ſhews by a tedious Proceſs of a whole page, (what was manifeſt upon 

view, to any that knows what is Arithmertical Progreſlion,) that. 
0.4.6.c.d if each of theſe be taken from one equal to the greateſt, all the 
d.d.d.d.d remainders will be (in a contrary order,) the fame with.the 
4.c.v.4.0 Progreſſion propoſed; (and therefore each, the half of ſo many 
times the greateſt.) But then he leaves us to aſſume ( without | 
which the demonſtration 1s not compleat;) and the ſame may in liks manner be , 
ſhened, in w the number of Terms be Six, Seven, Eight, or any other. Now if, 
this be added (or ſuppoſed to be underſtood, ) his Argument is an Indution as 
well as mine; if not added ( nor to be underſtood) his argument proves it but, 
as to one caſe, not univerſally. And I leave it to any Reader to judge, whether , 
my Inveſtigation by InduCtion, may not as well pals as his Demonſtration by In- 
duction, If it be inquired, what is the Proportion of a Rank, or Series of Laterals or 
Arithmetically-proportionals, (or according to the natural order of - numbers) beginning 
at 0, to ſo many times the greateſt ;, we ſhall find that o+ 1 = 1, is the half of, 
2x1; 0+1-+2= 3, isthe half.of 3x 2z 01-24 3=6, is the balf of 
4 * 3 3 that is the Sum or Aggregate us the half ſo many times the greateſt ,, and ſo e-. 
very where, whatever be the number of Terms, *Tis true I might , Ar added (if I, 
had thought it neceſſary to be ſo. pedantick,) 4s js manife# t0- any one who under= , 
ſtands the praitiſe of common Arithmetjck,, and knows how to collet& the Sum of an 
Arithmetical Progreſſion, (and thet the demonſtration had been full, and without” 
exceptions.) But I do not find that Exclide was wont to be ſo pedantick ; I am. 
ſure Archimedes (to whom ce refers me,) was not ; but doth preſume, as known, 
many Propoſitions whoſe truth is leſs obvious z thinking it not peceſſary, toprove. 
a new, things commonly known, or, which an indifferent Geometer may prove . 
without his help. | 

As to the thing itſelf, I look upon. Indu4ion'as avery good Method of Inveſti- , 
gation; as that which doth very often lead us to the eaſy diſcoyery of a General 
Rule ; or is at leaſt a good preparative to ſuch an one. - And where the Reſult. 
of ſuch Inquiry affords to the view, an obvious diſcovery ; it needs not (though 
it may be capable of it,) any further Demonſtration. And ſo it is, when we find 
the Reſult of ſuch Inquiry, to put us into a regular orderly Progreilion (of what 
nature ſoever,) which is obſervable to proceeg according b” one ayd, the ſame 
general Proceſs z and where there is no ground of ſuſpicion why. it ſhould fail, 
or of any caſe which might happen to alter the courſe of; ſuch, Proceſs. 

And thus for inſtance, it hath been thought (by, moſt Mathemarticians that I - 
have met with) an Obſervation ſufficiently inſtruftive, that'in acontinued Series 
of Laterals (according to the natural order of Numbers,) begianing at o, the 
Differences are Equal (and conſequently the ſecond: Difference, or Difference of. 
Differences, © 3) 1n the Squares of theſe, the Second Differences axe Equal, (and 
the Third 0:) In Cubes, the | hird Differences are-Equal; In;Biguadraticks, the. 
Fourth z and ſo onward. ASappears upon trial. wr 


© © 


40 16 2 24 1024 1320 g4$% 
I 9 6 369 2101 1230 120 
To. 2s 2. 268 625 302 24 3125 2550 600 
I I1 g1 6 671 132 4651 13830 
60 36 2 216 36 1296 434 7776 4380 
I 13 I27 1105J GO31 
7 #&<9 343 2401 16807 


And if we ſhould make further obſervation, that theſe Equal differences do 
proceed according to Numbers made by the continual Multiplication of the num- 
bers, 1, 2, 3, 4, 5, &c; namely 1, 1x2=2, 2x 3=6, 6X4= 24, 24x 5 
= 120, &c. Such obſervation would be looked upon, as ſufficiently inſtructive , 
ſince there is no reaſon of Suſpicion, why it ſhould not ſo continually proceed : 
But reaſon rather to believe, that there is, in the nature of Nuniber, a ſufficient 
ground of ſuch Sequel, which thoſe who will give themſelves the trouble may, 
by ſteps, find out, ſo far as they ſhall think fit to purſue it. 

Now if any man to ſatisfy his curioſity, will give himſelf the trouble to find 
out, and then (to ſatisfy others) make a large Treatiſe to prove (by Steps) in 
a ſolemn Proceſs of Demonſtration ; Firſt, that this holds true as to Laterals, 
(which he is td demonſtrate from the nature of Arithmetical Progreſſion:) Se- 
condly, that the ſame holds true as ro Quadraticks (which he is to denionſtrate 
from the Method of forming Square Numbers :) Thirdly, (in a Thir4 Bock of 
the ſame Treatiſe, ) that the ſame holds true as to Cubes (from the nature of 
Cubick Numbers:) Ard then (in a Fourth, Fifth, and Sixth Book, ) that the 
ſame holds true as to Biquadraticks, Sutrſolids, and thoſe of the Sixrh Power 
(making, in the Proceſs, many occaſional remarks, or obſervations of cleganr 
or neat Propoſitions, which will in great numbers, offer themſelves to obſerva- 
tion: And at length conclude (for to that he muſt comie at laſt; unleſs he would 
be infinite,) That we have reaſon to judge in like marner, of conſequent Powert, (which 
concludes the: Induttion:) We ſhall be obliged to ſuch Perſon for his pains and 
patience, (and for ſuch elegant Remarks as will occaſionally ariſe.) But moſt men 
(without purſuing the Induction ſo far) would rather acquieſs in that evidence 
which appears upon view ; or at leaſt, would not depreciate the painz or ſaga- 
city of him who makes ſuch a diſcovery. 

I might ſhew the like as to the Proceſs of diſcovering the Numbers (by ſome 
called Uncie,) appertaining to the ſeveral Proportionals in the Compolition of 
Squares, Cubes, and conſequent Powers ariſing from a Binomlal Root ; as of a-j-e; 
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Namely, That ſuch Numbers areevery where the Agregate of Two ſuch Numbers 
in the Antecedent Power, ſo taken as the foregoing Scheme directs. And the Pro- 
portional in each place, compounded of the Powers of 4 in the one, and of e 
in the other, of thoſe reſpeCtive Proportionals in the Antecedent Power. As 
for inſtance, the Second Proportional in the Biquadratick Power, #aae, is 
compounded of aaa (the Power of 4 in the firſt Proportional for the Cubick 
Power,) and e (the Powet of e inthe Second Proportional of the ſame Cubick 
Power.) And 4 (the number prefixed to that Second Proportional in the Biqua- 
dratick) is equal to 1 +3 (the Two Numbers in thoſe for the Cubick.) And 


ſo every where. 


Now each of theſe ſteps, may be ſingly demonſtrated by a Specions Mulcipli» 
cation of a+ e into it ſelf, which will produce the Square aa + 2ac ce; 
and then of this into 4 + ce, which wil produce the Cube a44-þ 3 44e -þ- 3 ace 
-|-eee: and ſo onward, (by continual InduRtivn.) But moſt Mathemaricians that 
I have ſeen, after ſuch IndnCtion continued for ſome few Steps, (and _ ng 
reaſon todisbelieve its proceeding in like manner for the reſt, are ſatisfied (from 
ſuch evidence,) to conclude univerſally , and ſo in like manncr for the conſequent 


Powers, 


And ſuch InduCtion hath been hitherto thought (by ſuch as do nor liſt 


to he captious) a concluſive Argument. 

But if any do not think ſuch Proceſs of evidence ſufficient, as wherein to ac- 
quieſs; they may continue the Proceſs (by continual Multiplication into a+ e,) 
as far as they pleaſe ;- and then content themſelves (inſtead of the general) with 
a particular concluſion (for they prove no more,) that it holds true as ro ſo many 


freps ;, and reſt there. 


And the ſame may be aid of all the InduCtions which I make uſe of ; Which 
I always purſue ſo far (by regular demonſtration, where it is not ſo obvious as 
not to necd it,) till it lead me into a regular or derly Proceſs ; and for the 
moſt part (if not always) to an Arithmetical Progreſſion ; in which I acquieſs 
as a ſufficient evidence, when there is no colour of pretence why it ſhould be 
t1:' 17ht not to proceed onward in like manner. ; 

And without this, we mult be content to reſt at particulars (in all ſach kind 
of Proceſs, ) without proceeding to the Generalls. But allowing this, (which # 
in all ſach caſes uſeth to be allowed,) the Proceſs is very regular. 

Thus, for inſtance, having ſhewed, that in a Progreſſion of Laterals, (or A- 
rithmetically Proportionals) beginning at o, the Sum of - 2, 3, 4, 5, 6, Terms, is 
always equal to 5 of ſo many times the greateſt; ( and there being no 
pretence of reaſon why we ſhould then doubt ir, in a Progreſſion of +7, 8, 
10, Cc.) we conclude it ſo to be, though ſuch nupiber of Terms be ſuppoſed 


infinite. 


Again, in a Progreſſion of their Squares ; having ſhewed that in 2, 3, 4, 5, 6 
Terms; the Aggregate is always more than # of ſo many times the greateſt ; an 
the Exceſs always ſuch Aliquote part of the pn as is denominated by Six 


times the namber of Terms wanting 3: (As i 


the Terms be 2, itis + +2; if 


3, it is -+;55; if 4, it is3 +78 if 5,itis $4 + 74, of fo many times the 
greateſt Term; and ſo onward ;) we may well conelude, (there being no pre- 
tence of reaſon why to doubt it in the reſt) that it will be ſo how many ſoever 
be ſuch number of Terms. And becauſe ſuch Exceſs, as the number of Terms 
do increaſe, will become infinitely ſmall (or leſs than any aſlignable,) we con- 


clude (frym the Method- of Exhauſtions, that, if the number of Terms be 


ſuppoſed Infinite, ſuch Exceſs muſt be ſuppoſed to vaniſh, and the Aggregate of 
ſuch Infinite Progreſſion ſuppoſed equal to 3 of ſo many times the greateſt, 


In like manner, hav 


proved that iuch Progreſſion of Cubes doth (as the 


number of Terms increafeth) approach infinitely nearto * of ſo many times the 
greateſt; and of Biquadrates, to +; and of Surſolides, to, of ſo many times 
the greateſt ; and ſo onwards as far as we pleaſe to try ; ( and there being no 
pretence of reaſon why to doubt it as to the reſt;) we may take it as a ſufficient 


diſcovery, that (univerſally) the Aggregate of ſuch infinite Progreſſion is equal 
(or doth approach infinitely near) to ſach a part of ſo many times the greateſt 
as is denominated by the Ex 
(as ts that according to which the Progreſſion is made,) increaſed by 1. — 
0 


nent (or number of Dimenſions,) of ſuch Power 
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of Laterals, *; of Squares, £ ; bf Cubes, *; of Biquadrates, * (of fo imes$ 
the greateſt ;) and fo onwards infinitely. ; ; " _— 

Of which, If any man doubt, he may demonſtrate ic (according to the di- 
rections in the foregoing Chaprer) after the manner of Arthimedes, to as many 
Dirtienſions as he pleaſeth ; and relt there. 

Now ſich a general being oace fixed; it 18 very juſtifiable to make regular de- 
ductions from it. | 

As for inltance: From that but now mentioned (in which, 1 think, all do ac- 
quieſs who have well conſidered it,) that in ſuch Series of Laterals (beginning 
at ©) the firſt differences ate Equal ; of Quadraticks, the Second ; of Cubicks, 
the Third; &c. The ſame may be juſtly concluded of Aﬀetted Equations, of 
ſo many Dimenſions. As for inſtance, if this Biquadratick Equation be propgſed 
4 + 2 4* | 444 + 3 4, equal ro D, and the Root «be interpteted ſucceſſively 
by o, 1,2, 3, 4, 5, 6, &c. The valits of D, anſwering thereunto, will have their 
Fourth difference equal ; in like manner as if it had beena ſimple Biquadratick E- 
quation 4#=D. Thereaſon of which is evident from what was before agreed, 


a*- 24) 4a +34=D. 
o+ o+ o-þE o= o 


10 
i+ 2+ 4+ 3= 1o 34 
| 44 45 
: 16+ 16+ 16+ 6= 54 82 24 
126 72 
81+ 54+ 36 + 9 = 180 I54 24 
280 96 
256-þ 128+ 64+ 12= 460 240 24 
530 120 
625 +250 -+ 100 ++ i5 = 990 370 
goo 


1296 -+ 432 + 144 + 18 = 1850 


For as to 3 4, the firſt difference is equal, (and therefore the Second; Third and 
Fourth, vaniſh to 0.) | As to 4 4 4, the Second Differences are equal, (and there- 
fore the Third and Fourth are 0.) As to 2 4*, the Third differences are equal, 
(and therefore the fourth is ©.) So that in the fourth place, there is no difference 
remaining, but what ariſeth from the different values of 4a* ; which (becauſe is 
is a Simple Biquadratick;) are equal; and the fame as if all the following Mem- 
bers 2 43 + 44a + 3 4 had been abſent. 

Ia like manner, my general Rule being agreed (as ſufficiently demonſtrated,) 
that ſuch Infinite Progreſſion (beginning from 0) according to any Power what- 
ſoever of Arithmetically-Proportionals is, to ſo many times the greateſt ; as 
is r, to the Exponent of ſach Power increaſed by 1 : Al} ſuch conſequences as 
are from hence regularly deduced, are accordingly well demonſtrated ; notwith- 
itanding Monſ. Fermat's exceptions to a Proceſs by InduCtion ; which is, by other 
Geometers readily admitted, and is of frequent uſe. 
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CHAP. LXXX. 


Of Mon. Bulliald's late Treatiſe, Ad Arithmeticam 
| Infinitorum. 


from him a Copy of his Treatiſe lately publiſhed ; entituled 
Ad Arithmeticam Infinttorum, | 

Wherein he not only doth me the honour to ſpeak advantagiouſly of my A- 
rithmetick, of Infinites, and the Author of it : But hath taken the pains to write 
a large Volume (the work of many Years) as a Comment on it. And dpth there- 

in efteftively demonſtrate (what I hadbur bricſly i1linuated:) Namely, that what 
I had there written in a few Sheets, would, if drawn out in length (according 
to the prolix way of Demonſtration uſed in ſome former —_ afford matter 
for a large Volume. 

That it might be ſo drawn out in length (by cutting it out into Definitions, 
Lemma's, Problems, Theorems, Corollaries, and other particular Propoſitions ; 
and a ſolemn Demonſtration of theſe at length;) I had more than once intima- 
ted in the work it ſelf, And that, if I ſhould ſo do, it would ſwell to a great 
bulk. , 

But I was afraid of Quis leget hec? and that a new Method, thus drawn out in 
length, would have deterred the Reader from adventuring on it ; or at leaft 
tired him before he had half read it. | 

And therefore I thought fit to gratify the Reader ſo far, as to give him the 
ſubſtance of what I had to ſay, as briefly as I could, with my Methods of im- 
proving it: As believing it more acceptable to him (becauſe it would be ſo to 
me) as well as of leſs labour to my ſelf. Leaving it to himſelf to ampliate 
(if » ſo thought fit, and that the thing deſerved it) at what proportion he 

leaſed. 
I do not find, by what of it I have yet read (but it is too large a Volume, yet 
to have read it all,) that he doth any where find fault with my Doctrine therein 
delivered z either as unſound or unſafe, or not of uſe; (but doth highly com- 
mend it:) Nor with my Method of Demonſtration by InduCtion, as Inſufficient ; 
but doth rather admit it, and himſelf acquieſs in it. 

For though he do in his own way demonſtrate the Colleftion of ſuch Ordinate 
Series or Ranks of Quantities, (Finice or Infinite,) to be ſuch as I had aſſigned, 
when the number of Dimenſions of ſuch Quantities (or the Exponents of ſuch 
Progreſlions,) are 1, 2, 3,4 5, or 6. Yet in caſe ſuch Exponent or Number of 
Dimenſions be more than ſo (as 7,8,9, &c,) or intermediate thereto (as +,*, &c,) 
or otherwiſe more intricate (as / 2, 4/4, &c.) He muſt either wave all ſuch 
Progreſſions (as not of uſe, or at leaſt, as not demonſtrated ;) or elſe muſt be 
content to cloſe his InduCtion (as I do) with ſomewhat to this purpoſe ; name- 
ly, The Collettion therefore of ſuch Infinite Progreſſions, beginning at 0, wherein the 
Exponent of the Power ur Dimenſion, 1s 0, 1,2, 3,4, 5, 6, being (as 15 ſhewed) to ſo 
many times the greateſt, as 110 1, 2, 3,4, 5,67 3 = 15, 4s 1, to the Exponent of 
ſuch Progreſſion increaſed by 1; and (there being no appearance of > ag why it ſboxld 
not ſo ſucceed in the conſequent or intermediate Powers, ) we m ſafely conclude it uni- 
verſally, that it will hold alike in every ſuch Progreſſion, whatever be the Exponent 
of the Power, according to which ſuch Progreſſion proceeds, 

So that he doth both allow the DoCtrine, as ſound and good, (and much ap- 
plauds it 3) and the Demonſtration (by Induction) as ſufficient, (by admitting 
it himſelf.) Only he thinks I have not. done my invention ſo much honour as it 
doth deferve : Contenting my ſelf with a brief and ſuccint way of delivering 

| it, 


HILE this Treatiſe is under the Preſs, and good part of it 
| Printed-off; I have by the favour of Monſ. Bulliald, received 
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Ir, (uſtihed by the praftiſe of later Algebriſts ;) without the pomp and ſolem- 
nity of alarge Proceſs, (more affefted by others,) which would have made ir 
appear more aiguſt and ſplendid; and would have drawn forth in view many 
elegant Propoſitions,*(as Lemma's, Corollarics, or Steps leading towards the more 
principal Propoſitions,) which are now but briefly couched, and lye latent in 
this ſhorter Proceſs, 

And he hath done me the honour, (and himſelf taken a great deal of pains,) 
to do this for me;z- and therein obliged his Reader with the particular enumera- 
tion and demonſtration of many fine Propoſitions therein contained. And I have 
no reaſon to diſparage what he hath done. | 

And he having thus teen at fo great pains, (which I know not how to 're- 
quite ) in this large Volume: I am af leaſt obliged to thank him for his pains ' 
therein, and to recommend it to others (for their ſatisfaCtion) who are better 
pleaſed with ſo explicite a Proceſs, aud wonld chooſe rather to acquieſc 
therein. : 

I cannot deſire (nor is it reaſonable I ſhould ſo do) that this Learned Gentle- 
man, and excellent Mathematician, ſhould give himſelf the trouble, to ampliate 
in like manner, thoſe other Treatiſes, which (in purſuance of this Arithmetick 
of Infinites) 1 have ſince written, (of the Cycloide, the Ciſſoitle, the Rettifying of 
Curve Lincs and Surfaces; and that De Motu, wherein a great deal of ſuch Geo- 
metry is briefly compriſed : ) Becaulc it doth hence appear that (this ſhort Trea- 
tiſe, of a few Sheets, affording matter for ſo great a Volume,) it muſt needs be 
a work very voluminors to purſue the like Method for all thoſe others. But 
rather (giving him my thanks for that Specimen, which he hath ſhewed in this,} 
leave it to others (who {hall ve 'at leiſure, and willing to exerciſe themſelves in 
ſuch a way, ) to do the like, as to all or any part of thoſe other Treatiſes : 
Wherein they may find matter enough ſuggeſted for many large Volumes. 

I look therefore upon this DoCtrine, as ſufficiently ſetled, (at leaſt as to ſuch 
ſingle Ranks or Series, by what I had at firſt delivered, and have now added ; 
(and what Mor/. Biiald had done in confirmation of it :) And proceed to the 
connexion of Two or more ſuch Series, by the Signs of + and —. 
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Of Tivo or moreSERIES conneted, 


HE fame Doctrine, (of infinite Series) is (in my Arithmetick of In- 
finites) applyed to Two or more of ſuch Series or Ranks, connected 


by + or —. : SS 
As for inſtance ; a Series of Sides, increaſed by a Series of Squares. 


odT + odd 
14T + 14d 
24T + 4dd 
34T + gdd 
on. (ne: 
until, DT +DD 


Sum, *mDT-+3mDD. 


For od-|-1d-þ 24, &c, are (by my general Propoſition before delivered, ) 
equal to*-mD; and therefore dT 4-5 dT -4- 24T, &c. Equal to 1 DT5 
[4 
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the Sum of the firſt Column, And again, 044d - 144 «+ 444, &c, equal 
+» DD; the Sum of the Second Column. And therefore 3 = DT -þ4 mD D, 
the Sum of both together. 

Ty Quantities are as the Squares of the Ordinates in an Hyperbola, iz. 
d Fl 
ho L: Wherein L, T, (the Lats reftum and Tranſuerſum,) are ſtanding 


Quantities : But d (the intercept Diameter, ) variable. Which therefore being; 
taken ſucceſſively, as ©, 1,2, 3, &c, (D being the greateſt, or that of the Baſe.) 
the Squares of the Ordinates (at equal diſtances) compleating the Figure z will 
be a Series of Quantities in ſuch Proportion as is here propoſed : And conſe- 
quently, the Circles compleating the Hyperbolical Conoeid, will be ſo too. But 
thoſe compleating the (circumſcribed) Cylinder,(of the ſame Baſe and Altitude,) 
all Equal to the Greateſt. The Hyperbolick Conoeid therefore, to a Cylinder 
of the ſame Baſe and Altitude, will be as the Sum of all thoſe, to the Sum of 
all theſez or as all thoſe, to ſo many times the greateſt: That isas * » D T 
+ E2:DD, tomDT--mDD, thatis, as37-++D, to T-+ D. 

And conſequently, if we take D = T; the Conoeid to the Cylinder, will be, 
as 3-|-3 =7, to 2 ; that is, as5to 12, If D=3T; then is, 2T-+4D 
(=2 T- -27=+#T,) toT +D(=T+3T=ET,) as 4tog; and ſoisthe 
Conoeid to the Cylinder. And the like in other caſes. 

In like manner, a Series of Sides, wanting a Series of Squares; (which are, 
as the Squares of the Ordinates in an Ellipſe or Circle.) 


odT — odd 
LET = 34d 
2dT — 4dd 
34T —g dd 

CC. &c. 


until, DT— DD 
Sum, 3”DT—3mDD. 


The Elliptical Conoeid therefore to a Cylinder of the ſame Baſe and Altitude, 
will be, as ; nDT—$j$# DD, tom DT—mDD,; or, 31 —3D, to T—D. 
And conſequently, taking D = 3T (in which Caſe, the Baſe will be the greateſt 


'of the Parallel Circles in the Conoeid or Sphzroeid, as cutting it in the Center: 


then is T'—$D (=3T—tT=3T,) to T-D(=T—iT=3T,) as 5, 
to}; or2to 3: Such therefore is the Hemiſphere or Hemiſpheroeid, to the 
(circumſcribed) Cylinder, of the ſame Baſe and Height : And conſequently, the 
whole Sphere or Spherocid, to the m_ circumſcribed to it. 

If D=4T; thenzT—{$D(=iT—AT=5;t7,)toT—D(=T—iT 
=EZT,) is as5 tog: And. ſo will be the Portion of the Sphere or Spherocid, 
to the (circumſcribed) Cylinder of the ſame Baſe and Height. 

If D=2T: thenis, FT—zD(=jT—?T=5T,) to T—D(=T—- 
2T=+ZT;) as1to1; that is, equal: And ſo will be the portion of the Sphere 
or Spheroetd, to the Cylinder of the ſame Baſe and Heighr, (partly inſcribed, 
partly circumſcribed z the Exceſles of the Portion without the Cylinder, equal- 
ing the defetts thereof within the Cylinder.) 

IfD=T;thenis: T—-SD(=;3T—3T=;T,) tol1 —D(=T1—T=9,) 
as ct o. (For then the Baſe degenerating into a Point , the Cylinder will be 
as 0. 

But D greater than T, cannot be, (from the nature of the Figure ;) for the 
intercepted Diameter in an Ellipſe or Circle, (and therefore of a Sphere or 
Spheroeid,) cannot be greater than the Tranſverſe Diameter. 

And in caſe, (contrary to the nature of the Figure,) it be ſuppoſed ſo to be, 
in ſuch caſe the Ellipſe or Circle, degenerates into an Hyperbola, (whoſe Ver- 
tex {ball be the oppokite Vertex 'of that Ellipe or Citcle; but 7 and Z, the 
ſarne as before. | ; hh 


Ag 


— 4. 
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As for inſtance; if AD (the intercepted Diameter) be leſs than As (the 
Tranſverſe;) the Rectangle ADa« 
will be equal to, or repreſent rhe £ ” 


Square of DE, the Ordinute of an | 

Ellipſe or Circle: But if AD (which | NS 

is ſuppoſed leſs) chanceto be grearer D —_ en 
than Ae ( whereby D falls | co 

«;) then will the Rectangle A De, 


equal, or repreſent, the Square of 

DH, the Ordinate in an Hyperbola. 

And ſuppolng D =4T); then will 4T — gd (= TT 2TT 2 —ITT) 

be a Nepative Square; and its Root, y/: — 27 T: (=j3Ty — 3) = DH, a 

mean Proportional between + A D and-— Da; (the Line D « returning back - 

from D, which was ſuppoſed to proceed forward.) Which argues it as to an 

Ellipſe, an Impoſſible caſe; (but which will become poſlile by ſubſticuting an 

Hyperbola for it.) The Two Lines A D, Da. which are the ſuppoſed parts of 

Aa,) being the Imaginary Roots of this Impoſſible Quadtatick Equation 44 — 
|| - — 

tr -|-tt=0; whoſe Roots will be 4+ y/—£ tr = — y ? r. Which affords 

another way of deſigning ſuch Iniaginary Quantities. Bur this only by the by. 

A multitude of ſuch other "combined Series, (as well Aggregates as Relidaals, 
whoſe ſeveral Members are: connefted by + or — ; are there diſculled : An 
many [Tpeculations, not anpleaſant, deduced from thence 3 too many to be 
_ ——_ on. And others innumerable may in the like manner be con- 
fidered. 

And of ſuch — Series, (whether of Aggregates or Reſidues,) the 
Sum of the Serics of their Squares, Cubes, and other conſequent Powers, are 
with like calc obtained. | 

And theſe frequently fall out to be according to ſuch regular Progreſſions, as 
are eaſy to obſerve, and to continne; and not unpleaſant to conſider. Whereot 
[ have there given ſtore. | 

As in one of thoſe but now mentioned; d T — 4d (taking 4 ſacce1.vely for 
©, 1,2, 3, &c, the greateſt being D = T; ) the Aggregate c£ all, ro &> many 
times T 7; and of all their Squares, Cubes, &c, to Id many times the Square, 
Cube, &e, of T7; are in ſuch order as this : 


dT—dd. Q:dF—ddi, GrdPandd, QQ:dT dd. Ge, 
L—}=}. 4—4+}=35 $—4T4—4=755. jÞ-+>+f—$-r$=7j5. Cc 


I 1x2 IX2Xx3 I*2xX 3x4 


r, cmmmmununald © (mm—_—_ . . Cc 
AXx3 3x 485 $x5x6x7 Fx6x7x8 xg 
I I I 1 16 


"V2 * 2K3 zX5 2x3 4x5 6x7 2x3 4x5 67 8 x9 


(And this is thus to be underſtood, it we ſuppoſe 4 to proceed till we have 
the gretteſt, D=T', that is, if we conſidet the whole Circle, conginued to the 
further end of the Tratfverſe Diatneter : But if we proceed not ſo far, bat c{þ- 
ſider only a of Kich Sericirele, whoſe intercept Diartteter D, is ſs 
than T ; in ſuch caſt, ths Aggregates of all are to fo many times D'T; and the 
Aygteyntes of their Squares, t6 I many tirftes the Squarts of DT, &c, in ſuch 
Proportion as is there deſcribed. And the like is to be underftood ifi other like 
caſes ; which I here mention orice for all. Fort thee Methods of Squaring, 
Cubing, &c, extend #8-well tothe Segments of rhe, as td the whole Circle, 
Semicircle, or Quadrant þ and the like for Ellipſts and Hypgerbola's.) 


In 
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In like manner, a Series of RR—cc, which are as the Squares of the Ordi- 
nates in the Quadrant of a Circle or Ellipſe, begjaning from the Center ; (as 
are RK-j-cc, thoſe of the Hyperbola , from the Convex of the Curve to its 
Conjugate Axis :) The Sum of theſe, to ſo many times XR ; and of their Squares, 
Cubes, &c, to ſo many times the Squares, Cubes, &c. of R & (taking c ſucceſſively 
for ©, 1,2, 3, &c, the greateſt being G= R,) are the Squares, Cubes, &c, is 
ſuch order as this ; 


RR —cc. Q: RR —cc: C:RR—cc: QQ:AR—ce: Oc. 
1=—j=4}. 1—4+; =}. 1—j++—+ =. 1-++$—}—3=344. &c. 


2x4 2x4x6 2x 4x6x8 

: . E " &c. 
DP g=g67 gungn7xNg 

= £x8$, IxEx£, , 3n*®x8$x43., Sc. 


And a Multitude of ſuch other Progreſſions are there to be ſeen. 
So that, If the Particles, any Magnitude or Quantity (of what kind ſoever) 

be deſigned by a continual Series (or Rank) of Quantities ;, either Equal (ſuch as 
are for inſtance, the Ordinates of a Parallelogram, or the ſmall Parallelograms 
repreſented by thoſe Ordinates,) or ## Arithmetical Progreſſion increaſing or de- 
creaſing ( as are the -Ordinates in a Triangle, or a Trunk thereof ; and the 
Plains in a Parabolick Conoeid, ) or 4s any Powers of ſuch Arithmetically-Propor 
tionals, (as the Squares, Cubes, and other Powers of the Ordinates in a hs =. 
or Paraboloeid, and the Plains of a Cone, Pyramid, and Conoeids innumerable, 
of the Parabolick kind,) or their Radical Quantities, (as the Ordinates of a Pa- 
rabola, or Paraboloeid, ) or the Sum or Difference of (Two or more) ſuch Ranks, 
(as are the Squares of the Ordinates in a Circle, Ellipſe, or Hyperbola and the 
Plains in a Sphere, Spheroeid, or Conoeid, made of ſuch,) or the Powers of ſuch 
Sum or Difference, (other than Roots Univerſal,) or, any of theſe increaſed or di- 
miniſhed, Multiplied or Divided, (reſpeCtively,) by. Equals z or the Reſult of (Two 
or more) ſuch Ranks ( reſpeCtively ) Multiplied or divided by one another, (other 
than by inverſe Multiplication or Diviſion of an Increaſing Series, by a Decrea- 
ſing ;) or may, by any preparative operation, ( as Diviſion, Extraction of Roots, 
Reſolution of Equations, or otherwiſe, be Reduced to ſuch Deſignation ; Every 
ſuch Magnitude or Quantity is found by this general Rule, 
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Roots Univerſal of ſuch Connefted SERIES ; in order to the 
Squaring of the Circle or Ellipſe.» 


UT though in fuck combined Series, (as thoſe mentioned in the 
Chapter foregoing,) it be eaſy to Fr to the Squares, Cubes, and 
other conſequent Powers, of thoſe Aggregates or Reſidues : Yet it is 
not ſo eaſy to give account of the Series of their Roots Univerſal. As 


for inſtance, 


/:0dT — odd: /:RR —occ. 
/:1dT — 1dd: /:RR —1cc, 
/:2dT — gdd: /: RR —A4cc. 
/:3dT —9gdd: /: RR—gcec, 


KC. &c. 


A— ht — 
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_ 


The fotmer of which, are the Ordinates in a Semicircle or Semi-elli 
toend: The latter, the Ordinates in the Quadrant of a Circle or Elli” "a - 
Center outward. And the ſame with -|-, inſtead of —, ſerve for the Hyperbola 
Now if we could as eaſily ſhew, what is the Proportion of ſuch a Series of Roors 
un7ver ſal to ſo many times the Laſt ; as we have before done in Single Series (whe- 
ther of Powers or Roots; and in thoſe Combined Series where no ſuch Roots 
ani ſal intervene: ) The Quadrature of the Circle, Ellipſe, and Hyperbola 
were compleated. And the like might be done in many other F igures, : 
In order to which, I have ſometime had thoughts of applying Mr. Onghrred's 
Method of ExtraCtting the Root of a Binomial Square (above mentioned.) For 
if that could be here done without being involved in new Roots of Binomials, 
the work were done: Burt not finding that to ſucceed as might be wiſhed : | 
deſiſted from purſuing that attempt: For by that Method, we ſhould have 


T TT ad: T=Ey:TT—dd: 

/:dTidd:=/ Ty 4+ A ws 
2 2 q 

ARS :R* ct: RR—Y:R*—c: 

And, 4: RRTcc: =} — _ + / — b- hel. 


Which being more involved than before, gave no incouragement of purſuing 
that attempt any further. 

Another attempt of like nature, I had begun ; but ſeeing little incouragement 
to purſue it, I gave it over: Which Mr. 1ſaac Newton hath ſince purſued with 
better ſucceſs, Not in one determinate Proportion, (which was deſired, but 
not to be had ;) but in an Infinite Series, continually approaching : As we ſhall 
ce anon. 

What other attempts I there made towards it, by Interpolation of Regular 
. Progreſſions , and otherwiſe ; would be too much here to inſert : Bur is there 


ro be ſeen alſo. 


CH A P. LXXXIIL 


The Quadrature of the C18 CLE, not to be expreſſed in any 
received way of Notation. 


UT the Reſult is, that fuch Proportion is not to be exprelled in the 
commonly received ways of Notation : And particularly, that for 
the Circles Quadrature. | | 

For ſo todo, would require, (as is there ſhewed, Prop. 18g, 1 go,) 
That an Odd number ſhould be divided into Two Equal Integer numbers, (which 
is impoſſible z) and that we ſhould have Equations of ordinary form, jntervenient 
between that of Equals and of Laterals z between the Lateral, and Quadratick ; 
between tlie Quadratick and Cubick 3 &c. Which is not pradticable. 

Whence we may ſafel conclude, the Quadrature of the Circle in Numbers, 
according to the ways of Notation commonly received, to be Impoſſible: And 
that, for expreſling ſuch a Proportion, 1t will be neceſſary, not only to devote 
2a middle Term in Geometrical Progreſſion, (as between 1 and 2, or 2 and 4, &c, 
in that of t, 244, 8, &c; which is commonly intimated by a Note of Radi- 
cality, as y/ 1 x 2,0r y/ 2*4, &c 3) in which Progreſſion the common-Multiplier 
is the ſame, (as 1x 2x2x2, Ec:) = to do the ſame alſo in a Progreſſion 

| Hyper- 


Be 
: 
'$ 
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: 
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Hypergeometrical ;, where the Multiplier continually increaſeth (or contunually 
decreaſeth 3) asin 1, 2, 6,24, 120, &se. For (as is there demonſtrated, prop. 121g 
& alibi.) The Circle is to the Square of the Diameter ; as 1 to the intermediate 
Term, between 1 and + in this Progreſſion, 1,4, *4,*%%, &c, made by the con- 
tinual Multiplication of 1x4$x £x Z &c that is, of 1x 15x 14* 14, Oc. Which 
intermediate Term I there call 97, And as that intermediate Term gto1 ; ſ{ois 
the Square of the Diameter to the Circle. Which is the true Quadratyre of the 
Circle, ſo far as the nature of Numbers will admit. 

Nor is it at all ſtrange,that ſuch impoſſibility ſhould ariſe ; for the ſame happens . 
in all the Reſvlutive parts of Arithmetick. And for moſt of them, we have al- 
rcady provided Notations to expreſs that Impoſlibility. As for inſtance, 

Addition is Genetical, (or Synthetical;) and toany poſitive number,any poſitive 
number may be Added, without coming to any Impoſlibility. But SubduQtion, 
is Analytical, or Reſolutive : And here the caſe is ſomerimes poſſible ; as if a Leſſer 
be to be Subducted from a Greater; (3 — 2 = 1.) But ſometimes impoſſible; as 
if a Greater be ro be taken from a Leſſer; (2 — 3.) In which caſe we are pro- 
vided of a Notation, to expreſs that impoſſibility (and the meaſure of that im- 
poſſibility) by a Negative Quantity, (— 1 = 2 — 3,) imparting ſomewhat leſs 
than nothing. 

Multiplication is a Synthetical or Compoſitive Operation : And thus any (Inte- 
ger) number, may be Multiplied by any (Integer) number ; without arriving at 
an lmpoſſiblity z (as 3 x 2 = 6.) But Diviſion is Refolutive z which is ſometimes 
poſſible, as 3) 6(2 that is, 6 divided by 3 gives 2; an Integer number : But 

- {ſometimes impoſlible z as if the number 2 be to be divided into 3 equal parts 3 
which (in Integers) the nature of number doth not = And here alſo we 
are provided of an expedient, which we call a Fraction; as 3)2($. 

Involution; that is Squaring, Cubing, &c, is Compoſitive. And of any yum» 
ber given, its Square, Cube, and other Superior Powers may be had, without 
coming to an Impoſlibility. But Evolution, or Extraction of Roots, is Reſolu- 
tive. And this is ſometime poſſible ; as the Square Root of g,is 3 ; the Cubick Root 
of 8, is 2. But ſometimes Impoſlible ; as the Square Root of 8, or the Cubick Root 
of 9g : For there is no (cffable) number which being once Mulrtiplied into it {af 
will give 8; or Multiplied Cubically, will give g. And in thjs caſe alſo we are 
provided of an expedient notation , which is the note of Radicality ; as4/q8, 
x C9: Thatis, a wn 9 (impoſlible) number, which being Multiplied Qua- 
dratically, ſhall give 8; or which Cuhically Multiplied, ſhall give g. 

And each of theſe impoſlibilities hath a peculiar expedient for itſelf,and is not to 
be ſalved by any of the other Expedients. As for inftance, the impoſlibility of 
a Surd Root, will not be falved either by a (commenſurable, effable,) Negative 
or Fraction: For, as 4/ 2, cannot by any (cftable) integer be expreliſed ; ſo nat 
by =P (cſfable) Negative, or Fracted Number ; and fo requires that Note af 
Radicality, y. 

Thus in the forming ordinary (received) Equations ; whether Lateral, Qua- 
dratick, Cubick, or of other Powers; which is a Compoſitive Operation. Any Root 
being given; though in any of the foregoing impoſlivilitics ; Negative, Frafted 
or Surd Root, (which is fome mean Proportional between effable Numbers, or 
between an effable Number and ſuch Proportional, &c,) an ordigary Equation 
may be formed to any degree, without any other impoſlibility in the number to 
be produced, than ſuch as ariſeth from the impoſſibility which was in the Root. 
Burt the Reſolution of ſuch Equation; though it may ſometimes be potiible ; yer | 

© AJometimes it is otherwiſe ; or in thoſe which are capable of no other Root (Po- 
ſitive or Negative,) but ſuch only as are (commonly called) Imaginary. 
Again, there may be ordinary Progreſſions Geometrical in true Numbers ; as 
1,4, 16, 64, &c; and this may be made Duplicate, Triplicate , &c, by leaving, 
ont one or more middle Terms, as occaſion requires, as 1, 16, 256, &c4 or 1, 
64,4096, &c; which is a Compoſitive Operation : But to make it Subduplicate, 
Subtriplicate, &c. (by interpoling of oneor more Terms,) which is Reſolutive; 
it may be ſometimes done, but not always: Between thoſe, 1,4, 3, 16,64, &c, 
there may be middle Terms interpoſed in true numbers ; as 1,2,4,8,16, 32,64; 
Bur if theſe laſt are to be interpolated, it nuft be by Surd Roots ; as 1, v/ 2 
2,24 2,4,44/2,8,8y 2,16, &c. And 


\ 
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And accordingly in Equations,. between the Lateral, Cubick, Sarfolid, Ge; 
there be intermediate Equations in ordinary Forms ; as Lateral, Qnadratick, 
Cubick, Biqiadratick , Surfolid, &c. Burt if we wonld ſuppeſe Intermediate 
Equations between theſe ; as between the Lateral and Quadratick ; or between 
the Quadratick and Cabick ; ir will be as impoſlible to be done after the ordi. 
nary forms of Equations : As in the Progreſlion, 1, 2, 4, 8, 16, &c, to interpoſe 
Mean Proportionals in Rational numbers. 

Now ſuch Equations it is that we here want; namely, between the Cubick and 
Quadratick ; or between the Quadrat'ick and the Lateralz or (which is our par- 
ticular requiſite ; as is ſhewed Prop. 184, 18g. Arith. Infin.) between the Lateral, 
and that of Equals. And for as mnch as no {ach Equations can inthe ordinary forms 
be had; there mult be ſome other way of Notation invented, (if we would ex- 
preſs it in Numbers, ) than either Nezatives or Fractions; or (what are com- 
monly called ) Surd Roots, or the Roots of Ordinary Equations; or even the 
Imaginzry Roots of Tach impoſſible Equations in the ordinary forms; even ſuch 
as ſhall denote the Root of ſuch intermediate Equations between the Ordinaries. 


CHA P. LXXXIV. 
The ſame expreſſed in the way of Approximation, by Interpolation. 


OW (asin other Incommenſurable Quantities,) though the Propor- 
tion cannot be accurately expreſſed in abſolute Numbers : Yet by con- 
tinual Approximation, It may ; ſo as to approach nearer to it, than 
any difference aſſignable. 

Such is that wherein I there ſhew, that © is equal to 


JXZXFXFXTX XgXQXITINITNEIZX 3X Oc. 
I x — 
2X4X4xX6X 6x8xXIX1OX1OX12X12x 14x Oc, 


That is, 1x Jx $*x 3#x £5 x 44% x $4 x Cc, infinitely, 


(Where the Numerators to be continually Multiplied, are the Squares of the odd 


Numbers 3, 5 7, 9, 11,13, &c; and the Denominators, are the ſame Squares 
abated by 1.) | 
Or (which is equivalent thereunto,) 


I*X1gxl3,xlay*liao* 17g * $1 pig x &c: 
Or (calling the Firſt Term A, the Second B, the Third C, &c.) 
1 3A+z:B+z3 C+33 D-b75 E—+ ;*zF +&c. 
(Sothat by a continual Addition of fuch an Aliquote part of the number laſt found, 
you attain the number ſought to what accuratenels you pleaſe.) 


And ſuch alſo is that of the Right Honourable the Lord Vicount Brouncker, 
(there alſo mentioned,) who finds © equal to 


Sſ2 | (Where 
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(Where th- Deoominator of cach FraCtion is the number 2, with a Fraction {till 
fracted contu. i:5liy 3 and the Numerators are the Squares of the Odd numbers, 
1, 3,5, 79, © c.) : X | 
- We ſay therefore; that the Circle is to the Square of the Diameter, as 1 to 


Ixgx3= x #3 x85 x Ce, infinitely. Or, as 1, to 


vw IO 


2 


WD | 


vw [R.- 
” 


q 


l 


81 
2 "2-þ Oc. infinitely. 


How theſe Approximations were obtained, by an Interpolation of the Series, 
I, &> 3%» T4592 6354 ©Cc5 (0r 1, 6, 30, 140, 30 :) And of 1,3, TE re i334520c z (Or 
1, 2, *4, +24, 3#4, &c; whoſe Conſtructions are before declared ; with other 
particulars relating to the ſame, would be too long here to inſert ; but may by 
thoſe be ſeen, who pleaſe to conſult that Treatiſe. 
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Another Method of Approximation, by Mr. Iſaac Newton. 


T was obſerved before (out of my Arithmetick of Infinites,) that a com= 
bined Series in this form, RR — cc (as the Squares of Ordinates in the 
Quadrant of a Circle or Ellipſe,) with the Squares, Cubes, and other Powers 
of ſuch Scries, will afford us Aggregates in theſe forms. 


Equals. Series. Squares, Cubes. | Biquadrates Oc, 


I. I —7. I —-|-+. I —j}-f—F, I — $f —_Z+5>, Ec. 


Which order of Aggregates, if it can be interpolated ; that which is to come 
between 1, and 1—+, anſwers to the Series univerſal; /: RKR— cc; of Root 
which are as the Ordinates in that Quadrant. 

Now in order hereunto, It is obvious, that the Derominators of the FraCttions 
are (in all of them) in Arithmetical Proportion, 1, 3, 5,7, ©c. (Which thers- 
fore creates no difficulty in the interpolation.) 

And that the Numerators are what by Mr. Oughtred, are called Vncie ; that is, 
the Numbers prefixed to the continual Proportionals in the formation of Powers 
from a Binomial Root, (as 14- 1e, 14a+2ac+ 1ce, 14aa + 3 aac 
-| 3ace-|-1cee, &c:) That is, aSthe Powers of 1 + 1:(That is,1. 1, 1.1, 2, 
1-1, 3,3, 1. 1,4, 6,4, 1. Cc.) 

And conſequently, the numbers for that Intermediate fought, ſhould be as thoſe 
of /: 1+ 1. For which, the nature of Numbers, in an ordinary way of No- 
tation, doth net furniſh-us with any. (For, that for Cubicks conſiſting of 4 Mem- 
bers; that for Quadraticks, of 3 ; that for Laterals, of 2; and that for Equals, 
of a Single Unite; and ſutably for other Powers: That for the Quadratick 
Root of Laterals, ſhould, by this analogy, conſiſt of more Members than one, 
but fewer than Two.) . 

Which made me (when that was there under conſideration,) give it over asa 
thing not feaſible. That is, not in a terminated Proportion. 

But for this, Mr. Newton (in bis Letter of Oo. 24, 1676,) doth furniſh an 
expedient , not by any determinate Multitude of ſich Numbers, ( which was 
not to be had ;) but by aa infinite Series of ſuch numbers. 


For 


Caar LXXXV, The Merhod of Approximation 319 


For it is manifeſt upon view, that the firſt of thoſe numbers is always 1 (an 
Unite; (the Second'is the exponent of the Power, (as 1, for the Side, 2.for the 
Square, 3 for the Cube, 4 for the Biquadratick, &c; which number he callsm:) 
And conſequently, for the Square Root of ſuch fide, it muſt be £, _ 

He then obſerves (what I had formerly ſonght after, but unſucceſsfully,) that 
the following Numbers are, from the Two firſt, to be found by continual Mw... 


tiplication of this Series, 


bh o x x ———  — Oc, 


I 2 3 $ 6 


I x 


Now ſuch continued Multiplication, for Sides, Squares, Cubes, &c, will ſoon 
determin in a certain number of Terms ſutable to the nature of ſuch Power : 
As for example, 

M—O 


For theSquare,the Firſt number 1;the Second m=2 or 


: =2; the Third 2x 


M -— 1 
Gs Mid which terminates the Proceſs. (For if we would proceed, it would 


M2 


be 1 *« = ©; and ſo all conſequent to this, would fill be o.) The numbers 


therefore are 1, 2, 1. 
| #* FO '®] 


For the Cube, the firſt i ; the Second mn = 3, or 1 « 


= 35 the Third 


3 Ana... ORs ; the Fourth 3 ponents 3 which terminates the Proceſs. (For 
2 3 
1x Rs ©.) The. nnmbers therefore are 1, 3, 3, Ic. 

And in like manner for the Biquadrate (where n=4) the numbers will be found 
1,4, 6,4, 1+ And ſo for any conſequent Power, whoſe exponent is an Integer 
number. | 

But where ſuch exponent is a Fraftion z the Proceſs will got terminate, but 
; proceed infinitely, . As: (in the preſent caſe,) for the Square Root of ſuch fide; 

where the Exponent is »=7. The Procels is 


MO M1 M2 Mz M— 4 


* &C That s, 


—_< ; 
1 2 3 4 , 


in 4 n—} x—z4 £— + » 7{xGe, Whence theſe Numbers 
i. 5 .nm# © +4: —383: +383 &c. Or 
1. -—; . Fi. =. F357» Oc. 


For that, between the Square and Cube, w =+: And therefore 


t- 


— © t-1 4 —— 2 L _ 3 
x — X x 


I 2 3 4 


þ 3 
- 


Y = . 
1x x — x &c, That is, 


ix 3 #» 2 x——>> x=# x—=5+ G5, Whence 


io}. Fo —th - +3} +» = 3555 . Tt: Or 
1 . z . ; P mt > . of Ti- . — . Oe 


And the like for other intermediate Powers. 

The reaſon of which is evident, becauſe if m2 be o, 1, 2, 3,4, Or any Integer 
number ; afrer which is to follow — o, — 1, — 2, — 3, — 4, Ec; It is manifeſt 
that we ſhall ſooner or later, come to m — #2 = o, which will terminate the 
Proceſs. But if mbe +, +, 4, or any Fraction; this with — 0, — 1, — 2, &c. will 
never come to 1 — m2 = ©; but (paſſing it) go on to Negative numbers, and 
ſo proceed infinitely. | 

Having therefore, for the Series /: KR —cc : the Numbers above found, 
1.4, —} ,-|-73}4 . &c. Which we may expreſs thus, 


wr =. x7 


_— 


I 
"2 2X4 2x4XK6 2x4x6x8 2x4x6x8x 10. 


I 


W hich are to ſupply the place of Numerators for the parts of the Infinite Series 
ſought : to which the Denominators were before found to be 1,3, 5,7, 9, 11, &c. 
in Arithmetical Progreſſion : And therefore the Infinite Series for the Quadrature 
of ſach Quadrant of a Circle, (whoſe Radius we may put = 1, and therefore 
its Square alſo = 1 ; thereby to eaſe our ſelves of the Multiplications or Di- 
vitions by KR, RR, &c.)-will be ſuch as this; (putting the Signs — 1n the Second 
place, becauſe RX R — cc are coupled with —, and ſo alternately + — ; fave as 
the Sign — in the numbers found do change this -|- into — ; whence.indeed it 
comes to paſs, that all the Signs after the firſt come to be —.) 


I I 3 5 7 


2x3 2X4x5 2x 4x 0x 7 2x4x0x8x9 2 x 4 x 6x8x 10x 1 


—— 


The ſame ſerves for 4/: RR cc,, (which concerns the Hyperbola;) only 
with this difference, that becauſe of R R + cc coupled with -+ ; the Signs which 
were thereto be alternately +-—, are here to be all 4 ; ſave as it comes to 
be changed by — in the numbers above found. And ſo it comes to be, 


I I 3 5 SE | 


1 — — 


2x3  2x4x5 TELEITEE FEI. 2x4x6x 8,10x11 


So that, as that former Series is to 1, ſo is the Quadrant of ſuch Circle to R R; 
or the Quadrant of ſuch Ellipſe to the circumſcribed Parallelogram. 

And as this latter Series is to 1, fo is ſuch Quadrant of an Equilater Ret- 
angular (external) Hyperbola (whoſe intercept Diameter, is equal to half the 
Tranſverſe, or RK =3T,) to RR (the inſcribed Square,) or (if that Hyperbola 
be not Equilater and Rectangular) to the (inſcribed) Parallelogram ; whoſe Sides 
are the Conjugate Semidiameters. 

In like manner may an Infinite Series be aſſigned for the Aggregates of y/ : dT 
+ dd: and others of the ſame nature. And like Expedient is here to be uſed, as 
_ ys = Ik in caſe of. a Segment ; when we do not ſo far proceed as to 

=, ore =D: hy 

But finding ſuch Proceſs by Interpolation, to prove troubleſome; he choſe ra- 
ther to make uſe of other Methods, by Diviſion and ExtraCtion of Roots in Spe- 
cies: Of which we ſhall have occaſion to ſpeak afterwards. 


CHAP. 
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C H AP. LXXXVL 


' Another Method of Approximation, atcarding to Archimedes. 


Circle, (which may in tike manger be accommodated to other Curves, 

with ſuch alterations as the nature of each Curve requires ;) long 

agoe made uſe of by Archimedes ; and fince purſued by Yar Culen, 
Snellixs, and others. Which proceeds by the continual Section of an Arch, and 
finding the Chords to ſuch portion of a Periphery. ; 

According to which, Archimedes in his Book De —_— Circali, by Inſcribing 
and Cireymſcribing a Polygone of 96 Sides, (that is, four times continually Bi- 
ſeCting the Sixth of the Circumference,) he finds the Circumference tothe 
Diameter, to be-leſs than 33, but more than 33+, to 1. And he might by pur- 
ſuing theſame Methods, have-brought it ta a ngarey approach, as far as he pleaſed. 
As Van Caen, Snelliza, and others have frace done. - ::, 

And thelike it ſeems had been done. more anciently, (though I preſume not to 
ſo great accuracy) by Apollonins Pergems, in his Ocytobooz (a Book of his not come 
to our:hands,)- and by Phxlo Gaderenſs (as we are tald by Eoin, in the cipſc 
of his' Cotimentary on Archimedes de Dimenſions Cirtult, ) and. pitbaps by @s 
thers. | EOS 

Now here we are to conſider, that ſuppoſing the Radius or Semidiameter of a 
Circle to be givea, we have alſo given (by the Doctrine of Erclige) the Sides of 
divers. ixſcribed Palygones, or Subtenſes of certain Arths; viz. ' 


£ & HERE is another Method of continual approach, particularty for the | 


\ The Radius of a Circle being 'R, 
The Diameter or Subtenſe of + Cireumfer. is 2K, 
The Chord os Subtenſe of 3 Clreumfer, an * 
"The Chord of * of the Circamfer. © RV. 
The Chord of 4 Circumf. = SL. 2 
The Cliord of 2 Gireamd,”.. RY 
=, | 1 ,# Mail] MY; Pr. : 
The Chord of ;+ Circumf; —_ R, 


In which, if we ſuppoſe R=1; thenis 2zR=2;R4/3=4/3;Ry/2=/y/21 
and ſoof the reſt. 

We may then begin with any of theſe, as a known Quantity, and proceed by 
2a continual BiſeCtian into Aliquote parts as ſmall as we pleaſe; any of which be- 
. _ ' \ ark "a ny, 


ing Muktiphed by tom __ Pert- 
meter of the inſcribed Polygone 3 which as the number of Sides increaſeth , 
© ſoit doth continually approach to the true Circumference or Perimeter of the 
Circle ; and may come {0 near it, as to want leſs than any aſſignable diffe- 
rence. 


(And by like Methods, may be found _— which ſhall exceed ſuch Cir- 
cumference by leſs than any aſſignable Excels.) 

'Tis true, that we might inlike manner proceed by continual Trifection, or 
QuinquiſeJion, or other Seftion; if w for theſe as convenient Methods of 
Operatioh, as we have for Biſection : But becauſe Eclide ſhews how to Bilect 


ana Arch Geometrically z but not to Triſett, &c. And the one may - _ 
8” 
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(Algebraically) by reſolving a Quadratick Equation, but fiot thoſe other, with- 
out Equations of a higher Compoſition : I therefore make choice of a continual 
BiſeCtion. ! 

The Rule of which BiſeCtion is this (putting r for Radius, b for the Subtenſe 
of the double Arch, and a for that of the ſingle) 4 7744 — 4 = rrbb, and 
therefore (reſolving the Equation) 27rr—4/ :4rrrr —r77bb;=aa. and 
4: 217 —y/tarrrr —7rbb, = a, 

Now Archimedes chooſeth to begin with r the Subtenſe of a Sixth part of the 
Circumference 3 and ſo proceeds by continual BiſeCtion to the Subtenſe of 72, 
52, 74» 33. Each of which Multiplied by the Denominator of ſuch part, isacon- 
tinual approach to the meaſure of the Circumference. (That is, putting r= 1,) 


dds. Woe of 4 , _ 
” 6+:-uirornes. engl PCW ——_—  —— . 
a — — , 


The Subtenſe of + x.finto 6 
all 23. 4/:2—4/3.|into 12 
of 72. Si2—y:2+43. 24 
of x4 + il—y:2+y/:2+4/3- 48 
of 5+. i2—y:2+y/:2+v:2+43. 96 
i2==i/i2+4/:2+4/:2+4/:2+y 3. 192 

22 +4/i2+4/i2+yi2+v:2543- 2384 
i2=y/i2+ 4:2 vat Vi2byiabyi2+hy3. 768 

C. C, 


If we begin with the Diameter, which is the Subtenſe of one Half, and pro- 
ceed by continual BiſeCtion, it will be thus. 
The Subtenſe of the Semicircle, or 2 2. into 2 
of the Quadrant, or + y2.|into 4 
of F y:2—\/2. 
of 7+ vs: 2—y:2+-4/2, 16 
of 3+ oi2—4/:2+y/:24++/2. 32 
of 7 it —ofi24-4/:2+y/:2+4/2. 64 
&c. vi2—yi24-y/iz+/:2+y/:2+y/2. 123 
of e2—ve/ tf tity i224 y2+y/2. 256 
EIPOICDIS EST $12 
C. C. 


And in like manner, if we begin with the Subtenſe of a Fiſth or Tenth part 
of the Circumference; the thing will ſucceed 'as truly, but with more trouble, 
becauſe the deſignation of theſe Chords is more perplexed. 


: CHAP. 


Crave. LXXX VII. Of Approximation. 


CHA P. LXXXVII. 


Approximetions by Diviſion and Extraftion of Roots 
n SPECIES, 


ANY other ways of ſuch continual Approximation may be found 
out. But the moſt natural way (and which is of more general uſe) 
is by Diviſion, or by ExtraCtion of Roots, (Simple or Aﬀected,) in 
Species, 

That Diviſion may be performed in Species; on the ſame principles as in or- 
dinary Numbers : I have ſhewed long agoe in my Opus Arithmericum , Cap. 20. 

And I ſhould have ſhewed the ſame for Extraction of Roots, if that work 
had proceeded ſo far. But I had reſerved the ExtraCtion of Roots, and the ope- 
rations about Surds, for a Treatiſe of Algebra, (as pertaining thereunto.) Which 
I then intended (but have ſince been many ways diverted) to have publiſhed ſoon 
after ; as a Second part of that Ops eArithmeticum. 

Now like as in ordinary Diviſion, in caſe the Diviſor be not an Aliquote part 
of the Dividend; the work (if not terminated by a Frattion) will many times (in 
Decimal parts) run-on Infinitely ; (and the like in Sexagefimals; or other ſuch 
Progreſſions of Fractions in what Proportion ſoever :) ſo muſt it likewiſe in 
Species, in caſe the Diviſor be not in the nature of an Aliquote part z it muſt 
be either terminated by a FraCtion, (which may be, as is there ſhewed, expreiled 
in very different forms,) or will run on infinitely. : 

And the like will happen in the ExtraCtion of Roots, in Numbers ; in caſe 
the Number whoſe Root is to be extrafted; be not a true Figurate Number of 
that kind, (that is, if not a Square, in caſe of a Quadratick Koot, to be Ex- 
tracted ; or not a Cube, in caſe of a Cubick, &c.) in which caſe, we uſe either 
to terminate the Root with a Fraftion (which may reduce it to pretty near the 
true value ; ) or continue the Proceſs ( which will rug on infinitely, as far as 
we think fit, to what degree of accurateneſs we pleaſe : Which Retord, Buckley, 
and Rams (in their Arithmetick,) dire by way of Decimal parts, (wherein they 
are followed by others ;) and others had before ſhewed in Sexageſimals ; which 
is another Proceſs of like nature, but more perplexed. And ſo mutt it accordingly 
happen in like Extra&tions in Species 3 if ſuch quantity propoſed in Species be” 
not a true Figurate of that kind. 

Moreover, like as in ſuch Infinite Proceſs, by Decimal, or Sexageſimal parts, 
or parts in any other Proportion, the Diſmes, Centeſmes, Milleſmes, &c ; and 
the Firſt, Second, and Third Scruples, &c ; are indeed but ſo many Roots, 
Squares, Cubes, &« ; the Root being #3, or 7+ : Or an Unite: divided by ſuch 
Roots, Squares, Cubes, &c ; the Root being 10, or 60; and the like in other 


I 
Proportions. So in Species, ſuppoſing a Root to be a, or - the Proceſs may run 


on in FraCtions of like nature , ,whoſe Denominators ſhall be a, 44, 444, &c; 
Or of alike nature with ſuch. As for inſtance, 


"4 44 Aaada 


A@ fach as theſe, are now wont to be called Infinite Series, 


Tt CHAP. 


" 
pe Man as 


0f Series. Cnae LXXXVII 


C H A P. LXXXVIIL 
Examples of ſuch SER1Es ariſmg from Diviſion. 


OME Specimens of ſuch Diviſion in Species, I have given long ago, in 
my Matheſis Univerſalis , or Opus Arithmeticum, (publiſhed in the Year 
1657,) Cap. 33, andelſewhere. 

$s where the Rule to find the Sum of a Geometrical Progreſlion , 

AR — A Re—1 


$ = — A: (putting A for the leaſt Term ; R for the com- 
n_ 1 c_ 


mon Multiplier, or the Exponent of the common Ration ; * the number of 
Terms; and $ = Sum - all,) is de- 
R-1)R*—1(0R, + A, +R, +1. monſtrated by a bare Diviſion of R'—x 
as ls Ba by R— 1x; which for the Quotient, 

gives us the whole Progreflion. 


1 —- As if the Number of Terms be 4 
_ R* — 1,, divided by RK —1, gives 
ons R + R* + R-+ 1: Which is the whole 
R?Þ_R Progreſſion, ſuppoſing A = x , Or at 
"2" _—T_ leaſt, if A be ought elſe, theſe Mul- 
mk tiplied into A; to wit, A R3 -|- A R* 
__— ++ AR-+A. Which terminates the Di- 
oO © _ becauſe of — 1, in the Divi- 

end. 


But if this — 7, had been wanting in the Dividend,(and conſequently the laſt 
Remainder , which now is 06, had + 3:) the work would thus proceed 


infinitely. A La 
a Es R Or thus ary, Dividing Rt—7, 
Yar a> 8 19 y R — 3; the Quatient would be 
E—1)=(+itetoy  #-'+R-2+ £66, till the 
os | 4 , laſt Ferm be 1. Which, (becauſe of 


_ I . — 1 inthe Dividend,) terminates the 

PE AL. Diviſion. Or (if this be wanting,) R: 

| R being divided by R — 1, the Quotient 
— — * will proceed infinitely. 

1 And this gives us the Sum of a Geo- 

R metrical Progreſſion infinitely conti- 

"FH nued : (Which if it be a Decreaſing 

FT Progreſſion, will be equal to a Finite 

| vj <em>. uantity.) Of which I have had occa- 

I ion elſewhere to diſcourſe, in a ſmall 

” 5a Tract on that Subjet ; the Sum of 

ch Lbs -— - ag" = toward the end of 

1 *> 4 CIS Rn Ss. For 1uppolin — > 

"T7 E ppoling 4/ (= AT 


= —]} to be the higheſt Term, (and 


&c. &C. 7 
therefore / R = AX) the Aggregate 
| sR | 
of that Infinite Progreſſion, is AY 
| 7507" HE 
In like manner, by a bare Diviſion in Species, I there ſhew; (Cap, I; 
aa—ere 3 — 63 a* — + 


— Mb” = 44 ae ce: — =0J-ac-a 07: Cc. 
That i, if the Difference of Squares, Cabes, or other conſequent Powers, of 
two Quantities z be divided by the Difference of thoſe Two Quantitics : the 

Relult 


. 8 . * 
tt. PIE I 7 | WT —_— — "OY 


Reſult is an Aggregate of {© many continual Proportionals, (as is 
of Dimenſions in thaſe Powers,) in the Proportion of th edn 
vided ſtill (for fo I would be underſtood ) that thofe Powers be entire Powers, 
denominated by Integer Numbers, as 2, 3, 4, 5, &c; not intermediates to theſe 
or others denominated by FraCtions, as y/ 4 — y/&?, or /4— ye, &c: For in 
ſuch caſes, the Diyifion would neyer terminate. : 

The like would come to paſs, if the ſame difference of Powers, (in caſe theſe 
Powers have an even number of Di- _ 
menſions;) or the Sum of the Powers, ae) G—e (4), Xa*e, ae, te. 


(in caſe the number of Dimenſions be a = ae 
odd ;) be divided by the Sum of thoſe eg ——_ 

. Quantities 3 only with this difference, SN 
that the Terms in the Quotient will be nad Gs - LANES 
alternately -+- and —. | + ae. 

Where it 15 manifeſt alſo, That if the = 2 eo I 461 
latter of thoſe Two Pbwers were ab- — TIN 


ſent 3 the Quotient would be intermi- — 
Sate. As, (in the example: adjoined,) Zhen 
if inſtead of at — e*, the Dividend had "= 
been 4*; the laſt Remainder ( which 
now is 00) would have been - e+: And the work proceeding, the Quotient 
would be 4M 

e [1 

BE ehac 1. + &c, isfinitely, 


2 
- 


Much more would it ſo be, if inſtead of the Difference of thoſe Sq 
Cubes, &c, we ſhould divide the Sum of them by that difference of the Quan- 
tities, As if, inſtead of 4*— e*, it had been «* 5, For then, inſtead of © ©, 
or -þ- e*, the Remainder would be <þ- 2 e*; and the Quotient (continued) would be 


2e* 26 


a Faebaote fp —=— + &, infinitely. ' 


” Where, beſide an Infinite Series of Proportionals ariſing from the diviſion of 
&, there is another like Series ariſing from the diviſion of e*; which after they 
2e* 2e 


come to be united, make it to be —_ + —_ 


And the like (-atis mutandis,) in other caſes. 
a3 + te 
= Xo 


© 0 ——_— = i wat of — _ Pa &c. 
a 


— a7 -—- at --e, 


e 
XK // abe divided by a—e; the Quotient will þe 


I " 6 ee eb & : 

DOES c, infinitely, 
"If /4— Ye be fo divided, it will alſo run on infinitely; ( becauſe we- ſhall 
never come at a Subducend to-deſtroy — 4/ e:) But then, beſide the Series laſt 
ntentioned (ariſing from the diviſion of 4/ a we muſt add another (ari. 
ſag from — y/ e, divided by « — 6, or —e 4) 


I 4 a4 43 &c. infini 
ta ant am F, Rey. 


d other the like the reaſon is evident, 
EIT Tt 3 CHAP, 
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[ CHA P. LAXKIS, * 


This compared with Reduftion of Fractions to, 
DECIMALS and SEXAGESIMALS. 


H15S Diviſion in Species, is mychof the ſame nature, (hut more voi- 
verſal,) with that (in Numbers ) of. reducing MINA cad 19 
Decimals. Which ſometimes ends in a determinate Qpotient ; As. 
+=0.g5: += 0.2: 78 =0.1; 4F5Q- 253 $ = 0-135: 5Þ = P4h5: 
-L —4 —0.4. hich then happens, and only ghen, when (the Fraction £4 
ing firſt reduced to the ſmalleſt Terms,) the [Nenomyn fe Ivifar) 15 com- 
pounded: of no other prime numbers than & and 5, (of which 19 is compayn- 
ded. )' 5 ae 
But if the Denominator ( ſo reduced ) he campoynded gf any other prims 
number (than 2 of 5,) the Quotient will be infermipate, AS = 9. 33339 ++. 
2 =0.6666, &c. 7£=0. 0909, &c. 53 =0.1818, &c. 55 =0, 9769334 
0769, &c. ;* = 0. 148,148,148, &c. 53 = 0. 054,054, &c. ts 

In which caſe there is yet aways this conciauity ; that after ſorag time, the 
numbers do again return, and circulate in the ſame order as before. Sometime 
ina repetition of one Single Figure, (as was ſeen in 4,4. ) Sometime, of Two 
or more, (as in 7}, 5f, 7+, 37, 73 :) But always, if not ſooner, it doth at leaf 
begin to return in ſo many places as are the number of Unites in the Diyiſbe. 
For inſtance, += 0. 142857,14, &c. For the Diviſor being 7, the Remainder : 
muſt always be leſs than it 3 and therefore 1, 2, 3, 4, 5, Or 6+ $o that in-the- 
Seventh place, at leaſt, if not before, one of the remainders muſt needs return 
a ſecond time : and the ſame Remainder returaing as before; the ſame Figure in 
the Quotient muſt alſo return : And ſo onward. 

The number of Figures won which do thus circulate, is never more than 
the number. of Vos the Diviſpr, wanting one. But many. times, it is;qply 
ap AVqpAle part of c<number; ox ſome lefler ppmber has nat an Aligyots. 
part of it. | 


And to know when this happens, the Fraſtionkeing firſt reduced, ip us fpallefe 
Terms; andthe Denominator of that (reduced) Fraction, being farther reduced, 
by dividing it by 2 and 5 (the-Components of 10) as oft as Is can: If thenit 
come to be 9, 99, 999, &c, (conſiſting only of the Figure 9 repeated, )-ox. an A- 
liquote part of ſuch number ; ſo many as are the Figures of 9 in ſuck number which 
firſt occurreth, ſo many are the Figures of ſuch Circulation, 

Thus, if the Diviſor or Dengmlnatox of the Eradtion be 9, 3,6, (= 2 x 3,) 
12 (= 2x2x3,) 15 (=$5x3,) &c; the Circulation is of ſingle Figyres ; betauſe 
ing, that Figure is but once written; and 3 is ag Aliquote part of 9; and 6,42, 
«5 are made by Multiplications ct 3, by 2, or 5, (the Components of 10.) 

If 99, 11,22 (=2x11,) 3355 (=5 *11,) 66.(= 2 x 33, ) &c; the Cir- 
culation is of Twa Figures 3. becaule- fÞ is denoted. by, g twice written ; and 
11,33, are Aliquote parts of 993 and 22, 55, 664 &c, arg made by Multipli- 
cations of one of them by 2,0r 5: (I do not here mention g, or 3, though theſe 
alſo be Aliquote parts of- 99, becauſe theſe appertain-to the: fwrmes rank; apd 
therefore admit not oply of Circulation by couples, but even by: ſingle; Rb. 


If the Diviſor (fo reduced) be'9gp/ 27, 54 (== 2 x 25 ):195 (== 4x 29) 37s. 
74, (=2 x37) Ge; the Circulation for like reaſon, is of Three Figures. hd 6 

- I 3; «- is of 6 (the half of LA which is + 3— 1, )-becau& 13 doth accu- 
rately Uvide Or 1s an Altquote part of. 9g9g99g, Wþercin g.is Six times written ; 
(but not of any number deſigned by the M4 9 nos, repeated.) 
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If 21, (which js; not a Prime number:) itis of 6 Figurss (which yet-is not 
an Aliquate part of 20 => 31. 2,) becauſe ir divides _ 
Or thus ; becauſe 21 isa Compound of 3 x 7; whereof '7 requires (ﬆs before 
a Circulation of 6 places; but 3 a Circulation only of 1 place, (which is an Ali- 
_ part of 6,) this (Six times repeated) will terminate with one revolution 
of 6 places. — | 
Au the like of 97 = 7x 11 3 becauſe 11 requiring but Circulation of 2 places 
(which is alſo an Aliquote part of 6,) three of theſe Circulations will termi- 
nate with One for the number 5, which is of 6places. 

So 259 =7x37; becauſe 37 requires but a Circulation of 3 places (which is 
alſo an Aliquote part of 63) Two Circulations of this, will end with One of that 
for 7. And the like in other caſes. Re I 

But.if the companent. prime numbers, (other than thoſe of 'z and v, before bon- 
fidered,) be ſich as require Circulations, whereof the one is not an Aliquote of 
the other; then, though the one beof fewer places, yet will the Compound Cir- 
culation be more thay that of the 7-2 qd namely; of fo mapy: ptaces 
13 8 nomber Civifible by both thoſe far the Components. RM : 

; Asfor inftagce; 11 requires a circulation of 2 placesz and 47, one of 3 ylages 3 
therefore 407 = 11 x 37, Will require one greater than ether 4 vamely, ous of 
G places, (this belug the firſt, gumber tbat may be divided by a and 3,) that fo 
Two Circulations of the one, may end with Thyee of the b. "of 11539 

The like for 297 =1 1x 27; becauſe 27 (though net a prime number) requizes- 
a Circulation of Three places. 

And the like Eſtimate is to he made for other compounded Numbers. 

All which yer is not fo ro be'underſtoed, as if this Circulation did always take its 
beginning from the firſt place of Decimal Frattiqns. For wheo the Penominator 
or Diviſor is compounded of 2, or 5, or any Powers of thefe , it begins not till 
ſome time after; that is, not till the influence of thoſe Cqmponents ceaſe to ope- 
rate : 'That is, nate till after ſa many places as Is the number of ſo many Dimen- 
fions of 2 or. 5 aſſumed in that compolition. | 

Thus is 74 =: 04416666, &c. Kor to divide 5 by 12 (= 4x 2,) tsthe ſame 
as to divide it firſt by 4, (which gives a terminate quotient, extending to Two 
places of Decimal FraCtions, £ = 1. 25 ;) and then to divide this Quotient by 3, 


I.2 
(— = 0,416666, Cc.) Which Diviſion by 3, doth therefore not operate 


"3.00 > 
ſingly, till the third place of Necimal Fraftians z when all the Significant 
Figurcs of the firſt Quoticut are ſpent. So 74, = 0. 133433,&c: That is (becauſe of 


t5—=$x3,)z; = 0.4, and 0.1 3333,0c: And $}=0.803,571428,571429,57 


02 
'&c.That is,(becauſe of 56=8x7;)*#=5.625, and =0;803,571428,5714 &c: 


And the like in other caſes. 

I bave inſiſted the more particularly on this, becauſe I do not retnember that 
] have found it ſo conſidered by any other. 

But the concinnity which thus appears-in the interminate Quotient of a Di- 
viſion, (the ſame numbers again returning in a conginual Circulation) is not to 
be expected in like manner in the Extraction of Roots, (Square, Cubick, or 
higher Powers.) For though the Surd Root may be continued by Agpraximatian 
in laciepak parts, infinitely: Yetwe have not thevein the like recurrence of rhe 
n al Figureain the ſhne order, avjn Diviſion wohad: At 2m 141427356 +. 
Which yet hingers not but that this approximation, may bg ſafe 


ig. 
pCafbilt ; and: if fo fi) infinitely continued, natft be fi $4 960 Jual the 
Roor.of that Sund. nyguNer z; er; 4-333} y ©, ty Wequdd 3: ! 
Whar harh been, fald'of Negtm a0, 192, With very liged 
exffty gccommadgated to, iy oſ1y, 0 (85.they, werg wear mrbecaiindtÞ 
Aftronpmjcal Fraftions, The main,gifference. being, thas whas i-therefaig df 2,99 
(whictyare the Corponents of” 10,) wn the —_ - —_ _ —_— _ 
deritaogd of. (the compauants off £a,) 244; t wer of t b. 
wha qc thee lh of 9,99, 999, &c z mult here be accommedated to 59, and. 


$9 
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">4 


g', and 59, 59', 59", &c. And fo, of any other the like Progreffion of 
Fr jons, whoſe : inations continually decreaſe proportionally ; asdo thoſe 
of Decimals, and Sexagelimals. 


: _ FY EY RITES _ | 
— —_— _— 


. CHAP. XC. 


The like relating to the Squaring of the Hyr BRBOL a. 


cator, and My ſelf: Of which, an account'is given in his Logarichmotechnia, 
prop. 17- Adi the Philoſophical Tranſattions, for the Month of eAuguft, 
in the Year 1668. And in my Treatiſe De Motu, Cap. 5. Prop. 31. 
[The Reſult whereof, amounts to this: Stppoſing ABS ( inſcribed Paral- 
lelogram between the Hyperbola and the Aſymptotes,) 
AB=1, oriAB. AndAB to BD, as ited; then is 


BSHD =d—+{ +34 — 244 +3 —1 + &c. 
if D be beyond B: But if D be ſhort of B, then is | 
BSHD=d+if +34 +44 +54 +34 + &c. 


(The former of which is Mr. /crcator's Series ;. the latter is mine.) 


& UCH Methods have been applyed to the Hyperbola, by Mr. Nicholas Mer- 
7 


A — Ly 


D _— i 


dll 


For the Ordinates in the Exterior Hyperbols ABSbH being (as E- have ſhewed 
Arithm. Infinit. Prop. 94, 95,) a Series of Reciprocals to an Arithmetical Progreſſion ; 


I 
or (as ſotne others call it,) of Harmonically Proportional: (3577 — FT — &c;) 
and the Inſcribed Parallel s ABS, ADH, &c, all equal eachtoother, ( 

of which Plains we may call A B :) If therefore we take the Altitude ABErA 
and the Baſe BS = 1 B, and B4=4A, (taking d for ſuch a part of 1, as is Bd 
BA.) Thenis A4=ATdA (according as D Is taken above or below B;) and 


AB I 
db= =” —B=B, in1 *d-+dd £48 + & &c; (as will appear by 


dividing 
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dividing 1 by 15 4,) And conſequently, if we interpret d ſucceflively by ©. x 
2, 3, &c, of which the greateſt is BD = D. y by o, x, 


174) 1 (1,24, +d& 44d, +, &c. 
Þ 


1+] + 


d 
ddd 


Then will thoſe ſeveral Ordinates þ 4, be 


1+ d ddEÞ + 3 JI+ &c. 

1+i2d-+4dd* 84 -þ 164%* 324 +. &c. 

it 3d +9gddiz2ji -- 814 £2734) + &c. 
&c, till we come to the laſt, 

1* D +DDEZ DB - D+* + Ds + &c. 


And therefore (by my Method of Infinites above declared, or the general Pro- 
poſition above mentioned, wherein it is ſummed uy;z) the Sum of the Firſt 
Column (being a Series of Equals, each whereof is 1,) will be ſo many times I, 
that is m: The Sum of the Second (being a Series of Sides,) is half ſo many 
times the greateſt, ; that is =» D': The Sum of the Third (being a Series of 
Squares,) is a Third part of fo many times the greateſt, that is, *m» DD: 
The Sum of the Fourth (by like reaſon) 3  D*: And of the Fifth, 4 : D*: Of 
the Sixth, £2 D';, &c. And thetefore all the Ordinates 4b; that is, the Plain 


BSHD; will be 


- B, into m £43 D+ 3m DDE; mD*-+ 3m D** 5mD) |. &c. 
That 45 (ſubſtituting BD=D the; whole Altitude, inſtead of m: the number 
of its parts,) ; 


B, into DE5 D fr 3 DBES DO ED E278 þ &c. 


Where, ſuppoſing BD leſs than BA; D will be aFrattion leſs than 1 ; (ex- 
preſſing the Proportion of BD to BA) and conſequently, D*, D3, &c, conti- 
nually decreaſe, ſo as at length to become leſs than any aſſignable quantity, 

Now it always ſo happens, when the Point D is taken from B towards A the 
Center, that BD is leſs than BA ; (and therefore D leſs than 1 :) But not always 
when D is taken beyond B, For which reaſon (amongſt others,) 1 chooſe rather 
(ſince it is at my liberty to chooſe either) of the Two Ordinates which terminate 
the Portion (BS and DH) to give the name of BS to the fartheſt from A; and 
that of BH to the nearer of them. (Sois DBSH, = D-j-4 D> + 4 D3-þ- 
D* &c; putting the Parallelogram AS (= AH) = 1.) If we follow the other 
Method (taking D beyond B ;) ſome expedient muſt be applyed, whenB Dcomes 
to be greater than BA. " 5X. 00 

The ſame Method of continual Approximation, (by the Quotients of Diviſion 
indefinitely continued, and then applying my method of Infinites to the ſeveral 
Members of it ; as is done in that for the Hyperbola) is eafily applicable to thoſe 
other Figures, which I call Reciprocals; whoſe Ordinates are Reciprocals to 
thoſe in Duplicate, Triplicate, or otherwiſe Multiplicate, or Sub-multiplicate 


propor- 
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-oportion, of an Arithmetical Progreſſion. But it may ſuffice to have given 
race in one of them. The rather , becauſe I have given other Methods for 


the Squaring of thoſe Figures (Arithm. Infin. prop. 102, 104,105, ) without the 
help of ſuch interminate Diviſton. | 


CHAP. XCL 


The Doftrine of INF1N1TE SERIES, further proſecuted 
by Mr. Newton. 


OW (to return where we left off:) Thoſe Approximations (in the 
Arithmetick of Infinites) above mentioned, (for the Circle or Ellipſe, 
and the Hyperbolaz) have givenoccaſion to.others (as is before intima- 
ted, ) to make further inquiry into that ſubjeCt ; and ſeek out other the 
likeApproximations, (or continual approaches) in other caſes.Which are now wont 
to be called by the name of Infinite Series, or Converging Serjes, or other names 
of a like import. ( 1 hereby intimating, the defignation of ſorge particular quan- 
tity, by a regular Progreſſion or rank of quantities, continually approaching to 
it; and which, if infinitely continued, muſt be equal to it.) Though it be but 
little of this nature which hath yet been made publick in print. 

Of all that I have ſeen in this kind; I do not find any that hath better proſe- 
cuted that notion, nor with better ſucceſs, than Mr. 1/aac Newton, the worthy 
Profeſſor of Mathematicks in Cambridge : Who about the Year 1664, or 1665, 
(though he did afterwards for divers years intermit thoſe thoughts, diverting to 
other Studies,) did with great ſagacity apply himſelf to that Speculation, This 
I find by Two Letters of his (which I have ſeen,) written to Mr. Oldenburg,on that 
Subject, (dated June 1 3, and Oftob. 24. 1676,) full of very ingenious diſcoveries, 
and well deſerving to be made more publick. In the latter of which Letters, he 
ſays, that by the Plague (which happened in theſYear 1665,) he was driven from 
Cambridge ;, and gave over the proſecution of it for divers years. And when hedid 
again reſume it, about the Year 1671, with intention then to make it publick ; 
(together with his new diſcoveries concerning the Refractions of Light,) he was 
then by other accidents diverted. | 

He doth therein, not only give us many ſuch Approximations fitted to par- 
ticular caſes; but lays down general Rules and Methods, eaſily applicable to 
caſes innumerable; from whence ſuch Infinite Series or Progreſſions may be de- 
duced at pleaſure ; and thoſe in great varieties for the ſame particular caſe. And 
gives inſtances, how thoſe Infinite or Interminate Progreſſions may be accommo- 
dated, to the ReQifying of Curve Lines (Geometrick or 'Mechanick 3) Squaring 
of Curve-lincd Figures; finding the length of Archs, by their given Chords, 
Sines, or _Verſed Sinesz and of theſe by thoſe ; fitting Logarithms to Numbers, 
and Numbers to Logarithms given ; with many other of the moſt perplexed 
Inquiries in Mathemarticks. 

In order hereunto, he applies not only Diviſion in Species ; (ſuch as we have 
before deſcribed) but ExtraCtion þf Roots in Species, (Quadratick, Cubick, and 
of other conſequent, and intermediate Powers;) as well in Single, as in Aﬀeted 
Equations. 

How this was by him made uſe of in the way of Interpolation, we have ſhewed 
before ; vpon a diſcovery that the Uncie or Numbers prefixed to the members of 
Powers, created from a Binomial Root, (the Exponent of which Powers re- 
ſpectively he calls »,) doth ariſe from ſuch continual Multiplication as this, 


M—QO0 M—1 M—2 N—} # — 4, 


i de» 7 <—_ —HE— X xennemebey WE Ie I eilet 
I 2 Z 4 $iv7 « 1n'!zÞ 20 
no 69 IO b5u0t7 
Which Procefs, if m (the Exporient of the Power) be-2n Loteger willCafidr a, 


tain number of places, ſuch as the nature of each Power requires) terminate a- 
gain at 1, as it did begin: But if »» be a Fraction, it will ( paſling it) run on 
to Negative numbers infinitely. | 21 
According to this notion ; having found the numbers anſwering the Power 
commonly expreſſed by 4/ q, ( which 1s the intermediate between an Unite agd 
the Lateral,) whoſe Exponent is 3'=m; to be theſe) "i 20T. oo tb 


F 1 
I. 3. —j:o bi = rin. + 37g — Ec: r 
He applys this (for inſtance) to that of mine, (accommodated as is before ſhewed» 
to the Quadrature of the Circle; ar a Quadrant thereof, (/: R&'— © e4, or (put- 
ung K=1,) /: 1—ce. Andfinds /: 1—£0:=1—3er—g 6 —740, &. 
(Which multiplied into itſelf, reſtores 1 — cc.) The Proceſs thus, > | © 


( j 13H IT, 


n z + 156 kad + 0 

I —CcCc (1, —z0C, —g6*, — 7," CC. La Libs C &C. 
I into 1—1C—g0* —73< Kee 

O-—CE | LES j— cg—20-2 & &c. 

L ,.4 F 4 L 6 &« 

—CeFC + 26 +5 c &c. 

—, Jos CC. 

Sg —— 

v 
+ 56 + ic #—&CC, 
ic. Att 


From whence (and from others of the like nature) hederives this Theorerh 
for ſuch ExtraCtions, l | 


2n M—71n 
- CQ- DQ-[-&c. 


_ Py 


— [17 ne 


I m” Mm MH 4 
p+PQ|-=P-+ —AQT—— Bt 


Where P-{-P © is the Quantity, whoſe Root is to be extragted, or any Power 
formed from it, or the Roor of any ſuch Power extradfed: -Pis the firft Term 
of ſach Quantity 3 Q, the reſt (of ſuch propoſed Quantity ) divided by that 


m 
firſt Term. And — the Exponent of ſuch Rogt or Dimenſion ſqught. That is, 


in the preſent caſe, (for a Qpagratick Root,) 5. = 

(Note here, for preventing miſtakes, that whereas it is uſual to expreſs the 
Exponent of a Power, or the number of its Dimenlions, by a ſinall Figure, 
at the head of the letter, as 43 for 444; the ſame is here dane by a Fraction, 
when (uch Exponent 1s not an A Number, as 4 4 for / 444; which FraCtion 
is ſo to be underſtood, as if the whole of it were above the letter z add fignifies 
the Exponent of the Power z not as at other times, a Fraction adjoined, as if it 
- were #-þ-4: And the ſame is tobe underfſtogd afterwards in many places; where 
the like happens, - by reaſon that there 1s not room to ſet the whole FraCtion a- 
bove the Letter, but equal withit.) 

And according to this Method ; if of any ſuch Quantity propoſed, we ſeek a 
Square, Cube , or Higher Power, whoſe Exponent 1s an Integer z we ſhall figd 
for it, a Series terminated, conſiſting of ſo many members as the nature of each 
Power requires; (the Side of 2, the Square of 3 z the Cube of 4; &c.) But if 


2 Root or Intermediate Power be ſought, whole Exponent js a Fraction, or an 
Vyv Integer 
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Integer with a Fraction annexed, (as 4, 13, 24, &c; that is, 4, 4, 4, &c: Or 4, 
#, 14, 1+, thatis, $,4, #, £, &c:) We ſhall have (for its value) an Interminate 
or I:finite Series; to be continued as far as we pleaſe. And the farther it is con- 
tinued, the more exadtly doth it repreſent the quantity ſought. 

Of this Proceſs, he giveth divers Examples ; which (becauſe they arenot yet 
Kxtant in Print,) I have thought fit here to tranſcribe, . 


% a: x* x* = 

Example 1. y/: ce xx, Or co xx|1» =c —— Te = 
7 x'* ; thi a _ vo Ns 

+ ate: For in this caſe, is PS=cc, Q==—"m=1.n=2, A(="P| 

” —_ mM Spec Rs 

- = TEST? B(= a EO — C= 


n — x* | 
BQ=: Fe. 


_ 23 


Examp. II. S\:O+f x3; or Ax —X|t. 
Ox — X —2Oxxtzt x 2x" 
=c+ - 


p__ 8 250 + &c, As will be evident by ſub- 
ſtituting 1 =». 5=n. O =P. and) fx — x (Q. 
Or wetmight inlike manner ſubſtitute — x' = P, and — x) e x 4+- & (Q, 

Ox +-& 8 2Oxx+40%x+-c 
And then 4:0 + x—=x%; 2— x + _ + —_ + &, 
The former way is moſt eligible, if x be very ſmall ; the latter if x be very 
great. 


aa 


3)? 


. MEZ=—1. #=3,A(=f| 


- That is, Nxy1—aay| 3. =N into - __ 


Ly 
m I m I _ -—- AA Aa 
= Y bo 3) Jy p y ( n Q: 3 y yy _ 


Examp. IV. The Cubick Root of the Biquadrate of de; that is, dJÞFq+. 


: 4edy} 2ce e3 | 
is dp + —— _——_— For P =d. d)e(Q. m=4. n=3, 


A(=P=) =44. 6c. 
" b 


v/3:y) —aay 
a* 745 


TIA ay 3 &c. For here, P=y*. Q= 


Examp. V. After the ſame manner may Single Powers be formed ; as the Sur- 
ſolid, ar Fifth Power of 4-e: That is, JI-e|', ord 7+. For then Þ =4. 


m m 
dJ)e(Q.m=5.n=1t. A(=P—) =#. B(= —AQ)=sy'. C=1odte. 
m—xx 
D=10ddo, E=g$de. F=v. G(=———p 
=d + $4e+ 10 Hee 10dd&f- 5d eo, 
Examp. VI. Andeven bare Diviſion, ( whether ſingle, or repeated,) may be 
I : | 
performed by the ſame Rule. As Fas thatis J F'7,or a2 For then 
P=d. d)e(Q. m=—1, n= tA(=P = =4"2)=4"%yor 5. B(=— 


Q) =o. That is, JT 


POS © oY | as Ws ee — 63 


That 
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ee e3 
Teen Wane has” 1.5 an” © habe! 


Examp. VII. In like manner Fa : That is, agUnite Three times divided by 
1119419 , . | I Ze Gee 1to0e3 
-4-þe, or divided by the Cube of d Fe: 2 TT _ ——— 


Examp. VIII. And N «7 Fat; That is, N divided by the Cubick Root of 
e 32 J14ed | 


I 
de: Nen—STIR $15* 


Examp. IX. And N*x7+e2; That is, N divided by the Surſolidal Root &f 
N 


| : - bb dk. 
the Cube of d--e: OT TEhbS3 bedded: Is —  —— 
12ce F209, & 
254 25a x 


| Y . 4 
And by the ſame Rule, we may in Num (as well as Species,) perform the 
Generation of Powers; Diviſion by Powers, or by Radical Quantities 3 and the 
ExtraCtion of Roots of higher Powers 3 the like. 


C H A P. XCII. 


The Application hereof to the C1R CLE and the ELLIPSE. 


AVING found (as hath been ſhewed in the former Chapter, ) in a 

Rank or Series ( terminate, or interminate,) the value of one ſuch 

- Quantity ; We may then, from a Colleftion of fuch Ranks or Series, 

. find the Aggregate of them (according ts the Arithmetick of Infinites 

above declared,) or the Area which they repreſent : In like manner as was befbre 
ſhewed in the Aggregates of ſuch Series ariſing by Diviſion. i) 

As for inſtance : To find the Aggregate of the Roots univerſal of the Series a- 
bove mentioned, y/: KR —cc: (which are as DE the Ordinates in the Qua- 
drant of a Circle or Ellipſe, fromthe Center outwards 7) -Juſtead of-jinter 
lating the Series, 1, $, rf, 722, 34, &c, (there mentioned,) as before; (to find 
a middle Term between 1 and +: ) He applies himſelf immediately to-extrat 
the Square Root of AR —cc: and finds, > 420 


nee 'n>E 1 cf qe 7.C-* 21c 


— a ww _ -— HM OCR Go ON ——_"_ — ——_ —O—— 


4: RR—66:; =Rm—_ 8K 16K 12887, 256R% 1024K" = 


(which couliſts of a Series or Rank of continual Proportional, (whoſe common 
— CC p : ; 
Multiplier 1s 077 :) Multiplied (reſpeCtively) into a Series or Rank of Nunt- 


bers, made by the continual Multiplication of 


EP 6 And 


20- 


— O— 


_ —— -— — - 
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[ 
And therefore, 4 6 F pe Te 21C _ 


cc c 
ET OT % En ——— =—— &Cc. 
EP(=CB—DED)=2+5Þ" "0 3 1288 3 156 1024K 


+ 13 

And conſequently (ex- 

abbot Fong .Þ pounding cſucceſfively by o, 

1 - 1, 2,3, &c, whereof the * 

reateſt is CD=C;) the 

ggrepate of all the 4/: KR 

| — cc: (cotnpleating the Por- 

| tion BC DE) will be (by my 

general Propoſition above 

A...» c: AD <c-- gelivered out of my Arith- 
metick of Infinites) 


» » 


WE, 
4 


== +02+040 0005 byj 


1mCC 1m)" me. gm \wqmc"3 21 mC? 


mM —  ____ _ 


n—_— eq NE __ — Fc. 
3x2R gx8 qxI6K gxi288 111x256 13x1024R' 


(For all the Firſt Terms R, being a Series of Equals, will be ſo many/times R, 
that is, :R : All the Second Terms being a Series of Squares, will, be 3 of 


: _  1mCc : | 
ſo many times the greateſt ; that is,of => ; that is, — : Allthe Third Terms TA 


ÞeingaSerics of Biquadrates, or the fourth Power, will be + of ſo many times 
C*? mC* 


the greateſt; that is, of TÞ ©. that is, ——— : And fo conſequently of the 


reſt. For interpreting c ſucceſſively of ©, 1, 2, 3, &c, cc will be a Series of 
Squares 3 c*, a Series of Biquadrates ; c<, a Series of the Sixth Power ; &c. And 
then the Moteptying or Dividing all 'in each Series by a common quantity or 
Scries of Equals, as 2 &,for 8 R3, or the like; alters not the Proportion at all.) 

That is, (putting half the Tranſverſe Diameter CA = R=1 ; that ſo R and 
the Powers of it may be every where left out ; and the diſtance from the Center 


'CD=C =») 

Coy Omg Om; C=-r7,; O — m7; C"—75373 0 &c. 
Which Infinitely continued, is equal to the Plain BCDE; putting the Square 
of AC (in the Circle) or the Reftangle A CB (in the Ellipſe) —— Þ 

And therefore the Trilinear 

EBP=; Op Ori; Crris CO = wats C + 753; CO-þ &6. 
And particularly for the whole Quadrant, (becauſe of C = R-= 3. and conſe- 
quently every of the Powers of c alſo equal to 1.) As 1 is to 


I—;— Jo 77, = 755 — 3375 —717313 Oc. 
So is the Square of- Radiusto the Quadrant ; and conſequently, the Square of the 


Diameter to the Circle; and the Circumſcribed Parallelogram to the Ellipſe. 
And' to the Trilinear ABP, as r to 


$ Fit +rizr + mri + 2771+ Nth + oc: 
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A like Application of it to the HypBRB Q.LA. 


| like manner, for the Ordinates (tothe Conjugate Diameter) of an Hy- 
perbola : .Berauſe | | [- 3 

=2 2a a g ef 9 c' 21 e* 
ak a... 2R TTL 16 F FA 256 124K bs /. 


H: | | 


The Portion B CDH (inthe exte- 
rior Hyperbola) by the like Proceſs, 
(putting half the Conjugate Tranſ- 
verſe Diameter C A==R:*= 1 ; and the 
ace from the Center CD=C=m) 
V- X 


Co tOnma Ck; 0 —773t CO +I 73315 C2) Ec, 
And therefore the Trilinear | | 
HBP =20 =33 0+ $30 —nO +aioC! —a33t; -+6&r 


And particularly, if we terminate the Portion at A H, (A being the Conjugate 
Vertex 3) then (becauſe of C = R==1, and each of its Powers alſo = 1 4) the 
whole Portion\1B CAH in-the Hyperbola, anſwering to a Quattrant in the Ellipſe 
or Circle ;) As 4-is.t6 | 


i444 —534-+ Hs —crisr +l; —riHt Ur. 


So is the Square of talf the Tranſterſe Axis (i the Equilater:Hyperbola,) or 
theRettangle A TBi(in theInequilarer,) tothe Quatiramal Hpperbola' BCA H; 
And to the Trilinear thereof, HBP; as 1 to 


t—3 +1 —mh + —nr}tz + 0 


This differs no otherwiſe from that for the Circle or Ellipfe 3 but only in put- 
ting -|- for —, in the Second, Fourth, and other even places. Ariſing from hence, 
That the common Multiplier inthe continual Proportionals, 'winch -was'there 

"; cc 
8 here + T þ 
c . _ 
'For R (the firſt Term) coptimiallyMultiplied:by-<-—=;3 wal make 


—_—— _— Py PITT 
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cc 4 ef = a . © | 
Ro = OT Ea 5 THT | | 


"7 cc | 

But the ſame R, Multiplied' continually by 4- =» will make 
ec c* F 6 ,, c'® We 

RIOT 5, TL TL MLS ha 


.And the numbers made by the continual Multiplication of 


(Where the Numerators of the Fraftions contimally decreaſe by 2 ; and the 
Denominators increaſe by 2 ;) are 


LL TS —y T0 oa. 


1,2 | '&c. 
mo 48' 384 3840 46080? 


, 


Which numbers reſpettively multiplied into thoſe Ranks of continual Propor- 
tionals, (the Firſt Term into the Firſt, the Second into the Second, and ſo one 
wards;) will make in the former (which concerns DE in the EUlipſe,) 


cc + Ia 15 & 105 c* 945 c* 


Ry gn — —_— 


2K $3? 48R* 3848 38408 acofoRn? 


And in the latter, (which concerns DH in the Hyperbola, ) 


cc. e* 3 c* iy 6? IOF £72 945 £12 
R. — — ——  — — ©— Qﬀ-_——— 
4 T ak 8 P 43R') 384K 3840 R9 g6o8oR: 


4* 


Which two Ranks, are the ſame with thoſe we, had before ; ſave that ſome of 

theſe Fractions were there abbreviated ; bur of the ſame value in ſmaller numbers. 
And conſequently, the difference between theſe Two; that is, the Lines 

EH(=EP-+PH) 1n the following Figure ; are . 


105 C19 
35340R? 


3'e*, 10g £19 
24R5 " 1920R9 


{ ET. | ,*cC 
wth &c.That 1s — & 6, 
the double of - TLFTTIu 7 7 NY + &c 


g* 7 (10 


cc 
Or (abbreviating the FraCtions,) = + TTY. + &c. 


And the Trilinear EBH (=EBP -4- HBP) = 7 C1450 7330 Ci Se. 
And the Trilinear ABH, = +53 + 5225 4+ &c. 


All which agrees very well with the nature of thoſe two;Figures. The-main 
difference between the” Hyperbola and Ellipſe, lying in this, that the four Con- 
| . jugate 
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jugate Hyperbola's bow outwards (and meet not, unleſs after an infinite 


duction, where they are ſuppoſed to concur each with his next nei bour ; _" 


both with their Aſymptote;z) But the four Arches of the Circle or ipſe (ap- 
pony to the ſame four Conjugate Vertices, as did the four Conjugate Hyper- 

la's,) do bow Inward, and continue each other. Whence it comes to paſs, 
that the affections of theſe two Figures ate moſtly the ſame; fave that where 
they differ, the one hath 4-, for the others —. As I have ſhewed more particu- 
larly in my Treatiſe of Comick, Seftions. 


4 The better to expreſs which, I have thought fit to borrow from thence this 
igure: : 


Where the Ellipſe and four Conjugate Hyperbola's have the fame common 
Center ; the ſame Tranſverſe and Conjugate Axes ; the ſame Vertices and Para- 
meters anſwering thereunto : But the Intercept Diameters (appertaining'to the 
ſame Vertex) are the one Forward, the other Backward (in the one, a Con- 
tinuation of the Tranſverſe Diameter ; in the other, a Replication or turning 
back upon it:) Which occaſions the variation of + and — thereupon depending, 
The Mean Diameters in the Ellipſe, (that is, the Equal Conjugates,) are (being 
continued) the Diagonals of the — which is Circumſcribed to the El- 
lipſe, and Inſcribed to the Hyperbolick Syſtem, or four Hyperbola's ; and the 
fame (being further continued) are the Aſymptotes to thoſe Hyperbola's. And 
if (contrary to the nature of an Ellipfe) we ſhould ſuppoſe AD Cits intercept 


Diameter) longer than (the Tranſverſe) Aa, (whereby the Rectangle ADa - 


will become a a Plain, =-ADx — Daz) inſtead of DE (an ordinate 
ſuppoſed in an Ellipſe,) we ſhall have Dh (an Ordinate in the oppoſite Hyper- 
bola.) Which D h is the ga Side of a Negative Square; as DE is o on 
Affirmative ; (the Squares of theſe being Proportional to their reſpeCtive Rect- 
angles A Da 3) that is, the one is a mean Proportional between an Affirmative 

a Negative Quantity, as the other is between Two Affirmatives ; as was in- 
rimated before. "And in caſe the Ellipſe be Equilater and Rectangular; (thatis, 
if the Two Conjugate Axes, which are the Lats Reftum, and Tranſverſum; or 
the Parameter and the Tranſverſe Diameter ; be equal z) that is, if the Ellipſe 
be a Circle : (For as an Equilater Rectangular Parallelogram is a Square; fo an 
Equilater Rectangular Ellipſe, is a Circle) then will the correſpondent Hyper- 
bola be alſo Equilater and Rectangular : And the Squares of DE, Dh, (not only 
Proportional, but) Equal to the reſpeRive Reftangles ADa: And ſo alſo they 
will be, in caſe the Conjugate Diameters be Equal ; though'not (as the Conjugate 
_ Axes 


Pry 


a. 
—_— 


—_ Ot ns DOA en ae ang _— as mb 
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Axes are) at Right Angles. Al which ( though + Digreſſion;in' this 1 place,) I 
thought not unpertinent here to: mention. ; 2tls © 1191326 


- uh —_ 
m"_ FY 
wu 


——— 
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A new Method of Extrafting R 6O0'Ts m- Sinple and 
Aﬀetted Equations. ; 


ANY more Series of like nature, and much more abſtruſe than 
thoſe mentioned, are to be ſeen in thoſe Letters of Mr. Newron; 
and others innumerable, eaſily deducible from the ſame Principles, 
by like Methods. : 

But he hath alſo another Method for Extracting the Roots (whether in Num- 
bers or Species) as well of Simple, as of Aﬀedted Equations ; very different 
from that of Viera, Oughtred and Harriot, which is commonly received. Which 
he choofeth to make uſe of, as more commodious for this occaſion ; becauſe an 
Infinite Series thus ariſing doth converge faſter than either thoſe ariſing from Di- 
vition, or from ExtraCtion of Roots in the ordinary way. 

[t proceeds from a like Principle with that Proceſs in my Commercium Epiſtoli- 
cum, Epiſt. 17.19. for ſolving a Problem of ſomewhat a like nature. Namely 
thus ; | | 

Having taken one Member of the Root in ſuch manner as appears moſt con- 
venient, (the thing being capable of ſome variety,) which we may call A; we 
find (by Proceſs ſuitable tothe nature of the Queſtion) this (if not the juſt E- 
qual) fo be either too great, or too little: If ſo ; be it by B. And (proceeding 
by like Proceſs,) 'we ſeek the value of B. And if yet there be any ſurpluſage 
or defect, let that be Cz and ſo onward. Ts 

TwoExamples he gives of this ; the one in Numbers, the other in Species, 
By the former, the Root of this Equation 3 — 2y—g5 =o, he finds to he 
2.09455148. By the Other, the Root of — + AY + A4y — X3 — 24= 0, 


Xx xx , 13143 5og)y* 
he funds, C9, T=T.2 = 16334 43 Gs 


We —_ 
| Y —2y—5=0| —0,00544852 


= | 2,09455148 -12IG| 
+ 2+P=); #3 + 12p+ 6pp +p Lay f 

—< — 2p | 
—_—_ 


— + 10p+ 6pp+p 1. 


TX 
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+ 0,001 + 0,03 q + 0,3 99 -|- gf 
+ 0,906 + 1,2 | +6, | 
I, +10, 


— I 
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pt 95962 + 1123 9 +6,3 99 


— 0,0054 +r = 9" 


— 


* þ— 0;000G001 + ©,000 r &c. 


T-0zor018g7 — 0.068 
0,060642 +11,23 
0,061 , 


—©,00004852 4 5 =r | 


0,0005416 +1 1,162r _, , 
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yYbaxypFaay —x —24 =0, 
f (&_ 213170 gog x* 
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a 644 51244 16384 at | ! 
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—tx+qzp| + PF +}xxq &c. 
+3 appt rgaxx—taxq-]-3499 
axp — z4axx-+axq 
44aap Ln aax 1 4449 
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Py 4 


=[- 4 44 9|--3% ax x + 44ar \ 
— $f x3 [$2 x3 


2 — F 4xX — TE4XX yy n | FO. 
I31 IF X 4 4 131 x* on Foy x* 
4 ; + 128 4096 4 F112 44 I6 84 4? 


In the former Diagram; having taken 2 for the firſt member of the Root, he 
puts (for the whole of it) 2 -|-p (=y;) and ghen, purſuing this: value as the 
mg Equation directs, he finds the Reſult ;; with which he procceds as be- 
ore, for finding thc other members, p, q,r, &c. | 

Which members (in the firſt Column) are each of them found, by dividing 
the Firſt Term of the Sum or Aggregate next before ity. by the Coefficient of 
the Second Term of the ſaid Sum, And that Sum is the Reſult of the values in 
the Third Column, ſo farmed, as the Second Column direfts; which Column 
conliſts of the members of the Equation propoſed , or of that which the foriner 
operation had produced. And then the Aggregate of the Negative values Sub- 
dufted from the Aggregate of the Affirmatives, leaves the yahie of the Root 
ſought, 

find much after the ſame manner are the like members found in the Second 
Diagram. 2 

The chief difficulty lyeth in the finding the Firſt Term or member of the 
Root. For this, he hath a general Method (which I ſhall here inſert :) And 
many other compendious ways of proceeding. W hich are here omitted, becauſe 
the deſign here, is only to ſhew the general Proceis ; without deſcending to par- 
ticular expedients for emergent caſes. 

His Method is this. He firſt deſcribes (or ſuppoſeth to be defcribed) a Paral- 
lelogram, as BAC; whoſe Side AC being divided into fo many equal parrs as 
there is occaſion, and perpendiculars thereon erected, and theſe again crolled by 
others, the whole is divided into ſo many ſmall Squares or Parallelograms as ſhall 
be needful, each of which are ſuppoſed to take its Denomination from the Di- 
menlions of Two Indefinite Qnantittes, as x and y, regularly proceeding (as in the 
Figure) from the Term A. In which y denotes the Root to be extracted ; and x , 
the other Indefinite Quantity of whoſe Powers the Series is ro be conſtituted. 
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Then when an Equation is propoſed, he marks out thoſe Cells (or little Paral- 
ielograms) which anſwer to the ſeveral Terms of that Equation and lays a 
Ruler, as DE, to Two or perhaps more of the Cells fo marked out ; whereof 
one is the loweſt in the Side AB, the other (whether one or more) ſuch as at the 
ſame time touch the Ruler ; all the reſt, which touch it not, lying higher than 
it. And then makes choiſe of thoſe Terms in the Equation, anſwering to the 
Cells which touch the Ruler ; and thence ſeek the Quantity to be placed in the 
Quotient. 


x3 
Thus for extracting the Root y, out of this Equation, y* — 5 x y + _—_ 


—Te* +64*x* +bbx* =o. The Cells being marked as is direfted ; 
and the Ruler applyed to D (the loweſt Cell of thoſe marked in the Side A B,) 
whealing about D, (from A toward C,)till it touch ſome other (one or more) of 
the Cells ſo marked: It toucheth here thoſe Three; anſwering to x?, xxyy, 
and y*. Out of theſe Terms therefore F — 7 aaxxyy +64? x3 as if equal 
to o, ( and moreover reduced if you pleaſe to v* — 75 vv +6 =0; putting 


y=v4/ax;) thevalue of ybeing ſought ; we have this four fold value; + ya x, 


—u4 ax, 1-4 24x, —+/ 24x. Any of which may be taken for the Firſt Term 
in the Quotient z —_— as we pleaſe to proſecute one or other of the Roots. 

Thus, the Equation before mentioned, y* 4-axy-+ aay— x —24) = 0; 
gives — 24? þ a4y +43 =0; and thence y = 4, proxime. And therefore 4 
being the Firſt Term of the value of y, we are to put p for all the reſt ; and 
therefore « +-p =y. 

Some difficulties may here ſometimes occur ; but ſuch as the Reader may (it 
is ſuppoſed) by his own ſagacity overcome. 

The reſt of the Terms, q,r, 5, &c; may in like manner be found from the 
Second, Third, aud following Equations, as p from the Firſt ; but with more 
eaſe, as is already ſhewed. 

From Equations thus reduced to infinite Series, he finds the Area or Contents 
of Curve-lined Plains ; the length of Curve Lines ; the Contents and Surfaces of 
Solids ; as likewiſe the 'Segments of ſuch Lines, Surfaces and- Solids; and the 
Centers of Gravity of all theſe. 

He doth the like (but with ſome further improvement of the Method) for 
Mechanical Curves (which are not reducible to ſuch Equations,) as well as in 
thoſe which are now wont to be called Geometrical, 
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Examples of the Application thereof, in many Caſes. 


XAMPLES of this kind he gives us many, (ſome whereof- I ſhall here 
tranſcribe z) in ſome of which he makes uſe of the Letters A,B,C;D,&c;, 
for the Firſt, Second, Third, Fourth 3 and the conſequent Terms or 
Members of the Series found, (to ſpare the repeating of it.) 


Example I. From the Sine (right or verſed,) being given, to find this. Arch. 
Suppoſe the Radius r; the Right Sine x: The Arch is ' 


— 


x3 q x) g&* * wa : 
ap AP” C. at 1s 
6rr 40 gr = . 


IXIXXX 3x3 xx FxFxx TXTXX 


ay a1 TT ET Is 


2x3xrr 4x5 rr 


D -+ &c. 


Or, ſuppoſing the Diameter d ;z and the Verſed Sine #: The Arch is, 


26.8 x4 a x2 ex2 an a 
=_ LW TIT IT c. That is, 
Rp AY xxx a . 
Y  HEDOG 40d _s” - 


(Note here, as hath been afore intimated, that 2,4, 2, &c, are here intended 
as Exponents of the Dimenſions of x, 4, &c. And the like indivers other places 
where the like do ſo occur.) 


Examp. II. From the Arch given, to find the Sine; Right or Verſed. Suppoſe 
the Radius r, the Arch z: The Right Sine is, 


23 2.3 27 25 
== &,cou — nd 1 —— — &c. That is; 
S— &rr © 1204 5040 r* 1 36288 1 & hat is; 
£4 & 2 & & 44 
= 2 ——_ —_— —_ — — D=— &c. 
2x377 qxgerr Gx7Trr 8xgrr : 
; | ZY &* &* &® £ Th 4 
ne = — — - 0/060" Yam CC. 1 nat is 
And the Verſed Sine ” 2n or  qonar? + J 


Az Z% Tz Z4L 


— 
— 
_— — 


=_ B 
Ix27 3x47 5 x 677 Tx 8rr 


Examp. III. An Arch being given, to find another in a given Proportion. . Sup- 
poſe the Diameter 4; the Chord of the given Arch x ; the Arch ſought, to that 
given, as to1. The Chord hereof 1s, 


Ax 3 =nX 


OI A — — EET a 5 
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— E + &c. 
0x11dd” + 


Note here; that if » be an odd number, the Series will be finite ; and the Re- 
ſult the ſame, as in the ordinary Algebra, for Multiplying a given Angle by the 
number 7. 


- 


Examp. IV. If in AB, either of the Two 
Axes of the Ellipſe ADB (whoſe Center C, 
and the other Axe DH) a point E be given, a- 
bout which the Streight Line EG (meeting with 
B the Ellipſe at G) be carried with an Angular 
motion : From the Area of the Elliptick Se&tor 
BEG being given, to find GF the Perpendicular 
on that Axe AB. Suppoſe BC =q. DC =r. 
H EB =t; and the Double of the Area BEG, 

: =Z, Then is GF 


G 


z2 qz2 10q4q—9gqt ,—280 4 + 504 94t—225 qe 
— Z — 


t Grrt? 1207 $0405 z'? 


| &c, 


Which is the Solution of Keplers Aſtronomical Problem. 


Examp. V. In the ſame Ellipſe ; putting CD=r. CD) CBq(C. and CF=x. 
The Elliptick Arch DG, is 


I I I hs « 
=xX c— x3 — x — x7 _—_ x? —_ x* " &c, 
Io Ta T ior c 147 r ct 1873 1 221% © a 
I I T : 
a= 40 6* 287d, 24rrc< 2273 
I I 3 
S.* 445+ -|- [4 yy RT" oo 
112C 48rc 88 rrc 
4 — ; : 
1152G 35276 
et 
2816c'* 


Here the numeral Coefficients of the uppermoſt Terms (&. 5 . ++. &c.) are in 
Muſical Progreſſion (their Denominators being in Arithmetical Progreſſion.) And 
the numeral Coefficients of all under them, in each Column, ariſe by a continual 
Multiplication of the Upmoſt Terms, by the Terms of this Progreſſion. 


12 3 
: achacet Lol 


8 A ec. 
8 10 


Where » ſignifies the number of the Dimenſions of c in the Denominator of the 
upmoſt Term. 

Moreover, putting BF = x; and r the Parameter (or Lats Reftum) of the 
Ellipſez and 7) AB (e, The Elliptick Arch BG, is 


BG = 
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BG =y/r&x:into; 2 &, —2 x#, +4 xxx, — 10 x*, þ. &, 


—_7 pg gr * 300 
_ —Tzcce +3 oO 
d) —_ a4 2+ 
Trrr E DR 
g rt 


So that, to find the Perimeter of the whole Ellipſe; Biſet CBin F ; and then, 
by the former Proceſs, ſeek the Arch DG; and BG, by the latter. 


Examp. VI. Contrariwiſe: The Elliptick Arch DG being given; to find the 
Sine CF : Suppoſe CD =r;, CD)CBgq(c; and the Arch DG = 2 the Sine 


CF will be | 
CF mac ; {AJ . &) — St, 
6cc IOr £3 I4rrc 
13 71 
: 120 c* T 420 re - = 
493 
' $040 'I 


And what hath here been ſaid of the Ellipſe, is all ealily applicable to the 
Hyperbola; by changing only the Signs of c and e, where the number of their 
Dimenſions is Odd. 

' : F 


Examp. VII. Again ; Suppoſe CE an Hy- 
perbola, whoſe Aſymptotes AD, AF; and 
FAD a Right Angle: And on DA, Perpen- 
diculars at pleaſure, BC, DE: PutAB=a, 


BC=b, and the Area BCED = z: Then is C 
E 
A R =_ 
a Z ZZ 23 z* 2 
_ = mo 6 aab® 24406? 20S TS 


_ Where the Coefficients of the Denominators, ariſe by continual Multiplication 
of this Arithmetical Progreſſion ; 1, 2, 3, 4, 5, ©c. 
Hence, 2 Logarithm being given, we may find the Number to which it belongs, 


E 


Examp. VIII. Suppoſe VDE, to be (what 1s 
commonly called) Qradratrix ; whoſe Vertex V 
A the Center, and AE the Semidiameter of the / 
Circle to which it belongs; and VAE a Right 
Angle : Suppoſe then D B a Perpendicular at plca- / 
ſure, from it on AE; and DT a Tangent meet- {|B 
ing with AV in T, Put AV =a, andAB=x; 
Then will 
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XX x+ 8 XF 

DD a0 0. —= op o— oo o—_—_—_—_ co 
za 454 ygy454 
x* 2 x* 


B= an_ _— Q__ CT 
And the Arca AVD ax CESS” ones 


2 x3 14 x* 604 x7 
= + &c. 


—+ 


27 aa 2925 a* 8930254 


« 


And the Arch VD = x + 


And, contrariwiſe, if any of theſe be given, BD, or V T, or the Area AVDB, 
or the Arch VD; we may 


E (by reſolution of the Aﬀected 
4 - Equations) havex =AB. 

_ = Y Examp. IX. Suppoſe AEB 

"1D _ a Spheroe1d, made by the con- 

verſion of the Ellipſe AEB 

about his Axe AB, and cut 

by four Plainsz AB cutting 

A | C F B itin the Axe; DG parallel 
toAB; CDE biſecting the . 


Axe at Right Angles; and FG parallel to CE. Put the $treight Line CB = a, 
CE —=e, CF—=x, FG=y. Then will CDGF (the Segment of the Sphzroeid 
contained by thoſe Four Plains) be 


x x Fx 


x 
_ CH o_ _—y —- a ? — CC. 
==-7- S60y 2c) 2007 <6) 526 2 
c x* x3 x3 5 x? | 
3 4a 18caa 406344 336 C& aa, 
cx? x? 3 x 


— — CC, 
20a agoca* 160ci at 


Cc x7 5 x7 
VC. 


56 4 Fo 336ca _a 


Where the Numeral Coefficients of the upmoſt Terms ( 2, —+, — 4, _y 


— 72+, &c, infinitely, ) ariſe by continually Multiplying their firſt 2, b 
Terms of this Progreſlion us 2 of the 


—xI Ix3 3X5 gxy7 7x9 
y S—_—_' cn > cs 4 


2x3 $x5 6x7 8xg 1ox11” 


OF. 


And the Numeral Coefficients of the deſcending Terms in each Column inknj 
ariſe by the continual Multiplication of the upmoſt Term; —_— : 


In the Firſt Column, by the ſame Progreſſion. 


| GS $0 x x 
In the Second, by this, — » bo I bot [tex 
2x3 4x5 Gx7 8x7 


Ec. 


—_ 
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I 
In the Third, by this, — » 2, 23, 27, 6. 
2x3 4x5 Gx7 8x9 


x1 
In the Fourth, by this, nk a ca —_ " 
2X3 4x5 6x7 8x9 
. xI 
In the Fifth, by this, AlN Ant —_ — ec. 
2x3 4x53 6X7 Brxg 


And ſo onward inhaitely:; 


In like manner, may Segments of many other Solids be deſi | 
values expreſſed by fach kind of Numeral Ranks or i —_— _ 
ceeding. 4 "EIA __ 

And in more perplext forts of Problems, where ſuch Infini 
be had, either by Diviſion or Extraction of Roots of — rg => 
tions, ſome higher Methods of Proceedings are to be applyed : Of which ( he 

tells us) he hath Two; the one more Ready, the other more General. He men. 
tions allo, his having ſtill other Methods of coming to Converging Series, and 
gives us ſome of them. But to avoid prolixity, I do here omit them. 

Now by theſe Methods, when a Problem is reduced to ſuch Series, infinitel 
to be continued ; many approximations convenient for uſe, may be calily chtainad 
= very little labour, which in other ways are hardly obtained with much tirhe 
and pains. 

And he gives us for inſtance, this for the Quadrature of the Circle, compared 
with that of Adonſ. Huygens, on that SubjeCt. A, the Chord of a given Arch, and 
B the Chord of its balf berg given ;, to find the lerigth of the Arch, very near. Sup ſe 
the Arch z, and the Radius of the Circle r; then (by what is before ſhewed) 

23 


2,3 


4*6rr | 4x4x1200* — G6 


we have A (the double of the Sine of z z,) =z2— 


AndB=1z © 2x16%6rr + 2* 16x 16*120 1* Ee, Then Multiply B into » 
(a fiftitious number,) and from the Product SubtraCt A ; and the Remainders Second 
3 


i 23 z N F 
Tem — ( that it may vaniſh) put = ©, Whereof a- 
3a  _8B—A 
Carton That is, —— Z very 
2? 
680 rt 


riſeth »=8, and 8B —A=3z— 


near : The error (in the Exceſs) being but — &c. Whichis the ſame 


Theorem, with that of rs Hogs aa 
Again, 1n AD (the verſed Sine of the Arc infinitely produced. to 
Pine G,from whence the Streight Lines ,m » to find the 


GB G b produced, ſhall cut off (in the | 

Tangent) Ee very near Equal to that "> 
Arch.- Let the Center of the Circle a TN | | 
be C, the Diameter AK =d, and n Y 
the verſed Sine AD =x: Then is -— | \\ 
DB(=y:dx—xx: =d3 x3 — . FN FOES 
_ x} x4 4 P : F111 
205 "244 wa. 0 

And AE(=AB) = dz x3++ 

x > 3x4 5x2 m 4} 
— - —— + —— + &c 


64% 404d; 1124s 
12XX 


And AE=DB.AD::AE.AG. Andtherefore AG=#4—14 x—— 5 &c 
: 175d 


Suppoſe 
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Suppoſe therefore AG = 3d —5 x. *Tis again, DG (td— x). DB::DA. 
AE—DB. | | 


F =_— ax} , x5 23 x2 | 
And therciore AE — = PT +71 — |= &c 
| XZ 3X2 17 x4 
Add DB, and then is AE = d4$x$3+ | d- + &c 


64% - 40d) 1200 4d} 
Take this ſrom the value of AE before found ; and there remains the error 


16 x4 | ; ; 
— 1 &c. Wherefore, in AG, take AH=%ZDA; and KG= HC; And 
2543 

the Streight-Lines GBE Gbe will cut off Ee very near equal to the ArchB Ab; 


16 x3 
the crror being but m_—_— 4 dx, £&c. Which is much Jeſs than that of Mon. 


Huygens. But if we put 7 AK. 3AH::DH.z, and then take KG = CH —#: 


the crror will yet be much leſs. 
To deſign therefore (Mechanically) a Segment of a Circle B Ab; reduce firſt 


X | 2x7 X3 
the Area into an Infinite Series z ſuppoſe BbA = # 4 4x4 — ——; — —- 
5d; 14d} 
x2 _ 
— _— C, 
36 at + 


And then conſider of ſome Mechanical conſtruCtion which might very ncarly ex- 
preſs it. Such (ſuppoſe) as this: Draw the Right Line AB, and then is the 
Segment BAb =}AB-þBD: into FAD, proxime. The error being but 


-3 
. y/ dx 4+ C&c, in the defelt, Or yet nearer, Biſeting ADinF, and draw- 


70 dd 
; . + 21 4 BF-HAB ; 
ing the Streight-Line Þ F, it will be = - — x 4AD; theerror being but 


x3 I 
— Fc: ich will be ever 1 —_— . 
-6o al y/ dx &c: Whic - eſs than —_ of the whole Segment 
even though the Segment were a Semicircle, 

So in the Ellipſe B Ab, whoſe Vertex A, and eitherof the Axes A K, and the 

19AK—21AP 


Lats Reftum AP; take PG =z AP+ 04" Ms AP. But in the Hyper- 


; 19 AK+a1AP : 
bola, take PG =; AP+ TY" x AP. The Streight Line GBE 


being drawn, ſhall cut off the Tangent AE, very near Equal to the Elliptick or 
Hyperbolick Arch AB; provided it be not too great an Arch. : $20 
And for the Area of the Hyperbolick 


. 34 
Segment Bb A; in DP, take A 
and on D and M, ereCt Perpendiculars D 8 
and MN, cutting in 6,N, the Semicircle 
AN-+A8 
on the Diameter AP: So ſhall ttt w 


x 4AD=BbA very near. Or yet nearer 
if we take DM = 
21 AN 4A 


7 "I and then 


F® 


x4A D=BbA, proxime, 


There is a great deal more (in theſe Pa- 
pers) of like nature; and ſomewhat of the ſame kind , hath been done by Lib- 
nitius, and Chirnhanuſins, abroad 3 and Mr. 7ames Gregory, and Mr. Nuholas Mer- 
cator, With us ; which are moſt of them but particular Caſes, within the compaſs of 
Mr. Newton's general Rules, 


Amongſt 
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Amongſt which is that of Zibnirzes, Publiſhed ih the Aa Ernditorum at Lipſich 
for the Month of February, 1682 3 where he ſhews (inter «tia,) thar the f 
the Diameter isto the Circle, as 110 f— 3+{i —$+$—7* 4-4 Lab 4 
—* 7 &e. infinitely. Which isa Converging Serits (though lowly converging) 
- and will at length come to a difference leſs than any aſſignable. * ——— 

And (while theſe thingsare printing) comes out this preſent year 1634 (at £- os 
dinburg) a Treatiſe (of like nature,) of Mr. David Greyovie (Nepheiy © Fares, 
and now Profeffor of Mathematicks in Edinbuwy,) Entituled, Exertitatio moves th 
Dimenſione Fignrarum. In which we have more Examples of the like Proceſs. 

But I here only give ſome Specimen, of what we Mr. NNewtok , - will 
himſelf publiſh in due time. And it was, I hear, near y for the in the 
_ 671. But moſt of thoſe Papers have ſince (by a miſchance) been unhappily 

urned. 

Nor need it trouble us if ſometimes, (as in Extrafting the Root of Aﬀeted E- 
quations, and other abſtruſe caſes,) the members of ſuch Series be not obſerved to 
proceed ſo regularly as in ſome others (eſpecially ſuch as run our into Infitite Se- 
ries by Diviſion, without applying the Extraction of Roots of Simple or Aﬀected 
Equations: ) Since (as was before obſerved) the like Concinnity (of the ſame 
Numbers returning) is not to be expected in the Reſolution of Surd Roots, as was 
found in Decimal Fraftions. TheExtraCtion of Roots (Simple or Aﬀected) be- 
ing a more intricate operation than that of Diviſion. — 


F4 a—_}_0©@Dn©qaD.O 


CHAP. XCVL 


Of InvixniTE PRO@RESSIONS, Geometrical. 


© this place of Infinite Series, belongs the conſideration of Infinite 
Pr So Geometrical: That is, of Geometrical Progreffions Infi- 
nitely continued ; the Sum of which, & many times but a Finite 
uantity. CS 
The firſt chal ow of, who hath medled with this fpeculation, was Archi- 
medes, in his Quadrature of the' Parabola, (as we now call it;) or (as it was then _ 
called) of the Settion of the ray of Cone: (A Perſon! of that great NKegacity, y 
that we find in him the Notions firſt delivered of alf or moſt of the great im- 
provements of Mathematicks which this latter age gthrieth of.) 
The ſame ſubject is purſued þ Te orricellias,-int his Treatiſe De Dj "%w 
rabole, Lemm. 24. 25. 26. 27. publiſhed in the Year 1644 : Where he fhiews of 
divers Progreſſions infinitely tontinued , that the Sum is Finite, and what it is. 
As likewiſe in his Treatiſe, De ſolido Hyperbolico Acuto , where he ſhews tft ſuch 
a Body Infinitely Long, is but Finitely Great. (Of which nagure I have ſhewed 
many other Figures, as well Plain. as Solid, in my Arithimetick of Infinites.) 
After him, Gregorius de Santo Yincentio, conſiders th& fame notion, of lufigite 
Progreſſions, in his large Volies, De Quadratura Cit##h, Publiſhed in the Year 
1647. ($0 that it isa miſtake gf _Tacquer, when hea&'S> that Gregory Sdvwincent 
was the firſt that medled with this. Speculation of Infinite Progreſfi6&s. For 


Torricellis and others were before-him.) 
The ſame notion I had purſtied-more univerſally (6&&@foned by reading Torri- 


ellixs) about the time that my Arithmetick of was in hand;' Md have 
ES ſince reduced it to-this form in _ = Propoſitipns. 
we take oe 


Prop. 1. If of a Quantity : $ and again, th& Balf of 
this half and again the H Ft thiey and ſo onwat&TMficitely : The Sow of the 
whole will juſt equal thGQuatitsy propoſeti _Thabis, £ + 4+ F wb fe. = 1. 


ution at A. 
£5 appears by Indu Y y 2: If 


— — ————_— 
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2. Jf wetaket 
'portion) leſs than the hal 
Quantity. propoſed. And particularly, 


3.1 we take T 


nereof, leſs than the hal 
{; and ſo infinite 


hereof a Third part 3 
Half of the Quauti 


f; and a 
ly : The 


and again a Third .part 


CampXCV. 


gain of this (in 
ſum of all will be Lels 


infinitely : The Sum will equal one 

+.4-3-þ33 +&c. =4. As t B. | 
*4.1f, we raks thereof a Fourth part ; and of this again a Foy 

{o-.iufinitely : The Sum will equal a Third part. That is, 3 7's 


ig. 1f, we take © Fifth part and of th 
The whole will equal a Fourth part. 
As.at D. 
1:54; D. 
$) A 
25 . 04 
125 .o08 
0625 .0016 
03125 ' /,00032 
o1 $62-- ' 000064 
00781-+ 00001 + 
00391 — nr rm nn 
ms M 24999) 
00098— 
0004 9— E. 
©OO2 \S 
—_— 16667— 
©0006 02778— 
©0003 0046 3— 
OD002—- 400077 
,00012 
— 00002 
=1 
OY  AL9999=s 
- 3:64 caoBs 7 
G F. 
33333 
LILILIL T9 
03704— OI 
012.35— .OOI 
00411 ,OOOT 
OO137 .OOOOT 
_ 11111 =5+ 
.00C05 
.O0002— &. 
499994-=3- *t 
| | .16 
064 
.0256 
+25 01024 
.0625 C0041 On 
©1562 O01 64— 
00391 —/(: ,OOO6 mee | 
.ooogB—. , .0002 
000244 i.;./ ». | 20007 
:00006+ Fs Ut .OOOO4, 
 »0O002— : \,. |, OOO 


33333 +=87 - 666664>=t. 


is again a Fifth part ; 
That is, +35 


H; 


OOO 
.00007— 
.ooo02-h 


42857 +=7: 


I. 
66667T— 
444441 
.296 ZO0— 
197537 
1316 9— 
0877905 
.o5853— 
03902 — 


©2601 
01734 
01156 


0077I— 


the ſame pro- 
thanthe 


of this; and fo 
ry prapoted. That 1s, 


rth part and : 
+74 +337 C6 


and ſo infinitely : 


" ds was 
2 + ©, = 4* 


K. 


= 
«36 
.216 
$1256 
407776 
«946657 


927997 
.01680— 


01 008— 
,0060J— 
,0036 3— 
0021 8— 
0013 I— 
,0007845+ 
,00047 
.00028 
,0001J— 
,COO1O 
,00006 
aC0004— 
.COOO2 
x 
.OO0001— 
ns = (0 OT 
1.4999 


v2.0] 


6. if 
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6. If we take a Sixth part and of it again a Sixth part; and ſo infiajtely: 
bl. whole will equal a Fifth part. That 1s, 5-+53;5 + 33 + &r. = 4. . As 
at E. | 

7. If we take a Tenth part ; and of it again a Tenth part; and ſo infinitely : 
The whole will equal a Ninth part. That is, 73-þ 753 +3355 + &c: =4, 
As at F. v8 

8. And (univerſally) if we take thereof a part denominated by « ; and of this 
againa part denomivated by 4 z and ſo infinitely z (whatever- be the nnmber #:) 
The whole Progreſſion will equal a part denominated by 4 — 1. That is, 
I I I I 
Fo TE Romy : "- | 

Demonſtration. For, whatever be the number 4, which denorminates the'A- 
liquot part ; - the whole is a Geometrical Progreſlion , decreaſing ; whoſe laſt 


—— (becauſe of its Denominator 4444 &c, infinitely great) will be 


infinitely ſmall. Now the Sum of the Geometrical Progreſſion (as in my Arith- 


R—A 
metick is demonſtrated) is S = ——— ( ſuppoling V to be the greateſt 


Term, A the leaſt, R the Common Multiplier or a of the Common Ra- 
A 


R | 
tion, and S the Sum of the whole Progreſſion:) That I, m__TO_— Since 


therefore, if the Progreſſion be infinitely continued, = laſt or leaſt Term A'= 
I ; 
ares” mm muſt be infinitely ſmall ; and conſequently -— Aa muſt alſo vaniſh; the 
m2 DR ee” + SO" YR 2 JE 
um of the Progreſſion will be ( in this by) Rn: = = =,V 4 
EY V | CI RSS 
- + _ + —_—_ - &c; (as will appear upon Diviſton. And (dividing 


V Ka” V V ry V } wands 
all by )E—EE "TRSTTI "TTT nds That is, ( ppoling, 


1 I I 1 We + 
as in our Progreſſion, V = 1, and R = a,) » =— _ + — + + &. 


aaa AAR ---- 


I 
= ——-* Which was to be demonſtrated. 


& —1 
9. The ſame holds (by vertne of that General Demonſtration ) though 'ithe 
part taken be not an Aliquot part; ſuppoſe # (or 78,) and agaiz 3 of this z 
{o infinitely : For 2 is the ſame with x divided £, or 1 — 5. And therefore the 
I I | 


I ; 
— = -— = — = 4. 66666 +. AsSatG.- 
Pu A—  L-1 2) 3 ; b 


10. In like manner; If wetake 73, and of this againr3, ahd ſo infinitely 3 


I I 
the Sum will b ——— = — =* =.42857 +.As at H. 
3) 10, —1 3)7 : 

11. If we take more than Half ; and again (in the ſarhe Proportion) more 
than Half; and ſo infinitely : The Sum of the whole Progrefhon will be more 
than the Quantity propoſed. Burt inſuch Proportion as the 8h Propoſition di- 
refts. Particularly, ; "8 

12. If wetake*; ahdagaint of it and (6 infinitely; (that is, 1 = 4, Ss.) 
The Sum of all is equal to the Double of the Quantity propoſed. For 1 —, 
L—1.,=1-—i=2. Thatis, * 4-5-4 &e. =4. Asatl. ah 

13, If wetake + (or:$;) and again} of this; and ſo onwards jnfiriitely : The 
whole willbe#. For 1 —, } 1: == 1-+=4, That is, +-|-;3 + 3} + &c- 
==4. A$satK. | 

14. And ſoalways ; whatever bethe Proportion of Minority (or, as they call it 
of -Leſfer Inequality z chat is, of 1 rw than 15) and ſo continually m_ 

y 1 me 
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fame Proportion : The Sum of the whole Progreſſion infinitely continued, will 
ever be a Finite Quantity : But Greater than that propoſed, if the part taken,be 
more than Half; Leſſer, if Leſſer ; Equal, if Equal. And always as 1to4 — 1 
whether « be Integer, Fraftion or Surd. That is, (ſuppoſing 4 — 3 = e,) it is 


I 
ky: of the Propoſed Quantity. 

15. If Twoof ſuch Series or Progreſſions be compounded : T hat 1s, (for in- 
Kance) if we take - of one Quantity Multiplied into 5 of another ; and again 
A ; 


I 


b 
; I I I I I I . I [ 
Progreſſion of 5, a pong Ty __ + &c. That 1s, 5, 1abb 
: it equal — 
TSSNET mY NP" 


: I 8 : 
Quantities ; (ſuppoſe of A x B.) For here alſo the proportion taken, 1s —; ' and 


- of that part into 5 of this part z and ſo infinitely : The Sum of this Compound 
4 | | GE. 


Sy of the Compound of the Two propoſed 
AD 


I 


a , A U-—T. 


_ of this; and ſo onward. And therefore the Sum of the whole 1s AB. 


'Tis not amiſs here to remark; that the Sum of ſuch Infinite Progrefſign is 
fitly expreſſed by a Line in the, External Hyperbola, Parallel to, one of. the 
Aſymptores. As ( in this Figure before- de- 

a F ſcribed.) Let SH bean Hyperbola, betweer 
| | the Aſymptotes A B, AF. /Now ſuppotec we 
VN the propoſed Magnitude m = DH, (cr, if 

the Magnitude propoſed be not a Strcis!:t 
Line, let it at leaſt be repreſented by.ſuc!: ;) 
this I inſcribe, Parallel to AF: And 'ihe 
aſſigned part thereof firſt to be- taken) 


Xl 
- =dm = BS; which likewiſe inſcribe 


A | 

parallel to AF; (below DH; that is, fur- 
ther from AF ; becauſe by conſtruction, is 
is leſs than DH, as being a part theres. ) 
Then, in BA (which I pur equal to 1, ) 
I take B4a=4; that is, ſuch a part'of 
BA= 1, asis BSof DH, or dmof. m. 
Then (becauſe all the inſcribed Pzrallelo- 
grams AS, AH, Gc, are equal, to one another , and therefore their Sides 


Reciprocal z) As Ad = I—-d, to AB=1; ſo is BS=dm, wn dud. Ln 
| Fun 


=dm—+ ddml- dddm -- &c:; as will appear by Divifion, For if we divide 
dmby 1—4, the Quotient will be faund 4m + ddm + dddm; or m,into 


bt Ev I | 
4+ dd+ddd+&c; that is, minto- +— + — +4-& ; and this PSB: 
FF, 4 _ —— 
So that 4h is the Sum of that Progreſſion ; ſuppoſing 4 above B, toward A;*-" 
But if 4 be taken below B; thanis, Ad = 1 +4; and therefore 1 +|- Hum 
(dm —ddm-dddm—d+ mb &c. = dh; (as will appear: upon Diviſion.) 
Which alſo is the Sum of an Inhoite Progreſſion Geometrical, whoſe Terms are 
254 —dd d3 — &, —&, &c; where the common Multiplier: is (not &4, as 
before but) 44. Or, it is the difference of. Two:Progreſlions; 4+|- 43 + d' -+&cz 
and ddd + 4* +. &c. iY: 


[ APY, *4* y . . - 2 ; : 
16, If » bea Proportian of Equality, ar Majority ; (that is; if «be Equal to x, 


or 
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or leſs than 13) it is 5 manifeſt that the Sum muſt be infinitely great. For an In- 
faite number of Equat Magnizudes muſt geeds be {nkuite 3 mnch mote if,they 
be more than _—_ 


077 fn caſe a proportion of inorits be ER Cas at Prop, r5,) 


os o 
with a proportion of Majority (ſuppoſe - z) and again = = of that , with - = of 


this; and fo Infinitely: It 6 be leſs than a; "ihe Sum of the Compound Progreſſion 


þb bb 6bbb 
Cohen bom, &cz wil be Finite 3, (ndtwithſtanding that the Sum of ane 


4 . aA 


b 
of the Components be Infinite.) For now —, or 3 13 # proportion of Migo- 


1 
b)a 
rity. | ; 
13, But if b be equal, or greater than it, the Sany will he of lofinite Magni- 
b 
tude z or of more than Infinite. (by Prop, 16. ? For now =» will bea Proportiqn 
of Equality, or of Majority. 


_ 19. If of a Quantity propoſed, we take — = of thewholez and then — of the 
remainder 3 and ſo infinitely : The parts thas taken, will equal the whale; or 


(which 1s the —_— the Remainder will be leſs than any aſſignable. For Exam; ; 


ple, ſuppoſe = —/=: 4: This being taken away, the Retyainder will be 2; And+4 


of this being __ away, there will remain 7 of it : And? of this being taken 
away, the Third Remainder will be 4 of the Second. that is4 x 4 x7: And fo 
onward, infinitely. Which thexefore (being a Decreaſing Progreſſion Geome- 
trical) will at lengthvaniſh, or become leN3 than any aſlignable. 

20. Or, univerſally thus. Put a— x: = e. T hen _— taken away 


I e 
—, there nut _ And taking away — — of this, thero remains — of that; 
» | 


mM i Tx e ee ece ; 
that is, — * ++-And ſo onward, - x - x = &., Or -» —» —» &c: Since 
& *S S.-.0 . is 4 an ann 


therefore (by conſtruſtion) © is leſs than 1, this by continual Multiplication i into 


it ſelf, will pecome leſs than any aſi _ 
21. Or the fame may be thus ſhewed ; ; of the whote | js - —, and the Re- 


£8 - 100.5; "#1" £,:e :e0 
mainder s - ; then — of this, i Is TEINS W080 ad the Remainder ms — 
9 &; 21,08 1.6 fe 


"Keg = of hn; and Ain But = - + — 0 118 TH 


A AAAA 


—_ __ 


i il 2, 
== 1. Fat this, to = 2-= Yy 


=" aaa aaaa 


-+- &c, (each part to each, 


—  — 


ece 


| ee 
and therefore alt to all ) is as 1 toe. Since thetefore® — + — vo — + C4 
aaa 


2) £297 co = wY e EE, 
= __—_—— — nn + EF totes 
'N e) 491 8—: 1, qa = 4aa | , &- 
bk Th 6 4. the. 
Jn like mannet 3 "__ 1 ___ is — ” ++ TNT -- EF 
++ 5 bi Tat (= —_ ) 


Ll) abz;—1 
iks x20 /. And _—— —=t—=r: 


— 


=—=2* —1, Forit 1s,to— 


-— y—_— ——— — A 
_ Wb 
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Again z, put b—1 =f, Then is, > + L a=! = 1. Foritisto 


fn 118; MW; | 
poo ag Fc (= == ==") =1tof. I 


22. If Two Progreſlions _ ſo compounded, as _ in the one we take 
—of the whole A; andof this = and of this again = 3 and ſo continually : In 


the other, -of the whole B, and then - — of the Remainder, and _— ot 


b 
the Second Remainder ; and ſo continually ; the whole will equal — — « >" 
For . the latter Rigs ob 7 TAL 4 =P ac; tut Muiltiplied into 
Friis: BY- 
the former - -+— -+ — + &c; - make —+ = 577 | &c. 
81 i. ao f 
"apo * For it ty RT RT TYLhes, = fab, FRET — ab—f 
"has b + Y w 05 


23. In like manner are we to make judgment of other compounded Progreſlions, 
Mutatis Mutandjs, As for Example, 


E E 
a WT” aa m ng, 190 Pawn, —1I E r 


TIT pt gg tac * 


bx ab — * 


f_F 6 f PAY SP... 
TWP" Wu” AP 7 nah Us "Ohms aboms 


And in the like manner of others. 


24- And accordingly If ina Streight-line propoſed A, we take - —A, and add 


I 
to it — _ - of this, that is - —_ — A; and again = — of this, that Is - —- A; and ſo con- 


chunally The whole Lins "ſo continued, will be of a Finite rnd if a be more 
than 1 ; 3 of Infinite, if Equal to 1 of more than Infinite, if Leſs tn 1. Name- 


Iy, — A. That is, if « = 3, it will be} A: If a=4, —— = 2 
EY 3 ———_ J—2 

C I 10 
=? = A: If —_ =—-FA: If a= — 
4 co W 3)5,—1 C n=Z ?1 10)11, — ] l—10 


I 
=®A=10A:If a=1, __ (infinitely great:) If a =+, then (be 


cauſe $—1=—{) = ==. If 8=2, (ad therefore © = —— =4) | 
—z 1 | 
I 


= —A. And ſoalways. "R 


hd —] 


Crae.XCV. Of Extratting Roots. 353. 


25. It we ſuppoſe a Plain couſiſting of Parallelograms, whoſe Heights arc 
I I I : ; I I | : 1 
p A, w by A, Ge; and their Baſes - Br Boo; B, Ec. aud wel” as 


I | | 
7 Rations of Minority (that is, both «, and b, greater than 1,) aud conſequently 


I I I | 
thoſe Parallelograms (—AB, —— AB, IT AB, &c,) ſo alſo; the whole 
I 


Plain AB, will be of a Finite Magnitude. 


ab—1 | 

26. But if both the Rations of Majority, (that is, both aand bleſs than t 5) 

the Magnitude of the Plain will be more than Infinite. Becauſe of ab — 1 4 
Negative Quantity. KR Bm FRY eo 

27. If both be Rations of Equality, (that is, 4 = 1, and b = 1, and' there. 

fore ab = 1,) the Magnitude will be-Lnfinite. Becauſe ab-— + = ©.apd there- 


I ; 


Saws 4 : : 46" War 
_ 28. If onebe of Equality, (as that of the Altitude 1 to ;) the other (that 


INE | ” 
of the Baſe) 1tob, of Minority: the Magnitude of the Plain 9 Ip B will 
be Finite. Becauſe the Compound Ration 1 to ab (that is; 1 tobz) isa Ration 
of Minority. | i | 

29. If one (ſuppoſe 1 to 4) of Equality ; the other of Majority ( ſuppoſe 
b to 2 :) the Magaxade will be more than Infinite. For the Compound Proportton 


== == == js of Majority. 
A I 4 I i 


| : WI iis Jo ic ” 0 $3 621.05 
. -30. If one (of the. Altitude) of Minority, as i to4; the other (of the Baſe) * 


of Majority ; as 6 to 1 ; the Magnitude of the Plain will be Finite, or Infinite, 
or more than Infinite ; according as b is Lefer, or Equal ;- or Greater than, «. 


b 8.4 
Becauſe, accordingly, the Compound Ration wy -—" pag will be of Minority, 
A " PE LM 
Equality, or Majority. | 


31. Inlike manner, if a Sclid be ſuppoſed as conſiſting of Parallelepipeds; 
e++.”'l > er nd i y."* 
whoſe Lengths are ye a, _ A, py * "2 their ere E "bb B * 


aa 
ny | , } F W QI 1 ; ; 
——B, &t: the thickneſs, = C, —C, — C, &c: If all theſe Proportions, 
. C77 | 


bbb 


of 1 to a, to b,toc, be of Minority ; or all of Equality or all of Majority 5: 


or partly of this, partly of that, partly of the other, in whatever variety z the 
| LEES 
Magnitude of the whole Solid MT 


ABC will be Finite, tnfinite; 6t more 
— 1 6 
| t ge = 3/00 4-75! of | 
than Infinite z- according as the Compound Proportion pr ws is of Minority, E- 
quality, or Majority ; and conſequently «bc — 1 more than 0; or equal, to oz 
or leſs than o. | | : 
32. And hence it may come to paſs that the Magnitude of the Solig 
r \ » 2 a J.3 5 » bo fads 


abCo-I | 


ABC, may be Finite; though that of its Length, or its Breadth, or 
; ' | JA © ak. 6 : 
its thickneſs, or the Compound of any Two of theſe, ſuppoſe Ro A,or TI 


F o0Þ:79l1 bt $f 


I : 3 60602, ET —_— 
Df rs Goo ah—1 AB,) belnfinite, or more than Infinite, And contrari- 


wiſe, 
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wiſe, though that of ſome of theſe be Finites, that of the Solid may be Infinite, 


or more than ſo. 
And the like is to be nnderſtood of ſuch Compound Rations, in other the like 


Progreſſions. 
33. If of the RCs (whenr a Solid is ſuppoſed to be made up) 


the Lengths be thus taken, A; and then - of the Remainder; that is, (putting 
= c x ; 

a—1=e)-x-A=—A; and again - of the Second Remainder , that is, 
a 4a aa a . 


e I I 
Rb and ſo continually : And their Breadths - B and then > of the Reſidue, 
aaa © b b 


þ 
that is (putting b — x =f,) M7 - and again, 310f the Second Pn that 


"7 B; and ſocontinvally: And their op or Thickneſs, —C; and then 


_ = of the Reſidue, that is (putting c — 1 = B) © z - C3 and in if C; and 


ſo continually : And conſequently thoſe Paralldlepipeds — cn—_ -A BC, Lis —— AC 


A abbce 
*fFEL \ BC, &c, infinitely. The Solid f an 
"3b 0 » Ge, infinitely. The or Aggregate of all theſe, vill 


2 
7; SU. ob waa” 7 f2 —E ABC, eefſgg 


eg? 
aabbec' NT: þ3 e3 7 hn goBc 5 


abc —t 


as 1toefg. But the Aggregate of this laſt is — ABC; that, 1 is, 


efs _—_ 
- | 1 
_ - £ 7; ABC : Therefore that other (which is tothis, WI to fe) will be 
I | 
yr wn ABC. 


34-"If the Longitudeof ſuch Parallelepipeds be taken as © os then = of 


1 
that ; gs” + this, and fo continually ; chatis © A, _— — — &, &se: 


aaa 


And their Latitudes > = B, and then TR and; 'of the Second 


Remainder z and ſo continually ; that i is. >a. 2 Cs, 2 B, _ And their 


thickneſs ( for inſtance) Equal z the nk of the Solid. will be —— 


5 
ABC. For the OT themſelvesare — _—_ 7A BC, — BG, - ABS 


ff f*; 
Which areto- 77 ABC,, — ABC, —- —_ 


fore all to all, 854 tof; But the Aggregate of the latter is "DA ABC = 


— AB _ Ge, (each to each, and there- 


> ORC. A And therefore the former (whichis tothisas1 to 9f,) — AB _ 


35. And 
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35- And after the ſame manner, utats mutandss, are we to make our eſtimate 
of ſuch kind of Compolitions of Proportions in ſuch Infinite Progreſſions. And 
I 


P I * * 
in theſe forms - IE ABC, or I ABC, and others the like ; their 


Magnitudes are Finite or Infinite, or more than ſo; according as «bc —efe, 
or 4b — f, &c. are Greater, Equal, or Leſs than o. 

I have proſecuted this Speculation the more fully, becauſe it may be many ways 
uſeful for making Eſtimates of Figures produced by (what they call ) Dut#«: 
Plant in Planum;, (thatis, by Multiplying the Lines of one Plain, into thoſe of 
another, taken reſpeCtively :) And tor the judging of ſuch Figures as are madc 
by the compoſition of Two or more Progreſlions, (whence ariſe ſome of thoſe 
Figures which may be in r_ Infinite, but of Finite Greatneſs; one of which 
Torricellixs takes notice of, and calls it his Solidum Hyperbolicum Acutum; and great 
ſtore of them are handled in my Arithmetick of Infinites, and in my Commercium 
Epiſtolicum with Monſ. Fermat and others.) And many other Speculations of like 
nature. 

Yet even all this is but a Specimen of what may be further proſecuted with 
great variety, by ſuch as ſhall think fit, or have occaſion ſo to do. 


C H A P. XCVIL 


An Exemplification of this Method, occaſioned by a Letter of © 
P, Bercer. 


HE notion mentioned in the foregoing Chapter (of Geometrical Pro- 

greſſions infinitely continued ; and the Compound of Two or more 

of ſuch Progreſlions;) I had occaſion to make uſe of, in anſwer to a 

Letter of P. Bertete, Who finding a different Proceſs in Gregory 

$an-vincent, (who divides the Altitude of certain Figures into parts Geometrically 

Proportional,) from that of mine, (who for the moſt part divide ſuch Altitudes 

into Equal parts:) And hoping that atcording to ſuch diviſion, he might attain 

to what, according to my Method he could not do; wrote to me (very civilly) 
for my opinion and aſſiſtance therein. As followeth. 


Viro Clariſſamo, Eruditiſſomo Matbeſeos Profeſſori , 
D. ]. Wallis. Oxonium. 


Pontiſarz ad Pariſios, 1 Dec. 1671. 


Vir Clariſhime, 


Cripſeram ante ſex menſes Epiſtolam ad D.V. in qua Meditationes quaſdam Geome- 
g tricas Tibi Geometrarum hujus etatis facile princips, proponebam ; ut aliquid lucis 
exquirerem Circa ea que per me ipſe aſſequi non potueram. Faitum eft, neſcio quo caſu, 
we hee Epiſtola intereideror. = a 

Nunc, quoniam rnri vitam bic dego quamquam brevi rediturus Pariſios cum Eminen- 
t5fſimo Cardinale Butliomio, nattia tamiſper otis, feripſi opuſculum contra hypotheſin Car- 


refis, quod brevi prodibit in lucem. 


ZL Quam- 


* 
" 


——_— 
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Ouamquam autem careo & libris & ſcriptis, occurrit cogitatum Geometricum, quod 
mihi inc: derat prinſquam divinum tin opts Arithmet. Infinttorum percurriſſem. Hoc 
ter0 eſt bajuſmod!. en, 

Si dentur Figure qualibet ſuper eadem Baſi & ejuſdem Altitudinis , intelligaturque 
Axis dic1ſus in quapiam ratione Geometrica continua, cujus terminatio ſit vertex Figure: 
Dico, Fipuram unam toties aliam continere, quoties ratio partium unius Figure inter ſe 
comparatarum continet rationem partinum alterius Figure inter ſe. Verbi, gratta Spattum 
Aſymptoticum, Rettangulum, Parabola, Triangulum, & Rettilineum, quodlibet cuiliber 
comparatum, ſunt unum totuplex alterius, quoties ratio A ad B unius eft Multiplicata ra- 
tionis Partis A ad partem B alterims ; fed recyproce ſumpta, Verbi gratia, Ratio 


partium Trianguli , eſi duplicata rations partium Reftangult : Ergo , reciproce, Reft- 
anguln dupluns eſt Trianguli, Ita poteſt Parabole cujuſlibet & 1 rilinet quantitas ex- 
quiri. - Quod a teinillo mirabil; opere facillime preſtitum eſt, 

In boc tamen hec mea Methodus non omnino videtur contemnenda ;, quod ipſe Figh- 
rarum quantitatem dimetiarss per rationem quam habent ſingule ad Reftangulum;, egg 
vero independenter a Rettangulo, ſtatim earum rationem inter ſe inveniam. Verbi gratia, 
Spatit Aſymptotici, non quidem vere Hyperbole, ſed pſeudo-hyperbole, in qua Ordinate 
in Aſymptoto ſunt reciproce in ratione ſubduplicata partium a Centro Hyperbole ſump. 
tarum in Aſymptoto ſeu in Axe AB, Et ſic de caters Figurts. ( Nota, Reftangula 
inſcripta aut circumſcripta in Figura, ſe habere ut ſeriem partium pſines Figure.) 

Alterum eſt ;, Quod quamcunque tandem ſurdam rationem babeant Ordinate in qualibet 
Figura que applicantur partibus Axts diviſsut ſupra in aliqua ratione continua, non minus 
reperire poſſum quantitatem Figure, quam ſi Ordinate ſint in ratione aliqua que exprimi 
poſſit. Ipſe vero duntaxat Methodum innuerts dimetiendi Figuras quarum Ordinate ab © 
mncipientes ſint in ſerie Aruthmetica, 1, 2, 3, 4, vel ut eorum radices aut poteſtates, 

Hec cum nuper animo verſarem, ſuccurrit mihi ſubobſcura cogitatio : Qua via repe. 
riri poſſet, non ſolum Figuras Dirett as metiendi, ſed forte etiam eas quas Gregoriuc as, 
Vincentio vocat Subcontrarias, (In quo, ſi bene memini, relifta eſt Circuls Quadratura 
a Gregorio a S. Vine, & ate pariter.) Ut, quemadmodum Trilinei, Trianguli, & Pa- 
rabole, & Conoerdss:Trilinearts, Triangularis ( ſeu Coni, ) & Parabolici ratio nullo 
negotio reperitur ; ita etiam , ſi reperiri poſſet ratio ſolidorum que fiunt ex dultu Tri- 
linei, Trianguli & Parabole ſubcontrarie poſitorum, abſoluta eſſet Circuli Quadratura, 


Ratio autem Ordinatarum in Trilineo, nempeE F, CD, GH, tories eſt Multiplieata ra. 


tionis ordinatarum in Triangulo, FI, K L, MN. auoties b ol; 

tionts Ordinatarum in Parabola 1 O, P Q,R S hy 2 tio 99 —_— —— 
AB in Trilineo, ad rationem Reftaugulorum A B n T, riangulo IgHLOT HS 
AB in Triangulo, ad rationem partium AB in Parabola ;, non ſunt eque Multipli- 
cate una altering, quamvis denominatoreg rationis imer lintas ordinatas ſervent m—_ 


; & rurſus ratio partium 


Propor- 


a. m 
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proportionem quam habent denominatores rationis inter reitangula vel partes A B iftarum 
Figurarum, | | 

Obſervans preterea;, quoties in Figurs direttis tribus, ratio ordinatarum wnius toties 
eft Multiplicata rations ordinatarum alterius, quoties ratio ordinatarum ſecunde eft 
Multiplicata rationis ordinatarum tertie ; tunc Figuraceſſe Arithmerice Proportionales ; ut 
Trilineum, Triangulus, & Parabola : At comparate inter ſe rationes partium ſive 
Reftangulorum AB, ſunt Harmonice Multiplicate alicujus rationss ſunplicss. 

T't redeam ad propoſitum. Demonſtravit Gregorins a $.Vincentio Rectangulum ACB 


CLOLCS 


| 

ad Reftangulum DEF habere rationem eque Multiplicatam rationis Reftanguli GH I 
ad Rettangulum K LM, at hec eſt alterius rations Mult iplicata inter Reftangula N O P 
QRS, Yuod ſilinee CX HY OZ aquales, diviſe oy aliqua ratione continua 
cujus terminatio fit XY Z.;, intelligamwurgque fieri. ſolids per dutium Reftangulorum ACB 
in altitudinem CE, & Rettanguit DE F per altitudmem ET, & fic de ceteris ;, non 
dico hec ſolida eandem rationem_ babitura quam habebart Reftangula; ſed, ut ſupra obſer- 
vavi, denominatores harum rationum Solidorum erunt propertionales matoribus ras 
tionnm quas babebant Retangula : At rationes Rettangulorum erant eque Hultiplicats 
na alterins; quod non pas. convenit ſolids. 

Quemadmodum autem, ſi ſubdivideretur ſupra, in Figuris direttis , Axis  Z pro- 
. portionakiter in punttis LU U, ratio applicatarum. efſet ſemper una «que Multiplicata 
rationis applicatarum alterins . Figure dirette; ita parner ſi ſubdivideretur in aliqua 
ratione continua Axis CX vel H Y in ſubcontrariis eſſet ratio Kettangulorum eque Mul- 
tiplicata invicem in tribus Figuris in tnfunitum. 

Sed duo videntur obſtare menſure Solidi totins gents ex duttu ſubcontrario. Primo 
quod rationes linearum & Solidorum in Figuris direitis ſit ſemper una eademque ratio : 
At in Figuris ſubcontrariis, ſemper ſit mutata. Unade, quamv1s tin hoc conveniant, ut 
rationes Lafies partium unins, rationibus baſeon partium alterius comparate, ſint ſinguls 
eque Multiplicate ſingularum':, non tamen ſunt omnes ſimiles rationes continue. = 
terea, in Figuris direttis, ita ſe habent portiones Figure intercepte inter ordinatas, ut 
Reftangula mſcripta aut circumſcripta inter ordinatas intercepta At idem non demon- 
fratur de ſolidis interceptis inter ordinatas in Figuris ſwhcomrariis, que non habent 
eandem rationem ac Parallelipipeda que inſcribi aut eircumſerivs intelligerentur. 

T amen quia (nt alicubi D.V objervat ) aliquando infinta ſeries tollit trrationalita- 
tem ſingularum partium ;, dubitavi a vere tres ile Fignre ſubcontrarie eſſent inter ſe 
Arithmetice proportionales, ut ſunt dirette, modo reducantur ad eandem baſin. ' 

Igitur , quandoquidem in poſtrema Figura, nota eſt quantitas ſolidi Y & ſolidj X , 
quorum aſſumo ſolam medietarem, ſed baſes ſeu Rettangula ACB GHI, non ſunt 
equalia Rettangulo N OP ; intellipanrur ergo pom equalia, & CONFIINETACT eadem prov ſus 
ratio infinita que antea erat, in Reftanguls ACB DEF &c in trilineo;, & pariter 
poſita baſi ſen Rettangulo GH | Trianguli, equals Rettangulo ſen baſi N O P, intelligatur 
ficri applicatio Reftangulorum in punttzs L,& U foliaj T T1angularis ſubcontrarii, ſervata 
eadem ratione que erat inter Reftangula priora ejuſdem Figure Triangularis, Certe Solida 
iſta duo nova, hbabebunt ſemper in quibuſcunque ſus ——_— ad Axem applicatis, ra- 
t:ones eque ultiplicatas ut erant antea inter 1ſtas Tres Figuras, 

Fam vero inventatur quantitas movorumiſtorum ſolidorum ; fi ut eſt Rettangulum ACB 
ad Reftangulum N OP, #a fiat ſolidum AX B trilineare ad novum ſolidum trilineare; 
rar ſuſque fiat ut Reftangulum GH 1 ad Refangulum N OP, 3ta ſolidum GY | Trian- 
galare ad novum ſalidum 7 THnga' Filtum ;, denique inventa quantitate duorum no- 
vorum ſolidorum Trilinearis &. Triangularis fietorum : Dico, Tertiam quantitatem A- 
rithmersce Proportionalem fore ſolidun Paretpſions ſupcomrarinum queſiture. 

Z3 


? 


_- 
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extud;r Motheſis. | 

Lugdwi , Pater Claudins Franciſeus de Chalgs edir curſum integrum Mathemats- 
cum, non, ut eft Curſus Schot ti interpolatores ;, ſed carſutm abſlutum,Clarum, ac ubique 
novis demonſtrationibus illuſtratum. Delineavit idem Amhdr Nattitas Mediterranei 
Chartas reformatas, que Anglis Veſftris neceſſaria efſent : Sed nondum-invenit artificen 
qui laminis eneis velit incidere. 

eAdificatur hic Pariſtis Obſervatoria Arx ithſignis Regjis Sumptibus ; jam in eo domi- 
cilio habere incipit D.Caſſini. "\ | | 

Miſſiu eſt Uraniburgum D. Picart , us lo6s- ſittm obſervaret ,*.& Eclipſin nuperam 
aſpicerer in co loco nbi Ticho Brahe ſuas omnes Obſervationes peregit. Nondum reſcivi 
quid novi attulerit... .. | a” | y 

Non hic habeo ad manum obſervationes ultime illius Eclipſtos, que variis in locis pe- 
ratte ſunt; quas mittam quamprimum ad D. Collins ttht communicandas. Nos hic 
Pariſtis ob nebuloſum Calum mhil obſervare potuimu, preter Eclipſeos fugem. Tabule 
VV ingii & Prutenice ſatis quadrarunt cum Obſervationibus. Sed, quod mirum eſt, Ru- 
dolfine, alias exattiſſime, immane quantum aberrarunt, 


Advocavi buc Lugdano Adoleſcentem- Analyſeos peritiſſimum D. Hotaham, Diſes 
plum P, Jacobi de Billy. Proponit ille noſtris Geometris varias Qudſtiones, ſed batte- . 
nu inſolutas, quod ad eaxum ſolutionem nolint, ut aiunt, animum adjicere.  ' 

P. Pardies Catalogum' Stelarum nviim ereis Iaminis incidit * Sed novo projettionis 
genere in plano deſeriptarum; & ad tſum fatillimu & accommodariſſima riethods. 

Nihil andio novi ex Italia preter mirabiliaTeleſcopiaPatris Gotignts © Cujus Opticam 
Manyſer. amicus quidam mes qui profettus eft in Angliam oftendet D® Collins, cu 
reddidit librum Geometricum Patris Pardies quamquam eum domi naftus non fuerit, 

Audiam libenter ſiquid novi prodierit apnud veſtros;, quorum inventa tant facio, ut 
Aneglice Lingue adaiſcende operam navarim nt poſſem opera veſtra perlegere, que Nunc 
fere ſine adjutore intellipo, & Gallice reddo. 

Propokam interdam aubia mea D. V. Ac ſiquid hae in parte que ad Matheſim ſpeftat 
poſſim D.V. inſervire, habebit nutihus ſus 


Addidtiſiimurti Servum 


JOANNEM BERTET. 


In anſwer to this his Civil Letter, I did not think it neceſſary to inſiſt on e- 
very pun_ thereia: But (leaving the reſt as I found it) —_— my ſelf to 
what he ſeemed principally to idtend : Namely, what kind of.Series would ariſe 
_—_ _ Figures io cut, and ſo Multiplyed as he diretted. Which was as fol- 

oWeTLn. | in 


Clariſsimo DoFiſsimoque Vir D. Tohanni Bertet, Pariſus. 


Oxoniz, Die. 19. 1671. 


Clariſhme Vir, | 
UVod mean Infiritorum Arithmeticam tanti eftimaveris, gratias habeo. 

Literas tuas quod attinet (Decemb: 1. Pontifare datas ; ) Parabolas quidem 
eqo, Perabolotides , aliaſqut' ud taudem familian' ſpeitantes F ienras, concipio (wneA- 
rithm, Infus.) tanquam (parallelis ). fettas itf partes que altas: Not: quod alias Seftio-- 
nes reſpuerins (nam & alias paſſin adhibed) fed hue nt fimpliciſſimam elegerim. Adeo- 
Ine Figwa parolelean Clare Pardigrematt Wines) pf Contr jc) 


Ordinatis 
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Ordmatis proportion les; Ur. non, ſit opus ,. propter -»Altirndiunm rouiderationem (cum 

fit irl ommbus eadem) ca cilion perplexigrem reditete 4 "quod omnino faciendum eſſet, [i 

eAltitudines ſumerentur inequales, > > ? . 
| Et quidens fowe>ferjermm Indices. fine == * 04, 112; Kei fob mwneras menngue 

$2.9; Way "delfea Sq: ) © BI80K þ | | 

- ddl: &Y 5 \ nk x. 


I 2+ \\ 


. 


Wu. 


q 4 
GA. ko. hat cn % ® 3 
CL ——— 


ſurdns, ut of 2, &c. perinde eſt,” quod monulmut td eAvrithm. Infin. prop. 64. De 
Aotu Cap. 5. def. x; z, & prop. 1. 28, '& alibi, x Urur tif itl Force non animadver- 


teris. j «| 
| . . [| ; 
/empe ſemper, poſito Indice, perbi gratia, $ vel t, (numero Integro, Frao, Surdove, 


Pd 


iF 
aut Negativo;) erit tota ſeries = vel 36, correſpondentis. ſeries aqualium ;, ſen, 
in hoc caſu, Parallelogrammi circumſcripti (ſi Index ſeu Exponens fit Affirmatiuns,) 
vel (ſs Negativm) Inſcripti, ; 
* Farumque ad- invicem rationes nullo negdtio obtinentur : Nempe ut —» w; 4; =P ſe 
” ut t ue ad $-|= 1 ;, quicunque fueritit s, t, riumeri, (Integrig: Fratti; Surdive, ant 

epativi. c m_ 

Sed & porro advertendam erit ; Me non de Figuris tantum ( nedum fic ad Axem po- 
ſitts, ) ſed de onuie genus @uamtitagibmne indiſcrimmatizh , ( para, Þyners, Superfieiabia, 
Sdlidg, Rettis, Planis, Curvis, Ponderibus, Momentis, femparibes, Celeritatibus, &C,) 
tratationem illam inſtituiſſe 5, quibus omnibus, pro re nata, ſeries ille pariter accommo- 
dande erunt, Adeoque nitlla trat nhbiy in Propefitionibas gent alt , vel EAxis; vel 
Seltiounm Axis, fatienda ment10. 

Quipd ſi ſecuiffem eAxem Figurarum earundem in alia proportione, puta, tt partes 
Ax efſent, verbt gratia, ut. 1454 \$,%; %e." Artrhmetice PFopor Hof ales ; ddebque, « iſtan- 
the a vtrtice ut: i,4, 9, 16, &Cc. = Secundanornum, (ut Parabolam ſpeciatim Seftam 
videas, Arith. Infin. prop, 24, 33,5 5, $6 3;&; de Curvarnm 'kvYvan, Fig. 24:7 & de 
Motu; Cap. 5. Prop. 28. Cap. 10. Pr.7, 8. Cap. 15. Pr. 1. & alibi ; 1dembutt penb- 
raliter moneo ad Def. Cap. 4. de Motn,) Forent garmidets Figutartu Series axdhdMith 
ab iis modo dittis diverſe, & magis compoſite, | 


1; 


= 
"Pata, in Tridnrenla, propter Parallelogrammorum Latitudines (at diftantias a vertice) 
#n Serie Secundanorum \, & eAltitudines (ut quadratorum differentiar ) im Sorte Privins 
morum , erunt lia interjetta Parallelogramma (ſeu partes Figure) Seed (ex duabus illis 
compoſita) Tertiarorum. Similyer [oſtendetur -( \n hujHſmods Selig) Pafallelbarim- 
Aoarny Series Primandriim, ( que, apud me, eft e/qualium:)) Parabola, Secundanotrum, 
(que eſt, apud me,. ſubſecundanorum:;) Reciproca P arabots, e/fqmilin, (qa ft; apwdl 
mm," Reciprocd ſubjeennd.mbiuin:Y Et wniverſaliter , Index eſt mei duplus uno auttus. 
Nempe , fi Index in Settions meaſit $5 erit in hac2$-|- 1. -Adeoqne Series ," ej 

Wt TN # , 3" 4 _—_— 

—_ trici eAEguatium: Dieeeite® Series compardte; que habtant indites Ordinata- 


9. 4 ram 


Of Infinite Progreſſions. Crae.XCVIL 


1 1 | 
rum $,t; erupt ad invicem ut yy ——»- hoceft, 8 2t 4 2 ad2S+2; 


2t4-2 
th mt td 1 ad $+ 1, ut privss. ; 

4 ft. quod hereas, ſ Seriem (verbi gratia) Primanorumnunc dicamu ut 0, 1,2, 3 
4, &Cz nunc Wt 1, 2, 3» 4, $y Cz nWNCHE 5, 1 342 39 3 2 4 3 C1 ſen 1,3,5,7,9,0C. 
Quippe hec omnia , in Serie infinita , coincidunt z pariter atque Expoſite Figure coin- 
cidunt Inſcripta, Circumferipta, & Intermedie omnes, Settionibus ad minutiſſima con- 
rinuatis. Ut moneo ad Schol. Prop. 182. Arithm, Infin. & ad-Prop: 1. Cap: 5. de 
Motu. => os RI — F 

Ponamut jam (quod tu vis) Sets efſe Axes, earundem Figurarum ſecundum ratio- 

nem aliquam Geometricam continuam ,, puta Triplam: Nempe, VA,Y B,F C,V D, &c. 


D'S 
FANG 


J 
D 
Cc 
B » 


++ [| \ 
r : $ 72 " 
$4 A 


. . a a a a a 2 
ut 2,32, 3447; & Oc, ma, — 45 td. he wee pamppons &G. A- 


inaw AB, BCCD. Ge wg =nns =# == ge fin 
e i XY Sn "ad. we Mend ann Co JG = 3 
0que p p) | 2 2 3 2 3 3 3 3x3 3 3x3 _ 


= b 
['ﬀF Et Baſes, in Triangulo quidem (Diametrus Proportionales) ut b, = 2 —— 5 ———, &c. 
t | 3 ZX3 ZXx ZXZ 


1 | I 
16 In Parabola (in ſubduplicata ratione Diametrorum) ut b, by 3, b _ 5 b— &c, 


: . þ 
' In Parabole complemento (in duplicata ratione diametrorum) ut by — » Baka 


tf b LEE LELET 
Ty genres &c. Adeoque interjefta Parallelogramnia , (ſeu , ut th loqueris , 


partes Figure) AB, By,C0 &c, in ratione ex baſium & altirudinum compoſita) in 


'M 2ab 2ab 2ab 
' Triangulo, Wy <—_ gy Yr ———_— &Ke: In "Ys... 2ab 


, | 0 OG ITT 3/3 3X3y/i2x3,” 
oy | fs Wo 22 b--1- 
\ » &c. In Parabole Compleniento, ut —— > ——<<— 

; 1/F 3X3X34/:3X3x3. ; ZXZXZ ZXZX43x 3x3x3? 
| 2ab 


"i mate &c. wfldeoque Figura inſcripta, .in Triangylo, erit (circum- 


2 » 
138 ſeripti Parallelogrammi ab) 


. 2 
_ = # ſeu; in Parabola, — > in Paruboja 


Ho > hae 


Complemento 
mplemento, So 


Er umverſaliter, ſi ſt ratio VB ad VA ut tad (Integrum, Frattum, Surdum we 


guemlibet,) Figura ex Parallelogrammis inſcripta, erit, in Triangulo — ab;in Pa- 
ZI 
{1 Z—! . y A I 
i rabola LS a b; in Complemento Parabole, —_— b. Quod, alibi demonſtra- 


Im, 
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cm, [Nempe, ad prop. 8, & 15, cap. przced. hujus,} logins eft quam it bic com- 
mode inſeratur. 

Hoe eſt, Poſito 2, = 4; erit in Parabole complemento, 7, ; in Triangulo, 5*: in 
Parabola, 7. Poſito Zz=g9, erity >i, v2, 32. Poſito & = 100; erit, 3322533 332m, 
533, Et inaliis caſibins ſimiliter. 

Sed, quo propins 2 ſuperat 1, eo propiits accedet Figura inſcripta ad expoſitam. Adeo- 
que,poſito,verbs gratia, 7=1.0002000 1, (quadrato numero,quo ſit i 2 non Surdus, nempe 


0.0002,0001, 


7=1.0001;)erit. in Parabole Complemento , 


0.0002,0001, 0.0002,0001, 2, 
. AL 
0,0003,0003,0001 


In Triangulo — : In Parabola 
proxime accedunt, ad #, *,*; que eſt vera ratio Figurarum expoſitarum, Quod m_ 
£ 


0.0004.,0006,0004,0001 


adhuc patebit, ſi, pro 1.0001, ſumeretur 1.00000001 ; aut ſi plures adhnc Cip 
gquorlibert interponerentur locts Frattionum decimalium. 

Verum ſi bujuſmodi Figure concipiantur in ſemet inverſe poſite (ſeu, ut tu loqueris 
ſubcontrarie,) dutte: Ducentur, non quidem planum in planum, quo fiat plano-plamum, 
ſed, Ordinate in Ordinatas reſpeive ſumptas, (manente ubique que prius erat communs 
altitudine.) Hoc eſt, bB Þ Rettangulum, in eAltitudinem B A, & fe in ceteris. 

(Que itaque Alritudo, fi foret, ut apud me, ubique eadem ; negligi jure poſſet ; us 
ſola haberetur Reftangulorum conſideratio: Hic vero, quoniam eſt alib; alja, ad calculum 
revocanda eſt.) 

Veletiam A 8 Parallelogrammum, in Altitudinem Bb, & ſic in reliquis, Hoc eff, 
ABxB8xBb, BCxCyx« Cc, CDx D#* Dd, &c. 


d I ————=S '- JR Vo 
C 6 e/Y C 
b B b 
B 
\ 7 
- es A 
Lat bb +5 adi Z—_ 1 Z—-! 2 
Adeoque partesSolids adjacentis Triangulo, x = x > coommmnces Soo RS 
2 z = 
Z Z Z TZ A x* ? 
JH T1 TZ—-1 Z —1 Z—1 Z —I 
— x ---- c ſe - "1, un — 7 
= _— fe ©"—Hhrd I, = 1, + in 
= Saw Ref z—YT 
— Jr X mms No" *f © — 
23 —1, &c. Hoeeſt, —*%, + =” "2 + oo Ds (Bo 
Z Z 
Z —1k Zi ; : Z—I Z—1 Z — I . 
+ mo_ 2 + "= , &c,) min, _ 446” FM + "I &c. Hoc eff, omnins, 
Z—1  Z —t 
mi 
Z = 1 2: 


LE \,, Goel Þ Z —1 Z—k 
Adjacentis Complemento Parabolz ; —_— Q —» + 
| | Z 


P 
_ K 7*Q: 


om s Zool, 1 Tet ' -—! : Zo] 
—— —  J — *  —O— — . — . . 2 
- 32 x Q: =, &cz ſen - ME AE" Q: 3d. 
Lon] Z— EL . 7-1 
TT G21. Oc. Hoof, —— int =22-þ1, ina 
Len Penn 22d fb tobe Zo=l 


TZ 1 
+1, + I int =3 2 +1, 6, Hee of, 


Z/ 


+ v, 
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a 


LD = —=273 +2722 +L—1 Uno =2II +22 ez —1 
- A » a_ rt 5 C, 


Z —1 27 —>2 2 TZT—1l 


Juorum ſumma 


d 7.1 / AS | © 
; _ Ju | I 7 =—T PE amet I A £=T 
' . . Seq 
| ntis Parabole XN —  / cy ——_—. — 


ſl Ll h:t* —1. + ——* 


— 1, &c. Que ſumma equatur Surdo alicui novi generis adbuc eAnonymo. 
Ll Z— 
In caſu Triangulorum, pro — — babemus nos %. 
Z —T 2. —2 Z—TI 


In caſu Complt8mentorum Parabole; pro _ _ _— habemus nos 


72. (eAdquas, rationes Seftioni tus accommodate, eo propims accedunt, quo 7 propins 
ſuperas 1.) 


I 
In caſu Parabolarum ; pro Surdo illo eAnonymo, habemus T7» progee boc mcun- 


que deſignando, quos progreſſus fecimus , videas ad Arithm. Infin, prop. 166, -& ſe- 
{| KONtEs, |; 

"Y Sin thi adhuc ſpes eſt, in ſeriebus adhuc perplexioribus (propter interjeftorum Soljdo- 
'Y rum altitudines inequales,) rem felicins aſſequendam, quam ego in ſimplicioribus (propter 
| ſumptas altitudines equales) aſſecutuu fuerim:, per me liceat inquiras bonis avibus. Erque 
mquiſitioni hattenus ego tibi viam preparavi, interjettorum Solidorum in expoſitis a te 
| Frgrris quay quarebas rationes (pro quacunque Axis Settione in Geometrica ratione con- 
tinua) exhibendo. 

| Metuo autem ne eo ſemper res redeat (quocungque te vertas) ut incidat in Seriem Ra- 
| 

| 


dicum Univer ſaljum, Apotomarum ( fi Circulum aut Ellipſin ſeiteris,) vel ( ſi Hyper- 
| il | -bolam) Binomiorum, Et quidem cum ego, ſimplicioribus inſiſtens , in avia devenerim, 
"2 band ſperandum videtur ut perplexiores ſettanti felicius res ſuccedat. 

1! Quam antem iſtiuſmodi Series Radicuni Univerſalium, ad congruam Seriem eAqua- 
* lium, rationem habeat :, nec numeris vers, nec etiam hattenus receptis Surdis Radicebus, 
| il explicari poſſe; jam ſatis demonſtraſſe videamny , ad Prop. 18g, 190, Arithm. Infin. 
'1| | | Owppe, quo id fiat, oftendimus, drvidi oportere numerum imparem in duos equales in- 

| 


tegros: Et eAquationum ordinem inquirendum, qui ſit Lateralinus & Quadraticis in- 
termedins , (habeatque radices plures quam wnam , & pauciores quam duas :) Quorum 


F- utrumque eſt &Nveroy, Sed alinſmodi Surdum cogitandum, adhuc Anonymum. 
FF Qu cujuſmodi ſit , illic explicavimus : Er (prop. ſeq.) oftendimus, quomedo poſſit, 
'" continua approximatione, veris hnmeris quam proxime explicari ejus valor ;, (non minus 
quam valor Radicis Surde 4/2.) , 

Ut id ſolum ſuperſit, ut inter ſt conveniat Mathematicis, quo velint charattere Surdun: 
43 iltum defignare, puta, ill0 quem ibidem exhibemns , mt 1]; vel alio quovss, ( prout jam 
h convenit medium proportionalem inter 1 & 2, charattere af 1* 2,” vel / 2. jnſinuare.) 

\ | Arque eo ſaltem rem illam ulterius provexi quam a Gregorio San-V incentiano fattum 
fi eft, (qui illic, ſi memini, ubi tu dicis, conſiſtit.) Qui multa quidem habet nobiſcum com- 
'$ munia , quamquam enum non ante viderim, quan ſcripſerim Traitatum ilum. Seg neque 

| dam evolvere contigit 5 utut enm ſatts eſtinw, ſepinſque ſtatuerim evolvendum, Nec 
dubito quin que de continuo proportionalium termigatmnibus haket , woſftris conſenriant , 
utut ad manum non ſit liber quem-canſrfariy, . arque ex inventis mes propriis 6a-de- 


; Huxer: m, ; 
Arque heg ſunt, Vir Clariſſume, que ad queſita tua reponenda cenſii, 


: : YO . i 


''% 2 Þ Tuus ad Officia, 


—— | b, 
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I hare. gh given En en inſtance i in this Letter to P. Berter, to ſhew how that general Co - 
Qririe 6f Infinice Progreſſions is applicable to pirtichlar caſes z ſuch 35 thar here 
mentioned, Ant in the ſame maiiner, It will be eaſy, to apply None | ft the pre- 
ceding Chapter i is abſtraQtly delivered, whether to Figures, or other QA Pre 

as occaſion ſhall ſerve, : 


CH AP. XCVIIE 


A Method of Approaches , fr Nivtexat QuesTi ONS; 
occaſioned by a Problem of Monſ. Ferraat. 


- ew po 


| EFORE I leave this Doftrine of Progreſſ ;ons, 1 ſhall ſubjoin one 0- 
ther ſort of Progreſſion, which, though it be not ant Infinite Pro- 
pay Fey ſormerimies proceed very far before ir come to a'dE. 


Wo Contmalifinabte Sm 
&f conn! uftf m6 FRG ain © ve he 0k BY 4 


bf cloves oo ire ne. 


FraQtions 3 (in porſupnce of f pro ue 7 
(bh, Not Ft &' aha ah 


fricats, as imply I8y6d itt 
fas oC et Bingen nh 

he athEniaticiqn! 0 » jo'ehs C 
Aur Diab 
702 ey ied into "tat ronny 3 aft, tn 
it example; 3i5d { Nohi-quddy ate minhey; "Ati ich is 4 
and then aſſuming 1, makes s, mm 45 pdr oh * Agaih, the fant t3- 
Tiplied by the Square 16,, «nd on "7 maſh: 1 4 hich i4 4 Sq 3 4 
inſtead of 1 and 16, there may # ot ee; ieYdble,” Which Wilt Fg the 
ſame. The thing. required _= eh Ritt 50 to'd8 it for whateves Non-qlld* 
drate number propoſed. As for fangs rler ſuch ſquare number be found, w ich 04 Aut: 
_ by 149, or 109, Or 433, &c, mill by aſſuming ali Unite, makg a ſquare 
number . 
T6 tllls, the Edrd'Vicotht* Howick gave's preſerit” Anſwer. 

Let »be: any number given (Square or not-Square, Integer or Fratted :) andlet 9 
be any Square (Integer or Fratted) taken at GRE nd r the Root thereof : And 
> qan) the difference of q and a, (t =q—7, Of = 1— 9, AC- 


_— 
contig'ns por iv bigger. )* Thema)"; = «'— ) the Sefuare required. For 


90k; 4d dd EIN "a Mad cn 94s Wan 
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oe or yas dehred) bur all 5qua BY Peſlgidh Integer and_ l; IE mph 


eſtion. 08 doth alſo n, ay Fu AK. 
FEET L. eto A FE th Cn REY (My 
cad of 


Save that't ng oO 0 / 7, we hoes es foe 


A 3a 


ht ale Tot et "yp varbre Wark that 5 any for hr ihe ce the To hemp] | 
10, TY 


<-> = 
ws apes et ee 


a 
_ - PPT Sms # Wo oe 
gh do oily vo. be 
ies AA. At De 


RO ETES . 
Poo CART RENTS... - 
eat - T——_ a - 


\ 


264 A Method of Approaches. Cuae.XCVIIL 


—_ II 


—_ —_—_ 


— ow 
+ KA, 
a anth 
- _— 
0, Er oo 


49n+99—290fnn , _ #9429040 


—— bb = 


dd dd 


The other Rule to the ſame purpoſe (and of the ſame extent) was this. Sup- 
poſe we * 


» any number given, 
4 any taken at pleaſure z which dividing 

q any Square at pleaſure; gives 

»” the Quotient of ſuch Diviſion. 4) q (71. 

p any number at pleaſure. 

o the Quotient of »»divided by 4p. 4p)m(0 

d (=oa pr)the difference of o aand pr, whichſcever of them be greater. 


m 


A ; 
Then is wy the number ſought ; namely, which is it ſelf a Square 3 and if mul- 


tiplied by » will want 1 of a Square. And the ſame multiplied by a given Square 
bb, will be yet a Square; and this multiplied by », will with 66, make another 
Square. The demonſtration is (for ſubitance) the ſame with the former : Be- 
cauſe (by conſtruCtion) ma = 9. | 

This being thus fully ſolved ; it was then declared by the Propoſer, That the 
Problem was intended (though no ſuch thing was therein expreſſed ) of Integer 
Numbers only: Whereas the Square thus ailigned may chance to be a Fradtion. 
And it was then demanded further, how to give ſuch a Square in Integers. 

In anſwer to this, was ſhewed, Firſt, that in this caſe, the number propoſed 
muſt at leaſt be limited to a Non-quadrate : For, if a Square, thus multiplied into 
another Square, will be a Square alſo; which therefore cannot differ ano- 
ther Square by ſo little as 1, if both be Integers. | 

And then, that ſuch Square (found as before) will always be an Integer,when 
dd is an Aliquot part of 4q ; and therefore d of 2 r. 


ay: 
But becauſe 2 r may chance to be a Fraction, even where — is an Integer 5; 


s 5s 
therefore, inſtead of r, we now ſubſtitute % and therefore q= _ and d=q 


5s 
On=z—On5 and therefore, inſtead of dividing 2 rby 4, we now divide 


25 SS 


—by » © _— that is (multiplying both by rr) 2 5r by »rr © 55. If thare- 


fore, by any means, we find the Multiple of » (the Non-quadrate given) by 
any Square, to differ from any other Square (whether greater or leſſer than it,) 
by an Aliquot part of a double Rectangle of the Roots of thoſe Squares (ſuppoſe 
nrr a 55 an Aliquot =_ of 275) this double ReCtangle divided by ſuch dif. 
ference, is the Root of ſuch deſired Square. And one ſuch being found, others 
innumerable may be thence derived ; as is there ſhewed at. large at Epift. 14.17. 


118. 19 


And how ſuch one may be firſt found, from whence to derive the reſt, we 
have given ſeveral methods in the places cited. But that which I here principally 
intend, and which I propoſe as a patern to be imitated in other inquiri of like 
nature, is that of the Lord Vicount Browncker ; which I have there briefly ſet 
down (as by him delivered) at the end of Epiſ?. t7; andthen more fully explained 
at Epiſt. 19. 

The 


CHae.XCVIIL A Method of Approaches. 365 


Ce EEE 


The Method 41s this. 

Suppoſe we (for example) the Non-quadrate number propoſed, » = 

the Square ſought 44; and therefore #44 1 =1344 bY I, 4 ——nws "_ 
T hen 1s | | F 


13 44-1 =9g44-6ab-+-bb 
That is 44a--1=6ab+ bb= 
Therefore ab >4>b. 
Be it a = b -|-c. And therefore | 
4 bb-|-8bc-þ- 4cc+ 1=6bb-+ 6bc+bb 
T hat 1s 2bc-þ 4cc-þ£1=3bb= =x\ 
2c Sb >C 
b= +4 | 
2cc + 2cd-4-4cco+1 = 3eeopbed-|- 344) 
301 =4cd+3dd = 
24 >c Sd 
c=d 4e ; 
zd4d-|-6de-|-3ee 1=4dd-qade+ 3; ddd/ 
2de+3ceopr=4dd= . 
27,8 Dp 
d=e bk f 
2ee- 2ef + zee =4te+Bef+af 
ee-1=6ef +-4ff = w- 
7f>e>6f 
e =6f-1-g 
36ff- 12fg + gg+ 1 = 36ff-j-6fg4+4ff S 
6fgd-geb1=4ff = 
2g >1 28 
f=gT 
6gg-I-6gh-+ggT1=4g8gT-8gh + 4bb 
$557 LAI ES l 


a, 
| Koo 
3bb1-6bj+3jj+1=2bh4+2bj-+4bb 


4bj+3jj-1=3bb 


25 —= 
j = 
Therefore far 4 
oO = 2 
hab, 
= $ ; 
e = 33 
a = 38 t 
FF = 91 
b =109 
a =180. 


And in the like manner niay we proceed for any other Non-quadrate number 


ropoſed. 
E if this he thought too ſhort a deſcription of that Method, it may be thus fur- 
ther explained. 

For as much as » = 13 is the number propoſed , which being Multiplied into 
a (a Square to be ſought) aſſuming 1 , will make » aa+þ-1= 13 _ to be 
a ſquare number in Integers: It 1s manifeſt (upon view) that ſuch Square number 


muſt needs be leſs than Q; 44, = 16 44, but morethan Q: 34,= 944. (For 4 
Aaaz being 
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being by conſtruCtion an Integer, 'tis evident that 1644 > 13 44--1 >gaa.) 
Let it be either Q: ga-}-b; or Q: 44—b: (i that b be the difference of its 
Root from the Root.of the next Greater, or the next Leſſer Square.) Of which 
ſince we may indifferently take either, we have here thought fit to take the, 
Leller, (and ſo all along, that the Procels may be the more uniform 3) Q: 3 a-þ 6. 

Then, becauſe 13 aa + 1 = Q: 3 46: =) gaa-6ab4-bb; that is, 
(rejefting Equals on both fides,) 444-þ-1 = 6 ab bb; it hence appears, that 
bis leſs than a, bur greater than 7 4. For if b = a, then 3a-jb= 4.4 (which 
is too big ; and much more would it be too big, if 6 > 4.) Andifb = 3a, and 
therefore 2b = 4; then (becauſe of the Equation 4 44-1 = 64b<}- bb al- 
ready found) 16 bb -|- 1 would be equal to 12 bb -|-bb = 136bb; butit is more 
than ſo. Therefore 2 b >a >Sb. 

Beit a= b-þc, and therefore (becauſe of the Equation 44 4-{-1=6 ab 
-| bb, already found) 4bb4-8bc--4cc -þ1=6bb+6be-|-bb; that is, 
(rejecting, Equals on both ſides) zbe-þ-4cc + 1x = 3bb. Whence we collect 
(in like manner as before) 2c > b>e. 

Be icrb =c-j-d. Where it will follow (as in the operation appcars) 24 >c>4. 
And again (putting c = 4-|-e,) we find 2 e >4>e. | 

Then putting d=e-+ f, wefindee + 1 =6ef44ff; and thence conclude 
7{>e -6f. Forif e= 7 f, thenſhould 6ef + 4ff = 42 ff + 4ff= 46ff 
beequal to ce-]-1=49ff-|- 1; but it is leſs thanſo. Andit e=6f, then 
6ef-|-4ff = 36ff-|- 4ff = 40 ff ſhould be equal to ec-|-1=36ff-|-1; 
bur it is o#e than ſo. Therefore e is more than 6f, but leſs than 7f. That is, 
7 f>e>> 6f. And in like manner in thoſe that follow. 

Now, that we be not at too great aloſs, and put to roo many cſlays, for the 
finding ſuch limits, (as here, 7 f and 6 f for the limits of e;) we may obſerve 
that it we divide the number prefixed to the ReCtangle, by that prefixed to the 
Square of the number, whoſe limits are ſought, the Quotient will (almoſt all- 
ways) give us one of the limits, or at leaſt a number very near it. As, in the 
preſent caſe (ee+|-1 =6ef+4Fff) dividing 6 (prefixed toef) by x (pre- 
fixed, or ſuppoſcd to be prefixed to ee) the Quotient 6, directs us to 6 f, as one 
of the limits, or at leaſt very near it» And, upon trial, putting e =6f, we 
ſhall find (as before) 6 f, too little; but putting e=7 f, we ſhall find this too 
big : And therefore the limits 5 f > e > 6f. And the like in other caſes. 

Now for as much as the differences b, c, d, &c, are (by conſtruction) Integer 
numbers, and do continually decreaſe; it muſt needs be, that either the Proceſs 
muſt run on infinitely (of which we ſhall ſpeak in the next Chapter,) or elſe that 
at length (at leaſt when we come to 1) we ſhall fall on ſuch a difference as may 
be an aliquote part of that next before it, if any ſuch be. (Much after the ſame 
manner as in ſceking the greateſt common meaſure of Two numbers propounded, 
by 2 el. 7.) And when that happens, inſtead of ſuch limits (as here 5 f>e>6f ) 
we may come to an Equality. As in the preſent caſe, when we come at 4 j 
|-3jj-|1=3bh,taking þb=2/j (having found by the former Equation, that 
it is greater than j,) we have Sjj + 37j-þ-1 (= 131 jj-+1) = 1255: Which 
may well be if we put j== 1, and conſequently jj =, alſo. And then, putting 
1 for the valuc of 5, we have (going backward) the values of h, pg, f, e,,c,b, 
and at leneth of a = 180, (as in the operation foregoing ;z) the Square of which 
Multiplied by 13, will, by the Addition of 1, become a Square number. 

And if, inſtead of aſſuming an Unity, had been ſaid aſſuming a given Square, ſup- 
poſe 4; the Proceſs would have been juſt the ſame, fave that we muſt at firſt, for 


-|- 1, have put -|- 4, and ſo all along ; andat the end, inſtead of jj = 1, it would 


have been 75 = 4, and therefore 5= 2. And (thence going backward) we ſhould 
inftead of a= 1$0, have found 4 = 360 = 180x 2. 

But this may ſuflice to explain the Proceſs. 

Bur there be divers expedients yet remaining, for ſhortening the work ; eſpe- 
cially where the Proceſs would otherwiſe prove long, 

Firft, whereas in the former Proceſs, when a Quantity fell between too limits, 
we always made uſe of the /efſer limit, (making Addition to it ; ) we might, it 
we had pleaſed, have always made uſe of the Grearer (making defalcation trom 
it.) Bur the moſt expcdient way, for ſhortening the Proceſs, is to make uſe ſome- 
tine 
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time of the one, and ſometime of the other, according as this or that comes © 


neareſt the truth. 

Thus in the former caſe, becauſe 
1644 > 1344-1 >9 44, and there- 
fore the Root thereof leſs than 4 «, but 
more than 3 4, I rook for it '34+6. 
But, hecauſe 16 a4 doth lets exceed, 
than g 44, comes ſhort of 13 4a+4- 1; 
it had been more compendious to take 
for its Root 44 —b; and therefore 
13 44+ 1= 1644a—8 bb; and (by 
tranſpolition) 8 ab — bb = 3aa— 1. 
Whence follows 4b > a> 2 6. Then 
( becauſe, here, 26 comes nearer the 
truth) I take a = 2b-þ-c. And fo on- 
ward , as in the operation adjoined. 
Which makes the work ſhorter than it 
was before, by about a Third part. 
And gives us, at length, f=1 ; and 
therefore e(=2f) =2. = 2 ef) 
=$5.c(=84—e)=38. b(= 2c—4)- 
=71.andtherefore a (=2b-þc)=180, 
as before. Which therefore affords 
as was deſired, n44 = 13x 180x 180 
= 421200 = 649 x 649, —1: That 
is, a Square number wanting 1 3 which 
therefore aſſuming 1, becomes a Square 

number. 

And to ſhew that this Method will 
ſerve not only for finding ſmall or mo- 


n=13 
I I 16a4—$ab-I-bþ 
ab —bb = $a4— 
aſ—_ 2b 
a=2b-kc 
cope Pans oy co h 2be4Þ-3ce— 1 
3bb-|-1=4bc 
p—adgie7 
b=2c—d4 
I2CC—1 "JF ary F 1 —VPc6 —gcd-|-3cc 
ec +1r=8cd— 
Sea 
_ 
64dd— i6de-þee-+- 1=G64dd—8de—3dd 
34d+1=8de—ee 
ge>Sa4 D2e 
d—=2e+-f 
12ee--12ef-|-3ff4-1=16ce-+8ef—ee 
4ef Tr 3ff=3ee—1 
eznaf 


f==T. 


Therefore e=2 


derate numbers (ſuch as 180, or the Square thereof,) we give there (at E vid 19) 


an Example for finding a Squareanſweri 


to the Non-quadrate 109. (Which of 


all that Adonſ. Frenicle did attempt, requires the greateſt Square z and which he 
acknowledgeth he could not find, but was taught it by 4. Fermat. 


 —= 10g 
10944--1 = needed 
gaa+1 —=20aþ-{-bb 
2b>a>S2b 
a=ab-Fc 
26bb-|-36bc4-gcc-|-1=4o0bb--20bc-4-bb 
16bcgcc=5bb1 
4c>b>3c 
b—=4c—d 


jy ==-9 
X=2y=2 
4 xy =9 
$4 —X=25 
$t +# =134 
7] —+ =913 
7r + = 6525 


$q—r = Z17I2 

3Þþ +q = 101661 
40 —Þ = 374932 
= 2n+0 = 851525 
= =20m4-n = = 17405432 


2 3 Swan 8 
ESE 


64cc— 16cd-{-gcc=8o0r6—40cd-l-$dd—1 _— 2 | -|-m= 35662389 


24cd —. 5 ad _ JOU 
— 
e=20S c e. 
CC. 


From which ariſe 


= 4k-+1 = 160054988 
b= 35 —L = np; 4] 
= g-_ 2567863 
F= = 7g —h = 16233472466 
e = Tf +g =116016875125 
= $e —f = 563850903159 


= 3d-þe = 1807569584602 
= 4c —d = 6666427435249 


= 26--c = 15140424455100 


And « being thus found (a number of 14Figures) the Square thereof (of 27 Fi- 


gures) 
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cures) Multiplied by 109, ( which will be a number of 29 Figures) with 1 
added, will be a ſquare number 3 whoſe Root will be a number of 15 Figures. 

The like I had done before (Epi/t. 17.) by another Method, (and it may as well 
be done by this) 1or the Non-quadrate 149. Where I find a = 2113761020; 
(of 10 Figures,) the Square of which (of 19 Figures) 446798564967 1440400, 
Multiplied by 149, wants 1 of 665729861801044619601 (a number ot 21 Fi- 
gares) the Square of 25301741449, 4 number of 11 Figures. 

A Second expedient (in molt cales, eſpecially where the operation would moſt 
run out in length,) doth yet ſhorten the work by about one half. 

It depends on this Rule before ihewed, that if rhe Non-quadrate- propoſed IMaul- 
tiplied by any Square, diſſer from any other Square (whether greater or leſs than ir.) 
by an Aliquote part of a double Rettangle of the Roots of thoſe Squares, the Quotient of 
that divided by this, 15 a Root of the Square deſired, (Suppoſe 2 r 5 divided by nr r v 55.) 
Which muſt needs happen, (as oft otherwiſe, ſoatleaſt) whenever ſuch difference 
is 8, Or 2. (For as 1, will divide any Integer ; ſo will 2 divide any ever number, 
and therefore 275.) So that, whenever (in the Proceſs) we find a Multiple. of 
the given number by a Square, to exceed another Square by 1 or 2, or to come 
ſhort of it by 2 ; we may by the help of any ſuch, find ſuch a Multiple as wants 
but x of a Square. Which often happens, and eſpecially when we have moſt 
necd of ſuch a help. 

Thus 2 (that is, 2x1,) exceeds 1 by 1 ; therefore 2 x 1 x 1 =2,, (thatis 275) 
divided by 1, is 2 =4; and 2 aa = 8 wants 1 of 9g, which is a Square. And the 
ſame 2 (that is, 2 «x 1) wants 2 of 4, therefore 2 x 1 «x 2 = 4, divided by 2, gives 
2 = a as before. So 3 (thatis, 3 x 1) exceeds 1 by 2, therefore 2x 1 x 1 = 2, 
divided by 2, gives 1 = 4. And 3 (that is, 3 x 1) wants 1 of 4, which is a Square, 
and therefore a=1, Again 5 x 1 exceeds 4 by 1, therefore 2* 1 x 2 = 4 divided 
by 1, gives 4 =4; and 5x4*4 =80 = 44a, wants 1 of 81, the Square of g. 
And 6 * 1 exceeds 4 by 2, therefore 2 * 1 x 2= 4, divided by 2, gives 2 = a, and 
6*4 = 24 wants 1 of 25. And 7 x1 wants 20t 9; therefore 2x1 x3 =6 di-. 
vided by 2, gives 3 =a. And8x1 wants 1 of g, therefore 1= 4. And 10 ex- 
ceeds 9 by 1, therefore 2 x 1 x 3=6 divided by 1, gives 6 = a. And 11 x1 ex- 
cceds 9 by 2, therefore 2x 1x 3 = 6 divided by 3, gives 2 = 4. And 12 «4 
— 48, Wants 1 of 49; and therefore 2 = 4. Again, 2x9 exceeds 16 by 2; 
therefore 2 « 3 x 4 = 24, therefore $= 12 =a; and nvaa=2x12x 12 = 285 
wants 1 of 28g the Square of 17. And the like will hold in greater num- 
bers. 

Thus, for Example, ſuppoſing » = 13, we have (in the latter Proceſs for this 
number) 3bb-|-1 = 4bc+- 3 cc, and therefore 2c > b> c: Whence it. is ma- 
nifeſt, that if at firſt, for 1, we had put — 1, it would have been 3 bb — 1 
= 4bc+3 cc, and therefore 2c=b, (forthen 12 co —1 =8ce+3ee=11ce 
which will certainly be if we putcc =1.) Therefore c = 1,b(=2c) = 2. 
a(=2b-|-c) = 5. Whoſe Square (25) Multiplied by 13, is 325, whichdoth 
(by 1) excced (324) the Square of 18. And therefore 2 x 5 x 18 = 180, — a, will 
(by that rule) be the Root of another Square, which Multiplied into 1 3, will 
(by 1) come ſbort of a Square. | 

In like wanner, ſuppoſing 2 = 109; we ſhall (continuing the Proceſs for 
that number as is direfted) come at this Equation 16 k/ -- 511= gkk—7, 
and therefore 3 />k> 2/1. Which (it at firſt we had for + 1 put — 1 
would have been 16k!1-þ5![=9gkk +1; and therefore k=2 /. Putting: 
therefore k—a , and going backward, we ſhall find a= B51525, (where 
now ſtands -,) whoſe Square Multiplied by 13, would (by 1) excced a Square, 
(continuing the former Proceſs but to 1, which was thefe continued to y ;) 
and (by help of this ſuccedaneous a,): find the true «= 151404244 55100, whoſe 
Square Multiplied by 109 ſhall (by one) come ſhort of a Square. 

[n like manner, ſuppoſing » = 433. Putting 433 =4aþ1 = 441 44— 42 ab 
«}- bb; and continuing the Proceſs as is direfted,we ſhall find 809+ 1 =3 80p-+-gpp, 
and therefore 5 p > 0> 4p. Therefore, if at firſt had been put 433 4a—1, 
it would have been 8 00—1 —=380p-|-9pp, and 5p =o. And from hence 
the ſuccedaneous 4 == 347483377; whoſe Square 120744697291 3241 29 Mul- 
tplied by 433 gives $2232459327143347857, which exceeds (by 1) the __ 

0 
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of 7230660684. And therefore 5025068784834 
899736 (the double ReCftangle of the Roots, ) 
is the true 4 required ; whoſe Square 25251316 
292322095858983939617172869696 (of 38 
places) Multiplied by 43 3,gives us 1093381 9952 
575467506940045854235352578368 (of 41 Fi- 
gures) which comes ſhort (by 1) of the Square of 
104564907854286695 715. Which valt number 


- Is here diſcovered by a Proceſs of 15 Poſitions. - 


Which number is the laſt of the Three (149, 
109, 433, ) Propoſed by 44. Fermat , as inſupe- 
1able, which are there all diſpatched, at Epsft. 
17.19. | 

After the ſame Method, thoſe other Two 
propoſed by AL. Frenicle, (at Epiff. 26) as beyond 
our reach : (namely, 151 and 313;) are ſolved 
alſo, at Epiſt. 27. 29. 


369 


N =433- - 
=1 

Y=eonmy 
40 +p=o=21 
2 -|-0 =mMm=— 47 
3 mM-n=l = 162 
4! — m—=k = 601 
13k! =; = 7975 
28: +-k =h = 16551 
3h —i =o = 41678 
14g —h —=f = 566941 
4f --g =e = 2309442 
z3e —f =d = 6361385 
2 e =c = 15032212 
4c +d =b = 66490233 
5b +c =a= 347433377 


151 x Q: 14634693: + 1. = Q: 1728148040. 
313 x Q;: 1819380158564160: + 1. =Q: 321881208291 34849. 


And the like may be done in the ſame manner whatever Non-quadrate be pro- 
ed 


And having found one «, we may by that find a Second ; and by it, a Third ; 
and ſo infinitely. For if 24 4 want but 1 of a Square, ſuppoſe /1; then 2 «1 (or 
which is all one, that divided by the difference 1,) gives a Second 4; and this, a 


Third; and ſo on. But this cx 
Squares, but skips over many of them. 


tent though it gives Infinites; yer not allthe 


A Third expedient (which may well nigh ſerve as well, if we think fit to wave 
the Second) is this. When we come at the Firſt 2, (or at « the ſuccedaneous of 
it,) inſtead of putting 1 for the Uifference of that place, we may as well ſuppoſe 


it greater than 1 , and then the operation will 
proceed as before till we come at the like caſe 
a Second time; and if we there wave it alſo, it 
will ſo proceed to a Third; and fo to a Fourth ; 
and ſoon as far as we pleaſe. 

Thus, ſuppoſing (as before) »= 13. When 
we come at 4ef--23 ff = 3ee—1, and may 
(as before) put e=2f (ſuppoling f= 1,) ard 
ſo go backward tod=x5 (which T ſhall now call 
«, Or the firſt ſu:cedaneous a,) and {o to a = 180, 
(which I will now call A:) If we will (as we may) 
ſuppoſe f >1 ; then will be eq 2f: Beir 
e=2f—g (as we had before b =2c—4,) and 
ſo onward to 8,B, y, C; (and further if: we 
pleaſe,) as in the Scheme adjoined. Where «, 
8, ,, denote ( what we call) the ſuccedaneous « 
(that is » « « — 1 equal to a Square,) but A,B,C, 
the true «3 every of which will give (as is re- 
quired) 244 -þ 1 equal to a Square. " 

Where it is obſervable to the eye, that in e- 
very ſtep, (as from to A, from A to 4, from 
8 toB, &c;) the form of Proceſs is juſt the ſame 
(as d= 2e-+f, anſwering.toa= 2b 4c; and 
e=2f—g anſwering to b=2c—4d; and fo 


N=. 4021 
r=2 

q=2r-|-i=q.c 

p=8q—r =38 


0 =2p —q=71 
n=20--p= 180. A 
m=Y8n—0 = 1369 
[| = 2m—n= 2558 
k—= 21 + m= 6485. 8 


5 =Bk—l =49322 
b=2s -&= 92159 


g=2b-+i =233640. B 


f =8g —b= 1976961 _ 
e =2f —g = 3320282 


_4=2e + f =8417525.y 
c=8d4—e =64019918 


b =2c —d=119622311 
4 = 2b +-c = 303264540. C 


&c. &c. 


every where z) till we pleaſe to give over the Proceſs as is here done atr,s. Which 
renders the continuation of the Proceſs (after the firſt «) very eaſy; only by re» 
peating the ſame Multiplications, Additions and SubdyQtions, that were before. 


and 


_ 


4 _— " __ 
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And we may here obſerve alſo, (that by the Rule aforeſaid) as from, we 
may fiad A; 10 B from A, and C from#, and Dfrom B, and E from y, and F from 
C, and ſo onward, But it may ſo happen ſome- 


N = 21. times, that in the Proceſs, «, 8,,, & c. appear not 
f=2 at all, but only A,B,C, &c. ASsif x=3, or 
c=24=3. « 2 = 7, and many the like caſes. Which yet hinders 


not the Proceſs. 


, —— "48 adn: 3 A Fourthly ; In cafe » (the Non-quadrate propo- 
CO T_T ſed) be not aprime number, (as are thoſe already 
e=104a4—b=115 mentioned , 13, 109, 149, 151, 313, 433,) but a 
= 3f—s= 218. 8 Compound number, (as 21 3x 7,) the ſame ex- 
EY Fiomesn pedient will ſerve with ſome little alteration. For 
_—_ 5 8 bs 55 B it may ſochance, that (as before) «, #,y, (for the 
—_— ———_— ſaccedaneous 4) may not appear at all : Or if they 
5 =10h—g = 12649 do, that theh 7 @ « may not exceed a Square juſt by 


h—= 2i--b=23978. y 1, but by ſome other Aliquot part of the double 
[= 2kj=6060 — Rett-angle. In which cafe, the forms for «, 8, , 
ae a. - &c. ( though like among themſelves) may not 
m= 21-|-k=145188. C S wy 
tre... 45 1%: = be juſt the ſame as thoſe for A, B, C, &c, As 
&c. &c. for inſtance, in the Scheme adjoined 3 putting 
n=21, 
A Fifth expedient is that of Epi/t. 14. and 17. for finding a continued Series 
of other Squares after the Two firſt found as before. Let » be the Non-quadrate 
propoſed ; r the Root of the Firlt Square (found 
7 into 1 r into 1 as before) and e=24/: nrr-+1. Then bs, the 
t t firſt ſuch Root r, (or r into 1;) the Second, r into 
[72S # t; the Third, rintorr—2x. And fo forth, asin 
f3—2t x the Table adjoined. Wherein the numbers pre- 
1 ez tt 4-1 y fixed in the Firſt Column are Monadicks , or U- 
Z 
A 


15.43 +3t nites z in the Second, Laterals; in the Third, Tti- 
F—t+6r—r. angulars; in the Fourth, Piramidals, (made by the 

&c. &c. continual Addition of Triangulars; and ſo ons 

- ward. Or thus, if fore, *zr —1,t*'—2r, &c; 
we put t,#v,x, &c: Thenis, #=tt—1, x=tu4—t, y=tX—#, A=ty=x, 


| and ſoon. Or thus, ſuppoſe #=3 ;, then is ſuch Serics the Reſult of rhis con- 


tinued Multiplication ; 


zintoQ; 1*x3z3x32*x344x 34: ag Hi x &c, 
If » = 2, then 


2into Q: 2% Fix 5 2x qiitx5 i x5 p85 x &c. 


And the like ig other Cafes ; where the Firſt and Second being; found as before 
the reſt are continued-in this order ;, namely, the Numerator of the adjoi 
Fracuan ſtill equals its Denominatos wanting the Denominator next foregoing; 
acl the Denominator is equal. to the Numerator of the Teym foregoing. tur 
into an wc Cn h l 

A Sixth expedient is this: Having, found- (as in the expedient laſt mentioned 
or otherwiſe,) ſuch a Series for any expoſed | —_— ſuppoſe for _—_ 
We may have thence a like Series for the' Multiple of ſuck Nont-quadrate by/any 
Square number ; Poe, as »mms;, (for finding nmmaa.) Namely, by 
dy iding the Series of Roots already found, by »theRoot of ſuch' Square ; (that 
is, fuctrof _ Roots as are capable of-ſuch-[Diviſion:;' whicl)happeris ſometimes 
in every place, ſometimes in every, Sv6ond fometimes-in every. Third x and 
ſa forth.) In. thismanner, , IO 7 


21ntd 
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2, INOQ: 2%5FingoX 535 X5209*Fr 
8, into Q; | XFr RF GX F33XF 224 *5 
18, 10 Q:4x331%* 33.33 33.5775 
32, INOQ: 3*337%*3334 * 33 2255 
5c, INtOQ: 14X 1977 * 197 13s OC. | ——- 
72, into Q; 2x 33 #* 33 33*33 1243 Oc: nn OT Ss 

98, into Q: 10x 1977 * 197 i2F '&C, 4, " 

128, intoQ:F1x &c. 

162, into Q: 1540x' Oc, 

200, into Q:7x199 Px197 798 Ofc: 

242, into Q: 1260 x &c, 

288, intoQ: 1x33 $x*3344*33 323% Se, 


\&c 
66. B® 


That'1s, 


2, into.Q: 2, 12,70, 408, 2378, 13860, &c, 
8, intoQ: 1, G, 25, 204, 1189, 6930, &c, 


18, intoQ: 4,- : 136, 4620, Oc. 

32, itoQ: 3, 102, 3465, &e. | 
Fo, into Q: 145": " 21752, &C. ( 
72, intoQ: 3% 68, 2310, &c, | 
98, into Q: IO, . i980, &c. 

128, into Q: Fl, 

162, into Q: :01540, Oc. 

20c, into Q: 7» 1386, &c, 

242, into Q: 1260, Ec. 

288, intoQ: 1, 34, i155, &cc- 


More Expedients may be there ſeen in-The places cited :- And others may far- 
=_ offer thewſelves in practuſe, if any ſhall think it worth the while to purſue 
the Inquiry. 

What at the Methods of Af. Fermat or AM. Frenicle' herein, I cannot tell : 
For though they ſent us many challenges, (which were performed by us,) yet they 
would never be ſo kind, (though ſometimes they ſeemed to promiſe it,) as to let 
us know how themſelves performed any of thoſe Problems which they propoſed 
tous; (ſave only a lame account, in M. Frenicle's Book on this occaſion, of ſome 
little of whart is here perfectly delivered ; and that after it had been here done 
much better.) But I think we may well be confident (from their manner. of ma- 
naging theſe conteſts,) that if they had better Methods than thoſe of ours, they 
would have gloried in out-doing us therein; But when they ſaw that we had wirth- 
out their help, found Methods of our own, as good or better than theirs, they 
thought it fit to conceal their own. | 

But that which I aim at, in diſcovering theſe Methods ; is not ſo much for this 
one Queſtion, (which perhaps may not deſerve it) as to give a Patern, how 0- 
ther Numeral Queſtions of like nature (or even more perplexed than this) may 
in like manner be ſolved by continual approaches, till we come to a coincidence, 
even without an Infinite Proceſs. | 

There remains but one thing further, concerning this Queſtion, (which was 
before intimated: ) Namely , whether for every ſuch Non-quadrate propoſed, 
there may be (as is affirmed) ſuch a Square; (of which we are to ſpeak in the 
next Chapter:) But that, if one, there may be Infinites, (and how to be found,) 


is ſhewed already. 
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CHAP. XCX. 
The ſame further purſued. 


\ HE Propoſition of the foregoing Chapter 3s this, Ay (Integer) Non- 
quadrate number being propoſed, as 1; there are (in Integers) . Squares in- 
numerable, as aa, which being Multiplied into that Non-quadrate, and the 
Produtt increaſed by 1 , will mcke a Square: Suppoſe naevE 1 = 11, 

The Theorem is to be demonltrated;, and the Problem to be ſolved, How to find 
ſuch Squares for any Non-quadrate propoſed. - 

This hath been alrcady thys far con{zdexed in the former Chapter. Namely, 

Thar it is at leaſt in Fraions, univerſally true, ( that ſach Squares may be 
found, and how to ſind them,) whatever be the number propoſed, Quadrate or 
not Quadrate ; Integer or Fracted. 

That, in Intepers, it canuot be done, #f the number propoſcd be it ſelf a Square, 
but for Non-quadrates quly. ..4 + ;. >» W= 

That in caſe any one fiach Square may be found , in Integers, there may be 
found Infinites of ſuch ; #nd how they may be found, 

That ſuppoſing (in Integers} ne ſuch Square poſſible ; a Method is ſhewed, 
how it may certainly be found ; and therefore Infinites of ſuch. 

But it may yet be a Queſtion, whether ſuch preſcribed Method will always come 
to a Determination; or may not ſometimes run on infinitely (without ſhewing 
any ſuch;) as would the Mcthod for ſeeking a common Meaſure, if applyed to 
Incommenſurable Quantities. 

It remains therefore to, be Demanſtrated, That whatever (Integer) Non-qua- 
drate be propoſed ; there.is (1n Integers) ſuch a Square poſſible: And conſequent- 
ly, Infinites of ſuch. Which I ſhall firſt inquire (by way of Analytical Inveſti- 
zation) whether rpuc or apt-z and then Demonſtrate it ſynthetically. 


$175 | fi 4 The Inveſtigation. 
If 2441 be an Integer Square z then is 4/;244+]-1 ; (the Root of it) an 


Integer number. Which muſt þe greater than « y/ , but leſs than a / n+ on 
24y lt 


(For the Square of the former will be #44; and of the latter »a «1+ a ) 
41nas 


And becauſe the numbers a, z, are by conſtruftion Integers ; therefore 


nary 
(the difference of thoſe limits ) is leſs than x. And conſequently y/:n a4 wg 
muſt be that Integer which doth next exceed the Surd ay/n; and by an —_ F | 
I 


than +7500 
 24vn 


Let zz be the next Integer number greater than 4/n; 
and the Complement of this tothat, p=m—y/n,, 1. 
And therefore the Camplement of 4,/» to am, will 
be 4p =am—a v n. 

Let { be an Integer number next greater than the 
Surd ay 3. 

And becauſe ap, the Complement of ſuch Surd to 
am may be greater than 1 ; (for thongh p be leſs than 
1, yet ap may be greater:) let zbe the Integer next 
leſſer than ap. And therefore that taken from this, 
leaves the Complement of ay », to / (the next Integer greater than it,) 4 p—z 


+ I 
ed 


I r I 
qo we p = - Therefore = = — > -:; And AAP —AL < Yr. 


2 
”— and 


ED 
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| . , /:z% r: þ-4 
and therefore (by the DoCtrine of Equations) «4 < I —_ : 


and 


MEE Ki af Wie 


2 4 


P 


But (as before) z < 4p 3 therefore ___ p. 


/:YE = 4PritZz | 
—— RT + Which are the limits. 


L 
Therefore - <p 


Which Reſultis no ways impoſlible. For Two rational numbers a, z, may be 
ſo taken, as that - may be leſs than p, but want of it fo little as that the 
difference may be leſs than any aſlignable ; and therefore ſo little as that 
v/R&T-apri1-z 


may be greater than it. And therefore the caſe always poſlible. 
SS - 
If any doubt of that Lemma, it may be thus proved. 


2 
Certain it is , that z,4, may be ſq taken, as that - may be a Fraftion (in 


Rationals) leſs than ys (Irrational) p, yet come ſo near as to want 
leſs than any aſſignable di erence . Let ſuch minute difference be y ; and therefote 


Z ; = 
Up y=p. It is further required, chat =4-y(=p)<* ———=_ << 
A 


of 
That is, 22-|-234y <v/:2%& o+4pr: +X, ' That is (ſubduQting Equals, ) 
z-24y</:z4i+4p7: And (raking the Squares) £44449 + 4449) 
<L ZZ J4-4pr. That IS, 4445 +444yy <apr;, Of iny + aayy 5 pr. 
Be it 24 y + 4ayy =pr — 1 (2 politive quantity, or more than o'4 and 
therefore « leſs than pr.) And therefore (the Affirmative Root of that Equa- 
*&& fm 5; - ndtw 
that ay== It = end (dividingbomh by LOG oe 
=y. Which is poſſible; and thefefore the Lemma well aſſumed. 


VEL} 4 pr —$: —%& 


I add, ex abwndanti; Dividing both by y, we have —— 


24 


; of 
= 4. Therefore, taking z at pleaſure; if we ſo take y, as that a thus deſigned 


24 
lt a Rational Quantity (not a Surd ;) and ſo great as that y be leſs than p; we 


ten have the a,anſwering to that z z which if it provea Fraction, Reduce bothtoa 
ommon Denominator,and (rejecting it) reſerve the Numerators for z4,in Integers. 


The Demonſtration. 


The number # bejng a No rate; and therefore 4/na Surd : Let m be the next 
ateger greater thay it z and therefore the Exceſs leſs than 1. That is, m—y/n<C 1. 
I 


Put wep =w1— yn. and u—_ 
Z 
And let Two Integers z, 4, be ſo taken, 2s that - be leſs than p, but 
12 - l = . ; 
EEE LYY Gf greater than it. That is - <p< lobed wht lu 
4 2 4 


Which that it may be done, we have proved already.) 

| - | 

Then, becatiſe = <C p, and z << 4p; therefore is ap—z a poſitive quantity, 
gnore than 0. 


\gaip, becauſe p< 


:& —_— 
/ —_ T5, therefore 20 p<v244+4proþ4, 


and 


42 74 a Concluſton of the whole, © Cuar.C. 


and 2 ap—z <y/:2z-|-4pr. And (taking the Squares) 44app — 4 4pa 
| zz<zz-|-4pr, And therefore 44app—44pz<4pr. That is, «4p 


r I 
—4i<Y;, and ap —i< * That is, ——_— AM—A/N—I< 


CR 


I 
- Thercfore am — z2<asn- . 
24,07 < , PF ayNn 


But (as before) ap —z, that is 4m—ay/ n— 2, is a Poſitive quantity. And 


therefore am —z ->4 y n. 
Since therefore 41 — 2 (which we will now call /) is an Integer, ( becauſe 


I 
a, m, Z, are ſo,) greater than av », but leſs than a y/ n-|- <= : the Square 
| 2441 
of this will be an Integer, greatcr than » aa (= Q:; ay »:) but leſs than naa—+1 


I 2 
| pp_—_ (= Q;6e'n-p ne :) between which there comes no other Integer 
but 244 -|- 1: Therefore the Square of / =4m—z, is the very ſame with 
naa+-15; which is therefore a Square number. | 
It is certain therefore, that for any Integer Non-quadrate », there is an Inte- 
ger Square 44, (which will make 244 + 1 a Square number, and therefore In- 
finites of ſuch : Which was to be demonſtrated. And how ſuch may be found, 
was ſhewed before. | | 
I might here (out of this conſtruCtion) ſhew another Method for finding ſuch #; 
namely," by taking z, 4, ſuch ay is here directed; and ſhew expedients how theſe 
may be readily found. : 
But the former method is ſufficient. Which Ipropoſed, not ſo much in refe- 
rence-to this ſingle queſtion (which hath been ſufficiently purſued already,) but 
as a Specimen for ſolving other Numeral Queſtions, to which that, or other ſuch 
like Methods may be applyed. And therefore 1 ſhall purſue the preſent queſtion 


f 


no farther. o 


_—W 


CHAP. C. 
A Concluſion of the whole. 


A 


Shall here conclude this diſcourſe, which I have the rather undertaken, to &- 
tisfy an Obligation which might ſeem to lye upon me, from an intimatdn 
(in the cloſe of my Matheſis Univerſalis, or Opus Arithmeticum,) as if I tha 
intended to publiſh a Treatiſe of Algebra. Since which time I have been 6- 
verted from what I then intended, «nd put upon other Studies. 

Muchof what I might then have ſaid, hath been ſince ſaid by others: Which hah 
therefore made it leſs neceſſary for me to diſcourſe the ſame things again at larg. 
I have choſen therefore herein, to give a brief account of Algebra ; from wht 
Principles, and by what ſteps it hath made its Progreſs; and to what paſs its 
arrived at this day : Pointing ſhortly at what hath been done already ; (yet nt 
ſo ſhort, but that it may clearly be underſtood,) with the true grounds and natujl 
origine of ſuch proceedings: Adding all along (of my own) what ſeemed progr 
for the ſupplying of defects, or clearing what was obſcure. | 

I ſhall make no Apology for writing it in Exgliſh ; though moſt of what I h 
hitherto publiſhed in Mathemaricks, be written in another Language. For ſin(l 
find thoſe of other Nations inclinable to write in their own Language, (as jud 
thoſe concerncd to learn their Language , who have a mind to underſtand t 
Writings;) they have norcaſon to take it amiſs that I do the like. I have t 
fore thus done it, to gratify thoſe of our own Nation; many of whom 1 find yy 
capablc of theſe Studies, without bcing expert Maſters of the Larine Tong ; 
10rT iS It any prejudice, to thoſe who underſtand both our own Tongue, ww, 


L.atine allo. | 
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TO THE HONOURABLE 
ir Robert Moray, K 
Sir Robert Moray, K. 
SIR; il 8: 
Tnce 1 came home from London, 1. have taken ſome time 
to conſider of thoſe Solids and Lines made by the SeFtions 
thereof ; propoſed to Conſideration ( to my Lord Brouncker 
and your ſelf, at your Lodgings , Where T was alſo preſent) 
by Mr. Pett, one of His Majeſties Commiſſroners . for the Navy, 
and' an excellent Shipwright. | 
The Bodies propoſed to conſideration were all of this form. On 
a plain Baſe, which was the Quadrant of a Circle, (like that of: a 
Quadrantal Cone or Cylinder) ſtood an ereft Sold, whoſe Altitude 
(being arbitrary) was there double to the Radius of that Quadrant ; 
and from every Point of its Perimeter, ſtreight Lines drawn to the 
Vertex, met there, not in a Point (as is the Apex of a Cone), nor 
in a parallel Quadrant (as m a Quadrantal Cylinder), but in a 
ſtreight Line or ſharp Edge, like that of a Wedge or Cuneus. On 
which conſideration, I thought fit to give it the name of Cono- 
Cuneus, 4s having the Baſe of a Cone, and the Vertex of a 
Cuneus. | | 
By the various Seftimms of this Solid, in ſeveral Poſitions, be 
did (rightly) conceive,. that divers new Lines muſt ariſe, in great 
variety, different from thoſe ariſing fram the Seftion of a Cone. 
Some of which he ſuppoſed might be of $00d uſe in the Building of 
Ships; in order to Which it Was, that be propoſed them ta Conſa- 
deration | | 
Now becauſe he judged it troubleſom (as indeed it would be) 
firſt to form ſuch Solids, and then cut them by Plains in ſuch Po- 
ſitions as be deſired; he had (for avoiding that trouble) ingeniouſly 
contrived this Expedient. He cauſed divers Boards, of a good 
ſolid Wood, to be exattly planed, ſome of an equal thickneſs, ſome 
meeting in a ſharp edge ; thoſe of the former, he cauſed to be glewed 
together in a parallel 'Poſition ; thoſe of the latter ſort, be cauſed ſo 
to be glewed together, as that their ſharp edges met in one common 
Angle. And having thus formed ſeveral Solids, of Boards thus 
glewed together, he then cauſed them to be wrought into ſuch a form 
4s that before d:ſcribed : Which being done, be then cauſed the Glew 
Az to 
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to be diſſolved in warm Water, whereby the ſeveral Boards, falling 
aſunder, did exbiþit, in their ſeveral faces, the reſpeive Seftions 
of thoſe Solids. And ſuch were thoſe he ſhewed us ; which being 
put toggther, made up ſuch Solids ; and taken aſunder, ſhewed the 
fever# Seftwns of them. 

' F do not intend at afl to diſparage the ingenuity of that Con. 
trivance , which was indeed very handſom, and neatly performed , 
but do withall ſuppoſe , that it would not be unpleaſing to your 
felf, or him, 'to fee thaſe Lines deſcribed in Plano, which would 
ariſe by ſuch Seftion of the Solid. 

That therefore is the work of theſe Papers, to repreſent the true 
nature of ſuch Lines, and the Ways to draw them , without the 
attual Seftiou of a Solid, 

Which I have the rather undertaken, becauſe this is a Solid which 
I do not know that any other have before conſidered. And becauſe 
this may be a Pattern ; according to Which | other Solids of like 
nature may be in like manner conſidered if there ſhall be occaſion. 

If bejide theſe Seftions which be hath already conſidered, there be 
any other Settions of this or other the like Solids which he ſhall conceive 
nſeful to his purpoſe ; the ſame may im like manner be repreſented 
(without the aftual Setfion of ſuch Solids) by Lines thus deſcribed 
in a Plain. | FE 

But which of them may be moſt advantageous to his deſign, I 
do wot pretend to underſtand ſo well , nor can with ſo much cer. 
tainty affirm ; as , that I am, 


SIR, 


Oxan, Ac. 7: Your very humble Servant , 
[ 2. 


Joun Warlris. 


_—_— - _ * —_— - - —_—_ =_ —_—— —— 


- 


OR, THE = 


SHIPWRIGHT'S 


CIRCULAR WEDGE. 


————_ _ 


The Seftions of a CONO.CUNEUS. 


P2>»2 N a Rectangle CDBA, Fig. 1. erect at Right Angles 
SITY the Quadrant of a Circle CQD); and joining QA, 
compleat the ReQangled Triangle CQ A. Suppoling 
then from every Point of the Quadrantal Arch DQ, to 
their reſpective Points in the ſtreight Line BA, in Plains 
parallel to the Triangle CQA, the ſtreight Lines 
Sa to be. drawn, compleating a- Curve Superficies 
DSQA AaB,; the Solid thus contained, I call a Copg- 
Cuntens, : Os 

2. It differs from a Quadrantal Cone, jn this only; That what is here 2 
ſtreight Line AB, is there a ſingle Point; all the Lines drawn from the Paints$, 
meeting there at the Point A. * 

3. It differs in this from a Wedge, or Cues; That what-is here a Quadrant 
CQD, is there a Rectangle. : 

4. It differs in this from a Quadrantal Cylinder ; That what is here a ſtreight 
Line A B, is there a Quadrant, equal and parallel to CQD. 

5- This Solid, being cut by Plains in different Poſitions , will produce, in 
the Curve Surface DQAB, great variety of Lines. As for Example : 

6. Firſt; If it be cut by R Sa, a Plain parallel to the Triangle CQA, the 
Line Sa is (by conſtruftion) a ſtreight Linez and therefore, the Hypotheauſe 
of a Right-angled Triangle S R a. 

7. And conſequently, this Cono-Cunews is equal to half a Quadrantal Cylinder 
of the ſame Baſe and Altitude : For oy of the Triangles SR a in the Cong- 
Cunews, being half the reſpective ReCtangle in the Cylinder, the whole of That 
will be equal to the half of This. X 
8. The Quantities therein I thus deſign in Species. 


CS=CD=R. 
CREE 
RS =5s=4s;R?—, 
Ra= CAnteaqd. 


SA = vs: A*--5*, = v: AM + Ri, 


9g: Theſe Triangles, (if made by Plains fer at equal diſtances) projected: on 
the Plain CQA to which they are parallel, will appear as in the firlt Projection, 
Fig. 16. which is thus drawn; Having drawn a Triangle ACQ, like and equal 
to that in the Solid, and CQD the Quadrant of a Circle, let CD be divided 
into any number of equal parts at the Points R ; from every.of which, the Ordi- 
nates RS being drewn, take equal thereunto, in the Line CQ, the Lines Cs, 


or 


. of " _ —_ 
. 
| . 4 * I Y | 
G # Co *3 v7) Þ £211 hg bs 


Fig.ts 


Cono-Cuneus : 0r , 


ER 


—2 


Cones 


Fig.16. 


CR =c. 


CS=RS = y: R* — 3. 


AC=A4A. 


11. The Quantities, in this Projection, I deſign thus, in Species. 
CQ=CD=R. | 


SA = A+ RR®, 


12. In Numbers thus; (putting R n 3. = 32.) 


CR. Cs. As. 
©. I. 2.236 
0.125 0.992 2.23 3— 
©.25 0.968 _— 
0.375 0.927 — 2.2047 
©.5 0.866-|- 2.179+ 
'F 0.625 0.78 1— $570 
| 0.75 0.661-]- 106 
{18 o.875 0.4844 2.058— 
$i] | 'Þ 0. 2. 


or Rs; then joining As, the Triangles $RA or $CA in this Plain, repreſent 
the like Triangles SR A in the Solid. 

10. And if we ſuppoſe the Solid to be continued downward, beyond its Qua- 
drantal Baſe, theſe Triangles muſt be ſo continued alſo: And the like, if we 
ſuppoſe it to be continued upward, (after a decuſlation in AB) as in oppoſite 


13. Secondly; If it be cut by Edq, a Plain parallel to the Quadrantal Baſe 
CDQ, Fig. 1. the Curve Line on will be an Ellipſe: For (ſuppoſing this 
Plain to be cut in es by RSa, any of thoſe Triangles parallel to CQA;) then 
is, As ACroAE, oraRroae; SoCQroEq, and RS ro eo. And conſe- 
quently (the Ordinates e © being proportional to RS the Ordinates of a Circle) 
Edq will be the Quadrant of an Ellipſe, as CDQ is of a Circle. 

14. The Quantities I thus deſign in Spectes. 


GQ=CD=R. 


Fig.1. CR =c. 
RS =5 =y/: R*—cE, 
QEz =& 


AG. AE :: CQ(=Ed).qE:: RS. ec. 
That is, R . E :: /iR*—@ . IR —O. 


And therefore, es = — y: R? (3, 


15. Theſe Ellipſes (if cut off by Plains ſet at equal diſtances) projetted on 
the Quadrant CDQ (to which they are parallel) will appear as in the ſecond 
ProjeCtion, Fig. 17. which is thus drawn: Having drawn a Quadrant C DQ 
equal to that in the Solid, let CQ be divided into any number of equal parts 
at the Points q, and every of the Ordinates R$ (parallel thereunto) at the 
Points 63 through which, if we draw the Ellipſes Ds q, theſe in the Plain will 
repreſent the like Ellipſes d © q in the Solid. 

16. If the Solid be ſuppoſed to be continued downward below its Quadran- 
tal Baſe CDQ, the parallel SeCtions will yet be Ellipſes : But with this diffe- 
rence; C D, which is now half the longeſt Diameter, will then be half the ſhor- 
teſt Diameter of the Ellipſe, (ſuch as are thoſe in Fig. 17. beyond the Circular 
Quadrant DQ:) And if the Solid be continued upward, after a decuſſation in 
AB, thelike Ellipſes will occur in the oppoſite Solid as in this. | 


17. The 


The Shipwright's Circular Wedge. 


17. The Quantities in this ProjeCtion I thus deſign in Species. 


Qq = 4 

CQ. Eq::RS. £6. 

R.E:: if —®., IVR —O 

eo = = y/: R? — =F* 

= 2.) 
eo. eo eo. 

0.242-þ 0,217 — 0.165 
0.434 0433+ 0.33 1— 
0.726 0,650— 0.496-- 
0.968 0.866-|- 0.661-|- 
1.210 1.083— 0.827— 
1.4524 1.299 0.992 
1.6944 1.5 16— I.157 
1.936+ 1.732 I.323— 


19. Thirdly; If it be cut by CE q, a Plain parallel to the Rectangle CDBA; 
Fig. 2. the Curve Line will have this property : Drawing the Triangles as in the 
Scheme, it is, As SR (the Ordinate from any Point S 1n the Arch EQ) to 5e, 
or EP (the Ordinate from £, where the Plain c£q cuts the Quadrantal Arch) : 
So is aR or AC (the whole height), 70 ag or «c (the diſtance of the Point 5 
from the Plain Aa parallel to the Quadrant CDQ). Becauſe aRS,; ages, 


are like Triangles. 


20. The Quantities I thus deſign in Species. 


 CQaCD=EZ 
CP =C, 
CR ==6 


PE =eC=xy/:R)—C?, 
RS = 4: R® —63, 
Ra=CA=A124 


RS. Ra :: eo (=PZ). 6a=ea. 
NN: R*nP, A: RP —C> AV EES 


ca =ea=Ay- 


KC 
=o 


=" 


- 21. Theſe Curve Lines (if made by Plains at equal diſtances) projetted on 
the Reftangle CDBA (to which they. are parallel), will appear as in the 


third ProjeCtion, Fig 


. 18.” which is thus made: Having drawn a ReCtangle 
CDBA (like and equal to that in the Solid), and the Quadrant CDQ; divide 
CQ into any number of equal parts at the Points c, and draw the Sines or Ordi- 
hates CE, with the Co-ſines £ P: Then ſuppoſing from the ſeveral Points R in 
the Line CD, the Lines R oa parallel to CA, (cutting the Quadrant QD at $S, 


-and AB at a:) And therein, 4+ RS ro PE; 0 AC (=aR) 1 as: The 


Curve Lines qc P in this Plain, repreſent their ReſpeCtives q sS in the Solids. 


Where note, "That as the Lines $ o © & in the former Projettion , ſo are the Lines 
a#Cc in this cut into equal parts. 
22. As the Solid may be continu 
drantal Baſe CDQ; ſo may theſe Curve Lines qc P, in like manner, be ſo con- 
tinued infinitely : And they will then be Aſmprores, each to other; and to the 
Itreight Line B D {o continued. And if the Solid be contiaued upward after a 


ed downwards at pleaſure, beyond its Qua- 


decuſſa- 


Fig. 17: 


Fig.2: 


4 - Cono-Cuneus: 0r, 


decuſſation in AB, the ſame Plains will cut off in thc oppolite Solid oppolite Se- 


Ctions like to theſe. __ FR 
23. The Quantities in this Projection I thus deſign wm Species, 


—— — 


CD=R. 
CPzC. 
CEISE. 
3 PpP=S=Q£G4i —C. 

SR =5 ==: —c, 

AC= 4. 

SR, ZÞ 3 AC (=aR):. a6: 


24. In Numbers thus; (putting R=1, A=2.) 


By £ Aq-. ac. a. ao. a. 


I. 0.5 0.516], 0.5774 o756—- AMnfin. 
Re 1.03 3— LA15F— L.fI2z— Jifn. 
Ill. I's 1.549-]- 1.732 2.268— IMnfin. 
F 24 2.064—  2.3IC> 3.024q— Infin. 


L. 4 25. Fourthly , If it be cut by a Plain CQD, Fig. 3. perpendicular to the 
* Rectangle CDB A, and paſſing by the Center C and any Point d in the Side DB, 
*# the Curve Line will have this property : Cutting this Plain in ps (by any of the 
Triangles R S a, parallel to CQA ); then is, As AG or aR, to ae; So RS, 
to ps. The length of ag being firit found in this manrer: 45 CDzo CR, or 
Cdr Ce; SoisdDro pR: Which ſubdutted from the whole height, ( or 
added thereunto, if we ſuppoſe þ to be taken in the continuation of d C beyond 
C) gives the length of ae. | 

26, The Quantitics of this Section I thus deſign in Species. 


CD=R. 


CR =c. 
E0.3, 4s RS =: R*—c*. 
4 $-3»4 AC =aR=A 
; bh [ d D = b. 
+ CD.CR:: Cd. Cp::dD. pR. 
3 ; OR c 
: OT +. - b. 
4 c 
; R =-, b. 
1 ets. 
A c 
'" Fs 110g a0 =aRTRe=At; 6. 
W..8 8 aR(=AC). ae :: RS. es. 
is: 8 AR + 
" Y. AM . Aztb >» a: RE? . Ris, 
po = vi Rn, 


25. But if it be cut by a Plain CQb, Fig. 44 which paſling by C Q, cats 
any! Point b ( in'the Side AB) before it come at d in the Side DB 
7.4 ced; the Curve Line bo Q will have this property : Cutting this Plaia , as 
#4 - before, in eo, by any of the Triangles RSa, parallel to CQA; then is, 
'\3ip As dAw ba; or, 4 bCrobe;or, Ar AC (oraR) wap: S RS 


PC 


28. In 


The Shipor!ght.s Circular Weaze. 


28. In Species, thus: 


CLI A 


CR = CC 

RS =: R* cf. 
"Tok JF 1 

da =Fz=0 


ba =vis Car, 


bA . ba;: bC. be :: AC(=aR).ae::RS. oF. 


v 
FF 4 2 R—O . LO, 
T | Cuames : I 
ef= =- vi Rin? = —;= of: R%—c? 


29. Qrelſe, continuing, Ch till it cut DB (continued) in 4d, the Propor- 
tions will be as, before, at $ 24, 26. f p Ts 
39. But with this difterencez That the Curve Qs bd will cus jtS Axis at b, 


Fig.4+ 


and meet with it again at d, (the part, bd beigg an the other ſide'of rthe'Axis, and * 


of the Plain ABDC, in the oppolite Solid.) And accordingly ( R & being in 
this caſe greater.than a R) the Quantities'ae, and pF, will be Negative Quantt- 
ties; a p falling beyond the Vertex AB, which was ſuppoſed ſhort of it; and 
6 below the Phain ABD C, which was ſuppoſed above it. _. neo 

. 31. In both theſe caſes (whether Cd cut or cut not the Vertex ABY the Lines 
dC continued (anſwering to a ſutable continuation of the Solid) will again meet 
with their Axes,continued at d* (as tar beyond C, as d is on this ſide it). © Bat the 
Ordinates int is continuation will be greater than thoſe of d C; becauſe from 
CD upward the Solid grows thinner, but thicker from CD dowhward. And 
accordingly, ae; Which between A Band CD is leſs than zR, (and-above AB, a 
Negative Quantity ;) the ſame below C D#becomes greater thanaR; (dC cut- 
tiag DC at C:) For thereitisag=aR—Rez here.iti3ag=aR-|-Re. 

32. Theſe Curves, in both caſes, (when'C& cuts or cuts not the Line A BY 
ſippoling the Site DB divided into equal parts'by the Lines-Cd} (if projected 
on one and the' ſame Plain) will appear'as in the fourth Projef&tion, Fe. 19. 
Where the Axes d C being continued to &, are then (toavoid confuſion in the 
Figure) removed from their proper ptace* if the Plain ABDC, and ſet off in 
the ſame {treight Line A C continued; and the Ordinates + © applied to them in 
that Polition, in ſuch proportion'toRS, as ap is toa Ror AC: And moreover, 
they are ſo diſttibuted, fome 6n the one'fide, ſome on the other ſide'of AD, to 
prevent the confuſion which might ariſe inthe Figure, if many Curves ſhould 
all interſect one another, in the ſame Point-4, beſide another'interſeCtion after- 
wards, « fe 200 | 
33- The Quantities in thisProjeCtion, I thus deſign in Speties. 


CD=R. 

CR =—c. | 

RS= oi Rf, 
"AC =A 

dD=—b. 


CD. CRY 
R 


Fig.19. 


Cono-Cuneus: 0r, 


234- In Numbers (putting &K—=1, A=2,) the Semi-axes to the ſix Curves 


deſcribed (whereof the firſt is the circumference of a Circle) are theſe : 


I. II. 

CD Cd. 
l. of 1:25: 
1.11803 


And the Ordinates, ſuppoſing the Semi-axes divided into four parts, are 


theſe: 
[. 
R S. 


©. 
©,661-]- 
0.865-]- 
c.968-1- 
T. 
©.968-1- 
0.866+4- 
0.66 1-- 
©. 


Or if (for a more accurate deſcribing of the Curves) the Semi-axes be divided 
ito 16 equal parts (and the whole Axes into 32), the Otdinates thereunto 


I I. 
eo. 
© 


0.537-+ 
0.758— 
0.908 — 
I, 


1,029 — 


zppcrtaining are theſe. 


I. 
RS. 

©, 
0.3481 
0.4341 
c.y330 
0.6614 
0.7262 
0.7806 
0.3268 
0.3660 
0.8992 
0.9270 
0.9499 
0.9682 
0.9823 
©0.9922 
0.9980 
bo 
0.9989 
0.9942 
0.982 3 
©.46$2 
0.9499 
©9270 
0.38992 
0.8660 
0.8268 
0.7806 
©.7262 
0.6614 
0.5830 
0.4341 
0.3431 
©. 


II. 
eo. 
©. 
0.2665 
0.3732 
0.4645 
0.5374 
0.6014 
0.6586 
0.710 
0.757 
0.8009 
0.3401 
6.8757 
0.9977 
0-9362 
0-9612 
0.9824 
I. 
1.01 36 
1.0232 
1.0293 
1.0288 
1.0241 
1.0139 
09976 
C.9743 
0.94.31 
0.9026 
0.8510 
0.7054 
0.7014 
0.5900 
0.4297 
©. 


IIL 
Cd. 


a/ 2. 


1.41421 


III. 
eo. 


TIT. 
eo, 

©, 
0.1849 
0.2723 
0.3461 
0.4134 
0.4765 
0.5367 
0.5943 
0.6495 
0.7025 
©-7532 
O-GOLF 
0.8472 
o.8g902 
©-93O1 
0.9668 
Ts 
1.0292 


1.0542. 


1.0743 
1.089 3 
1.0999 
2.1008 
1.0959 
1.0825 
1.0593 
1,0246 
0.9758 
0.9095 
©8198 
0.6959 
©0.5112 
0. 


I'V. V. VI. 
Cd. Cd. Cd. 
v/ 3-25. 4/5. v 7-25. 


1.80298 2.23607 2.69258 


IV. V. 

eo, eo. 
0. ©. 
0.2894 ©; 97 
0.541 0-433 
I. I. 
l1gc— 1.210+ 
1.194 1.299-+- 
1.033 1.158— 
O. ol 


IV. 
eo. 

©. 
6.1033 
©. 1664 
0.2277 
0.2894 
©-3517 
0.4147 
0.4780 
©5413 
©.6043 
0.6663 
0.7273 
0.7867 
0.3441 
0.3991 
0-9513 
I. 
1.0448 
1.0852 
1-1204 
1-1498 
1.1726 
1.1857 
119453 
1.1g08 
1.1756 
I," 465 
3.1006 
1.0335 
0.9332 
0.8018 
0.5928 
0, 


V. 
eo. 
©. 


VI. 
eo. 
©; 
©0.041+ 
0.325— 
0.666— 
I, 
127 1— 
1.407- 
1:282— 
©, 


0.0217 —0,0598 
0.060 —0:0454 
©,10g3 —.90Cg1 
0.1654 50.0413 


0.2269 
©0.2921 
0.3617 
0.4330 
©0.yogt 
0.5794 
O.6531 
0.7262 
0.7981 
0.5681 
a 


1:0604 
I.-1162 
1.1664. 
I-2103 
1.2468 
1.2746 
1.2Z926 
1.2999 
1.291g 
1.2679 
I.2254 


I-1575 
I.o566 


0.9077 
0.6744 
©, 


25. Fifthly:; 


The Shipwright's Circular Weage. 


35. Fifthly;, If it be cut by a Plain De qc, (Fig. 5.) paſſing through D, 
and perpendicular to the ReCtangle ABD, cutting A C in any Powe c, and AQ, 
in qz the Curve Line Doq will have this property: Cutting this «in by any 
of the Triangles RSa ines, it will be, As AC, or aR, t9 Rt; 50 a9 ro a0, 
The length of a p being firſt found thus: As DC ro DR, or Dc to Ye; So 
is Cc to Re: Which ſubduted from a R, leaves ap=aR—R p' and here 
DR=-=DC—CR: But if Dc be ſuppoſed to be continued beyond c, and conſe- 
quently R fall beyond c, then is DR =D C-|-CR. 

36. The Quantities of this SeCtion I thus delign in Speczes, 


CD=R,. 

CR =c. 

RS = 4: R*—cf*, 
aR=AC = A 

Cc = b. 
DC. DR :: Dc. Dp :: Cc. Re 
# . Ke 51 þ , I8<3Z 

Ric 

Re = ——-b 

ag =2R—Re=A—. 
8KR-. 20:2: RS: 80. 

234. 18 AR—bR*be |, 

A . mh & oy" 5jn : AR y(R3—C? 

p& = LE=SED of: Rn, 


= 7K 


37. But if this Plain (paſſing by D) cut any Point b in the Line. AB, before 
it come at C in the continuation of CA, (Fig.6.), the Curve Line will have this 
property: Cutting this Plain (as. before) in ps, by any of the Triangles R Sa 
parallel to CQA, then is, As bB to ba; or, As bD ro bp; or, As BD (or aR) 
rae: SoisRSroeso. 

38. In Species, thus: - 


9#;—f 
ERCZASDZE 
SD = C. 
AC=aR=.4. 


SB = F= A==C: 
ba =v=c—C. | 
bB . ba :: bD . be :: BD (=AC=aR) . ae :: RS. es. 


39. Or elſe, continuing D b till it cut CA (continued) in c, the Propor- 
tions will be as before, at F 35, 36- 

40. But with this difference; That the Curve Ds bq will cut its Axis at b, 
Che part bq being on the other ſide of the Axis, and of the Plain ABDC, in 
the oppoſite Solid.) And accordingly (R g being in this caſe greater than aR) 
the Quautitics ag, and ps, will be Negative Quantities; a p falling beyond the 
Vertex AB, (which was ſuppoſed ſhort of it) and ps below the Plain ABDC, 
which was ſuppoſed above it. 

+ 41. In borh theſe caſes (whether Dc cut or cut not the Vertex AB) the Curve 
Tines Doc continued ( anſwering to a ſutable continuation of the Solid ) will 
224in meet with their Axes (continued) at * (as far beyond c, as D is on this fide 

B 2 it.) 


Fig.y,6. 


Fig.6, 


8 Cono-Cuneus : Or , 


it). Andif, inthe mean time, the Axis D & cut the Vertex B A, or its continua- 
tion beyond A, the Curve will, in the ſame point, cut its Axis, and (paſling 
thenccforth on the other ſide) meet with it again at d\. 

42- Theſe Curves, in both caſes, (whether Dc cut or cut not the LineBA, or 
its continuation ) ſuppoſing the Line CA divided into equal parts by the Lines 
Dc, (projected on the ſame Plain) will appeat as in the fifth ProjeCtion , 
Fig. 20. Where the Lines Dc being continued to d', are (to avoid confuſion 
in the Figure) removed from their proper place in the Plain ABDC, and all 
ſet off in the ſame ſtreight Line CA continued; and the Lines g © are applicd to 
them as Ordinates (in this Poſition) in ſuch proportion to RS, as aps 


toaR. 
43- The Quantities in this Projection I thus deſign in Species, 


CD=R. 
CR = 
RS = xy: R*—c, 
F:7.20. aR=AC = A 
Cc = 6. 
DC. DR :: Dc. Dp:: Cc. Re. 
R -. RTE _ 2 Hm 4 
+©, 
Re = A b. l 
ag =aR—Reo=A—TE,, 
aR . ag :: RS. eo. 
A , A——3-b - --1 hd . CEE YoRnet, 
po = IHE wii. 


44. In Numbers (putting R= 1, A=2,) the Semi-axcs of the ſix Curves 
deſcribed, Dc, are of the ſame length with Cd, $ 34. And the Ordinates, 
ſuppoling the Semi-axes divided into four equal parts, are theſe: 


I 

RS. 
0. 
C.661 
0.5005 
C.,968 
I. 
0.9683 
0.866 
0.66} 
ES 


II. 

eo. 
O. 
0.620 
0,758 
0.787 
0.75 
0.666 
0.541 
0.372 
©. 


IL 


eo. 
©, 
0.579 
0.650 
C.6og 
©.5 
0.363 
©.217 


IV. 

eo. 
O. 
0.537 
0.541 
0.424 
0.25 
0.6 © 


— 0.103 


C083 —0.2-7 


©, 


Qs 


V. 

e 0. 
O, 
0.496 
04433 
0.242 
O. 


0.4.33 


— 0.496 


O., 


VL 
eo. 
© 


0.455 

0.325 

©0.06T 
—0.25 
—0.545 
— 0.758 
— 0.785 


©, 


Or (for a mort accurate deſcribing the Curves) dividing the Semi-axe into 
116 parks (and the whole Axis into 32), the Ordinates will be theſe. 


wo 


The Sh:pwrigbt s Circular Wedge. 


I. 

R 5. 
O. 
0.3481 
C.454 I 
C.y339 
C.661 4 
0.7262 
0.78<6 
C.3268 
0.8660 
0.3992 
0.9270 
0.9499 
©9652 
0.9927 
0.9922 
0.9950 
I. 
0.9980 
0.9922 
©.932 3 
0.92632 
0.9499 
0.9270 
0.38992 
0.8660 
0.82<8 
0.7806 
0.7202 
0.6614 
0.5830 
0.434 I 
0.3431 
9 


II. 
eo. 

©. 

©. 3426 
0.4690 
0.5550 
0.6201 
c.6699 
0.7<73 
C7394 
C.7578 
C7728 
0.7822 
@.7306 
0.7567 
0.7827 
0.7750 
0.7641 
09.75 
0.7329 
©0.7131 
C:5306 
0.6657 
0.5382 
0.6254 
O0.5761 
C:5413 
©0:5038 
C.4035 
0.4197 
0.3721 
0.3188 
0.2572 


0.1795 
O. 


IIE 
eo 

O; 
0.3372 
0.4539 
C.5203 
©:5787 
0.0130 
0.60343 
C.6459 
0.6495 
0.6463 
0.0373 
0.6234 
0.5052 
0.53832 
C.5581 
0.5302 
o5 
0.4678 
0.4341 
©0.3990 
©.3031 
0.3265 
0.2897 
0.2529 
0.2165 
0.4509 
©,1463 
©:1132 
0.0827 
0.0546 
0.C303 
0.0109 
0. 


IV. 
£6. 
lo 
©.3313 
0.4337 
0.5010 
0.5374 
0.5564 
C.5Oil 
©5555 
0.5413 
0.5199 
0.4925 
0.4601 
0.4236 
0.3937 
0.3411 
0.2963 
©.25 
0.2027 
C.1550 
©-1074 
©.C605 
0.0148 
— 0.9290 
—CO7JL3 
—O0-iC83 
— 0.1424 
— 0.1708 
— 0.1933 
— 0.2007 
—O0-2095 
— 0.1967 
—@-1577 
—O; 


V. 

eo, 
O. 
0-3263 
©.4236 
0.4736 
©0-4960 
c-4958 
0.4830 
©.4651 


C.4330 - 


©-3934 
0.3476 
0.2969 
©.242}1 
0:13842 
C.1240 
C.c624 
+ 
— 0.0624 
— 01240 
— 0.1842 
—C.2321 
—0-2969 
—0.3476 
— 0.3934 
—0.4330 
—0.4651 
— 0.4830 
— 0.4998 
— 0.4960 
— 0.4736 
— 0.4236 
—Q,3263 
—O, 


VI. 

eo. 
©. 
©.3 C9 
0.4035 
0.4461 
0.4547 
C.4452 
0.4148 


0.3747 


0.3245 

0.2670 

C.2025 

0.1336 

C.,-605 
—O.0153 
— 0.0930 
—O.1715 
—6 
—0.3275 
—0.4031 
—0.4758 
—0:5446 
—0.6085 
— ©.5663 
—C.7 166 
—0.7578 
—0.7880 
—0.3054« 
—0.8043 
—0.7854 
—0.7378 
—0.65058 
—0.4949 
—O. 


45- Sixthly; If it be cut by a Plain Bqc, paſting through B (Fg. 7.) per- 
pendicular tothe Reftangle ABDC, and cutting the Side AC inc, (andany of 
the Triangles RS a in ps) the Curve Line will have this property: As AC, 
or aR, roap; SvisSRS, rops. The length of a p being firſt found thus ; 
fs BA to Ba, or Be roBp; SoiSACroap. 

46. In Species, thus : 


AB=CD=R. 


Aa=CR=c. £0 Fig:;T« 
RS = 4: RI, 
aR=AC=-2. 
AC=< 
BA . Ba :: Bc . Be:: Ac . ag. 
OEINS Rac . 
R . RE ** : SS » RK A, 
ae = te 
aR (=AC).ag::RS.ec 
A , Ha * ad An 
eo == 7 fo iReeG? 


47. But 


——— 


} F F 
xr: 
*- 
i; 
1 
1.4 


— 7 - —  _ 


Cono-Cuncus : Or, 


47- But if this Plain (paſſing by B) cut the Lice DC 1a any Point P, before 
7 come at c in the continuation of AC, the Curve Line will have this property:: 
Cattin; the ſame Plata (as before) by any of the Triangles RS a parallel to 
CQA, it will be, £4 DP 0 DR; or, As BP ro Bp; or, aR (=A CS 
*020; 0 RSY10(0. 
48. In Specaes, thus : 


CGCD=—R. 
CP =C. 
GK =46 


RS = a/:R* -*. 
DP =kR—C=PF. 
DR =A—c=Vv. 
AC = A 
DP . DR :; BP . Be 52 a (ERDB=AC). ac :: 


49- Or elſe, continuing D P till it cut AC (continued?) in c, 'the Propor- 
tions will be as before at H 45, 46- 

50. But in this Section, the Curve doth not cut its Axis at P (as in the two 
Settions laſt. mentioned at b), but continncs on the ſame fide of it, till it 
meet again (if it be continued) at Þ. And (in caſe of ſuch continuation) in- 
cad of DR =R—c, it will be DA=R-{-c, where the Point R is beyond the 
{ine AC: And, in like manner, if after Bc have cut AC in c, it cut the con- 
tinvation of AB in P, then, inltead of DP =&—C, it will be DP =R-þ-C. 

51. In both caſes (whether Bc cut AC above or below the Point C) the 
Curve Lines Boc continued (anſwering to a ſutable continuation of the Solid) 
will again meet with their Axes (continued) at Þ, as far beyond c as B is-on 
this ſide it-5 but continues all on the ſame fide of its Axis , - without cutting it in 
the way, as in the two laſt mentioned Sections. 

52. In both caſes (whether Bc cut or cut not OC) the Curve Lines Bocþ 
transfcrred to one ard the ſame Plain, (ſuppoling, the Line A C divided into 

eqyal parts at the Points c) will appear as in the lixth Projection, Fig. 21. where 
the: Limes Bc arc.continued to þ, and then (to avoid confuſion in the Figure) 
xentoved from their proper place in the Plain ABDC, and all ſet off inthe 
Tame ſtreight Line AC (continued), and the Lines ec applicd to them as Ordi- 
nates (in this Poſition) in ſuch proportion to RS, as af toaR. 

53- The Quantitics in this Projection, I thus delign in Spears. 


AB=CD=R. 
Agn=UR=c 
RS =4/: R*—c?, 
DR= RT7Tc=v. 
SK=AC = £. 
AC =4. | 
BA . Ba' 3: Bc . Be:: Ac. ac. 
"IS Fs Kt Rae nm? 
R  KTEWD) 22 : W, > = 4 
ae = Fo ==6. 


a R (= AC) - eg-2: 


"I 


The Shi pwright's Circular Wider. 
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54. In Numbers ing R= 1; A= 2) the Semi-axes of the five Curves 
deſcribed, Bc, are of the ſame length with Cd, and Dc, $ $4, 44. fave that the 
firſt of choſe (which is the circumference of a Circle) is here omitted; (inſtead of 
which, in this caſe, we ſhould have a ſtreight Line, coincident with its Axe BA.) 

[. II; IL. IV. V. 
Bc. Bc. Bc. Bc. Bc. 
1.1180z 1.41421 2.802989 2.23607 2:69258 
And the Ordinates, ſuppoſing the Semi-axis divided into four parts, are theſe: 
[. II. III. IV. V. 
eo. eo. es. ec. ec. 
©. ©. ©. ©; 
0.041 0.083 0-124 ©.165 0.207 
0.103 C217 0.325 0.433 0.541 
0.182 0.363 0-545 0.726 0.903 
0.25 of ©.75 b. 1:25 
0.303 0.605 c:gog 1.210 1.513 
0.325 0.650 0.974 1.299 1.624 
0.289 0.579 ©.568 1.157 1.447 
©. 0. ©. ©. 


Or (fot a more accurate deſcribing the Curve) dividing the Semi-axe inch 18 


[. 

eo. 
O; 
0.0054 
©,olgl 
0.0273 
0.0414 
0.0566 
00732 
0.9904 
0.1083 
©.126 
C.1 
0.1633 
0.1815 
0.1995 
0.2170 
0.2339 
0.29 
0.2651 
0.2790 
0.2916 
0.3026 
0.3117 
0.3187 
0.3233 
0.3243 
0.3230 
0.3171 
0.3065 
0.2894 
0.2641 


0.2269 . 


©. 1636 
0. 


IL 
eo. 
0 


©0.010g 
0.0303 
0.0547 
0.0 27 
0.11 

0.1463 
©. 180g 
0.2165 


©.2 $29 


IV. 
- $0s 
©. 


8.0218 
0.9605 
©0:1093 
©0.1654 
0.2264 
0.2927 
©.3617 
0.4330 
0.5058 
0.5794 
©.6531 
0.7262 
0.7981 
6.8681 


£9357 
1.0604 


1.1162 
1.1664 
1.2103 
1.2463 
1.2747 
1-2926 
t.2990 
261g 
1.2686 
1.2260 
1.157 
405 1 
+9077 
0.6744 
©, 


parts (and the whole Axe into 32), the Ordinates will be theſe: 


V. 
eco. 
C.0272 
0.8756 
0.1366 
0.2063 
0.2830 


mu_anwf. 


Cono-Cuneus : Of, 


55- Seventhly; If it be cut by a Plain A cd, paſling through A (Fie. 8.) per- 
pendicular tothe Retangle ABDC, andcutting the Side;BD in d,; (andany of 
the Triangles R S a in ps )-the Curve Line d o A will have this..property : 
As AC, oraR, toap; SoisRS,ropse; And ap is thus found:: As AB t6 
Aa, or AD Ap; SoisBd roap. | 
56. In Speries, thus: 


: Bd =4. © ; 
AB. As :3: CD . CR :: Bd. a6. 
R C Ao 
. R- 

c4 

ae = = 


ond, © » Þ? 2? ca » Þ? 2 
C4 2 
180 = =o RIC? | 


_ p. 741 2 60 : wot) 16 

$7- But if this Plain (paſling by A) cut the Line CD in any Point P before 
i! it come at 4 in the continuation of BD, (Fie.g.) the Curve Line will have thiz 
I: tf : property: Cutting the ſame Plain (as before) by any of the Triangles RS a 


| It parailel to CQA, it will -be, As CP 79 CR; or., As AP ro Ap; or, aR 
'# 138 (=AC) ro ae; SÞRStr0p0. | 
a q 53. In Species, thus : 
it -CD=R. 
1 GP =£C, 
E724. CREE + ; 
ach RS = o/: R* 73, 
aR=AC=42. ' 
5 CP. CR::AP. AR::: aR (=AC). ae=-: RS. 0s. | 
fl — + | : : WW A b 4 VR — CO . - v2 Rc. 
if = 
; 48 = CE * . 
| po = - v/: RO, 
iT b ' } 
4 59. Or elſe, continuing AP till it cut:B D (contimucd) in d, the Propor- 


*jons will be-as before at 'F 55, 56. | | 
60. In this Section, the Curve L.ine d & A cuts not its Axis at P (as in the fourth 
and fifth Section at b), but continues on. the ſame 1ide of it (above the Plain 
ABDC) till it mcet withit at A; but (ſuppoſing the Solid to be farther conti- 
J' 44 nued in the oppolite Poſition).cuts it at A, and thenceforth continues on the cther 
8 fide of it (below the Plain ABDC continued) till it meet again at of. And (in 
Bk caſe of ſuch continuation) inltcad of CR =-{-c, we ſhall have CR=—c; (be- 
, uh caſe now R falls on the contrary ſide of. C, in the continuation of D C:) And 
conſequently the Ordinates- beyond A (being on the contrary ſide) to be inter- 
preted Negatvely (witk the {gn—) as thoſe on this kde, Aflirmatively, with 

zhe fign-!-, | -.# | 

64. In both caſes (whether Ad ait-or cut not the Line CD as at P; that is. 
whether the Point d falt-above or below D;) the Curve Lines ds A continued 
' Bb (anſwering to a {utable-continuation of the Solid) cutting their Axis at A, will 
1 32:0 mcet with it (continued) at df, as.far beyond A as d 4 on this lide of it : 
| | And the Ordinztes beyond A will be jult the fame as 0n this ide, but with contrary 
ſigns = —, 62. And 


The $ hiporight's Circtular Wedge. ; 13 


aa 
CCEE—_ 


62. And the Curve Lines d & As transferred to one and the ſame Plain; (ſup- 
poſing the Line B D divided into equal pafts at the Points d) will appear as inthe 
ſeventh Projetion, Fig. 22. Where the Lines dA are continued to 4, and then 
(to avoid confuſion 1n the Figure) removed from their Proper place in the Plain 
ABDC, ard all ſet off in the ſtreight Line A C (continued), and the Lines 
es applied to them as Ordinates (in this Poſition) in ſuch proportion to RS, 


as ae is toaR. be DOD : 
63. The Quantities in this Projection I thus deſign in Species. 


AB=CD=R, 
Aa=CR=tTc. 
RS = y/:R3 —c7, | 
_— | Fig.22; * 
AB . Aa :: CD . CR :: Bd. ag 
y HER 464 
WS. of =F* 
Tex 
ae —S— 
aR(=AC). ae RS es 
Tc a Sa = "* 
A. = :: f/iR—f, ra VR 
+. x | 
60 =— of: RI 


64. In Numbers (putting R=1, A=2,) the Semi-axes of the five Curves 
deſcribed, Ad, ate of the ſame length with BC, $ 54, 


I. II. III. IV. V. 
Ad. &a6- Ad. Ad. Ad. 
1.11803 1.41421 1.80278 1.23607 2.69258 


Sn the Ordinates, ſuppoſing the Semi-axis divided into four equal parts, are 
theſe : 


| I III. IV oy 
eo oc e 6. ec ec, 
5 © = 0. 
0.124 0.243 0-372 0.496 0.620 
©,108 0.217 0.325 0.433 0.523 
©.061 0.121 0.182 0.242 0.303 
> o. + o© S © Zo Z 0.303 
——0.c61 ——O.121 —0.182 —0.242 —0.523 
— 0.108 —Y.217  —0325 —0.433 —0.620 
—0.124 0.245 —0.373 —0.496 
—. —) —O —0, 


Or (for a more accurate deſcribing the Curve) dividing the Semi-axis into 16 
parts (and the whole Axis into 32), the Ordinates will be theſe: 


C [ 
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I. II. III. IV. V. 
eo. eo. eo. ec. ec. 
©. ©. ©. ©, O. 
0.0316 0.1632 0.2447 0.3263 0.4079 
0.1059 0.2118 0.3177 0.4236 0.5295 
0.1134 0.2368 0.3552 0.4737 ©5921 
0.1240 0.2480 0.3720 0.4960 0.6200 
0.1250 0O-2499 O-3749 oO.4998 c<c.5248 
©.1220 0.2440 ©. 3660 0.4880 C.6099 
0.1163 0.2325 0.3488 0.4651 0.5814 
0.1083 0.2165 0.3248 0.4330 0.5413 
0.0984 ©. 1967 0.2951 0.3934 0.4918 
0.0869 0.1738 0.2607 0.3496 0.4345 
0.0742 6.1454 0.2226 0.2969 0.3711 
0.0605 0.1210 _- 0.1815 0©.2421 0.3026 
0.0460 0©.0921 0.1333 ©.1842 0.2302 
0.0310 0.0620 0.0930 0.1240 O.15FO 
0.0156 0.0312 0.0468 0.0624 0.0780 
+ 0. + o. t 9 + o. * o. 
—0,0156 —0.0312 —0,0468 —0.0624 —0.0780 
—0.0310 —0.0620 —0.0930 —0.1240 —O.1 F5O 
—0.0460 —0.0921 —0.1383 —o0.1842 —0.2302 
—0,060q —O.1210 —O.18t5s —c.2421 —0.3026 
—0.0742 —0.1484 —0.2226 —0.2969 —0.3711 
—0.0869 —0.1738 —0.2607 —0.3476 —0.434 
—0.0984 —0.1967 —0.2951 —0.3934 —0.491 
—0.1083 —2.2165 —0.3248 —0.4330 —0.5413 
—0.1163z —0.2325 —0.3488 —0.46 ; 1 —0.5814 
— 0.1220 —0.2449 —0.3660 —0.48350 —0.6099 
—0.1250 —0.2499 —0.3749 —0.4998 —0.6248 
—0,1240 —0.2450 —0.3720 —0.4960 —0.6200 
——0,1184 , —0-2368 —c.35532 —0.4737 —0.5921 
—0.1059 —0.2118 —0.3177 —0.4236 —0,5295 
—0.0816 —0.1632 —0.2447 —0@.3263 —0.4079 
> —0O. —_ * —C, —0O. 


65. There are many other SeCtions which may be made of the ſame Solid ; 
but theſe being all that were propoſed to be conſidered, I ſhall ſtay here. 

66. But theſe four laſt mentioned (and divers others, though ſomewhat diffe- 
rent from them) doall fall under one General, as ſo many Particulars of it : For 
the better conſideration of which, I ſhall compleat the Body (or at leaſt the 
half of it) which is here but Quadrantal; and imagin it farther to be continued 
downward (below its Circulzr Baſe) ſo far as ſhall be neceſſary ; and continued 
upward (afteran interfeftion in the Line AB) in like manner, as oppoſite Cones 
are wont to be conſidered. 

67. Suppoſing then (Fig. 10, on the Center C, and Diameter 4D, a Circle 
deſcribed 4$QD; and CQ. perpendicular to the Diameter 4 CD, dividing 
the Semicircle 4Q D inta- two Quadrants; and ( at Right Angles to the Plain 
of the Circle) a ReCtangle 4DB þp,: divided into two equal parts by the ſtreight 
Line CA; (and therefore, joining QA, the Triangle CQA will be at Right 
Angles to both the Plains:) And from every Point $S in the Perimeter of the 
Circle, to the reſpeCtive Points a in the Line BÞ (in Plains parallel to ACQ ) 
the freight Lines $@ to be drawn, compleating on either ſide of the Reftangle 
a Curve Superficies-& $S DB þ: Theſe with the Circle contain a Solid, which 1 
call a Cono-Cunews, made up of four ſuch Quadrantal Solids as are above deſcri- 
bed at F 1. which Solid (and its Oppoſite, made by a decuſſation in the Line 
Bþ) we ſuppoſe to be continued as far as is neceſſary. | 

68, If this Solid be cut by a Plain at Right-Angles, to the Reftangle ADB þ, 


the Section of that Plain, with this ReCtangle, will be either parallel to BD, (ard 
then 
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15. 


then the Seftion will be a Right-angled Triangle, as in our firſt Caſe, $ 6.) or 
parallel to D 4; (and then the Section will be an Ellipſe, as in our ſecond Caſe, 
F 13.) or at leſt will obliquely cut the two oppolite Sides Þ 4, B D,. (produced, 
if need be) in 4, d; Which Line fd I call, the Diameter of the Curve Line, 
made by the Section of the Solid. = | | 

69. And, under this laſt caſe, fall the four laſt of theſe before-mentioned, (the 
fourth, fifth, ſixth, and ſeventh) as appears by the Scheme: Where Cd, CB, Cb, 
anſwer the fourth Caſez 4 b, ac, 4a A, anſwer the fifth Caſe; Bc, BC, Br, 
anſwer the ſixth caſe; and Ac, Aa, Ar, antwer the ſeventh Caſe. . But the 
Curves anſwering theſe Diameters I have omitted, to avoid confulion in the 
Figure. | | | . v6 

70. ITow a Point being aſſigned (Fig. 11.) in any of the Diameters of d, the 
Ordirate, or perpendicular height of the Curve over that Point, is thus fou 
Geometrically : By the Point aſligned g, ſuppoſe apR drawn parallel to BD, 
cutting ÞB in a, and aDin R; on which, ſuppoſe a Perpendicular Plain ere- 
&ed, cutting the Semicircle ASD in RS, and the Solid in aRS a Right-lined 
Triangle ; wherein ps being drawn parallel to RS, will be Perpendicular to 
the Plain of the Rectangle, as is the Line R S: And therefore & is that Point of 
the Curve-Superficies which is over the Point p, (through which therefore the 
Curve-Line paſſeth , whoſe Axis paſleth through e:) And therefore es is the 
Ordinate to that Point of the Axis or Diameter 4 d. | 

71. Therefore the Point p being given, a and R be known alſo; and conſe- 
quently, RS the Ordinate or Right-vSine belonging to the Point R, in the Semi- 
circle ASD: Then, becauſe aRS, ae, are like Triangles, As aR 5s to ae, 
SolsRS ro po. ' | : 

72. Having thus found as many of the Points © as ſhall be thought neceſſary, 
a Curve-Line regularly drawn by them is that Curve to which od is the Axis. 
- 73. The Arithmetical Calculation may be thus performed : Suppoſing 4 D tg 
be divided into any number of equal parts at the Points R, the Lines Ra (pro- 
duced if need be) will divide 4d into the fame number of equal parts at the 
Points þ: And if, from d, bedrawn de parallel to 4, cutting 4 þ in e, and 
£ © from the Points p, the Parallels es will cut « into the ſame number of 
equal parts. | 
-- 74. Suppoling then (for the more convenient calculation) 4 D = D, 4 R=4, 
le=N, St=v, (and therefore $d = /; D*-Q2?, and Sp =: +06?) 
Þ4a= M4 (the Altitude of Þ B above the Baſe), and d' þ = « (the Altitude of 
PB the Vertex of the Solid, above d* the lower Vertex of the Curye-Line) z 
then is eÞ= & —N, £Þ=&«—0&, the Altitudes of þÞ B above e; «, or d,ez 
(and therefore, when Q, , happen to be greater than «, the Quantities « — 2, 
& —, are Negatives; and —_ x e, t, above the Vertex ÞB, in tha 
oppoſite Solid) and RD = D—4; and therefore RS =y: D* —.4®. (a mean 
Proportional between 4a R; R D; that is, between d, D—4.) 
- 75. Then, becauſe aRS, aps, are like Triangles, (whether e be higher or 
lower than þB;) As aR, or Þ4, # toag, or pt; So isRSro eo: That is, 


As A to &—@; $0 /:dD—@>, to SY HidD—AP: Which is therefore 
the length of e .. 


76. If therefore, in a Plain, a Line equal tb 4d, be divided at e into ſo many 
Parts as is ſuppoſed : and on every of the Points e, wherein it is fo divided, be 
erected Perpendiculars equal to the Lines g © thus found reſpeCtively (obſerving 
ſtill, that the Negative Quantities are to be applied on the contrary part of the 
Line thus drawn); the ,Curve-Line drawn by the Points & in the Plain, agrees 
with that in the Solid made by the Section thereof : And may be therefore deſcri- 
bed without an, aCtual cutting of. the Solid, ,and may, be fitted to any proportion 
of the Height to the Baſe of the Solid ; and in whatioever poſition the Diameter 
d\d be ſuppoſed to cut. theReCtangle 4DBÞþ in that Solid. ... 
| 77. This Calculation fitted to the Circular Baſe ASD; may with the ſame 
eaſe be applied to a Parabola, Hyperbola, or other Curve-Line whatever, 
whoſe Axis is 4D, and Vertex 4; if inſtead of y/:4 D—@, (which is here 
the Ordinate in the Circle ) we put = Ordinate of that other Curve-Line : 

s 2 As 
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_— 


As —_ 4:4d L, if a Parabola; {=> v:d L-- =, if an Hyperbola ; (ſuppo- - 


ſing D the Tranſuerſe Diameter , and L the Lats Reit:m ); and the like in other 
Currics. 

78. And for this reaſon, I choſe to deſign the Point R by its diſtance from 4, 

ther than from C, forward and backward; and 2 by ics diſtance from #, rather 
than from cz which otherwiſe rhight as conveniently be cone, 

79. But if we ſhould ſo deſign it, and put c = R C (and conſequently 
RS=y/:K—f); ande=Ac, the Altitude at c; and © the difference of 
Altitudes at g from that at c; then is ag —= « —o for the Points g in cd above 
the Point c, but a p = « + @ for thoſe below it in cd: And accordingly 
eo=—=—y: RI, 

8+. But if we put « = Bd, (the Altitude of B above d, the higher Vertex of 
the Curve, which therefore will be a Negative Quantity when B falls below d) 
and w, the difference of Altitude from that at d, the proceſs will be the ſame as 
before, ſave that then, inſtead of « — ©, we mult put « --@ = « e (and conſe- 


quently es = == /:dD—4d*): And the like if d were the Vertex of a Para- 


Sola, or Hyperbola, or other Curve, whoſe Axis d 6 ſlopeth downward. 

81. If it be deſired rather to find Inſtrumentally, than by Calculation, the 
ſeveral Ordinates e &, to any Diameter AD, in any ſuch Solid, and in any Poſi- 
tion aſſigned ; it may be very eaſily performed in this manner. 

82. Firſt; Let any ſtreight Line, at pleaſure, LM (Fig. 12.) be divided at 
the Points e, into any number of unequal parts, as a Liie of Ordinates at equal 
diſtances in the Quadrant of a Circle ; (in like manner, as the Line CQ is divi- 
ded-at the Points S in the firſt Projeftion, Fig. 16.) and on the other'ſide of M, 
let AM be ſ divided alſo into the ſame number of Parts; and on the ſeveral 
Points e, M, ere&t Perpendiculars, continued both ways as far as ſhall be need- 
ful. Which general Conſtruction is applicable to any caſe at pleaſure ; and 
being once drawn, may ſucceſſively be applied to many. 

83. Then (ſuppoſing, in the Solid propoſed, Fig. 11. 4 E, parallel to AD, 
cutting AC in E; and Eq, parallel to CQ, cutting AQ in q;) ſet off, in 
the Perpendicular at M, Fig. 12. a Line ME equal to that Eq in the Solid, and 
draw the ſtreight Lines EA, EL; which Lines will cut off, in the other Paral- 
lels, the Lines þS;' equal to the-Ordinates of that EVipſe in the Solid, (Fig. 1 1.) 
whoſe Axis is VE; (tuch as areR © in the ſecond Projection, Frg. 17.) 

84. In like manner, (ſuppoſing, in the Solid, Fg. 11. de parallel to DA, 
cutting. C A, or the continuation thereof, in»; and » q, parallel to CQ, cut- 
ting QA, or the continuation thereof, in q ;) ſet off in the Perpendicular at 
M, (Ftp. 12, 13.) a Line My equal to yq; (on the ſame fide of AML with 
ME, or on the contrary, according as d and 9 are on the ſame, or oppoſite 
Sides B Þ;) and draw the ſtreight Lines y A, y E; which Lines will cut off , In 
the other Parallels, the Lines g's, equal to the Ordinates of that Ellipſe in the 
Solid, whoſe Axis is 1d. | 

85. Then (dividing Ey into as many equal parts at the Points &, as are the 
unequal parts in A L) from every of the Points &, draw ſtreight Lines to A or 
L reſpettively; which Lines will cut off, in the reſpective Parallels, eS, (the 
firſt in the firſt, the: ſecond! in the ſecond, &'c. numbering the Points @ from E, 
and" the Parallels- from A;) the Lines go, equal to the delired Ordinates of the 
Curve propoſed. 

86. Laſtly; Drawing a ſtreight Line 4 d (Fig. 14, 15-) equal to that in 
the Solid (the Diameter of the e propoſed); and dividing it in the Potnts e 
into as many equal parts, as are the unequal parts in AL; and to each Point of 
Divifion, applying at Right Angles the Lines ps, equal to thoſe upon the Line 
AL (on the ſame or contrary tides of 4 d, as thoſe are of AL); and, by the 
Points 5, drawing the Curve-Line which they dire&: This Curve-Line is the 
fame with that which is made by the SeCtion of the Solid propoſed, by a Plain on 
the Line ff d at Right-Angles to the Reftangle ADBÞ. 


$7. The 
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87. The ſame may be performed by one of the Triangies AME, Fig. 13. 
reckoning the Parallels therein twice over, (the Ordinares in each Quadrant 
being the ſame) and dividing Eu into as many parts as before. 

$8. If the Baſe A SD be an Ellipſe, this proceſs will be the ſame as in a 
Circle ; but if it be a Parabola, Hyperbola, or other the like Curve, the Line 
AL, which is now divided as a Line of Ordinates at equal diſtances in a Circie; 
mult then be divided as ſuch a Line of Ordinates of that Parabola, Hyperbola, 
or other Curve, whoſe Axisis A D: And then the relt of the Operation purſued 
with very little alteration. | 

89. In the whole Progreſs, I have ſtill ſuppoſed the Parallelogram ABDC 
to be Rectangular, and the Quadrant CDQ at Right-Anzlcs with that Plain, 
and the Triangles ACQ, aRS, at Right-Angles to both of them (and conſe- 
quently , the Body to be Erect, not Scalene ) ; and the Plain cutting this Body, 
to be alſoat Right-Angles with that Parallelogram. Burt in caſe any of what we 
ſuppoſe to be ReCtungular, ſhould be Oblique, the Seftions will be ſomewhat 
ditterent from theſe deſcribed, in like manner, as the SeCtions of Scalene Cones, 
or the Oblique Sections of Erect Cones, differ from the Right Sections of Right 
Cones. Bur of theſe caſes, I intend not here to diſcourſe farther, contenting 
my ſelf with the Perpendicular Sections of theſe Ereft Solids. 
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CHA.P. I. 


Of the Duplitation and BiſeFion of in An ct or - . 
| ANGLE; 


I; E T the Chord (or Subtenſe) of an Arch propoſed, be called A; 
(or E;) of the Double, B; of the Treble, G; of the Quadruple, 
D; of the Quintruple, F; &c. The Radius, R; the Diameter, 
2 R. ( But ſometimes we ſhall give the name of the Subtenſe A, 


E; &c. to the Arch whoſe Subteuſe is is yet with that care, 
as not to be liable to a miſtake.) 


- II. Where the Subtenſe of an Arch is Az tet, the Verſed fine be V: {where Fig: I. 
that is E, let this be U.) Which drawn into (or Multiplied by ) the cettainder 

of the. Diameter (2R—V) makes 2R VV q, the Square of the Right-ſins: 

(this Sine being a Mean-proportional between the Segments of the Diameter on 
which it ſtands erect, by 13 e6.) That is; (Q:48:) the Sqttare bf (the Ripht: 

ſine, or) half the Subtenfe of the double Arch : Thar is ;- 2K VV G=Q;3B: 
=3Bq. | "pt 


LIL. If to this we add +> $quare of the _—_— it makes 2 KV= 
(3Bq+Vq=z) Aq. ( Aud, by the fame reaſon, 3RU=Eq) Thais, 


IV. The Subrenſe of at Arch y, s « Men Propertionl betivees the Diaratret whal 
the Verſed-ſine. 


V. Again, becatiſe 2RV=Aq, therefore (dividing both by 2R,) 1 =V: 
And (the Square thereof)"09 = Vq: Which ſubtrated from A q, leaves the 
Square of the Right-ſine, ag—pH=Q 4B. (And, ivbke manner, =o == Ul, 

Eqq_ =. * 4 n i 
and Rp — 4 and E q +Rg — W8B. That is, 


A2 vI. If 
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VI. If from the Square of the Subtenſe, we take its Biquadrate divided by the Square 
of the Diameter ;, the Remainder is equal to the Square of the Right-ſine : And the Square- 
root of that Remainder, to the Sine it ſelf : And, the double of, this, to the Subtenſe of the 
double Arch. 


VIE Accordingly, becauſe Aq— _ jm +Bq, therefore. ( its Quadruple ) 


4Rq 
44q—=Bqz and /:4Aq—q_*: =B. (And in like manner y. y/ : 


4Eq—522: =B) That is, 


VIII. If from Four-times the Square of a Subtenſe, are taken its Biquadrate divided 
by the Square of the Radius; the Remainder is the Square of the Subteuſe of the dowble 
Arch : And, the Qugdratick Root of that Remainder, is the Subtenſe it ſelf. 


f, 


- 


IX; But Jte—HEw=/ I "Un: 4Rq=—Aq: 
A AE | 


X. The Rett-angle of the Subtenſes of an Arch, and of its Remainder to a Semicircle, 
arvided by the Radius; is equal to the Subrenſe of the double Arch. 


XI. Becauſe ** =; therefore AE=RB=2R«4B: And, R. A:: BB: 
And therefore, ( becauſe AE contain a Right-angle, as being an Angle in a 
Semicircle.) | 


XII. In a Right-angled Triangle , the Rett-angle of the two Legs containing the 
Right-angle , is equal to that of the Hypothenuſe, dia the Perpendicular from the ht- 
angle' thereupon. 'And 947 4 | x; 4 

XIII eA« the Radius, 10 the Subtenſe of an Arch; 'ſo the Subrenſe of its Rewiginder 
ro a Semicirele, is to that of the double Arch. ' 0 


XIV. Becauſe B, the Subtenſe of a double Arch, doth indifferently ſubtend the 
two'Segments which compleat' the whole Circumference z arid, conſgquently, 
the hanfof either may be'the ſingle Arch of this double :: It is therefore neceſſary 
that this Equation have two (Affirmative) Roots; the greater of which w& will 


I 


(1) ſ 11 & 4 ( "1 A |; un 
call A; and the leſſer E: And therefore Vi 4Bq—o ; =B=v: 4Eq— 
Ei9 q* IC q | | 


XV. eAny Arch, and its Remainder to 4 Semicircumference ,- ( as alſo its exceſs 
above a Semicireumference , azd either of them increaſed by one or \21ore Semicircum- 
ferences, ) will have the ſame Subtenſe of the double Arch. For in all theſe Caſes, 
the Snbrenſe of the ſingle Arch will be either A or E. | 


XVI. Becauſe \/: aAq—1 (=B)=y: 4Eq—y2: And therefore, 
'— a: WEED E | 
4Aq=x7c (=Bq)=4Eq—Rc 5 and 4AgRq—Aqq (=BqRq) 


—4EqRq—Eqq: Therefore (by Tranſpoſition)4AqRq—4Eq Rq= 

__ | . =o $I 
Aqq—Eqq; and{dividing both by Aq—Eq,) 4R 6-- So —ie =) 
An+Eq. That is, _” Sabo #)p4+ 


i; 


J », 
YVII. The 


CHar. I. " Of Angular Seftions. =» 


XVII. The Square of the Diameter , is equal to the difference of the Biquadrates 2 


the Subtenſes of two Arches , (which complete a Semicircumference ) divided: IF I: _ 
the difference of their Squares : eAnd this alſo, equal to the ſam of the Squares S 
thoſe Subtenſes, That is, (becauſe AE contain a Right-angle.) 


XVIII. In a Right-angled Triangle, the Square of the Hypothenuſe (4. R q) is equal 
to the Squares of Te fades cchis the Right-angle. (Aq+Eq.) 


XIX. Or thus, Becauſe B is the common Subtenſe to two Segments , whuch Fig. IT. 
together complete the whole Circumference ; and therefore the half of both, 
complete the Semicircumference: If therefore ina Circle (according to Prolemy's 
Lemma) a Trapezium be inſcribed, whoſe oPpo te ſides are A, A; and E, E: 

The Diagonals will be Diameters , that is, 2R: And, conſequently, 4Rq= 
Aq+Eq; as before. | 


XX. Hence therefore, The Radius (R) with the Subrenſe of an Arch (AOrE) 
being given; we have thence the Subtenſe of the double Arch, B: ( which is the 
Duplication of an Arch or Angle.) For, R, A, being given; we have E=4/:4R 
—Aq. (orR,eE, being given, we have A=4Rq—Eq:) And, having' 


R, A, E; we have B =; by Y 9. 


XXI. The Radius R, with B the Subrenſe of the double Arch , being given; we 
have thence the Subtenſe of the ſingle Arch, A or E. (which is the Brſetton of an 
Arch or Angle.) For , by $ 14, V:aAq—PE:=B=vi4Eq—P2: And 
therefore 4Rq Aq—Aqq (=RqBq) =4RqEq—Eqq. And the Roots 
of this Dynan, RS  naRg TR SRI =Aq, 
or Eq. And, the Quadratick Root bf this, is A, or E. 


. XXII. Hence alſo we have an eaſie Method, for a Geometrical Conſtruttion for Fig. 111. 
the Reſolution 0 fy Biquady ati ions; or Quadrarick Equations of a Plain Root, 
mheyein the Higheſt Power is Negative. Underſtand it in Mr. Owghtred's Language : 
Who puts the Abſolute Quantity, ative; and by it ſelf; and the reſt of 
the Equation all on the'other ſide.) Suppoſe, RqBq=4R pry , or 
(-putting P=+B)) 4RqPq=z=4RqAaq=—Aqq. For, dividing the Abſolute 
term.RqBq, CH—_ by the Coefficient of the ——_— the 
Reſult is 4Bq, or Pq ; its Root $ B or P. Which, being ſet Perpendicular 
on a Diameter equal to 2 R (the Square Root of that Co-efficient: ) a ſtreight 
Line from the top of it , Parallel to that Diameter , will (if the Equation be 
not impoſſible) cut the Circle; orat leaſt touch it : From which Point of Seftion 
or ContaCt , two ſtreight-lines drawn'to the ends of the Diameter, are A, and 
E, the two Roots of that (ambiguous) Biquadratick Equation, (or, if we all 
it a —_ of a Plain-root, the Root of the Plain-root of ſuch Quadratick 
Equation. 


X _ And this Conſtruction, is the ſame uk the RE of _ Problem; 
In a Righteangled Triangle , the — mg given, and = Perpendi 
the "Sr _umay thereupon , to find the other ſides ;, . ; "if need be, the Angles, 


the Sements of the Hypothenuſe, and the Area of the Triangle 4 R B 
or PR.) 


XXIV. Or thus: Having R and B, (as at F 22.) with the Radius R deſcribe 
a'Citcle ; and therein inſcribe the Chord B; and another on the middle 
at Right-angles : (which will therefore biſeCt thar, and be a Diameter :) And, 
from both ends of this, to cither end of B, draw the Lines A, E,; as before. 
And this/ ConſtruCtion is better than the former , becauſe of the uncertainty of 
_ preciſe Point of ContaCt or Seftion , in caſt the Seftion be ſomewhat .Y 
Oblique. A 77 


XXV. Now 3. 


| 
: 


2 


Of Arenlar Seeins, © Can. 


XXV. Now if it be deſired, in like manner, to give a like ConſtruQtion , 
in Caſe of F Biquadratich, Equations (or Quadraticks of a Plain-root) where 
the bigheſs Power is Affirmative ;, ( though that be here a Digreſlion, as in all the 
reſt that follow, toF 35.) It is thus: Suppoſe the Equations Aqq—Vqagq 
=Vq Eq=Pqa--VaPq: Whoſe ( Afthrmative) Roots are Aq, and Pq; 

and therefore Vq, Vq Eq, and conſequently Eq, are known Quantities: ) 

herefore (by Tranſholition) Aqgg—VqagtVe Pq; and (dividing by 
Aq--Pq,) Aq—Pq (=E=>=)=v4q Andtherefore Aq—Vq = Pqz 
and 1 Uh >: 24 And (by Multiplication) Aqq—VqAq=zAqPq=z=Pyq 
+VqPq=zVqte 


Aq—Vq=Pq Aq=Pq+Vq 
x A q xÞq 


Aqq—VqaAq=zAqPpqy == Pqqb+VqPq=zyVqete. 


P 
Eq=P? « a Whoſe Roots are=2 , and —*. Namely , /:Eq-þ+4 
Pq 


Vq:+4V =. Andy: Eq+3Vq:;—tV= And theſe Multiplied 


into V (a known Qpantity) make Aq, and Pq: Namely, V4y/: Eq-+3Vq: 
+iVq=zAq And Ve: Eq+34Vq:—iVq=Pq. And conſequently, A 
is a mean Proportional between V and 4/: Eq4+4Vq:-+4V. AndP, a mean 
Proportional between V and /: Eqj-4Vq:—3V. Therefore , 


XXVII. An Equation _ in one of theſe Forms, Aqq—Vq Ag 
=VqEq=Pqq+VqPq: The abſolute term (Vq Eg) being divided by the 
Cots of the middle term (V qz) the quantity A (Eq) whoſe 
Square-root (E,,) ſet Perpendicular on the end of a ſtreight Line equal to (V ) 
the Square-root of the Co-efficient ; which we may ſuppoſe the Diameter of a 
Circle, to which that Perpendicular is a Tangent: On the ſame Center with this 
Circle (and on the ſame Diameter continued) by the Top of that Perpendicular, 
draw a ſecond Circle. The Diameter of this ſecond Circle, is, by that Perpendi- 
cular (E) cut into two Segments, which are the Roots of theſe Equations. 


That is, U==3; and v+U=22. 


XXVIII. Or, (without drawing that ſecond Circle,) from the Top of that 
Perpendicular (in a ſtreight Line through the Center of the firſt, which will 


cut the Circumference in two Points, ) to the firſt Seftion, is U= _ 3 to the 
Aq 


ſecond, UV = S. 


XXlX. Theſe two Roots, Multiplied one into the other, become equal to the 
Abſolute quantity, = Eq. And Multiplied into V, become Aq, Pq: Or, 
thus, P is a mean Proportional between V and U; and A, between V and VU: 
Or thus, P is a mean Proportional between V and U — - ; and (becauſe by $ 


25. Aq=Pq+Vq,) A is the Hypothenuſe (in a Right-angled Triangle) to 
the Legs P, V. And this is no contemptible Method , For the reſolving Quadra- 
tick, Equations of a Plain-roat , wherein the higheft term 15 Affirmative. "The whole 
Geometrick Conſtruction, is clear enough trom the Figures adjoined ; where yet 
the Circles, (for the molt part) ſerve rather for the Demonſtration , than the 


Conſtruction. 
XXX. Again, 


Cura, l. Of Angular Settions. 5 


XXX. Again, (by the ſame $ 25.) Eq =JP+pq=Uq+Pq: And there- 


fore A and E, arealſo the Legs of a Rig t-mgtetl Triangle, whoſe Hypothe- 
muſe is V-þ U:: Which, by P ( a Perpendicular on it from the Right-angle) is 
cut ko thoſe two Segments. $00 


XXXI. From the ſame Conſtruction therefore , we have alſo the Geometrical 
ConſtruCtion of this Problem ; 1n a Right-angled Triangle , having one of the Legs 
E, with the farther Segment of the Hypothenuſe V, to find the other Segment ;, (and 
i the whote VU; and the Perperidicutar P; and the other Leg A; andthe 
whoſe: Triangle. ) 


XXXH. We kave thence allo this ; V.P::A(=y:Pq+Vq:Y.E. 
AndV.A::P(=4y/: Aq—Vq:):E. ths, Vq. q::Pq+Vq. Eq. 
AndVq.aAq:: Aq—Vq. Eq 


, XXXMIL If chetefore we make V the Radins of 2 Circke; then is A the Fig. v1. 
Secant z P, the Tangent; E a Pazattel ra the Right-ſine (in contrary on) 
from the end of the Secant to the Diameter produced. If we make A the Ra- 
dius ; then is Þ the Right-ſine , and E the Tangent of the ſame Arch; and V, 
the 9ine of the Compiement, or Difference between the Radics and Verſed 
Sine: From hence therefore , | | pes 


'XXXIV. The Tangent E , and Sine of the Complement V, being given; we have 
the Right-frac P, ard the Radins A. (Bus, F ze, anda fibers, is 2 
Diereton.) 


XXXV. If in a Semicircle on the Diameter 2R, we inſcribe B the Subtenſe Fig. VII. 
of a doudle Arch :'A Perpendicuſtr oh the mickffe Point hereof, wif ent” the 
Arch of ther Semicircle mto two Segments, ( whoſe Snbcenfes are A, E;Y 


either of which is a ſingfe Arc, to the whereof, B is a Sabtenfe. 
This, asto E,, is evident from 4&1, and 28& 3: And, as to A, from 
S 15 of this. 


XXXV1. Bur alfo (by the ſame re#ſon, ) the Arch þ (the difference of the 
Arches A, E;) and B (the double of either, ) wilt (if donbted Y have the ſame 
Subtenſe of their double Arch. That is, The double of the double (of either ) 
and the double of their difference, will have the fame Sabteuſe. 


XXXVII. Ifan Archto bedonble@, be juſt a rhir>part of the Circumference; Fig.VIII, 
the Subtenſe of the double, is equal to that of the fingle Arch. (For the ſame 
Subtenfe , which on one {ide fabrends two: Trients, dorlr on the other fide 


ſubtend bur one.) That ts, by $7, 4Aq— >4 (=Bq)=—Aq. And there- 
fore (by Tranſpoſition) 3 Aq = and 3Rq=&Aq. That is, 


XXXVIF. 4he Square of the Shbrenfe to a Frient of the Circumference (or of 
the ſide of 2n Equilater Triangle inſcribed ) #s eqzal to three Squares of the 
Radins. 


XXXIX. Again, the fame bring the Subtenſe of the double Tricat , and of 
the, donbe Sexrant , (for a Frient and a Sextamt complear the haff, +-f3 =H 
the Square of the Subtenſe of a Sextant, ( Eq, ) is the difference of the Squares 
of that of the Trient, and (the Diameter or) that of the Semicircumference. 
Thatis, 4Rq—Aq=Eq; that is, (by $ preced.) 4Rq—3Rq=Rq=zEq: 
And, E=R. That is, . 


XI.. The Subtenfe of # Sextant (or fide of the inſcribed Equitater Hexagon) is 


equal to the Radins, 


CHAP. 


| 
| 
| 
l 
| 
| 
| 
| 


Of Angular Settions. Caar.1l. 


CHAP. II. 


Of the Triplication and Triſeftion of an AR cn or 
ANGLE. 


Fig. IX. IL WF in a Circle, be inſcribed a Quadrilater , whoſe three ſides are A,A, A, 


(Subtenſes of a ſingle Arch) and the fourth C, (the Subtenſe of the 
Triple Arch:) the Diagonals are B, B, the Subtenſe of the double ;) as 
is evident. But-it is evident alſo, that (in this Caſe) A is leſs than a 
Trient of the whole-Circumference. - | | | 


IT. And therefore (the ReCt-angle of the Diagonals being equal to the two 
Rect-angles of the oppoſite ſides,) Bq=Aq-+AC; and therefore Bq—Aq 


Z&=AC, and ZI=23="LEA=C. :-That'is, | co 


' II. The Square ,of the Subtenſe of the double Arch; is equal ro the Square of the 
Subtenſe of 'h2 Sin le Arch (leſs than a Trient of the Circumference ) and the Ref#- 
angle of the Subtenſes of the Sngle and Treble Arch. And therefore, 


IV. The Square of the Subtenſe of the double Arch, wanting the Square of the 
Subtenfe of the ſingle Arch , ( oc, leſs than a Trient, ) is equal to the Refi-angle 
of the Subtenſes o the ſingle and Treble Arch. And conſequently, 


V. If the Square of the Swbtenſe of the double Arch, wanting. the Square of the 
Subtenſe of t ſingle Arch ( leſs than a Trient, ) be divided by the Subrenſe of the 
fingle Arch; the Reſult i the Subtenſe of the T7; riple Arch. 


VI. Becauſe that (by FS 2.) S—Y=c; and , that B--A into BA 


is equal to Bq —A q: (as will appear by, Multiplication: ) Therefore, A . 
B+A :: B-A . C.., That 1s, | 


VII. «As the Subtenſe of @ ſingle Arch ( leſs than « Trient ) to the ſum of the 
Subtenſes of the ſingle and double Arch; ſo i's the Exceſs of that of the above 
that of the ſingle , to the Subtenſe of the Triple. 


VIII. Again , becauſe (by & 7, of the jomns Coe, ) Ba=gag= 
3 Therefore, Bq—A4q (=AC) = z Aq—Fq * And therefore FIT 


Ac 
_ A—R=c That 1s, 


IX. The mo of the Subtenſe of an Arch ( leſs than a Trient, ) wanting the 
Cube Pore vided by the Square of the Radins ;, is equal to the Subtenſe of the 
Triple Arch. | | 


X. But , becauſe the ſame Subtenſe C, ſubtends alſo to another Segment of 
the ſame Circle z the Subtenſe of whoſe Trient we ſhall call E: Therefore 3 A — 
Ec h 


” = C=3E—xq" 


XI. And becauſe the three Arches A, A, A; and the three Arches E, E,E; 
complete the whole Circumference: (as is evident ;) Therefore , once A, and 
once E, complete a 'Trient or third part thereof. Therefore, 


XI. As 


Crap. ll. Of Angular Seftions. 


XII. An Arch leſs than rhe Trient of 
Tris, (A, and E,) ERS nbc Trade ok 


XIII. Again, becauſe (= hnnt_at?; pA E=gE—E = 5 and 
therefore zRqa—Ac=3RqE—Ec; and ME rt 
Therefore, (dividing both by A—E,) gRq (= S2SIFG) = Is | 
=A AE-+Eq. (Aswilla upon dividing AC<Ec by A—E; 
Makipiſn A—E ind Aq-+AE-+Eg) | 


Nv. But (by $ 37 38, ) 3 Rq is the Square of the Subtenſe of 
a Trient ; that  a7,0b, Ch mned) vRq ace Sure of he & There- 


fore, 
un of tenſe of 


XV. The Square Get onde 
S, eb - 


or three & 10:tbe 
ke ———_—— that Trien , _ ly wr rays, \ 
for the Subtenſe of a Trient) Tq (= 3RQ)=AqpAE+ q. 


XVI. But the hich AE tontain the Trieut of 
a Gre, o ning on ono Tris TO Spa: He 
y is To} ; 


XVII. In « Right-lined Tiles, ef pho Argbe 1 120. eg t*h oa 


of the Saree to chat Angle, 

and a Re of thoſe flee. (Fe Gorton rt Fr Leven ropes 
ary bg 'Triangl, w Nr an os © x Cr? 
ory/3Rq 


XVII. 1f a Quadrilater be inſcribed in a Citde , 
AE, A, (or By As B+) nnd the fourth Z: Eo Each of the the Dizgonals (by $ 4+) 
is T, the Subreaſe of 2 Trient. And ther rfore (by $; 13,14, 15, ) ZE-+3q 


LS LEE Vas FT T LT IN, ALE. and 


BE - If re the darroger 0 2 eros Z, the abbr tings Thien, tees 
is equal 10. che firm of the Sahrenſes of thoſe {o ET gn | 


XX. But, the ſame Chord Z, doth ©, to's Tri W-., 
increaſed by the Arch A; nl Z, doch toeend) on the.oge file, to'6 * 


Arch E; (S is evident;) That is, to an Arch which doch q_—_ > 
Trieas (or wane of two Trieaty, ) 2s. he Jo 4 on B want er 
ore z ; 


XXI. T the Subren Arches TOO | 
ofprap of another ray ancdnnÞ EL, 
(or wane of rwy Trients,) as r of thoſe ewo waxes of « Trien: ; 


me Raſen F098 Fig. IX: 


three of whoſe ſides are Fig. X. 


XXL The fame will in like manner be inferred, if weinſcribe a Quadrilater Fig. XI. 


| © ſides are A, T, and E, T; and the Diagonals T Z. For then 
Liryr, =T Z; and therefore AþE=2Z NG 


b 


8 


_ Of" Angulity" Seftions Cnae.ll. 


—— —_ 


Fig. XI. 


"XX111. But if either of the <Arthes to-whith Z' ſubtendeth ('greater- than a 
Trient , and leſs thantwo TrientsY be Tripled 3 the Subrenſe of this Triple;,: 
is the ſame with that of the Triple of A or E. For the Triple of an Arch 
greater thana Trient, ' is-equal to'ones whole Circumference with the Triple 
of that Exceſs. (For the Tripleof 4A, is 1+ 3 A.) Now becauſe, when 
we have once gone*roind the whole Circamference , we are juſt there where! 
at firſ-we began; this therefore ©(asto this Point) is as nothing z and the whole 


' diſtance'to be acquired is but the Triple of ſuch Exceſs ; and julſt the ſame as 


Fig. X11. 


jp 
4\ , { i © 


if onely this Exceſs had been thrice taken. {4 | | 


XXIV, As for Example; If the Arch ſubtended by Z, be Þy &, (that is, a 
Trient increaſed by" the Arch Ez) and to this we add a ſecond equal to ir a 
09; the Aggregate fy C0 , is the double Arch and” the Subtenſe thereof 
is B, or Þ8, (which is alſo the Subtenſe of the Difference of the Arches A;E*Y/ 
and if to theſe two, we adda third equal to either of them 97 « ; then is 
EyFP8yx,- the Triple of the Arch firſt propoſed; and the Subtenſe hereof 
(that is, the Streight-line whicti joynsthe beginning and the end of this Tripte 
Arch) is#* = C; the very ſame which ſubtends the Triple of E. . - x 


XXV.. And juſt the ſame would, come to paſs, if for the firſt Arch we take 
89747 that is, a Trient increaſed by A,)'to which Z isa ſubtendent likewiſe. 
For , taking a' ſecont equal to it Oxy 89 z the Aggregate 892P1 3 £8 (more: 
than one entire Circumference )) is the double Arch , and the Sulttenſe thereof: 
B as before: And if to theſe two yye add a third equal to either, 824; 
the Triple Arch is'#977 x +8 9F"*;and the Subtenſe hereof (as before) #* or 
C 5 the ſane with the fubtendenc of the Triple'of A: And therefore, - * 


X%vi. The 'Triflt of an Arch gremer than « 'Trient , hath the ſame Subreſt! 
with the Triple of its Exceſs above a Trient. And the ſame (for the ſame reaſon) 
holds in Arches greater than 2, .3, or more Trients. = 


- XXV11.” But note here}' that, inthis caſe; Thit'is;"if the Arch to be Tripled: 
be grearer than a FTrient; but le tian two rients; (forif more thantwo Triettsy/ 
but ft'thin* the whole Circnference; it'is the ſame 6s if it wete leſs than a 
Trient :)) the Subtenſe of the /d&hble 19+ 14s" tharr that of the'ſingle.- For , im 
ſuch caſe, the Arch will differ from that of a Semicircle (cither in Exceſs 6rin 
Defect ). by leſs than 4 of the whole Cixcumference. Let it be X. If there- 


fore 3 ©,X be the ſihgte'Arch;, the dhuble will Be'2r £2 X3-ant the Subtenſe 
thereof (Whether preateor Tels that One entire revSlntion) will de the fame © 
that of 2 X:'Andt ' (X being leſs than'F;Y 2 X will r&nire 2 teſs*+ 


- - NP leſs than, the Subtenſe of a Trient , 


Subtenſe than that of 4 2X ; th | 
but this greater than'ir: And E E 18 tO be” underſtood -iIn"6fhey- caſes"of 
48 - R 449 as þ 4000-8 @ T1 ny Y & TL 11h 


þ : - _ | Co 
I&% $4 TT t o cl C3 > wal (37A 


like nature. | huts 


"ul 01) 1,3 


i: 6 tec gi A 10 5, tink $53- 7 iT oc 20 * a:9i7” 
XXVIII. Suppoſing therefore , 2s before , Hd. C, or Lt _ 
c ; C muſt L. this caſe. be a pe rn uantity ; Or ; if we = Affirmative, 
then nyiſt; Z't oF (or nothing ?Y' For Bq " (where 2. 
bs) qntiey is to be fubtend&a a leſs) Sends be oNepitive., ty 
15Bq—£Zq=Zc; whtre Z c thy #'Negative';" either Z'6r\C*moſt bs ſb 
04 8:95 (paring oll Afrmatine), 29 —HA F202 0005.0 = 84 
| " —_ -, 0-8iC | if : + ap bb, WP h | -bil _— : LY 
XXIX. Which is evident” alſo from 'the Diagratn;' where," ſbrthis reaſoh 

Z Z become Diagonals; and both BB, and Z C, oppoſite ſides. And therefore 
I = ZC, or Zq=Bq+Zc; and DT 24 =Z—--=C. That 


——__—_ WIRE % 


C.1av.Ll. 


b 


Of Angular Settions. 


XXX. The Square of the Subtenſe of a fingle Areh , greater than a Trient., but Fig. XII. 


lefs than two Trients; is equal 0 the Square of the Subtenſe of rhe dawble Arch, together 
with a Reft-angle of the Subrenſes of the ſingle and Triple Arch. And, 


XXX1I. The Square of the Subtenſe of a ſingle Arch (greater than a Trient, but 
lefs than rwo Trients, ) wanting vhe Square of the Subtenſe of the daukle Arch ; is equal 
to the Rettangle of the of the ſingle and Triple Arch. And theretore, 


XXXII. If the Square of the Subtenſe of a fingle Arch (* greater than a Trient, 
but leſs than two Trients,) wanting the Square of No Subtenſe 7 the double Arch , be 
divided by that of the ſingle , #he Reſult is the Subtenſe of the Fripte Arch : (Or , it 
divided by that of the Triple, the Reſult is that of the ſingle.) Or, 


rwo 7 rients,) we Subrrath the Square of the Sulnenſe of tbe double Argh divided by 


XXX. If from the Subrenſe of a ; Srje than 4 T riexnt but leſs thax 
that of the ſingle; the Remainder is equal to the Subtenſe of the Triple, 


RXNRIV. But, becauſe of <LI = C,orZ) Zq—Rq(c; and Zq— 


Bq=Z-+BRinnZ—B: We have thence this Analogy, Z . Z+B :: 
Z—B . C. Thatis, 


XXXV. «As the Subtenfe of 4 fingl Arch-( Frome? then a Triens but (eſs thay toy 
Trients, ) to the Apgregate of the Subtenſes of rbe fingle and donblez fa is that of the 
ſirgle wanging that of the double 10 thas of the Triphe. 


XXXVI. Now becauſe (as we have ſhewed) Zq—Bq=ZC; and (by 
Z 
$ 7, 8, Chap. preced.y) Bq=4Zq—7: Therefore 19q4-Bq({=Zq47Z4q 


Zq Zq Zq-—B Zc X 
+ RY) = $2—3Z hs And Sd myy 3 Za Gl Thay is 


XXXVII. If from the Cube of the Subtenſe of a ſingle Arch (greater than a Trient 
but leſs than two Trients ) divided by the Square of the Radhs; we ſubrratt the Triple 
of that Subtenſe : The Remainder is equal to the Swbtenſe of the Triple Arch. 


XXXYIIL If the Arch to be Tripled be greater than rwo Trients, it is the 
ſame as if it were leſs than one Trient. (For the Refdue of the whole, to 
which it alſo ſubtends, is then leſs than a Trient,) And therefore the ſame 
Chord (ſuppoſe A or E) ds as well to an Arch greater than two Tries, 
a5 £9 ane leſs than one T 


XXXIX. If the Arch to be Tripled be equal to a Trient ; it is indifferent to 
whether of the two caſes it be referred , (that of the greater, or that of the 
lefler, than a Trient,) and the ſame happens if it be ſappaſed equal to xwo or 
more Trients, or to one or more intire revolutions. 


XL. If the Arch to be Tripled be greater than one og more intire revolutions z 
its Subtenſe is the ſamie with that af its Exceſs. above thoſe intire revolutions , 
and to be conſidered in like manner, which things are evident and need no further 
demon#ration. 


XLI. Now what hath been ſcyerally delivered concerning the Triplication 
of an Arch or Angle leſs than a Trient; and of one greater than a Trient, but 
leſs than two Trients; (to one of which caſes every Arch may be referred , 
2% is already ſhewed;) we may thus, jointly put together. 
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Of Angular Setfions, — Chae ll. 


Fig. XII. 


Fig.X1II, 


XLII. The Difference of the Squares of the Subtenſes of the ſingle and double "Arch 
(whether ſoever of them be the greater, ) 15 equal to the Rett-angle of the Subtenſes of the 


ſingle and Triple. (by 4 and 31.) That is, Bq—Aq=AC, and Zq— 


Bq=ZC. And therefore , 


XLII. If the Difference of the Squares of the Subtenſes of the ſingle and double 


Arch, be dizided bythe Subtenſe of the ſingle; it gives that of the Triple : 1f, by that 
Bq—Ag 


of the Triple, it gives that of the ſingle. (by & 5, 32.) That is, - 


_ #94=—% Bo—iq_ zqa—Bq _ 
z£ C= 7 - And C —= A. And C = 2. And, 


XLIV. eAs the Subtenſe of the ſingle Arch , to the Aggregate of the Subtenſes 
of the ſingle and double, ſo 1s the Difference of theſe Subtenſes, to the Subtenſe of 
the Triple. (by $ 7, 35-) That is, A . BA :: B-A.C. And Z. Z 
+B :: Z—B . GC. 


XLVY. Now for as much as (by $ 12, 26.) the Three Arches A, E, Z, if 
Tripled, will have the ſame Subtenſe of the Triple Arch C: 'Tisthence manifeſt, 


that ſuch Equation as this (which concerns the Triſettion of an Arch, ) 3 O oy =0. 


muſt have in all Three Roots, as A,E, £Z: (For every of theſe, upon ſuch 
Triplication , will have the Subtenſe of the Triple Arch, C:) Yet fo; that, 
where A and E are Affirmative Roots, Z is a Negative; and contrarywiſe, where 
this is Affirmative, thoſe be- Negative. That is, in this Equation, 3 O — 
Ss 
i =C; the Roots are A, +E—Z. But, in this, —_ O=C; the 
A 
Roots are — A, —E, +Z. And therefore, 3 an: © =3 EE =C = 


RI nIT And, conſequently, 3ARq—Ac= 3ERq—Ec=CRq=z 
Zc—3ZRq 


XLVI. Since therefore zARq—Ac=Zc—3ZRqz and conſequently 
(by Tranſpoſition) 3ZRqþ+3ARq=Zc-+Ac; ir is alſo (dividing both 
ſides by Z+A,) 3Rq= ( —— =) Zq—ZA+Ag. (For Z+A into 
Zq—ZAAq, is equalto Zc-þ+Ac; as will appear by Multiplication : 
nd contrarywiſe p if this be divided by either of thoſe, the Quotient will be 


in like manner ; becauſe 
3 +3ERq=Zc-+-Ec; 


is, 


the other of them , as will be found by Diviſion. 
alſo 3ERq—-Ec=Zc—3£ZRq, therefore 
and z3Ra= (EEE =\ Za—ZE+E 
P 1=(7+t =) _ q 

XLVII. Of two Arches, whereof the one exceeds the other by a Tiient of the whole 
Circumference ;, or elſe , whereof the one doth a4 much exceed a Tient as the other 
wants of it ; the Squares of the Subtenſes, wanting a Rett-angle of the ſame Subtenſes, 
are equal to the Square of the Subtenſe of a Trient , or Three times the Square of the 
Radius, Thatis, Zq=ZA+Aq=3Rq=Tq=Zq—ZE+Egq. 


XLVIII. Now the Angle contained by the Legs ZA, or ZE, (ſtanding on 
the Chord T,) is an Angle of 60 Degrees; (as being an Angle in the Circum- 
ference ſtanding on an Arch of 120 Degrees.) And therefore, 


XLIX. In « Right-lined Triangle, one of whoſe Angles is of 60 Degrees; the 
Square of the ſide oppoſite ts this Angle , is equal to the two Squares of the ſides Cont a1n- 
ing it , wanting the Reit-angle of the ſame ſides. (For any ſuch Triangle may be thus 
inſcribed in a Circle:) That is, Zq—ZA-+ Aq, (or Zq—ZE-|-Eq,)=Tq 


=3Rq. 
L. The 
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Il 


L. The ſame things (from $ 45, &c.) may be thus otherwiſe inferred. 
Becauſe (byF 15) Aq-pAE+Eq=3Rq, and (byS 18ofr 21.) Z= AE; 
therefore Zq — Aq-|-2AE-Eq,and ZA=Aq+AE,(and ZE=AE--Eg,) 
and therefore Zq—ZA=AE-Eq, (and Zq—ZE=Aq+AE;) and 
conſequently Zq— Z A-jA Ortg—ZE+Eqd =Aq+AE-+Eq=3Rq. 
From whence the reſt are inferred as before. 


+Aqb2AE+Eq=--Zq +Aq--2AE+Eq=-|-Zq 
—Aq—AE = — &A —AE—Eq = —ZE 
+Aq =--Aq + Eq =-+Eq 


AqtAESEq=Zq—ZaAtaq AqbAEſEg=Zq—ZEFte. 


LI. Moreover , becauſe (as is befote ſhewed) = _ = =AqjAE--Eq= 


zc+ Ac Zc--E 
ay =Zq—ZA+Aq=Zq—-ZE+Eq= ——_ 


We may thence infer the following Theorems. 


3Rq=Tq= 


LII. The Difference of the Cubes of two Legs containing an Angle of 120 degrees, 
drvided by the Difference of thoſe Legs, is equal to the Square w the Baſe ſubten- 
ded to it. 


LII. But if it be an Angle of 60 degrees; the ſum of the Cubes of the Legs or ſides 
containing it , divided by the ſum of thoſe ſides, is equal to the Square of the 
Baſe. Again, 


LIV. The Difference of the Legs containing an Angle of 120 degrees, Maltiplied 
into the Square of the Baſe , ts equal to the Difference of the Cubes of thoſe Legs. 


LV. But if it be an Angle of 60 degrees; the ſum of the Legs Multiplied into the 
Square of the Baſe is equal to the ſum of the Cubes of thoſe Legs. 


E 
LVI. Again, becauſe Ang (or 3 E— Ro. = C3 and -—3Z=C: 
Ac EC Z c 
Therefore 3A—C=x-» (and z3E—C= 2) and Rg— IFC And 


therefore , 


LVII. The Difference between the Triple of the Subtenſe of a ſingle Arch, leſs 
than @ Trient;, and, of the Subtenſe of the Triple of that Arch; s equal to t 
Cube of the Subtenſe of that ſingle Arch, divided by the Square of the Radms. And 
CY, That Difference Multiplied into the Square of the Radins, is equal to 
ſuch Cube. 


LVIII. The ſum of the Triple of the Subtenſe of a ſingle Arch greater than a 
Trient , but leſs than two Trients , and of the Subtenſe of the Triple Arch; is equal 
t0 the Cube of the Subtenſe of that ſingle Arch divided by the Square of the Radins. 
And conſequently, That ſum Mulriplied into the Square of the Radins , is equal to 
ſuch Cube, 

Zc 


A E 
LIX. Becauſe ( as is before ſhewed) 7 =3E— FT = C = x: 


—3Z: Or, 3ARq—AC=3ERq—Ec=CRqz=Zc—3ZRq: There 
fore the Subtenſe of an Arch being given (as A, E, or Z,) togerher with the Radins 
R; we have thence the Subtenſe of the Triple Arch C. Which is, the Triplication 
of «an Arch or Angle. 


LX. And 


Fig.X1II 
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Fig. XIII LX. And, contrarywiſe ; The Radius of a Circle R, and the Swbrenſe of the Triple 


Arch C, being given; we have thence the Subrenſe of the ſingle Arch, (A,E, or Z,) 
by refolving ſuch a Cubick, Equation. Which is, the Trifettion of an Arch or Angle. 
But the Geometrical effeftion thereof is not to be performed by Rule and Cum- 
paſs; without the help of a Conick SeCtion, or ſome Line more Compounded. 


LXI. But then, on the other ſide; ſ#ch Cubick Equations may be reſolved by 
the Triſedtion of an Arch, For, ſuppoſe a Cubick Equation of this Form,” 3 RqA 
—Ac, (or z3RqE—Ec,) =RqC; whoſe Root A (orE) is fought. Now 
if R (the Square-root of a third part of the Co-efficient ) be made the Radius 
of a Circle, (that is, V 3, —=R;) and therein be infcribed C, which is 
the Reſult of the abſolute term divided by the third part of the Co-efhcient , 
(that 1s, —— C;) And either of the Arches to which this Chord ſubtends 


be divided into three equal parts: The Chord which ſubtendeth to ane of thoſe 
parts is an (Affirmative) Root of that Equation ; which therefore bath two 
Affirmative Roots ; ſuppoſe A, and E. 


LX1I. But it hath moreover a Negative Root ; which is the Subtenſe of either 
of thoſe Arches ( whoſe Chord is A, or E;) increaſed by a Trient of the whole 
Circumference, ſuppoſe Z. I ſay either of thoſe Arches; for the ſame Chord Z, 
which on the one {ide ſubtendsa Trient increaſed by the Arch A, ſubtends on 
the other fide a like Trient increaſed by E. 


LXIII. But if the Equation be of this Form, Zc—3RqZ=RqC: The 
proceſs is juſt the ſame in all Points; ſave, that then, there is but ane Athrma- 
tive Root, Z; and two Negatives, A, E. 


LXIV. But , in both Caſes, it muſt be {till obſerved, That the Chord C be 
not greater than 2R. ( For when this happens, the Chard C, as being greater 
than the Diameter, cannot be inſcribed in ſuch Circle.) Or , (which is in 
efteCt the ſame; That the Square of Half the Abſolute term, be not greater than 
the Cube of a third part of the Co-efficient of the middte term. For , the third part 
of that Co-efficient being Rq, and the Cube thereof R*; and half the Abſo- 
tote quantity 4RqC, and the Square of this 4RqqCq; if this Square be 
greater than that Cube, and therefore (dividing both by Rqq) 4 C q greater 
than R q, and (taking the Roots of both) 4 C greater than R; then muſt C 
be greater than 2 R the Diameter, and therefore capnot be inſcribed in the 
Circle. And therefore , mben thie happens, ſuch Equations cannot he thus reſalved 
by the Triſettjon' of an Aroh, But they may by ( what are want to be called ) 
Cardan's Rules, (as I have elſewhere ſhewed,) the couligeratian of which doth 
not belong to this place. 


LXV. If an Arch to be Tripled be a Triegt (or Two, Three, Four, or 
more Trients ;) the Triple Arch will therefore be ane inte Revolution, (or 
Two, Three, Four, or more intire Revolutions;) and the Subtegſe of the 
Triple will be nothing ; (the boginning and end or {v, "Triple Arch being; the 

has 6 _ = wi on. an 
ſame Point : ) That is, 3A Rq ? (or 3E 7-2) = GC (=, —3D=0. 


Ac Ec Zc 
And therefore 3A= 3E=,v Ro 


That is, (as was before ſhewed) 


| L XVI. The Square of the Subtenſe of a Trient, (or of the ſide of an Equilater 
inſcribed Triangle) equal to three Squares of the Radius. 


=3Z. And 3Rq=Aq=zEqzZq. 


LXVIL. If 


_—Y  — —— -— _ ee. 


Garrlil | Of” Hoa” Tong 


{1 


0 


1.xvtt. If an Srch to be Tripled be a Qu 
tenſe of the Triple, is equal to that of the ſingle, (for the ſame Chord 
tendeth, on the one ſide, to Three ſuch Arches ; y ant, on the other. ſide $—+— 


one.) That is, ;a—£=c= =A; and therefore 2A—E=0; — 
=Aq. That is, ay ws " 6s \ 


LXVIII. The Square of the a of a _— (or of the ſide "Y an rmfvihed 
Quadrate) equal to two Squares of the Radins 


LXIX. The ſame may be inferred, from the BiſeQion of a demicircuniferinds 
For the ONS of that being 2R; "and therefore (by $ 9, Chap. preced.) 2 R 


=B=£v/: 4Ry—Aq: oy (pitting K for the Remainder of that Quaddant 


to the Semicircle) 2R = ==: or, (becauſe, in this caſe £E=A;) Ran 
Therefore aRq=zAq, b., We and A= Ry, 2. _— af T 5? 7 1 
LXX. But if the Arch to be Tripled be of a Semicircle (and fo, gi er than 
a Trient, ) the Subtenſe of the- Triple will be the fame with, that LS the ſingle 3 
but with a —_— ſign, (by $ 28; ) and therefore Oy'$ 36.) 7 — g Bak 


C=Z; that is, Ra EE 4%, or Z6#&4 Z Riz and! Zo= na ad J=2K 
Which is the third , or Negative Root, of the laſk mentioned Equation, 3 A— 
ESTA; beſide the two Afirmatives'& E, 'the Subtenſes-of the thre 


Quadrams: This oem _ to oe tne baths was the contuary 
fign. ea); 2 61 ty 


LXXI. Moreover; au the ſame Subtenſe FTE —_ > 2 yy 


there Not FM the Frighs, of/a gee on He T's @,j On 
ſide, to z to a;thux EEE 
Rove 1s to be be alſo x a > ſubtendents 2 (that is, to an vY £75, 30 —, 5, 


JE>E=C= A, "7 ION IM 


1? 


+ % @z% 


F&Rit, and feat b A = 
oh theref ore , c f m7 Sha os Ki ok (9 $4) 


quation) .E = vitRq, (=Tanhob =o AR =#/ARq 0 #$Rq = 


mM .&. ADE P 
A, I, YE 'v*; Ut bo Le: » ot 
4:1 FI my ! NM; "R./ 0) , C399 > Km _ # J £2 - 
Tiat's, tz 5 | , i \s pgin—, 1+ & JILL: 4DÞ A þ 


XX, 4: the Wa of 4 Quadrant to the Subtenſe of @ "P rient 
the Radins ;, ſo 14 the Radius ,, to Subrenſe of the Semi-ſextant ; or , 
degrees : Or , 


wu 39 


LXXIV. es the 6 Ty of the (inſcribed Equilater ) Tetragone , to the Difference 

of the nk ides of the Trigone and Hexagone ; ſo i the Radins , to that of the Dode- 
(Underſtand it of the inſcribed Equilater Figures ; and fo afterward 

in Ike caſes.) | 


LXXV. And becauſe (as before) E = _ R: Therefore, Eq= $227 


Rq=2Rq—Rqy 3, or, 2-4/3 intoRq. Andſo, 1. 2—y3 :: Rq 
. Eq. ng. IS 


; 


LXXVI. of: 


"it is nanifeſt | that the Sub Fig xt: 
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Fig.XIV. LXXVI. es the Radins, to the Exceſs of the Diameter above the Subtenſe of 


120 aegrees, (or fide of the infcribed Trigone:) fo & the Square of the Radins 
to that of the Subrenſe of 30 degrees; or of the fide of the Dodecagore, Atd 


. thetefore, (that of Rqro Eq, being Doplicate tp that of R to E.) 


LXXVII. The Ta_ of the Radins , ro the Difference of the Diameter and the 
fide of the inſcribed Trigonez 1s Duplicate ro that of the Radins ; to the ſide' of rhe 
inſeribed Dodecagone. And therefore , 


LXXVIII. The ( Radius or ) fide of the Hex , nd of the Dodtcagone , and 
the Difference of the Diameter from that of the Trigone , are in continual Pro- 


portion. 

LXXIX. And ( becauſe 2 —y/ 3 intoRq, =2R—Ry3 into R,) The 
Exceſs of the Diameter above the Swhtenſe of the Triemt, Multiplied into the Radins ; 
& equal to the Square of the Subtenſe of 30 degrees, or the Semiſexcane. 


LXXX. The fame are found by biſefting the Sextant; (for a quarter of the 
Trient , or half the Sextant, is the ſame ; in this manner, 


LXXXI. If E be put for the Subtenſe of 30 degrees, and A for that of the 
Reſidue to a Semicircumference, or of x50 d ; then becauſe the Sabtenſe 
of a Sextant-, or cnet grch et IE, bs R;t re (by & 14, Chap. preced.) 


y 0 ; ; 
4RqEqQ=— : And (by reſolving that Equation) 2Rq*/z3Rqq=2R 
Rovematys inoRq=3R:Ry/g intoR, =Ag, and Eq. haths? 
LXKXI1.' The Squares of the Subrenſes of 1 50), and of 30 degrees; areeiuul, that 
80 the Sum, this Ml ( of the Diameter and fide of the rin Tri- 
gore )) Muiplied by the Radins. | | : 


LXXXTT. Again, for 23 mich as C=A fubtends as well the Triple of the 
Arch' A of go degrees, _ RSG Tet os degrees; therefore 
Z (=A+E=Ry/2+=R=LE-—R) is the Subtenſe of a Trient 
increaſed b the Arch A or E; that is, as well of degr. 210 = 120 © 
of 190.2 120+; 30. Which was before concluded at $ 8s, (hr 7 bee? 
is che ſame with: A'there ) and Zq (as there Aq,) =2+y 3 into Rq. 


LKXXIV. And the ſame is yet again found by ſubduſting (2—y $3 into Rg) 


the Square of the Sabienſs 20 rs (4Rq) the Square of < 


ameter : ( becauſe 150-j- 30= 18 , the Semicircumference : ) 
For if from 4R q we ſubduft 2Rq=Rqys, remains 2Rq+Rqy 3, 
X, OUR the Subtenſe of 150 degrees; and therefore a of 
216 degrees. ONE 


| 
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CHAP. 111. 


Of the Quadruplation and Quadriſeftion of an AR Cc u 
or ANGLE. 


\ 


I. WF in a Circle be inſcribed a Wuadrilater, whoſe oppoſite ſides are A, A » 
(the ſubtenſes of a ſingle Arch) and B, D, (the ſubtenſes of the Double 
and Quadruple) the Diagonals will be C, C, (the ſubtenſes of the Triple) 
as is evident. (But it 1s evident alſo, that, in this Caſe, the Arch A, 
is leſs than a Quadrant of the whole Circumference.) 


Il. And therefore (the Reft-angle of the Diagonals being equal to the two 
— oMA4q 


ReCt-angles of the oppoſite tides) Cq—Aqz=BD. And therefore < = = 
4 


© Mr ; 
=D, and 2 1 =B. That is, 


D 
III. The Square of the Subtenſe of the Triple Arch , wanting the Square of the 
Subrenſe of the ſingle Arch (leſs than a Quadrant ) is equal to the Reft-angle of the 


ſubrenſes of the Donble and Quadruple. And, divided by either of theſe, it gives 
the other of them. | 


IV. But C4 A into CA is equal to Cq—Aq. And therefore, 
B. CHA:: C—A. D. Thatis, 


V. eA's the Subtenſe of the double Arch, i to the ſum of the Subtenſes of the | 


Triple, and of the ſingle (this being leſs than a Quadrant ;) ſo # the exceſs of the 
Sublenſ of the Triple Ga that of the ſmgle, to that of the Quadruple, "Y 


VI. And becauſe (by $ 8, Chap. preced.) C=3A _— and therefore Cq 


6Aqq Acc 6Aqq Acc 
$Rqqaq—6Rq AqqrtAcc _ BD 
Rqq : 


VII. But (by F 4 and 9, Chap. 29.) B= = v:4R q=—Aq. And theretore 


—A RqA—A _ =: 
2 —=—IL 4Rq—Aq: =D. (Forif Cq—Aq=EW9 CLIN 


B Rc Rqq 
be divided by D it jg ALAS RA BANG : And this again divided by 
4Rq—Aq, 1s 2K93 —2<, But this laſt Diviſion being by 4Rq—A q, 


Rc 
whereas (according to the value of B) it ſhould be divided only by the Square 


Root hereof, therefore we are to reſtore a Multiplication by that Root 3 which 


.. 2RqQA— Ac : 
——_—— —- /:4Rq—Aq:=D,) 


VIII. And then, turning the Equation into an Analogy, Rc . 2RqA—Ac 


:: 4/i4Rq—Aq.D. Thatis, 


* 
i -- —wamuonwimmngs ar enomoo 4D ae 
3 _ - 
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Fig. XV. 


Fig.XVI. 


Fig. XV, 


IX. eAs the Cube of the Radins, to the Subtenſe of the ſingle Arch ( leſs than a 
uadrant) Multiplied into the double Square of the Radins wanting the Square of the 
Subrenſe, ſo is the Subtenſe of what this Arch wants of a Semicircumference, to the 


Subtenſe of the Quadruple Arch, 


X. Or thus; (dividing the two firſt terms by Rq,) R. 2A—z* 2: oft 


4Rq—Aq. D. Thatis, 


XI. As the Radins, to the double of the Subtenſe of the ſingle Arch (leſs than a Qua- 
drant ) wanting the Cube of that Subtenſe divided by the Square of the Radins: So is 


the Subtenſe of what that ſingle Arch wants of the Semicircumference , to the Subtenſe 
of the Quadruple Arch. 


X1I. But (by $ 8, Chap. preced.) 2 A — 5 =C—A. And therefore, 


XIII. As the Radius to the exceſs of the Triple Arch above that of the ſingle (leſs 
than a Quadrant :) ſo 1s the Subtenſe of what that ſingle Arch wants of a Semicireum- 
ference , to the Subtenſe of the Quadruple Arch. 


XIV. The ſame may be thus alſo demonſtrated: Becauſe (by $ g, Chap. 2g.) 


- /: 4Rq=—Aq:= WHAT, =B, is the Subtenſe of the double Arch 
of A: Therefore ( by the ſame reaſon ) - 4: 4Rq=—Bq: =D, the Subtenſe 
of the double Arch of B; that is, of the Quadruple Arch of A. 


XV. And, becauſe Bq =4Aq—D; Therefore, for 4R q-Bq, we may 


A Rqq— 4RgqAqtA . 
put 4Rq—4Aq+%, » or © WT 1H. And theQuadratickRoot 


Rg 
nol ata 4 Rqu= 
hereof, _ I (=y: 4Rq—Bq:) Multiplied into *L _— = IJ 


RqaA—A | B 
makes - _ <Y:iqRq=—Aq:= (=: 4Rq=Bq:=)D: As before , 


XVI. We may alſo, tothe ſame purpoſe, (and with the ſame event,) inſcribe 
a Quadrilater, ſo as that A, D, and A, B, may be oppoſite fides, and B, C, 
Diagonals. For then BCE=BA=DA. And therefore 2A—p-(= CA) 
into (B=) - +:4Rq=—Aq: willequal DA. That i, PLAY, .,Rq 
—Aq:=DA. And LE 4Rq—Aq: =D; as before. But of 


this we ſhall ſay more at F 86. &c. 


XVII. But, for as much as the ſame D, Subtends not only the Quadruple of 
the Arch A, but alſo the Quadruple of the Arch E, (which therefore, together 


with the Arch A, will complete a -_——_ of the whole Circumference:) it may 
in like manner be ſhewed, that ET 4Rq=Eq: = D==1—2* 


/:4Rq—Aq: And therefore, 


XVIII. An Arch leſs than a Quadrant, and the Arch which this wants of a Qua- 
drant , have both the ſame Subtenſe of the Quadruple Arch, D. And, accordingly, 
AE, are two Affirmative Roots of that Equation. 


X1IX.-But 
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XIX. But there are yet two other Roots ( but both Neyative, as will after 


Fig. 


appear) of the ſame Equ2tion; ( which we will call P, Sz) whereof one fub- XVII: 


tends a Quadrant increaſed by the Arch A; the other, a Quadrant increaſed by 
the Arch E. For it is manifelt (by what is ſaid at F 23, Chp. preced.,) that 
theſe alſo muſt have the ſame Subtenſe of the Quadruple Arch, with A and E. 
For Four times 4A, is 1-4 A, and will therefore have the ſame Subrente 
with 4A. And the like of Four times 4-|-E, which is 1-|-4E, whoſe Sub- 
tenſe is the ſame with that of 4 E. ( And the like will follow, in catc two, tiiree, 
or more Quadrants be thus increaſed.) And conſequently , 


XX. An Arch greater than a Quadrant, (or thantwo, three, or more Quadrants) 
will require the ſame Subtenſe of its Quadruple Arch , with its exceſs above a Quodrant, 
(or above thele two, three, or more Quadrants.) 


XXI. But the ſame P, ſubtends as well to a Quadrant increaſed by the Arch 
of A, as tothree Quadrants wanting the ſaid Arch; as alſo to a Semicircumference 
(or two Quadrants) increaſed by the Arch of E, or wanting that Arch. (As 
is manifeſt to view by the Scheme.) And, in like manner, S ſubtends as well to 
a Quadrant increaſed by the Archof E, asto three Quadrants wanting that Arch 
as alſo to a Semicircumference (or two Quadrants ) increaſed by the Arch of A, 
or wanting that Arch. 


XXII. Now, that Þ,'S, are Negative Roots, will thus appear. For, ſup- 
poſing ( for inſtance ) : =_ _ - /:4Rq—Pq:=D; andP, aſubtendent of 
an Arch greater than a Quadrant : (But, leſs than three Quadrants; otherwiſe 
it is the ſame as it it were leſs thaa one Quadrant : For the ſame Chord which 
ſubtends an Arch greater than three Quadrants , ſubtends alfo to leſs than one:) 
P will in this caſe be greater than y/2Rq the Subtenſe of a Quadrant, and 
therefore 2Rq—?q a Negative quantity (becauſe of greater quantity ſubtrafted 
from a leſler; ) and theretore alſo Þ mult be Negative, that fo 2RqP—Pc 
(compounded by the Multiplication of two Negatives) may be a Politive quantity, 
P — ; 
and therefore the whole =* _— _- 4/:4Rq—Pq: =D Affirmativealſo. (And 
what is ſaid of P, holds in like manner of S.) 


2RqP— Pc 
Rc —v/:i4Rq 


—Aq: =— D, be Negative: And therefore (changing the ſigns) A. — LS is 


/:4Rq—Aq: =D, Affirmative. (And the like of S.) But, of this, more 
afterwards. 


XXII. But if we chuſe to make P Affirmative, then muſt 


___ eflgh— 
XXIV. But for what reaſon, the Equation — /:4Rq—Aq:=D, 
or LEE y/:4Rq—Eq: =D, hath two Affirmative Roots A, E; and 


__ 
. N . Pc--2RqP 
two Negatives P,S; for the ſame reaſon will the Equation > a V:4Rq 
—Pq:=—=D, or $205 y/:4Rq—$Sq:=D, have twa Negatives A, E; 


and P, S, Affirmatives. 


XXV. If now we conſider the Quadrilater, whoſe ſaid oppoſite ſides are A, A, 
and E, P; then (becauſe the Arches A, E, do together make up a Quadrant) the 
Diagonals Q, Q, are ſubtenſes of a Quadrant, (or ſides of an inſcribed Square) 
and therefore (by F 68, Chap. preced.) Qq=2Rq, and Q=4y/: 2Rq=Ry2: 


C 2 : XXVI. And 
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Fig. XXVI. And therefore Qq—Aqz=2Rq—Aq=eEP; and conſequently 
ad. *2=24,n AAS.» 
=E. = Þ. 


” E 


XXVII. But the ſame P doth alſo ſubtend a Semicircumference wanting the 
: 2R9q—Agq 
Arch of E: And therefore /: 4Rq—Eq:=P=— L : And /: 4Rq 


2Rq—Aq 


—Pq:=E= - 


Rq— 
the Semicircumference) 4/: 4Rq—Ag: =S= CY and y/: 4Rq=—Sq: 
2Rq—Eq 

S . 


=A= 


Rq- A 
XXIX. Now becauſe (asat $ 27.) /: 4Rq—Eqgq:=P= — > d. there- 


fore 4Rq—Eq=Pq= DST, And therefore 4R qEq— 
Eqq=PqEq=4Rqq—-4Rqaq+Aqyz and AgqgrEqq=4AqRq 
--4EqRq—4Rqq. (And, in like manner, becauſe y/: 4Rq—Agq: =$= 
Rq-—F Rqq—4Rqreq-+E 

: _ =). therefore 4Rq—Aq=zSq== _ -y 3-1 2, and 4Rq 
Aq—Aqq=Sqaq=Rqq =4Rqq—4RqEq+Eqq; and 4 AqRq 
+4EqRq—-4Rqq=Aqg+Eqq) 

XXX. Now the Legs A, E, contain a Seſquiquadrantal Angle, or of 135 
Degrees: (As being an Angle in the Peripherie , ſtanding on an Arch of three 
Quadrants: ) And therefore, 


XXXI. Ina Right-lined Triangle , whoſe Angle at the Top is 135 Degrees, if the 
double of the Aggregate of the Squares of the Legs containing it, (2 Aqþ 2Eq,) 
wanting the Square of the Baſe (Qq=2R q,) be Adultiplied into the Square of the 
Baſe (2Rqz) the Produtt (4AqRq+4EqRq—4Rqq=2Aq+2Eq— 
2Rq into 2Rq,) is equal ro the Biquaarates of the Legs (Aqq+Eqq.) So that, 


XXX1I. From hence appears , A convenient Method for Adding of Biqua- 


drates. 


XXX1III. The Subduttion of Biquadrates, may (with a little alteration) be 
performed almoſt in the ſame manner. But it is more conveniently done by 
Multiplying the Sum of the Squares , by the Difference of them. (For Aq+ _ into 
Aq—Eq is equal to Aqq—Eqq.) But that is a ſpeculation not of this 


place. 


XXXIV. Again , Jn ſuch Triangle ( whoſe Angle at the Top is of 135 Degrees ) 
If the double of the Aggregate of the Squares of the Legs , be Multiplied into the Square 
of the Baſe; the Produtt 1s equal to the Aggregate of the Biquadrates of all the ſides. 
For, fince 4 AqRq+4EqRq— (Qqq=>) 4Rqq=AqqtEqq; there- 
= Aqq+EqqFQ2qq=4AqRq+eEqRq=ezAgttq into (2Rq=) 

q- 


XXXV. Apain, 
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XXXV. Again, becauſe (ay at $ 271 283 == =E =v:4Rq—Pg: 
4Rqq—4RkqAgqg--Aqq 


and therefore Pa =Eq=4Rq—Pq, and 4Rqq— 
4Rqaqi»Aqq=PqEq=4PqRq=—Pq, Therefore Fqq-bAqq= 
4PqRq-4AqRq—4Rqq. (And in like manner, becauſe I = 
4Rqy —4EqRqt+E | 
 =Aq=4Rq=54q, 
aud 4 Rqq—4EqRq+Eqq=Sqaq=4SqRq—Sqq: Therefare, Sqq 
TEqq=z=45qRq-4EqRq—4Rqgq) 
XXXVI. But both A, P, and alſo E,S, contain a Semiquadrantal Angle, or 


of 45 Degrees: (As being an Angle in the Periphery ſtanding on a Quadrantal 
Arch;) And ons of the Angles at the Baſe, Obtuſe. And therefore , 


=+4: 4Rq—S$Sq; and therefore 


XXXVII. In a Right-lined Triangle , whoſe Angle at the Top is of 45 Degrees. or 
half a Right-angle (one of the other being Obtuſe ) If the double of the Appregate of the 
Squares of the Legs (as 2 Pq--2Aq) wanting the Square of the Baſe (Qq=z2Rq) 
be Mulriplied into the Square of the Baſe (2 R q) the Produtt (4PqR q+F4AqRq 
—4Rqq=2Pq++2Aq—2Rq into 2Rq,) # equal to the Biquadrates of the 
Legs, (PqqtAgg,) In like manner, 25qþ2Eq—2Rq into 2Rq, 
=4SqRqj4EqRq—4Rqq=Sqq+Eqq. So that 


XXXVIII. Here is another Method of Adding Biquadr ates, 


XKXXIX, And Likewiſe 3 1» ſuch Triengle, whoſe Angle at the Top is of 4.5 De- 
grees , (and one of the other Obtuſe, ) if the double of the Aggregate of the Squares 
the Legs, be Maltiplied into the Square of the Baſe; the Produft 5 equal to the Biqua- 
drates of alt the ſides, For, becauſe 4aPqRq-þ4AqRq—4Rqq=Pqq + 
Aqqz therefore Pqq-|-A4qq-|- (4Rqq=) Qqq=4PqRq-4AqRq 
—2Pq--2Aqinto (2Rq=) Qq. And, becauſe 4SqQRq-+4EqRq— 
4Rqq=5qq-|-Eqq, therefore hy a A (4Rqq=) Qqq=48q 
Rq-j-4EqRq=2Sq+þz2Eq into(2Rq=) Qq. 


XL. Furthermore; If in a Circle be inſcribed a Quadrilater, whoſe oppoſite 
ſides are S, A, and Q, Q, and the Diagonals P, P, (as in the Scheme ;) Then 


Pq—(Qq=) 2Rq=SA. Aud therefore, nad =S = :4Rqmdg: And 


r Pqg— " 
—_— =Amy/:4Rq—5q: And therefore,  — _—_—_— 


Pqq— 4Pqt R 
=6Rq—Aq, nd "LL LEEIRIDI = ag =4Rq5q And conle- 


quently Pqq— 4PqRq-+ 4Rqq=z=AgqSq=4Rqaq—Aqq=4RgsSq 
—>qÞ 


XLI. And, by the ſame reaſon, If a Qpadrilater be inſcribed whoſe oppoſite 
ſidesare E, P, and Q, Q; and the Diagonals S$, $: Then $q— (Qq = ) 
2Rq=EP: And therefore, —— ==: 4Rq—Eq: And — 

Sq99gq—4SqRg+4Rqq 


=E=4/:4Rq—Pq: And therefore, —— Pa =Eqz4Rg 


S — #4 SqR R 
— Pq: And L=z ISL =pq=4Rq—Eq. And conſequently , 
S$qq—4SqRq--4Rqq=Pqtq=4PqRq—Pgq=4tqRq—Egg 


XLII. And either way, we may conclude, $qq-+Pqq=4$SqRq+4Pg 
R q—4R qq 
XLIII. But 


— 


xvi 


Fig. 
XY1I1L, 


20 


Of Angular Settions. Car. III. 


Fig. 


XLIII. But P, S, contain half a Right-angle, or Angle of 45 Degrees; (as 


XV1II. being at Angle 1n the Periphery ſtanding on a Quadrantal Arch; ) and both the 


other Angles Acute. And therefore , 


XLIV. In a Right-lined Triangle, whoſe Angle at the Top is 45 Degrees, or half a 
Ripht Angle : (and both at the Baſe, acute: ) If the double of the Aggregate of the 
Squares of the Legs (as 2$q-+2Pq) wanting the Square of the Baſe (Qq==- 2Rq) 
be Multiplied into the Square of the Baſe (2Rq) the Produtt (4SqRq+4PGRq 
—49qq=25 4+ 2Pq—2Rq into 2Rq) #- equal ro the Biquadrates of the Legs. 


(549+Pqq 
XLV. And this is 4 third Method of Adding Biquadrates. 


XLVI. eAnd likewiſe, in ſuch Triangles, (whoſe Angle at the Top ts of 45 De- 
grees , and both the others acute, ) if the ule of the Aggregate of the Squares of the 
Legs, be Multiplied into the Square of the Baſe; the Produtt # equal to the Biqua- 
drates of all the ſides. For, ſince Sqq+Pqq=4SqRq+4PqRq—aqRqgq, 
therciore $qq+-|-Pqq+ (4Rqq=) Qqq=z45qRq+4PqRq=zsSq 
+2Pq into 2zRq. 


XLVII. Theſe Theorems thus demonſtrated ſeverally ; whether the Angle at 
the Top be of 135 Degrees, or of 45 Degrees; and this whether the Triangle 
be Acute-angled, or Obtuſe-angled, (to either of which we may ref&r the ReCt- 
angled;) may be thus reduced to thele Generals. 


XLVIII. 1n a Right-lined Triangle, whoſe Angle at the Vertex u either of 135 
Degrees, or of 45 Degrees ;, the double Aggregate of the _ of the Legs contain- 
ing it , wanting the Square of the Baſe , Aultiplied into the Square of the Baſe , is 
equal to the Biquadrates of the two Legs. (Which is the Addition of Biquadrates.) 


By SY 51, 37, 44- 


XLIX. «And that double Aggregate of the Squares of the Legs, Multiplied into 
the Square of the Baſe, 1s equal to the Biquadrates of all the three ſides. By F 34,39,46. 


L. Now, the Equation, (at $ 29.) 4AqRq-+4EqRq—4RqqzaAgq 
+ Eqq (and the other like to it at $ 35, 42.) is a Quadratick Equation of a 
Plain Root : Whereof the Root is 2Rq; the Co-efficient of the middle Term, 
2Aq+2Eq; which is therefore equal to the ſum of two Quantities, whoſe 
ReCt-angle is equal to the Abſolute Quantity A q q-+Eqq. 


LI. If we therefore order this according to the Rule of other Equations of the 
ſame form; and, accordingly, from Aqq+ 2 AqEq-+Eqq (the Square of 
half the Co-efficient Aq-E q) we ſubtract {the Abſolute Quantity) Aqq-+Eqqz 
the Remainder is 2 AqEq: Andthe Square Root of this (/2 AqEq=AEy2) 
Added to, or Subducted from, half the Co-efficient Aq+E q, gives the Root of 
that Equation Aq--EqZAE4/2=2Rq=0Qqg. 


LII. But , of this Ambiguous Equation, 'tis evident that we are to make choiſe 
of the greater Root, in the caſe of $ 2g: Becauſe the Angle at the Vertex 
(135 Degrees) is greater than a Right-angle; and therefore the Square of the 
Baſe (Qq) is to be greater than (Aq-+ Eq) the Squares of the two ſides con- 
taining it. And therefore Aq +Eq-AEy/2=2Rq=@Qq. That is, 


LIN. If to the Squares of the Legs containing an Angle of 135 Degrees, ( or three 


halfs of a Right-angle, ) we add the Reth-angle of thoſe Legs Multiplied by y 2 the 
Aggregate 5 equal to the Square of the Baſe. C48 


LIV. In 


Caae.llIl. Of Angular Settions. 


LIV. in the ſame manner may be ſhewed,, that the Equations of $ 35. Pq q 
TAqq=4PqRq+4Aq $9—+R99; (or Sqq + Eqq= 4SqRq-+- 
4EqRq—4Rqq,) and of $ 42. Sqq+FPqq=4SqRq-+4PqRq— 
4Rqq z are Quadratic Equations of a Plain Root 2 Rq. But, in all theſe ('tis 
manifeſt ) the leſler Root is to be choſen, becauſe the Angle at the Vertex ( be- 


ing of 45 Degrees) is leſs than a Right Angle ; and therefore the Square of the 
Baſe leſs than the two Squares of the Legs. And therefore, the Root, Pq-{- 


Aq—PAy2=2Rq; andSq+Eq=SEy/2=2Rq; and Sq+Pq— 
SP//2=2Rq=Qq. That is, 


LV. If from the Squares of the Legs containj an Angle 0 45 Degrees (or half 
a Right-angle,) we att the Rett-angle of theſe Legs cbs by oy” yrs Re- 
mainder u equal to the Square of the Baſe. 


LVL. Or we may put both together ; thus: JF ro the Squares of rhe Legs , be 
Aaded, if they contain an Angle of 135 Degrees; or ſubtrafted thence, if they contain 
an Angle of 45 Degrees; a Re-angle of thoſe Legs Miultiplied imo y/ 2 + The Reſuls 
#6 equal to the Square of the Baſe. By Y 53, 55- 


LVII. We are next to Note, That the ſubtenſes E and P, as alſo Aands, 
( whoſe two Arches do together make up a Semicircumference,) do(byS9g, 
Chap. 2g.) require the ſame Subtenſe of the double Arch: And therefore much 


more, the ſame Subtenſe of the Quadruple. That is, = is the Subtenſe of 


the double Arch both of E, and of P: And 3 » Of the double Arch of A, 
and of S: | 
LVIII. The Subtenſe therefore of the Triple Arch of E, (leſs than a Quadrant, 


and therefore, much more, leſs than a Trient,) is a (by $ 2,5,Chap. 


preced.) as being the Square of the Subtenſe of the double Arch _ wanting 


4 
the Square of rhe Subtenſe of the fingte Arch Eq, divided by the Subtenſe of the 
fingle Arch E. 


LIX. But the fame Subtenſe of that Triple Arch, (by $ 8, 9, Chap. preced.) is 
2RqE—EC 


Rq 
PqE—RqE, _PqE _ 3RqE—Ec Ec 
LX. Therefore "(= oE) = nh Em 


PqE 
Rg 
LX1I. Which may alſo be thus proved: Becauſe Pq-þEq=4Rq (as being 
in a Semicircle,) and therefore Pq=4Rq—Eq, ard PgE=4RgE—Ec, 
orPqE—RqE=3RqE—Ec. Therefore is Jan — Eb 


E , 
and? _ the Aggregate of the ſubtenſes of the Triple and fingle. 


PqE E—E = 
Subtenſe of the Trible; and 5+ = the Aggregate of the ſubtenſes of 


the Triple and- ſingle. 


 SqA—R | bh 
LXII. And, by juſt the ſame reaſon, —— _ == A) —RA—Ac 
(= 3A— ZW is the Subtenſe of the Triple Arch of A: Ang2H = 4h = 


_y: -- Rq 
the Aggregate of the ſubtenſes of the Triple and ſingle. 
EXIII. Now 


«via. 


Fig:XIX 


4-1 
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L*1I. Now the Arch of P, (a Quadrant increaſed by A, its greater Segment) 
being greater than a Trient, but leſs than two Trients; the Subtenſe of its 


| >—EqP Pc—3RqP 
Triple Arch is = _ (by S 32. Chap. preced.) And : = by (By $ 37. 
Chap. preced.) 


Pc 


P—EqP 
4 == —3Þ) 


E = Pc—3RqPe ( 
Aq 7"; -—- 
the Subtenſe of the Triple Arch ; and 4P — ka = the Difference of the 


Subtenſes of the ſingle and Triple z that is, the Exceſs of the Subtenſe of the 
ſingle above that of the Triple. . 


LXIV. And therefore, = (= P— 


Pc 


LXV. But the Arch S (a Quadrant increaſed by its leſſer Segment E) becauſe 
it may beeither leſſer or greater than a Trient, according as the Arch E is leſs or 


greater than 30 Degrees; the Subtenſe of the Triple Arch will be either FO 
—S=z3S— 2, if the Arch $S be leſ$ than a Trient ; or, if greater, $— BE 


Sc 4 


5 . | 
_ SR S And, accordingly, - = 4 I — Re 5 will be either the Sum or 


Diftcrence of the ſubtenſes of the ſingle and Triple Arch, according as S is 
leſs or greater than a Trient. 


LXVI. Moreover; having ſhewed (at $ 2.) that in a Quadruplication of an 
Arch leſs than a Quadrant, Cq—A4q=BD, (as wherein the Subtenſe of the 
Triple is greater than that of the lingle; and therefore C, C, Diagonals, and 
A,A, oppolite fides:) Now, if the Archto be Quadrupled be greater than a Qua- 
drant, (but leſs than three Quadrants) as that of P or S; the Subtenſe of the 
ſingle will be greater than that of the Triple. For, ſuppoſing the ungle Arch 
tobe4F A (and A lefs than 4) the Triple will be #7 3A; the Suvtenſe of 
which will be the ſame with that of +7 3 A (for one whole revolution is + 
this caſe, Equivalent to nothing ;) and this (ſo long as A remains leſs than 8) 
will be farther (either in exceſs or defeft) from a Semicircumference (and there- 
fore require a leſs Chord,) than 3 7 A. 


LXVII. And therefore, in this caſe, P,P, (or $,'S,) become Diagonals, and 
C, C, oppoſite ſides. And, conſequently, Pq—Cq=BD (and S$q—Cq 


w—_C Sq — X 
=bD;) and 1=D—=—4 That is, 


b 


LXVIII. The Square of the Subtenſe of an Arch greater than a Quadrant (but leſs 
than three Quadrants ) wanting the Square of the Subtenſe of the Triple Arch; us equal 
to the Reft-angle of the ſubtenſes of the Double and Quadruple, And therefore, 
divided by one of theſe, it gives the other. - 


LXIX. But PC into P —C, is equal to Pq—Cq. And therefore , 
B. P+C:: P—-C. D. (And, in like manner, b . Sr :: S—c . D.) 
That 1s, 


L.XX. e's the Subtenſe of the double Arch, to the Aggregate of the ſubtenſes of 
the Triple, and of the ſingle ( greater than a Quadrant, but leſs than three Quadrants ; ) 
So us the exceſs of the Subteuſe of the ſingle Arch above that of the Triple, to tae 
Subtenſe of the Quadruple. 


LXKXI. Since 
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LXXI. Since therefore the Subtenſe of the Triple Arch Þ =* 4- A (being Fig. XIX 


» 


: 1 Pp 
greater than a Trient) is C = h _ 6Pqq 


C . 

_ P; whoſe Square is —_ +23 Pq: 

Rag 7 Rq 
JF P '. Pho 

— 8Pg,) divided by 8 = -/:4Rq—Pq: (asat $75) theReſult is = 


=<=2L j.4Rq—Pq: =D. That is, dividing it firlt by 5 , and the 


Reſult by 4Rq—Pq, orby — Pq-+4Rq, and then reſtoring a Multiplica- 
tion by : 4Rq—Pq.), 


If this be taken from Pq, and the Remainder (Pq—Cq=— 


LXXII. And therefore (changing the equality in an Anology) Rc. Pc— 
2RqP:: /: 4Rq—Pq. D. 


LXXIII. The ſame will happen if we take the Arch $S = $4--E. For though 
this may be either greater or leſs than a Trient, according as E is greater or lels 


than 3o Degrees; and (accordingly) the Triple thereof, either 0 —3S, Or 3S— 


, . 1 - . ” 
— Yet this doth not alter the caſe at all; for, either way, the Square of it is 


= —2Rqs 
the ſame. And therefore (making the SubduCtionand Diviſion, as $ 71.) —_— 


/: 4Rq—$Sq:=D. And Re. Sc—2RqsS::y/:4Rq—$Sq.D. Thatis, 


LXXIV. es the Cube of the Radius, to the Subtenſe of an Arch greater than 
a Quadrant ( but leſs than three Quadrants, ) Multiplied into- the Square of the 
Subtenſe , wanting two Squares of the Kadins; ſo us the Subrenſe of its Difference from 
a Semicircur ference , to the Subtenſe of the Quadruple Arch. 


0. LA Y 


- LXXV. Orthus; R . F*—2P :: E.D: Or, R. go —3S:: AD. 


Rq 
That 1s 5 


LXXVI. es the Radius, to the Cube of the Subtenſe of - an Arch ( greater than a 
Quadrant, but leſs than three Quadrants ) divided by the Square of the Radius, wanting 
the double of that Subtenſe ;, ſ015 the Subtenſe of the Diff erence from a Semicireunference, 
to the Subtenſe of the Quadruple Arch. | 


LXXVII: Or thus, becauſe £ —2P=C-j-P; And alſo (in caſe the Arch 


S be alſo greater than a Trient) —— = £-|-S. -Thegefore, R . PC 
': A. D. (AndR . P-þc::E.D. Thatis, 


LXXVIII. es the Radius, to the Aggregate of the Subtenſes of the Triple Arch 
and of the ſingle ( this being greater than a T rient, but leſs than two Trients,) ſo us the 
 Subtenſe of its Difference from a Semicircumference ,, to the Subtenſe of the Quadruple 
Arch, | 


* *LXXIX. But if the Arch $ (though greater than a Quadrant) be leſs than a 


Trient ; or greater than two Trients, but leis than three Quadrahts: That is, 
Sc 


Ra —25—=$S—f. And therefore, R . S—-c:: A. D. Thar is, 

LXXKX. es the Radins , to the Subtenſe of an Arch greater than a Quadrant , but 
leſs than a Trient (or greater than two Trients, but leſs than three Quadrants ) wanting 
the Subtenſe of the Triple Arch; ſo is the Subtenſe of its Difference from a Semicircum- 
ference , td the Subtenſe of the Quadruple Arch. 

D LXXXI. All 


= 
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Fig.XIX. 


Fig. XX. 


Fig. XVI 


Fig.XXI 


LXXXI. All which are evident from the Scheme; where the Chord D ſub- 
tends the Quadruple of the Archesof A, E,P, aud S: And B ſubtends the 
donble of the Arches E and P, and b the double of the Arches of A and S. 


LXXXII. And, in the Quadrilater whoſe ſides B, D, be oppoſite and Parallel ; 
and C, C, oppoſite ſides; and P, P, Diagonals; Pq—Cq=BD, and 


I==-D. And likewiſe, in the Quadrilater wherein b D are oppoſite 
and Parallel; c c oppoſite ſides; and S S Diagonals; Sq—eq=bD, and 
»g—Ccq _ D 

b ; . 


LXXXIII. And, in the ſame Figure , where not only the Arch of P, but of 
S alſo, are ſuppoſed greater than a Trient ; two of the Chords S, S, ( as well 
as P, P,) cut the Chord D. 


LEXXIV. But in the other Figure, where the Arch of S is ſuppoſed (greater 
than a Quadrant, but ) leſs than a Trient; the caſe is ſomewhar different. For 
here b (the Subtenſe of the double Arch of S) falling on the other ſide. of D(the 
Subrenſe of the Quadruple,) the Chord D is not cut by any of the Chords S. 


LEXXV. But it comes to the ſame paſs, for theſe two Chords SS (whether 
they cyt or not cnt the Chord D,) being no ingredients of the inſcribed Qua- 
erilater , ( but ſerve only to ſhew that b is the Subtenſe of the double Arch; ) 
it is however, Sq—cq=bD. 


LXXXVI. The ſame things as before, may be yet otherwiſe demonſtrated 
(and more commoadiouſly ) 1n this manner ; Namely, if inſtead of the Quadri- 
later whoſe four ſides and two Diogonals are A, A, C, C, B, D; we take 
A, A, B, B, C, D; (taking the ſubtences of the ſingle and double, twice; 
but, of the Triple, and Quadruple, once: ) with almoſt the ſame variety of 
caſes, as before. For , 


LXXXVIL If the Subtenſe of the ſingle Arch be A (or E,) leſs than a Qua- 
drant ; then A, B, and A, D, will be oppoſite ſides; and B, C, Diagonals. And 
therefore, CB—AB=AD. And conſequently 3 hen (=C — A)into 


: R — 4 
(B=) = /:4Rq—Aq: equal to AD. Thatis, : S121 ,.,Rq 


RqA—A 
—Aq:=AD. And —=/:4Rq—Aq: =D, as before. And for 
RqEq—E T 
the ſame reaſon, c<h—Eb=ED=— 5 =D Y: 4Rq—EqAnd*1E= Ec 


vi4Rq —Eq: =D. 


LXXXV1II, If the Subtenſe of the ſingle Arch be P (orS) greater than a 
Quadrant , and even greater than a Trient : (but Jeſs than two Trients : ) 
Then B, C, and B, P, (or B, S,) will be oppoſite ſides; and D, P, (or D, S, ) 
Diagonals. And therefore BC BP=PD, (or BC+BS=SD.) And con- 


ſequently , ap (=C-+A) into (B=) + v:4Rq—Pq: equalto PD. 
Fhat is, *LZE3 y. angq—Pq: =PD. and =D 1:4 Rq— 
Pq: =D: As before. And, by the ſame reaſon, BC--BS=SD (ifs alſo 
—2RqS 
Rc 


| S 
be greater than a Trient) and = v/:4Rq—$Sq: =D. 
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" LXXXIX. But if the ſingle Arch be that of. S (greater than a Quadrant; but) 
leſs than a Trient; (or P greater than two Trients, but leſs than three Qua- 
drants ;) then B, C, and D, S, are oppolite ſides; and B, S, Diagonals. And 
6. S | 
therefore, BS—-BC= DS. And conſequently, 2 S— = (=$— C) into 


2RqSq-— 8$S : : —— 
_ I Y: 4Rq—$q:=SD. 


(B=) > v: 4Rq—$q: =SD .Thatis, 


And DE 4/:4Rq—$Sq: =D: As before. And inlike manner, BP— 

BC=PD (if the Arch of P be greater than two Trients, which is the ſame as 
RqP— P 

if leſs than one;) and —_ . /i4Rq—Pq:=D: 


XC. From all which ariſeth this General Theorem: The Ret-angle of the 
' Subtenſes of the ſingle and of the Quadruple Arch, us equal to the Subtenſe of the 

double Multiplicd into the Exceſs of the Subtenſe of the Triple above that of the ſingle, in 
caſe this be leſs than a Quadrant ( or more than three Quadrants; ) or, zntothe E a of the 
Subtenſe of the ſingle above that of the Triple, in caſe the ſingle be more than a Quadrant but 
leſs than a Trient (or more than two Trients, but leſs than three Quadrants; ) or, laſtly, 
intothe Sum of the Subtenſes of the Triple and ſmgle, incaſe this be more than a T ri- 
ent, but leſs than two Trients, That is, AD:=B into 


C—A; if the Arch of A be leſs than a Quadrant, or greater than three 
Quadrants. 
A—C; if it be greater than a Quadrant, but leſs than a Trient; or greater 
- thantwo Trients, but leſs than three Quadrants.. 
A+ C; if it be greater than a Trient, but leſs than two Trients. 


XCI. And , univerſally , PETS /:4Rq—Aq:=D. That is, if the 


Difference of 2Rq A and Ac (whereof that is the greater if the ſingle Arch be 
leſs than a Quadrant, or greater than three Quadrants;z but this if contrary- 
wiſe;) divided by Kc , be Multiplied into /: 4 Rq— Aq: Produtt is equal to D. 


XCtI. And therefore , Rc. 2RqAuoAc::y/: 4Rq=—Aq. D. 
That is , | 


XCIII. es the Cube of the Radius , to the Solid of the Subtenſe of the ſingle 
Arch into the Difference of the Square of 1t ſelf, and of the double Square of the Radins : 
So is the Subtenſe of the Difference of that ſingle Arch from a Semicircumference, r0 
the Subtenſe of the Quadruple Arch. 


XCIV. Now what was before ſaid: (at $ 15, Chap. 29.) That the Sub- 
tenſe of an Arch, with that of its Remainder to a Semicircumference (or of its 
Exceſs above a Semicircumference ) will require the ſame Subtenſe of the double 
Arch; is the ſame as to ſay, that, From any Point of Circumference , two Subtenſes 
drawn to the two ends of any inſcribed Diameter , (as A, E,) will require the ſame 
Subtenſe (B) of the double Arch, 


Fig. |. 


XCV. And what is ſaid: (at 12, 26, Chap. preced.) That the Subtenſe Fig. XI. 


of an Arch leſs than a Trient, and of its Reſidue to a Trient (as A, E,) and of 
a Trient increaſed by either of thoſe, (as Z,) will have the ſame Subtenſe of 
the Triple Arch; is the ſame in effect with this, that , From any Point of the 
Circumference , three ſubtenſes drawn to the three Angles of ", * inſcribed ( Regular ) 
Trigone (as A, E, Z,) will have the ſame Subtenſe (C) of the Triple Arch, 


D Z NCVI. And 


—_ — 
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Fig. 


XCVI. And what is ſaid here: (at $ 18, 20.) That the Subtenſe of an 


XX1lI. Arch leſs than a Quadrant, and of its Reſidue to a Quadrant ,. (as A, E,) 


and of a Quadrant increaſed by either of theſe, (as P, S,) will have the ſame, 
Subtenſe of the Quadruple Arch: Is the ſame with this , that, From any Point, 
the Circumference, Four Subtenſes drawn to the four Angles of any inſcribed ( Regular ) 
Tetragone, (as A, E, P, S,) will have the ſame Subtenſe (D) of the Quadruple 
Arch. 


XCVII. But the fame holds, reſpectively, in other Multiplications af 
Arches; as five Subtenſes from the fame Fciut , to the five Angles of an inſcribed 
(Regular) Pentagon ;z anc {ix, £9 Lae ſix Angles of an Hexagon ; &c. Will 
have the ſame Subtenſe of che © 1 {/.intnple,, Sevtople, &c. For they all 
depend on the ſame common Principic, That a $Sciuctroumterence Doubled, a 
Trieat Tripled , a Quadrant i :-Cr-7l-d , a Quintant Quintupled, a Sextant 
Sextupled, &c. Make cic eu Rev ution z which as to this bulineſs, is the 
ſame as nothing. And therefore, unveriaily, 


XCYI1II. From any Point of the Circuniference , two, three, four , five, ſix, or 


' more ſubtenſes , drawn to ſo m:iny ( cuds of the Diameter, or) Angles of a ( Regular ) 


Polygone of ſo many Angles , huwever inſcribed , will have the ſame Subtenſe of the 
Arch Multiplicd by the nunber of ſuch ends or Angles, And therefore, 


CXIX. eAn Equation belonging to ſuch Multiplication or Settion of an Arch or 
Angle, jt have ſo many Roots ( Affirmative or Negative ) as # the Exponent 
of ſuch Multiplication or Settion, As two for the Biſeftion, three for the 
TE , four for the Quadriſe&tion, five for the Quinquiſeftion : And ſo 
orth. 


C. And conſequently, Such Equations may accordingly be reſolved, by ſuch Seftion 
of an Angle. AS was before noted (at 9 61, Chap. preced.) of the Triſeftion 
of an Angle. 


CHAP. 


—_ 
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CHAP IV. 


Of the Oxintuplation and Ovinquiſetion of an ARC n 
or ANGL E. 


F in a Circle be inſcribed a Quadrilater, whoſe ſides A,F, (the Subtenſes Fis. 
of the ſingle Arch and tre Quintuple,) be Parallel ; K, B, (ſubtenſes of XXIV; 
the double) oppoſite : I he Diagonals will be C, C, (the ſubtenſes of the 
Triple, ) as is evident from the Figure. But it is evident alſo, that, in 

this caſe, the ting!e Arch muſt be lefs than a Quintant (or fifth part) of the 

whole Circumference. 


I. 


IT. And therefore ( the Reft-angle of the Diagonals being equal to. the two 
Rect-angles of the oppolite fides,) Cq—-Bq=AF. (And by the ſame reafons 
cq—bq=EF.) That is, 


” 0 — 
 ——— 


III. The Square of the Subtenſe of the Triple Arch, wanting the Square of the 
Subrenſe of the donble Arch, us equal ts the Reft-angle of the Subtenſes of the ſingle 
and of the Quintuple ;, the ſingle Arch being leſs than a fifth part of the whole Cir- 
cumference, | 


———_—_ 
— <w- 


AS - — 


IV. And therefore, if it be divided by one of them; it gives the other. 


ST Como Meg ms 
That 1s , _ > —F; and k E L =A (And, in like manner <L=—=3 


_— RO 
a... 


' 
: 
\ 


cq—db 
=F; and — = FE 


V. But C--B into C—B 1s equal to Cq-Bq. And therefore, A . C 
-B:: C—-B.F. Thats, 


VI. eAs the Subrenſe of the ſingle Arch (leſs than a fifth part of the whole Circum- 


ference ) 10 the Aggregate of the ſubtenſes of the Triple and double; ſo 1s the Exceſs 
of the Subtenſe of the 1 riple above that of the double , to that of the Quintuple. - 


VII. And becauſe (by $ 8. Chap. 30.) C= gA— = and therefore Cq= 
A 
gAg—*© M4. DE, And(by $ 7.Chap. 29.) Bq=44q—P2: Therefore, 


54qq cc s$Ac qc 
—Bq = — — >; —- =AF: A A— —---— ==- 
Cq—Bq=$SAq—q Fra —F nd ra Fig I=SE 
LE... *v< Ho 


Rq 4.49 
Viil. If, to the Quintyple of the Subtenſe of an Arch lefs than a Quintant, wanti, 
the Quintuple of the Cube of the ſame Subtenſe divided by rhe Square of the Rading , 


added the Quadricube (or fifth Power) of the ſame Subtenſe divided by the Biquadrate 
of the Radius ;, the Reſult 1s the Subtenſe of the Quintuple Arch. 


IX. The ſame may be otherwiſe thus evinced ; taking 2 Quadrilater whoſe Fig. 


oppUlite ſides are A, A, and F, CC; and the Diagonals D, D. And thetefore, XXV. 
Dq—Aq=CF. (And, in like manner, dq—Eq=vF.) That is, 


X. The 
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Fig. 
# XXVI. 


X. The Square of the Subtenſe of the Quadruple Arch , wanting the Square of the 
Subtenſe of the ſru'e Arch (leſs than a-Quintant; ) 45 equal to the Rett-angle of the 
ſubrenſes of the Triple and Quimuple, And being divided by either of theſe , it 
gives the other of them. 


XI. And (becauſe D-+A-into DA is equal to Dq—Aq,) C.D of- 
A:: D-A.F. (AndCc . dE :: d—-E .. F.) Thatis, 


XII. es the Swbtenſe of the Triple Arch, to the ſum of the ubtenſes of the 
Quadruple and of the ſmgle (thr being leſs than a Quintant,) ſo ts the Difference of 
theſe, ro the Subtenſe of the Quintuple. 


2Rqh—Ac, -©- 
X11I. But, (by $ 7, Chap. preced.) _ /:4Rq—Aq: =D. And 
15RccAq—2o0RqqaAgq-tS3RqAcc—Accq 


Rcc 
20Aqq , SAcc Accq 
by Aq, leaves 15 Aq— Rq T oe Ra © Dq—Aq=CE. And 
ME Rqa—Ac . 5RqqA— ;RqAc+A 
this divided by C = * T —3; gives IT . —_ 
DUETS As before, 


therefore , =Dq: Which abated 


XIV. The ſame, is a third way, thus evinced; Inſcribing a Quadrilater, 
whoſe oppoſite ſides are A, C, and A, F; and the Diagonals B, D. And there. 
fore AC+AF=BD; and BD—AC=AF. (And in like manner, 
bd —cE=EF.) Thatis, 


1s. The Reft-angle of the ſubtenſes of the double and Quadruple Arch , wanting that 
of the ſubtenſes of the ſingle (being leſs than a Quintant ) and of the Triple; us e anal 
to the Red-angle of the ſubtenſes of the ſingle and Quintuple. And, being divided 
by either of theſe , gives the other of them. 


XVI. Aud therefore, A.B::D.C+F. (dE. b::d. c-F.) 
That 1s, 


XVII. eAs the Subtenſe of a ſingle Arch (leſs than a Quintart, ) to that of the 


double ;, ſo 1s that of the Quadruple, to the Aggregate of the ſnbtenſes of the T, riple 
and Quintuple, 


_ FR — 2RqA—Ac .. 
XVIII. But B=4/: 4Rq—Aq. And D= =——/;Ro-4q. 


2Rq = 17 ;nto 4Rq—Aq: ==? Jac 
49 
A RqAq— ww 
_ and therefore, AC=? 2 I aD ns Aqq 
q 
5Rqqaq—5Rqaq-tAcc $RqqA—<R 
And therefore, BD—AC= BD Fr g —AF. And <3 Ds 
— IRWESSRUECT ES, A, before, 


Rqq 


Therefore, BD = 


Likewiſe, C=3 A— 


z=F 


XIX. Or , we may thus compute it : Becauſe AC AF—BD= 
LL (25 before ;) therefore — = 22—Rqachn 
= C-+F. And therefore, (ſubtrafting C = 3 A— 
=F = 349 E—5RqEctTAcg 


Rqq 
Acy 5Rqqa—5RqaAc-FAGq 
Rq” Rqq 


As before , 
XX. The 
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XX. The ſame way, a fourth way, be thus evinced ; laſcribing a Quadri- Fig. 
later whoſe oppolite lides are B, F, and B, A; and the Diagonals C, D. And XXVII: 
therefore BA+BF=CD, and CD—BA=BF. (And, in like manner, 


Te 
cd—bE=BF.) and —= 2 oF. That is , 


XXI. The Ref-angle of the ſubtenſes of the Treble and Quadruple Arches , wantin 
that of the ſubtenſes of the double and ſingle (this being leſs than a Quintant,)) 14 6g 

r0 that of the ſubtenſes of the double and Quintuple. And being divided by the one, 
it gives the other. 


XXII. And therefore, B.C::D. A+F. (Andb.c::d.E+EFE;) 
That is, 


XXIIL es the ſubtenſe of the double Arch, to that of the Triple, ſo i that of 
the Quadruple, to the Aggregate of the ſubtenſes of rhe ſingle (being leſs than a Quin- 
tant ) and of the Quintuple, 


XX1V. But C= Nga 


; and D= ZE y 4Rq—A%q 
Therefore, CD = LLC 
B=tv/ 4Rq—Aq: And therefore, BA = Jy: 4Rq—Aq. And conſe- 
quently, CD—BA=BF= 2259 == Ag0FAce , Rq—Ag And 
(dividing by B= 2 /:4Rq—Aq:) 104.44 = TT. AL =F = 
| kl Limald: | As before , 
Rqq 
XXV. Or, we may thus compute it : Becauſe BA BF=CD= 
mtr =O 4Rq—Aq: Therefore, (dividing by B = 


/:4Rq—Aq. Likewiſe, 


Req 
A, .\CD__ 6Rqq&—«Rqacomacg __ 5RqqA—4RqacrtaAcq 
sv:4R9q—Aq))q, = = =A-+F. And "a 
=F. As before, 
XXVI. Or thus; becauſe BA+BF = CD; and therefore, =C= A+F: 3 
And alſo, D=hE=E :4Rq—Aq: And B==v/:4Rq=Aq: There- 
D 2Rq—Aq 22h —t_ 


fore, Þ = "Mi and this Multiplied by C= K 
6Rq9a—5REACHA 4 4p. ang EUSA — p, og 


Rqqg  ſ 
before. 


XXVII. But if the Arch to be Quintupled be juſt the fifth part of the 
whole Circumference, Cans conſequently the Quintyple Arch one intire Revo» 
lution ;) the Subtenſe of that Quintuple will vanuſh , or become equal to no- 


thing, 


—_—_— _——_—_—— 


Rqq 


XXYLII. And 
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—C—_ 


Fig. 
XXVII. 


Fig. 
XXVIII. 


Fig. 
XXVIII. 


: «<RqqQa—5 RqAc-|-Ac 
XXVIII. And therefore, in this caſe, 2 _ 1 


And ſo 5Rqqa—5Rqac-|-Acq=0,; and SReg—ShqagTACo"S 


5 RA 
or, 5Rqq=5Rqaq—Aqqz or, 5Rq= (5Aq4—FQ0 =} = OY 


= FF = 06. 


F . A ; 

Which is a Quadratick Equation, whoſe Root 1s _ , and the Co-efficient of the 
middle Term 5 R, and the abſolute quantity 5Rq. 

XXIX. Therefore Ob reſolving.the Equation) 3RZy: *$*Rq=5Rq: 

= S=LI\g a 2% | 

=;jR24/gRq=TR=xF: 

XXX. Of which ambiguous Equation , the _ Root is to be choſen, That 
is, = Rq=Aq; and therefore, R / 2 —1 (=RV/ix/5S—1)=A, 
the Subtenſe of -a Quintant. That is, 


XXXI. 7, be Radius Multiplied into 5—vs » is equal to the Subtenſe of a Quin- 


tant, or of 72 Degrees. 
XXX1II. The ſame may be otherwiſe thus inferred: If, in a Circle, be in- 
ſcribed a Regulzr Pertagon;z whoſe lide A ſhall be reputed as the Sabtenſe of 


a ſingle Arch: It's evident that the Subtenſe of the Duple , and of the Triple , 
will be the ſame. (For the ſame Chord which on the one ſide, ſubtends the 


Duple, doth on the other ſide, ſabtend the Triple.) And therefore, - /:4Rq 
— 3Rq—Ag 


RqA—A 
—Aqg:;=B=C= IH=— And y: 4Rq—Aq: = Ra And 
Rqaq—6RqaAg-FA Aq 
<< (* 49 409490.) 9Rq—6Aq+,c. And there- 
fore, 5Rq—5Aq+ =o. And therefore, ( as before) 5Rq=5Aq— 
= and ſo onward as above - 
XX X11I. Now becauſe (as 1s already ſhew'd)y/: 4Rq—Aq: = 12421 —=g3R 


_ 24, This therefore will be the Subtenſe of a Seſquiquintant' (or one Quintant 


and an helf, or three tenth parts,) that is, of 103 Degrees: As being that 
Arch which with the Quintant doth complete the Semicircumference. That is, 


XXXIV. The Difference of the Squares of the Subtenſes of the Trient , and of the 
Ouintant , divided by the Radins ;, is equal to the Subtenſe of the Seſquiquintant , or 
105 Degrees, (For 3Rq is the Square of the Subtenſe of the Trient;z and Aq, 
of the Quintant ; and the Difference of theſe 3 R q—Aq divided by the Radius, 
is.the Subtenſe.) Or thus, 


XXRV. If from the Triple of the Radius 3 R, be ſubdufted the Square of the 
Subrenſe of a Quintant divided by the Radius ; the Remainder is the Subtenſe of a 


Seſquiquintant, or 108 Degrees, 3R — = 
XXXVI. But the = 7g of the Subtenſe of a Quintant ſo divided, is ( as 
k A — : 

before ) —g —_—— R; which therefore ſubtralted from 3 R, leaves 


_ 
i--4/5 
OY R the Subtenſe of 108 Degrees. XXXVIL Now. 
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XXXVII. Now , if the Radius be cut in extream and mean proportion, the 
greater Segment thereof is Vim R (by 11.E/. 2.) towhich if 1 R he added, 


we have __ R (the Subtenſe of 108 Degrees as before;) And therefore, 


XXXVIII. If the Radins being cut in extreme and mean proportion, the ovearer 
Segment thereof, be added ro the whole Radins ; the ſum is equal 10 the Subtenſe of 108 
Degrees. | 


XXXIX. Yet again ; If, of a Pentagone ſo inſcribed , the fide A be conſidered 
as the Subtenſe of a fingle Arch z the ſame will alſo be the Sebienſe of the Qua- 
druple. (For the ſame Chord ſubtends on the une lide to one Quintant , and 
an the other ſide to four ſuch.) 


XL. And thereforc, in this caſe, A =D= LED 4Rq—Agq. 
And ReA==2RqA—Acinto4/: 4Rq—Aq. Thatis, Rce=2Rq—Agq, 
into /: 4Rq—Aq. Ard (the Square hereof} Rec=16Rcc—20Rqqagq 
--8Rqaqq—aAcc; or igRcec—2oRqqaq+8RqaAqq—Acc=o. 


XLI. Now this laſt Equation, if divided by 3 Rq—Aq=0, will afford 
this Equation; 5Rqq—5Rqaq+aAqq=o. | 
z3Rq—Aq=0) 15Rcc—20Rqqaq}3Rqaqq—Acc=o (5Rqq—5Rqaq--Aqqzo 

15Rcc—5Rqqaq 
—1i5Rqqaq--8Rqaqq—Acc 
—15Rqqag--5Rqaqg 
+3Rqaqq—Acc 
--3Rqaqq—Acc 
mr (oſs) 


XLII. And therefore 3 Rq=Aqz is one of the Plain Roots of that Equation. 
And therefore, Ry/3 = A, which is the Subtenſe of a Trient. (Which is true, 
becauſe alſo the Quadruple of a Trient , hath the ſame Subtenſe with the ſingle 


Trient. ) 


XLIII. But there are alſo two other Plain Roots included in the Reſulting 
Equation 5Rqq—5Rqaq+Agqq=0o; or 5Rqq=gRqaq—Aqtq. For, 


XLIV. The leſſer of them is *Rq— v/: *ZRqq—22 Rqq:= 3 
Rq=Aq; the Square of the Subtenſe of a Quintant. As before , 
XLV. The greater of them is :Rq--y: *ZRqq—*£Rqq: =? 2 L 


Rq=Aq; the Square of the Subtenſe of a double Quintant, or of a Triple, 
(as we ſhall ſee afterward) that,is, of 144, or of 216 Degrees. For the Qua- 
druple of theſe alſo, will have the ſame Subtenſe with that of the ſingle. For 
Ax4=*=—=1++:. Andix4=*#=2--;}. Where the Exceſs above the 
entire Revolutions ( which are here Equivalent to nothing) is +, or #, both 
which have the ſame Subtenſe (as at $ 32. ) over that of the ſingle Arch; 
that is , 4 5, Or +- 


E XLVI. Since 


Fig. 
XXVII.. 


- - war... —» » 
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XXVIIL XLVI. Since therefore (as is ſhewcd ) * roſe Rq=Aq, 15 the Square of 
the Subtenſe of a Quintant z the Square of the Subtenſe of its Reſidue tothe Semi- 


circumference muſt be 4 R q — j—y5 Rq== v5 Rq. Which 1s therefore 


the Square of the Subtenſe of 103 (=180 — 72.) And the Quadratick Root thereof 
$4 1,7. AS 
2: —R(=v: : 


Rq:) as was alſo before ſhewed. 


/ ® 
XLVII. And for as much ——_— R 1s the Subtenſe of 1c8 Degres, that 


is of 18 Degrees above a Quadrant; let this Subtenſe be $, and the Subtenſe of 
18 Degrees, (which is the Exceſs abovea Quadrant) E. Thereſore, (by $ "oe 
Chap. preced. ) $q-|-Eq—SE42=2Rq. And therefore, Sq—2R q = 
ESy/2—Eq. And (by reſolving that Equation) +S/2Xy/: 2Rq—2$Sq: 
— E. The leſler of which Roots is here to be choſen, becauſe E is the leſler 
of the two $S, E. 


-|- 
Y.5 -=R » and therefore, Sy 2 = 


$—o $ 


XLVIII. But (as 1s ſhewed) S = 
3 v5 
2 


Viol'v2p. ang Sq = 'Ro, and therefore, 2Rq—2Sq= 


4 : 4 
Rq, (half the Square of the Subtenſe of a Quintant,) whoſe Square Root is 
Icy 2—=24/ 54/5: 

4 


v5 = R. And thereforc, (the leſs Root being here of uſe) V 
R=E, the Subtenſe of 15 Degrees. 


XLIX. The ſame Arch of 18 Degrees, is alſo the Complement of a Quintant 
to a Quadrant. And therefore it the Subtenſe of a Quintant (or 72 Degrees, 


being, leſs than a Quadrant,) becalled A—=Ry =, and thc Suhtenſe of its 


Complement to a Quadrant (or of 13 Degrees) E: Then (by $ 52. Chap. preced.) 
Aq-+EqbAE4/2=2Rq. And therefore, Eq-| AEy/2=2Rq—Ag. 
And (reſolving the Equation,) 4/:4 Aq-E2Rq—A4q: (=y: 2Rq=—;Aq:) 
—zAy2=E 


—3 Rq, and therefore, 2R qQ—zAq= C=L 


L. But Aq=— Rq (half 
the Square of the Subtenſe of the Seſquiquintant , or 1c8 Degrees; ) and the 
Square Root thercof . / - —_ Rq= tap L R. AndjAy/2=Ay/i=RvV 


4 
OE rhe $1 10Fy/ 2—2y: $5 — : 
$—=Y},- TERS at therefore, L L : £:4—=21 R=E, 


— 


4 2 
the Subtenſe of 18 Degrees, as before. That is, 
LI. The Subtenſe of the Seſquiquintant, or of 108 Degrees, (that is, the greater 
Segment of the Radius cut in extream and mean proportion , increaſed by the entire 


Radins, ) Multiplied into y/ 2 (for CO! R 2= 2x0 R,) wanting the Sub- 


2 2 


tenſe of the Quintant Multiplied alſo into /2 (forRy/ = into Y2, =Ry: 


2 
$—v/5:) # equal to the double of the Subtenſe of 18 Degrees. ( And half thereof, 
equal to that Subtenſe.) Or, 


LII. The Difference of the Subtenſes of the Seſquiquintant and of the Quintam, (or 
of 108 Degrees, and of 72 Degrees) divided by y/ 2, zs equal ro the Subtenſe of 
18 Degrees, That 1s, that Difference is double in Power to this Subtenle, ( duplum 
poreſt, ) or, the Square of that, is double to the Square of this. 


LIII. But. 


CHuae.lV. Of Angular Settions. 


—I—_—— ——— 


95, 


LIII. But 5 The ſubtenſes of the Quintant and Seſquiquintazt, (that IS, of 22. and 
of 108 Degrees, which ru;,cther complete the Semicircumference) Atzulriplied the 
one into the other , ( or the Rectangle of them, ) divided by the Radins;, is equal t9 
the Subtenſe of the double Arch of either, For, by S 9g, Chap. R) AE (B. That is, 
of 144, or of 215 Degrees. That is, of the double, or Triple Quintant , 
iy5 ys: g==y's R 

2 : 2 q 


(theſe two having the ſame Subtenſe.) That is, 


+ y/ —x S hs. > 
26.4, & / 1=TIdi% A That 1s, 
2 NN 


to 
t 


LIV. The Radius Aultiplied into y/ Jos. & 


tant, and of the Triquintant ; That is, to the Subtenſe of 144, aud of 216 De- 


, ts equal tothe Subrcnſe of the Bqutizi- 


LV. And the Square of this ſubtracted from the Square of the Diameter, 
leaves ==& Rq the Square of the Subtenſe of 36 Degrees ; ( as being 
what 144 Degrees wants of a Semicircumference, and what 216 cxceeds it. 
For 180 — 144 = 36 = 216 — - 30.) And the Square Root thereof is that 
Subtenſe, y/: v5 Rq: == R. Thatis, 


LVI. The greater Segment of the Radins cut in extream and mean Proportion, ts the 
Subtenſe of 36 Degrees. That is, of halt a Quintant, or the ſide of the inſcri- 
bed Decagon. 


LVII. But we had before ſhewn (at F 38.) that this added to the Radius 
(which is the Subtenſe of 60 Degrees, or lide of the inſcribed Hexagon) is equal 
to the Subtenſe of 105 Degrees, or Seſquiquintant : Therefore, 


LVIII. The Aggregare of the ſubtenſes of 36 Degrees, and of 60 Degrees, (that is, 
the ſides of tho inſcribed Decagon and Hexagon,) z equal ro thar of 108 Degrees ; 
(that is, of tlic Seſquiquintant , or three Tenths.) 


LIX. If therefore to the Subtenſe of 36 Degrees, YI R, be added that 


of 108 Degrces V5 "= R,it makes ſ5Rq, or R\/s5. That is, 


LX. The Subtenſe of the Semiquintant (or 36 Degrees) and of the Seſquiquintant 
(or 103 Degrecs) added together , are in power Quintuple to the Kadins, (that is , 
the Square of that Aggregate is equal to: five Squares of the Radius.) For, 

" ; Fan . 
$I Rp 5-Lt R=Ry5- 


2 


V - 6. — OR | A duo. 


LXI. eAnd their Difference ts equal to the Radius, For, : 


R=R. 


LXII. eAnd the Rettangle of them, us equal to the Square of the Radins, For 
vil R x VE R=Rq. 


? 


LXiII. end the ſum of their Squares is Triple to the Square of the Radius. (Or , 
equal to the Square of the ſide of the inſcribed Trigone. ) That is, =_ Rq-+ 


1=v5 Rq=3Rq. 


E 2 LXIV. Ard 


Fig: 
XXVIII 
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Fig. LXIV. And the Diſſerence of their Squares, ts in Power Quintuple to the Square of 


T5 | XXVIIL the Radius, ( or , equal to five ſquared Squares of the Radins, For, RE Rq—) 


nnd 
—Rq=Rqvs=y5Rqq 


LXV. Again, The ſum of the Squares of the ſubtenſes of the Quintant and Biquin- 
tant (or of 72 Degrees, and of . 44 Degrees,) is Quintuple 10 the Square of the 


l Radius. For , ? ___ Rqul-' _ Rq=5Rq- 


LXVI. Azd the Difference thereof , is in Power Quintuple to the Biquad?rate of the 
5&5  --»—. £ "OE i 
Radius. For, * 2 R g— . Rq=Rqy5=v5Rqq- 


1 L.XVII. Ard the Rettangle of them, is Quintuple of the Biquadrate of the Radius. 
[ For, - _  Rqx 3 v5 Rq=5Rqq. 
| LXVII. We have therefore (as hath been ſeverally demonſtrated) theſe 


ſubrteſes, anſwering to their ſeveral Arches , or portions of the whole Circum- 
ferences, viz. 


4 | Subtenſcs. Degrees. Parts of the whole. 

"ll Li 36 . 324 To «Is 

4% 

| R /i=V5 72 » 288 To * To 
F\: TY 

5-1-1 R 10S . 252 fo - I's 

it R 3 144 . 216 os , » 

i 2R 180 7; 
"N L.XIX. By thelike method we may find the ſubtenſes of 52, 73, 32» 73, of 
iN the whole Circumference : (as likewiſe of 42, £2, 5+, 2+,) For the Reſidue 


| of + to a Quadrant ( or Exceſs of 75 above a Quadrant) is ;2; and therefore 
78 . ok y/2—24/:5—y5: . 
i the Subtenſe thereof is ——_ R, (as is ſhewed before at F 48.) 


4 
y - — Of _ a 
| | or (which is Equivalent) DER E —v - APY Or, R i 2—/IIL 
| 
| 


And the Reſidue of this to the Semicircumfcrence js ;2 ; whoſe Subtenſe there- 
ra _ A - Or, Ry:2-þvy/ LES Again, the Reſidue of 


\: to a Quadrant (or the Exceſs of } above a Quadrant,) is 2; whoſe Subtenſe 
fa "F"30 WY 2 AI ES" 4 "RF 4 
OE t5 | wt 4:3 v5: 24/:5-14/5: 10-t-4/ 2 

[4 thereigre 1s 2 ad ' 121 pa R. Or, L v 4 v R. 
i ; | ” _— "I" . 
li | And the Reſidue of this to a Semicircumfer ence is 32 3 whoſe Subtenſe therefore 
\F NY 4-1'y :10 & i _—y - 
i 7Þ Ez by Or, Ry/:2-þy = . For, in ſuch caſes, the 

: 
Li {amecyaluc may be expreſſed in very different ways. (All which may be eaſiy proved 
! »y computation, in like manner as thoſe before going z and like Corollaries 

| catily deduced from them.) And the Remainders of theſe to the whole Circum- 
terences (42, 32, 4z, 32,3 have the ſame Subtenſes with them. 


forcis Ry 


I.XX. We have therefore, now, theſe Subtenſes , for the Arches and por- 
Livns following. 


Degrecs 


_— Be hens 
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Degrees of Arches. Portions of the whole. Subtenſes. 


© . 360 Jo + 26 O 

13 « 342 4 , 42 Leliu5it5mw Sig 
36 . 324 "IS £=x 

54 + 306 "IS 4 LEY i=v/5: v 
72 . 238 x ., 39  __ 

90 . 270 23.25 R42 
109 . 252 33 » 3s viii 
126 ., 234 a2 , 34 Rq/! Ivy :1O0—24/ 5: 

2 

144 . 216 = -- R / vs 
162 . 199 -2 , 3£ Ry NS 

180 29 2R 


LXXI. Now if all theſe Arches be compared with the Trient; and the Sums 


and Differences of them ſo compared be obſerved: We ſhall thence have a 
great many more Sultenſes, by what is before delivered, at $ 15, 47, Chap. 39. 
As for Example, 


LXXII. Suppoſe the Subtenſe of 72 Degrees to be A=Ry = & » and 
the Subtenſe of 48 (= 120—72) to be E. Then, (by $ 15, Chap. 30.) 
Aq-+AE-|-Eq=3Rqz; and therefore, AE+-Eqzz3Rq—Agq. And (by 
reſolving the Equation) 4/:4Aq-F 3Rq— Aq:(=y:3Rq—342Aaq:) 
—zA=—=E. 


LXXII. But A=Ry/ =, and Aq = —=v Rq. Therefore, E=y: 
3Rq—Aqi—HA=vi HV Rgt—yi Org LL v5: 
S _  n—ey, — / 5: b-- of ® nas 3 { . 
r — Y:18 -64/5 vV:10 Ys. 15-1 2—4/:10—24 5 n-chat. 


4 4 
tenſe of 43 Degrees, and therefore alſo of 312 Degrees. 


LXXIV. Inlike manner: Suppoſe (as before) A the Subtenſe of 72 Degrees ; 
ard Z the Subtenſe of 192 (=120--72.) Then (by $ 47, Chap. 30.) Zq— 
AZ Aqz3Rq; and Zq—AZ=y3 Rq—Aq. And (reſolving the Equa- 
tion) /:3Rq—ZAg:-þ3A= Z=/;LE345 Rq:-|-y: j==X1 Rq:= 


. s 
ALIA Ben Aon on Ad oe 


- : R. The Su!- 
tenſe of 192 Degrecs, and therefore alſo of 168 Degrees. That is, 

I. XXV. If the Swhrenſe of a Trient , be increaſed by the greater Seoment of ſuch 
Subtenſe wit in extream and mean proportion , And thereunto be Added, or taken from 
it, the Subtenſe of 2 Quiatant : The reſult is, in caſe of Addition, the double Subtenſe 
of 163 and of 192 Degrees ;, incaſe of Subtration , the double Subteaſe of 48 and of 
312 Devrees, Or thus, 


IL. XXVI. If 


F I”, 


XXVY11L. 


— — 
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L.XXVI. Tf to the greater Segment of the Subtenſe of a Trient (cut in extream and 
mean Proportion, ) be «dded the >wit, or Dijjurexice of the ſuvrenſes of the Tricnt and 
of the Luntant . I hb Re ſalt ts, the double Subtcaſe "= 17; the fir ſe caſe, of 168 and 
of 192 Degrees; wi the latter caſe, of 4> arid of 312 Degrees, For, y: 


9-1 3v5 : E 3 . 4 IM a 5. FIYv  & x gh, . 
—_ mn z3Rq: = aq cw WT 


the half of the Subtenſe of a Tricnt (4/ 3 Rq) increaſed by its greater Segment 


. . "Me ' $ ay 5 . * 
if focut. And y/: > Y5Rq: =2Ry —->>, is half the Subtcnſe of a Quin- 
9 2 "op 


zKQ:= 


£:117t, 


I. XXViI. And the Squares of theſe ſultenſes, ſubtratted from +Rq, give us 
the £quares of the ſabtenſes of their Differences from a Semicircumference. 
"That is, of 12 and of 132 Degrees (whereby 1658 and 4 come ſhort of a Semi- 
circumference; and whereby 192 and 312 exceed it.) For 12 = 180 — 168 
== 1562 — 189; «nd 132 = 150 —48 = 312— 180. 


LXXVIII. Azain, ſuppoſe the Subtenſe of a Biquintant, or 144 Degrees, 

( which is alſo the Subtenitc of a Triquintant , or 216 Degrees) being ereater 
5-1-v 

than a Trient, to be Z=RyV —— And the Subtenſe of 96 = 216 — ;20 = 


2409— 144, to be A: Ard the Subtenſe of 24 = 144 —1:0=240— 216, to 
be E. Therctore, (by Y +75 Chap. 30. ) £Zq— ZA-|-Aq — Zq—ZE+Eq 
—3Rq;z and (Zq being greater thin 3Rq,) Zq—z3RqezZA—aq= 
ZE—Eq. Ard \ reſolving the Equation) zZLy:4Zq—Zq-þ-;Rq:= 


1 1 $3 "YL hl _—— 0 
:2:y:3Rq—2i(=haot) =jRy/ 2k Em 
4 | 
__ R, ths Sub- 
6 2 T 
tenſe of <©.6 Dcv1ces if connected by -|-; or of 24 Degrees ; if by —. (That is, 
EAATEET LES 2 R, in the firſt caſe 3 and Y— CEE — LS 


; + + 
R, in the latter.) That 1s, 


S :4-Faof v9 —3v5: R = 2 e19-b-24/5:Þ4 :18 --Cy/ $: 


L.XXIX. Jf ro the Subtenſe of a Biquintant be Added , or taken from it , the greater 
Segment of the Subtenſe of a Trient (cut in extream and mean Proportion ;, ) it give 5, 
7 the firſt caſe, the Subttnſe of 96, and of 264 Degrees, in the latter, that of 24 , 
and of 336 Degrees. 


EXXX. And by theſe again (by ſubdufting the Squares of their ſubtenſes 
ſrom 4R q) we have (the Squares of) the ſubtenſes of their Difference from 
a Semicircumference, whether in Exccls or defect. As of 84 = 150 — g6 = 
204 — 190, and of dxg6 = 180 — 24 = 330 — 180, 


LXXXI. And if in like manner we compare alſo the reſt of thoſe at F 50, 
with the Subtenſe of a Trient ; we ſhall thence have the ſubtenſes of theſe Arches, 


([120—103== 12), F168) @ , (345 . 192) 
G | 90 = 39|S [150[=S | 330 . 210 
= [129— 72== a8| 251132125 1312 . 225 
XZ | 120-— 54 = 66 v. [114 NP Us | 294 - 246 
* Lew 26 = 8+|SE, G6 S 54276 « 264| 
0 20 15=102/ © O -8*S 2 258 .- 282 { 
g [120 * o=120| ©**S 60| <0 [240 . 300 
© | EE 153==438 SB 42 SZ 222 . 318 
Q | 120- 36 = 156 | = v2 4 Ne: 20$ . 336 | 

L120] 54=174, F | 6390” Libs. peed 


LXXXII. So 
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LXXXII. So that (by theſe here, and thoſe at F 59-;) we have ſubtenſes for 
every ſixth Degree of the whole Circumterence: And conſequently the Right 
ſines (as being the half of thoſe ſnbrenſes) for every third Degree of the Se- 
micircumference. And this by the Solution of Quadratick Equations only , without 
the help of Cubicks or Superior Equations. And between theſe may in like 
manner, be interpoſed as many more as we pleaſe, by the continual Biſeftion 
of Arches. 


LXXXIII. We return now to purſue the former Inquilition which hath been 


Fig. 
XXV11L. 


Fig. 


intermitted. The Equation formerly propoſed at $ 7, for the Quinquiſettion XXLX. 


FAC , Acq 
of Am, 5A Ra -|- Rag | 
contains yet three other Roots, ( by FS 98, 9g, Chap. preced.) anſwering to three 
other Chords drawn (from the ſame Point with A and E) to three other Angles 
of the inſcribed Pentagon : Which we ſhall call L, M, N: Whereof L ſubtends a 
Quintant increaſed by the Arch of A, (or three Quintants increaſed by the Arch 
of E;) N ſubtends 2 Quintant increaſed by the Arch of E, (or three Quintants 
with the Arch of A;) M ſubtends two Quintants increaſed by either of thoſe 
Arches A or E. Forevery of theſe Arches, it Quintupled, will have the fame 
Subtenſe (of the Quintuple) F, as well as the Quintuple of the Arches A or E. 


= F; beſide the two primary Roots A and E, 


LXXXIV. Of theſe three, (in caſe A and E be ſuppoſed Affirmative Roots,) 
L and N will be Negative; but M, Affirmative. But contrarywiſe, in caſe 
A and E be ſuppoſed Negative: For then L, N, will be Affirmative, and M 
Negative, For, | 


LXXXV. When the ſingle Arch is leſs than a Quintant ( or greater than four 
Quintants ;,) or when it is greater than Two, but leſs than Three; the Subter;ſe of .the 
Triple Arch will be greater than that of the double. ( As is eafie to apprehend, or 
may be proved if need be, inlike manner as we have formerly done in like caſes; 
as Is after ſhewed at SF 93, &c.) 


LXXXVI. And therefore, if A (or E,) be the Subtenſe of the ſingle Arch; 
then Cq-Bq=AF, (or eq—bq=EF,) will be an Affirmative quantity , 
(asaty 2.) 


LKXXVII. And, in like manner, if M be the Subtenſe of the ſingle, (greater 
than Two Quintants, but leſs than Three;) Cq—Bq=MF, will be alfo 
Affirmative. | 


LXXXVII. But when the ſingle Arch is greater than a Quintant , but leſs than 
Two, or greater than Three, but leſs than Four : The Subtenſe of the double will be 
greater than that of the Triple. 


LXXXIX. And therefore, if the Subtenſe of the ſingle be N, then C q — 
Bq=NF, will be Negative. 


XC. And in like manner , if it be L; then Cq—-Bq= LF will be alfo 
Negative. 


XCI. That therefore, L, N, may have Affirmative values (as well as F,) 
we muſt put the Equations thus, Bq—-Cq=NF; and Bq —Cq=LEF. 
And, if fo; then the value of the other three Roots will be Negative. 


XCII. But if the ſingle Archbe juſt a Quintant (or two, three or more Quintants) 
the Subtenſe of the doubla will be equal to that of the Triple. And therefore, (putting 
V or X, for the Suhtenſe of the ſingle,) Cq -Bq —= VF =0; orCqo Bq= 
XF =0. The Subtenſe of the Quintuple (in this caſe) vaniſhing to nothing, 


X CLIII. New 


Fig. 
XXIV; 


Fig. 
XXX, 


. 
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Fig. 
XXIX. 


XCIII. Now that , for the Arches A, E, M, the Subtenſe of the Triple is 
greater (or at leaſt not leſs) than that of the Duplez but contrarywiſe for the 
Arches L, N; is eafie to apprehend upon a little conlideration. For if the Arch 
A,orE, be 10 Degrees; B is 20; C, 30: lf that be 293 Bis 40; C, 60: 
if Abe 40; Bis 80; C, 12u: If A be 60; B is 120; C, 180. (And hitherto 
is no doubt, becauſe we arc not yet paſt a Semicircumference z and, till then , 
as the Arches increaſe, the Chords increaſe alſo; though not when we are paſt 
180 Degrees.) If A be 50; Bis 140=180—40; C, 2;:0=180-]-30. So 
that yet the Chord of C, though paſt a Semicircumtference, is greater than 
that of B, becauſe nearer to a Semicircumference, or 180 Degrees ; ( for this 
doth leſs exceed it, than that wants of it.) And ſv 'till we come to 72 Degrees, 
(or i of the whole) for then B is 144 = 180— 36, and C, 216= 00-06; 
where the diſtance is equal, and accordingly the Chord of the Triple equal tg 
that of the double. But when we be palt a Quintant, that. of the Triple be- 
comes leſs; for if the ſingle Arch N = +-|- E be 73; B is 146= 180— 343 
C, 219 =180-+ 39; and this doth therefore more excced 130, than the other 
comes ſhort of it ; and hath therefore the ſhorter Chord. So likewiſe, if N 
be $0; Bis 160 = 1860 —20; C, 249 = 180-+60: If N be go, Bis 180; 
C, 270 = 180-{-90 : If N be 100; Bis 200 = 180-| 20 = 360— 160; 
C, 300= 180-þ- 120=360 —60: Where the Triple is farther from a Semi- 
circumference, as more exceeding itz and nearer to a whole Revolution (which 
is Equivalent to nothing) as approaching nearer to it ; and therefore the Chord 
of the Triple, leſs than that of the double : So, 1f N, or L be 108; Bis 216 
= 180+36=360—144; C, 324 = 369—36=180- 144. If L=$-+A 
be 120; Bis 243 = 180 +-60= 360 — 120; C, 360. And therefore that B, 
the greater Chord: And ſo it will be *till we come to 144 Degrees (or +) when 
again they will become equal; for then B will be 288 = 180-þ 108 = 360—72; 
and C = 432 = 360-72 = 5$g90—1098; which doth as much ſurpaſs a whole 
Revolution as the other wants of it; and doth as much want of a third Semi- 
circumference as the other exceeds the firlt ; and therefore their Chords become 
equal. But after this, the Chord of the Triple doth again become the greater : 
For if M the ſingle Arch be 145; B will be 290 = 150-þ 110 = 360— 70; 
C, 435 = 360-75 =540— 105: If M be 150; Bis 300= 360— 60; C, 
450= 360-90: If M be 180; Bis 360; C, B 540= 360+ 180: If M 
be 2003 B 1s 400 = 360-+40; C, 600 = 360-]- 240; where the Arch C 
(as farther remote from an intire Revolution) requires the greater Chord. 
And ſo onward 'till we come to 216, (or 2) where the Chords of B and C do 
again become equal, for B will be 432 = 360-þ-72; C, 648 = 720— 72; 
where the Arch B doth as much exceed one Revolution, as C wants of two; 
and therefore require equal Chords. After this, the Arches L, N; from 216 
to 288, have the ſame Chords with thoſe of L, N, from x 44 backward to 72, 
(as being their Complements to a whole Revolution, and the ſame Chords of 
their Doubles and Triples, with the Doubles and Triples of thoſe ; and there- 
fore (as there) the Chords of the Duple greater than thoſe of the Triple. And 
from thence to 360 (which is an entire Revolution) the Chords are the ſame 
with thoſe of Aand E, (as being the Remainders of theſe to an intire Revolu- 
tion) and therefore here alſo, the Chord of the Triple is greater than that of 


the Duplc. 


XCIV. All which depends on this General Conſideration; (which equally 
ſerves for all ſuch Comparings of Arches and their Subtenſes; and is therefore 


to be taken notice of, once for all.) That is, 


XCV. eArches equally diſtant from the beginning or end of (one or more) entire 
Revolutions , have equal Subtenſes , (for the fame Chord doth indifferently ſubtend 


both or all of them; ) But thoſe which are leſs diſtant from ſach beginning or end , 
have the leſſer ſubtenſes; (as neareſt approaching to nothing.) 


XCVI. Again, ' 
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XCVI. Again, eArches equally diſtant (whether in Exceſs or defett ) from Fig. 
1,2, 3, (or any odd number of J Semicy cumferences , have equal ſubtenſes, (for XXIX. 


here alſo the ſame Chord ſubrends both or all; ) bur choſe which are leſs diſtant 
from ſuch Semicircumferences , bave the greater Subrenſe, ( as neareſt approaching 
to that of a Semicircumterence, or 180 Degrees, the greateſt Chord of all.) 


XCVII. 'Tis manifeſt therefore, that, if the Arch E or A be not grea- 
ter than 60 Degrees, and conſequently the Triple Arch do not exceed one 
Semicircumference, That of the Treble (as nearelt approaching to it ) will be 
greater than that of the Double. And though A be greater than 60 Degrees; 
that of the Triple will yet be the greater, 'till this do as much exceed a Se- 
micircumference as the Double comes ſhort of it : That is, 'till 24 A= 180 
Deg. or + of the whole Circumference; that is, 'till A=j, or 92 Degrees. 
And what is ſaid of E and A leſs than 5, doth equally hold of # +A =1—E, 
and F +E = 1— A, which have the ſame Chords with E and A; and their 
Double and Treble, the ſame with the Double and Treble of E and A. 


XCVIII. But if N, or L, the ſingle Arch exceed *$, ſuppoſe $ +E or *-1-A; 
the Subtenſe of the double will be the longer. For the Subtenſe of , being the 
ſame with that of 5 = 1 —} that of 2N=# + 2E will he longer than it, 
as nearer approaching to 7; ('til 2N or 2L. =; thatis, Nor L=; or yo 
Degrees ;z) but that of 3N=+—+3E lels than it, as nearer approaching to xt 
intire Revolutivn. And even when 2 L exceeds 5, yet 3 L = ha the leſs 
Chord, as nearer approaching to 1 intire Revolution ; 'ul} it become equal to 
it; thatis, z3L=1, and L =+, or 120 Deg. And even after this, 'rull z L 
do as much exceed x, as 2 L comes fhort of it; that is, 'til25L=1; or 
L=2+ or 144 Degrees. But then (as before at A or N=+) the Chords will 
be equal; for then the double is F = 1 — 3; the TrebleS =1-+5%. And what 


isfaid of N=+ +£, or L=2-þ-A; holds equally trac of N =+++-A, of L=# 


+E; (thatisot 1—N, or 1-—L; ) as having the ſame Chords with thoſe. 


XCIX. But when M the ſingle Arch exceeds , , fuppoſe * + E; the Chord 
of the Treble will again be longer than that of the Double. For the Treble 
of 2 as much exceeding, as the Double of it comes ſhort of, 1 Reyolution; the 
Treble of 2 + E will more exceeed it, (approaching nearer to the third Semi- 
circumference ) and the Double want leſs of it, (approaching nearer to 1 Re- 
volution,) til ; M=#; that is, M=* or 180 Degrees. And what is faid 
of M=4+-E lebs than *; holds alſo of M= $pA=$—E: Which doth as 
much exceed a Sermicircumference, as the other comes ſhort of it. 


C. 'Tis mauifeſt therefore , that for the Arches A; E, leſs than+, or more 
than © (but leſs than 1 Revolutzon;) and again for the Arch M, more than 
= but leſs than {3 the Chord of the Triple is greater than that of the Double; 
by $97, 99. But, for the Arches L or M, more than 5 but leſs than $; or more 
than +, bur leſs than *; the Chord of the Double 3s greater than that of the 
Treble; by $ 98. Burt in caſe the ſingle Archbe 4, +, +, 5; (or any number 
of Quintazes,) the Chords of the Double and Treble are equal. And the ſame 
method may be purſued in other like Compariſons of Arches and Chords, 


CI. Now, (to return where we left off at $ g2.) what hath been particularly 
delixered, may be Colle&ed into this General. Namely, (puttang O for the 


Ca on 
Subtenſe of the fingle Arch) Cq >Bqz=OF (by F 85, 88, 92.) And — 9 


C B N 
=F. And ——=0. That 15, 
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Fig. CII. The Difference of the Squares of the ſubtenſes of the Triple and double Arches, 

XXIX. #s equal to the Rett-angle of the ſubtenſes of the ſingle and Quintuple. And that 

Difference applied to either of theſe , grves the other. (Which 1s a General to that 

of $3.) Namely, if O be interpreted of A, E, M; then Cq—-Bq=OF, 
Cq—Egq 


Bq — 
and —— =F. If, of L, N; then Bq—Cq=OF, and —L—<4 = F. 


B p 
q ES fo Or, Bqu 


If, of V, X; then BqaCq=VF=0o. And 


BquUuCq Lie 


Cq=XF=o, and 


CIII. Again, becauſe Cq oz Bq=C—+B into C vB; therefore, O . B-|- 
C :: BC. (interpreting Cuz B, of C—B, for A, E, M; but of B-C 
for L, N.) That is, 


CIV. es the Subtenſe f the ſingle Arch , to the Aggregate of the ſubtenſes of the 
Double and Triple ; ſo rs the Difference of theſe , to that of the Quintaple, (Which 
is a General to that of $ 6.) 


bl 


CV. But (by $ 45, Chap. 30.) C=300 x5; and therefore, Cq= 9g Oq— 


60 O © 
"Ro Þ Ro, © And (by S 7:Chap. 2g.) B=v:40q— R  }andtherefore 


Bq=40q— , : From hence therefore , we may have the value of Cq vw 
Bqz= OF, and of —_— =F, ſutable to each caſe. Namely, 


CVI. If the Arch O be leſs than + , or more than +; (that is, from o, to 42® 
and from 288, to 360.) Or more than; but leſs than 5, (that is, from 144, to 216*) 


5Oqq CC 5 Vc cq 
IR —— —— cata And - pwn © —_ — A d 
- += 5 Ra I Rog An O to be underſtood of 


CVII. But if the Arch O be more than + but leſs than 4; or more than 2 but 
leſs than *; (that is, from 72 Degrees to 144, and from 216 to 288 :) Then 


| Oqq 60 Occ 

is, OF = Bq—Cq=404— 7 7909+ 70 in =—$50q+ 
50qq__Occ, > TO _$5Qc__ Ocq : 

TP ow, And F=—$50- ——_ And O to be interpreted of 


pl 


CVIII. That is, (to reduce all to a brief Synopſis) 


From o©o* to 36.? SB= FED =E. From 324” to 360.* 
36 -.- 3% 7 SF. 288... 324. 
72 .. - 305. SN EEE. 252 ... 238& 
£0... 266 —L+ Ep =F. 216... 252. 
From 144 to 180. +3M— Eo =. From 180 to 216. 


And, inthe common term (or Point of connexion) of theſe Intervals, it is indifferent 
to whether of the two to refer them : As at 36 Degrees, to E or A; at 72* to A 
or N; and fo of the reſt. 

CIX. Hence 
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CIX. Hence follows this Five-fold Equation; containing five Roots. 5RqqE 
— 5RqEctEqc=5Rqqa—5RqacAqc=(RqqF=)—5RqqaN 
--5RqNc—Nqc=—$RqqlL-EsRqlc=Lqc=+5Rqqu— 
FRqMc-+ Mqc. 


CX. Now becauſe 5Rqqa—5Rqac--Aqc=5Rqqt—;5RqtcEqc; 
therefore, (by tranſpoſition) FRqqa—5RqqE=5Rqac—;5Rqtc— 


C— FC 


Aqc--Eqc: And (dividing all by A—E,) 5Rqq= — —— 
AqC—Eqc 
_A—E 


5 Ry" 
CXI. But (by F 13, 14, 15, Chap. 30.) = = AqtAE-|-Eq=3Rq, 


ACo—Rg 


and therefore, ———5Rq=15Rqq: Therefore, 5Rqq=15Rqq— 
Aqc—Eqc. . Aqc—Fqc _ 
— That is, TE =10Rqq. 


CXII. And again, becauſe (as will appear by Diviſion) = =Aqq 


+AcE-AqEq-AEc+Eqq: Therefore, Aqq+-AcE-þAqEq--AEc 
--Eqq=1o0Rqq. 


CXIII. But the Angle contained by A, E, is of 144 Degrees. (As being an 
Angle in the Circumference inſiſting on an Arch of 288 Degrees, or + of the 
whole.) Therefore, 


CXIV. The Difference of the Quadricubes of the Legs containing an Angle of 144 
Degrees, or divided by the Difference of thoſe Legs, 1s equal to Fn Biquadrates of 
the Radius of the Circumſcribed Circles. (by 9 111.) That is, (by $ 112.) 


CXV. The Biquadrates of the Legs containing an Angle of 144 Degrees, together 
with the three means proportional between theſe Biquadrates, is equal to Ten Biquadrates of 
the Radius of the Circumſcribed Circle, 


CXVI. But now the Baſe of this Triangle, being the ſide of an Inſcribed E- 


quilater Pentagon , or Subtenſe of 72 Degrees; is, (by $ 31.)R / 


therefore the Square of this = v5 Rqz and, its Biquadrate, — Rqq= 


S— aq: Which is, to 10Rqq, 5 = 


Therefore, 


2 


to 10; oras 3=4y/5 to4. 


CXVII. The Difference of the Quadricubes of the Legs containing an Angle of 144 
Degrees, divided by the Difference of thoſe Legs , or the Biquadrates of the Legs 
containing ſuch Angle , _—_ with the three means Proportional between theſe Bz- 
quadrates ;, us, to the Biquadrate of the Baſe ſubtending that Angle ;, a4 4 10 3— / 5. 


CXVIII. Again , becauſe ( by S 109.) 5RqqQu—5RqMuc-+ Mqc= 
(RqqF=) 5Rqqa—5Rqac--Aqe (M being greater than A;) there- 
Mc—Ac Mqc-—- Aqc 

fore (as at $ 110, 111, 112,) FRqq= — gRq—— ——_— 


Mqc—- Aqc Mqc—Aqc ons Mp ES » 
x Ad —-=10Rqq=Mqq+McatMqagbMActAgqy 


CXIX. And 


F 2 


Fig. 
XXIX, 
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Fig. 
XXIX. 


bag Mc—-EC Mqc—Eqc 
CXIX. And ( by the ſame reaſon ) $Rqq= cx 5Rq— —r oo 
I5 Rag——E And HEE 10Rqq=Mqq-kEMcE-+MqeEq 
--MEc-|-Eqq. 


CXX. And alſo, becauſe (by Y ICcg. ) —$5Rqq L-|-5gRqLc—Lqq= 
(RqqF=) —5RqqN--5RqNc—Nqc; and (chinging all the figns) 
5RqqL—$FRqLcþ-Lqc=5rkqqu—5RqNc-|-Nqc(E being greater 


Y » L C-—- NC Lqc—Nqc 

than N: ) Therefore, (as at $ 118.) 5Rqq= RR 5Rq— —_— 
L NS & "O00. 

= 15Rqq——T=— And JE = 10Rqq= Lqq-þ LcN-þ 


LqNq++-LNc+Nqq- 


CXXI. But the Angles contained by M, A; and M, E; and LzN; are of 
72 Degrees ; (as being Angles in the Circumierence inliſting cn an Arch of 144 
Degrees, or + of the whole: ) And, asto M, E; one 9i the Angles at the Baſe, 
obtuſe; but, as to M, A; all acute: (This being an Angle in a greater Segment 
that, ina leſs, than a Semicircle; ) and likewiſe, as to L, N, all acute. There- 


fore, (as at F 114, 115.) 


CXXII. The Difference of the Quadricubes of the Legs containing an Angle of 72 
Degrees , divided by the Difference of thoſe Legs; 15 equal to Ten Biquadrates of the 
Radins of the Circumſcribed Circle. And , 


| 
CXXIII. The Biquadrates of the Legs containing an Angle of 72. Degrees , together 
with the three means Proportional between thoſe Biquadrates , 1s equal to 1 en Biquadrates 


of the Radins of the Circumſcribed Circle, 


CXXIV. But here the Baſe of this Triangle (ſubtended to that Angle of 72 


Degrees,) is the Subtenſe of a Biquintant, or Triquintant ; that is, of 4 = 144. 
Degrees 3 or of + = 216 Degrees; which is (by $ 54.) R/ HS And the 
Square of this RE Rq: And its Biquadrate _ Rqq= vs Rqq. 

to 10; Or, as 3-45 to4. Therefore, 


15 1-545 
2 


Which is, to10Rqq, as 


CXXV. The Difference of the Quaaricubes of the Legs contanining an Angle of 72 
Degrees divided by the Difference of thoſe Legs; or, the Biquadrates of the Legs con« 
taining ſuch Angle, together with the three means Proportional between thoſe Biqua= 
Arates; 15, to the Biquadrate of the Baſe ſubtending that Angle ; as 410 3/5. 


CXXVI. Again, becauſe (by $ 109,) 5Rqqa—;5RqAc+Aqcz (RqqF=) 
—5RqqL-+-5RqLc—Lqc'(L being greater than A:) Therefore, (by 
tranſpolition.)) 5RqqL + 5Rqqa = — rs CORIE —Aqc. 

vl TR | _ * __ Lqc-\-Aqc 
And (&iv iding al by L+4,) 5Rqq La 5Rq ER, 


L ct 
CXXVII. But (by $ 46, 47, Chap. 30. ET =Lq-LA+Aaq=3zRq, 
Lc--AC 
and therefore , IT Rq=25Rqq: Therefore, FRqq=1i5Rqq— 


. TIqct-Aqc 


I.q--Aqc 
L-1A * 


CXXVIII. And 
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CXXVIH. And avzin , becauſe ( as will appear by D:vition ) x -B X. 
Lqq—LcA--Lqzq—LAc--Aqq: Theretore, L.qq—-LcA-l-L.q Aq 


—LAc-þAqq=10Rqq. 


CXXIX. But the Angle contained by L, A, is of 36 Degrees (2s being an 
Angle at the Circumfcrerence infiſting on an Arch of 72 Degrees, or + of the 
whole,) and one of the other, obtule. 


" Iu And the ſame is to be ſaid { for the ſame reaſons) of N, E, as 
& L, A. | 


CXXXI. And alſo, becauſe in like manner (by F 10g9,) 5RqqM—5RqUMc 
-FMqc=(RqqF=) —$5RqqN--5RqnNc—Nqc; (M being greater 
than N:) Therefore, (by the ſame methods,) — _ 3* =10R qq=Mqq 
—McN--MqNq— MNc --Nqc. Ardthe Anglo contained by M,N, is of 
36 Degrees ; and one of the other, obtuſe. 


CXXXII. And juſt the ſame (for the ſame reaſons) of M, L; fave that here 
the Angles be all acute. 


CXXXIII. Ard theſe are all the caſes that can happen, the Angle at the Vertex 
being 36 Degrees; fcr that of the Legs V,X; is to be reduced to that of A, Lz 
and thut of X, X, to that of L, M; (and the like is to be underſtood of other 
like caſes, where A is extended to the whole Quintant, and E vaniſheth into 
nothing.) Therefore , 


CXXXIV. The Sun of the Ouadricubes of the Legs containing an Anele of 26 
Degrees, divided by the Sum of thoſe Legs, us equal to Ten Biquadrates of the Radius 
of the Circumſeribed Circle, (By Y 127, 130, 131, 132.) And, 


CXXXV. The Biquadrates of the Legs containing an Angle of 36 Degrees , with 
a mean Proportional berween thoſe Biquadrates , wanting the firſk and third of three 
means Proportional bexracty them ;, are equal ro Ten Biquadrates of the Radius of the 
Circumſcribed Circle. 


CXXXVI. But the Baſe ſubtended to this Angle of 36 Degrees, being the 
ſide of an inſcribed Equilater Pentagon 3 (as at 9 116,) the Biguadrate hereof 
is toioRqqasz—4y5 to 4. And therefore, 


CXXXVII. The Su of the Quadricubes of the Legs containing an Angle of 36 
Degrees, divided by the Sum of thoſe Legs: Or, the Biquadrates of the Legs con- 
taining ſuch Angte with a mean Proportional between thoſe Biquadrates , wanting the 
firſt and third of three: mean Proportionals between them; 1s, ta the Biquadrate of the 
Baſe ſubtcnding that Angle;, as 4, to 3 — v5. 


CXXXVII]. Again, becauſe (by $ 109.) 5Rqqa—5Rqac-rAqe= 
(RqqF=)—5RqqN+5RqNc—Nac; (N being greater than A;) 
| Therefore, (as at'$ 126, gfe, ) LEE =10Rqq=Nqq—NcA-+ 
NqaAq—NAc-+-Aqgq. 


CXXXIX. And, in like manner, becauſe 5RqqE—5RqEc-|Eqc= 
(RqqF=)—5RqqL--5RqiLc—Lqc, (Lbeing greater than E :) There- 
er. 1oRqq=Lqq-LcE-|-Lqtq-LEc+Eqq. 


fore, — 
CXL. But 


L-1-E 


TC ee ITE —__—_—_ 
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CXL. But the Angles contained by N, A; or by LE; are Angles of 108 
Degrees, ( as being Angles at the Circumference, inſiſting on an Arch of 216 


Degrees, or + of the whole.) Therefore, 


CXLI. The Sum of the Quadricubes of the Legs containing an Angle of 108 
Degrees , divided bythe Sum of thoſe Legs, us equal to Ten Biquaarates of the Radius 


of a Circumſcribed Circle. And, 


CXLII. The Biquadrates of the Legs containing an Angle of 108 Degrees, with 
a niean Proportional between thoſe Biquadrates, wanting the firſt and third of three means 
A an between them; are equal to Ten Biquadrates of the Radius of a Circum- 


ſcribed Circle, 


CXLIII. But the Baſe ſabtended to this Angle of 108 Degrees, is the Sub- 
tenſe of a Biquintant , or (which is the ſame) of a Triquintant ; that is, of 
} or 4 of the whole Circumference : And therefore, (as at $ 124) is to 10Rqq, 
as 3-45 to 4 Therefore, 


CXLIV. The Sum of the Quadricubes of Legs containing an Angle of 108 Degrees, 
divided by the Sum of thoſe Legs: Or , The Biquadrates of the Legs containing "ſuch 
Angle, with a mean Proportional between thoſe Biquadrates , wanting the firſt and 
third of three means Proportional between them; 1s , to the Biquadrate of the Baſe 
ſubtenaing that Angle, as 410 3-|-v/ 5: 


CXLV. Now theſe ſeveral Theorems thus delivered in particular , may be 
Collected into theſe Generals following. Namely, 


CXLVI. The Difference of the Quadricubes of Legs containing an Angle of 144 
or of 72 Degrees, divided by the Differences of thoſe Legs: Or, The Sum of the 
Quadricubes of Legs containing an Angle of 36 Degrees, or of 1c8 Degrees, divided 
by the Sum of thoſe Legs : Or, (which is Equivalent to thoſe ) The Biquadrates of 
the Legs (in the former caſe ) with the three means Proportional between them; Or, 
(in the latter caſe) The Biquadrates of the Legs, with a mean Proportional between 
them, wanting the firſt and third of three means Proportionals: Are equal to Ten 
Biquadrates of the Radius of a Circumſcribed Circle. And, Theſe, to the Biquadrates 
of their reſpetive Baſes ſubtending ſuch Angle of 144 Degrees , or of 36 Degrees ; 
are aS 4 tO3—4/53 but, of the Baſes ſubtending ſuch Angle of 52, Degrees , or of 
108 Degrees; a4 4to 3+ 4/5: Or, as 8 to 6—245, and 8 to6-|-2,/5. 
That is, in the Duplicate proportion 24/2 to 4/5 —=1=4/:6—2y5; and 
of 24/2 toy/5-H1=4/:6+24 5: 


CXLVII. And thoſe ſides, contain theſe following Angles. 
Sides. Deg. Sides. Deg. Sides. Deg, 


fi, E. 144 L, A. N. A. os 
M, A. SC 26 L,n. Tv 
M, E -2 M, L 

L, N M, 


whereof the Four firſt Couple, are ſides of like ſigns; the ſix latter, of unlike. 


CXL.VIII. The ſame Equations may be thus alſo conſidered. Becauſe ( by $ 
110) FRqqQa—5gRqqQt=5Rqac—5Rqrc—Aqc--Eqc: Therefore, 
(dividing all by A —E, and again by gRq,) Rq=Aq+AE+Eq— 

gx” as q + Wa . 

24008509 = CRSSHEN And (by tranſpoſition) 


AqHAE+Eq—Rgq, into 5Rq, =Aqq-|-AcE-þ AqEq-|AEc-|-Eqq. 


CXLIX, And 
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CXLIX. And in like manner (becauſe M, A, and M, E, and L, N, have 
alſo like ſigns.) | 


Mq-MA--Aq—Rq, into 5Rq, = Mqq--Mca-j-Mqaq-t-MAc-|-Aqq. 
Mq--ME-j-Eq—Rq, into 5Rq, = Mqq-j-McE-j-MqEq-+MEc-]-Eqq. 
Lq-LN-|-Nq—Rq, into 5Rq, =Lqq+LcN-|-LqNq--LNc--Nqq. 


CL. And therefore, 1n a Right-lined Triangle, whoſe Legs contain an Angle 
of 144 Degrees, (as A, E,) or 72 Degrees, (as M, A, or M, E, or L,N,) if the 
Squares of the Legs , with the Rettangle of them, wanting the Square of the Radins 
of the Circumſcribed Circle , be all Multiplied into five times the Square of that Radins : 
The Produtt us equal to the Biquadrates of the Legs, with three means Proportional 
between thoſe Biquaarates. 


CLI. In like manner may be ſhewed , ( where the ſigns of the Legs be un- 
like,) That, 


. L q- LA+Aq—Rg, into 5Rq, = Lqq—LcA-þ- Lqaq—Lac + Aqq: 
Nq—NE-j-Eq—Rq, into 5Rq, = Nqq—NcE-{-NqEq—NEc-|-Eqq. 
Mq—ML-+Lq—Rq, into 5Rq, = Mqq—McL--MqLq—MLc-+Lggq. 
Mq—MN-þ-Nq—Rq, into 5Rq, =Mqq—McN-+MqNq—MNc-þ-Nqq. 
Nq—NA-|Aq—Rq, into 5Rq, = Nqq—NcA-+Nq Aq—N Ac-]-Aqq. 
Lq-LE+Eq—Rq, into 5Rq, = Lqq—-LcE4-Lq Eq—LEc-+Eqq. 


CLII. And therefore , Jn a Right-lined Triangle, whoſe Legs contain an Angle 
of 36 Degrees, (as L, A, or N, E, or M, L, or M,N;) or 108 Degrees, ( as 
N, A, orL,E;) if the Squares of the Legs, _ the Rettangle of them, and 
the Square of the Radius of the Circumſcribed Circle, be all Multiplied into froe times 
the Square of that Radius ; the Produtt is equal to the Biquadrates of the Legs, and a 
mean Proportional between thoſe Biquadrates', wanting the firſt and third of . means 
Proportional between them, 


CLIII. Now all this variety of caſes, and Deductions from them ; from 
$ 83, hitherto, ariſeth from the firſt Conſtruftion, at $ 1. and what is Analo- 
gous thereunto : Where the ſix Lines, for the four ſides and two Diagonals of 
the Quadrilater, are F, A; B,B; C, C. And the variety ariſeth from hence, 
that ſometimes C, C, are the Diagonals ; and B, B, oppoſite ſides; ſometimes 
C, C, are oppoſite ſides; and B, B, Diagonals; according as C or B happens 
to be greater. 


CLIV. But, by a like method, with ſome little alteration, we may infer moſt 
of the ſame things; ( and obſerve thence like Deductions, or others Analogous 
thereunto; with like variety of caſes;) from the ſecond ConſtruCtion, at 9 9 
where the ſix Lines are, F, C; A, A; D, D. Wherethe variety of caſes pro- 
. ceedeth from hence, that ſometimes D, D, are Diagonals, and A, A, oppolite 
ſides; ſometimes D, D, are oppoſite ſides ; and A, A, (or what anſwers to them) 
Diagonals ; according as D, or A, (or what anſwers to this, E, L, M, N,) are 
greater. 


CLV.' And accordingly, the propoſitions at $ 10, and 12, may be delivered 
more generally, Namely, 


CLVI. The 


Fig. 


XXIX. 


Fig. 
XXIV. 


Fig. 
XXV. 
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0. CLVI. The Difference of the Squares of the ſubtenſes of the Quadruple and of the 
XXV. ſingle Arch; is equal to the Rettangle of the ſubtenſes of the Triple and Quintuple. 
And, being divided by either of theſe, it gives the other. And, 


CLVII. eAs the Subtenſe of the Triple Arch, to the Sum of the ſubtenſes of the Qua- 
'_ druple and of the ſingle; ſo us the Differences of theſe, to the Subrenſe of the Quinuple. 
| Whether ſuch ſingle Arch be leſſer , or greater, or equal to a Quintanr. 


Fig. CLVIH. And in like manner, from the Third Conſtruttion, at F 14. where 


XXVI. the ix Lines are, F,A;z C,A; B, D. And what is there delivered (at $ 15,17.) 
of an Arch leſs than a Quintant, may be more generally delivered, thus, 


CLIX. The Difference of the Reftangles of the ſubtenſes of the double and of the 
Quadruple Arch ; and, of the ſingle and Triple; is equal to that of the Subtenſes of the 
"oy and Quintuple. And, being divided by either of theſe, it gives the other. 


CLX. es the Subtenſe of the ſingle Arch, to that of the double; ſo is that of the 
Quadruple, to the Sum or Difference of the ſubtenſes of the Triple and Quintupic ; 
according as B, D, happen to be Diagonals or oppoſite ſides 


Fig CLXI. And inlike manner, from the Fourth Conſtruttion, at $ 203 where 
the ſix Lines are, F,B; A,B; C, D. And what is there delivered at $ 21, 23, 
may be more generally delivered ; thus, 


> 
> 
m_ 
— 
Pk 


 CLXII. The Difference cf the —_ of the ſubtenſes of the Triple and Ona- 
druple Arches; and , of the ſingle and double; is equal to that of the ſubtenſes of the 
dub and QOuintuple. And , being divided by either , gives the other of them. 
And, 


CLXIII. es the Swhtenſe of the double Arch , is to that of the Triple, fo & 


that of the Quadruple, to the Sum or Difference of the ſubtenſes of the Quimugle , 
and ſingle ;, according as C, DD, happen to be Diagonals, or oppoſite ſides. 


CLXIV. And from every of theſe Conſtruftions, may be derived like varietie 
of caſes and Conſequences, (with Figures ſuited to thoſe caſes:) as (at $ 83, &c.) 
is done from the firſt Conſtruftion. But I forbear to purſue theſe any farther ; 
and leave it to any who ſhall think fit, (for their own Exerciſe,) to puriue theſe 
es I have done the firſt. 
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GCHAT TY. 


Of the Sextuplation , and Sextiſettion of an ARcy or ANGLE : 
And. other following Multiplications and Se#tions. 


CCORDING to the ſame methods may be had, the Sextupla- 
tion, Septuplation , and other conſequent Multiplications ; as alſo 
the Sextiſection, Septiſection, and other conſequent Sections, of 
an Arch or Angle. Of which I ſhall briefly touch at ſome. 


II. The Sextuplation, may be had, by Tripling the Double, or Doubling the 
Triple Arch. And, accordingly, the Sextiſettion, by BiſeCting the Subtriple, or 
Tritecting the Subduple. (as is of it ſelf manifeſt.) And the ſame holds, in like 
manner , for Multiplications and SeCtions which take their Denomination from a 
Compound number. For Multiplications and Sections ſucceſſively made, according 
tothe Components of ſuch Compound number , amount tothe ſame as one by ſuch 
Compound number. 


[IT. But though S:x were not a Compound number, or be not conſidered 


as ſuch 3 yet may ſuch Sextuplation and Sextiſetion be had in like manner as 


thoſe before. Namely , 


IV. If in a Circle be inſcribed a Quadrilater , whoſe oppoſite ſides are B, B, 
ſubtenſes of the Duple ; and B, G, ſubtentes of the Duple and Sextuple; and 
the Diagonals D, D, ſubtenſes of the Quadruple: Then is, Dq—Bq=BG; 
and BY Dq—Bq (G6, 


V. Or, Let the oppoſite ſides be A, A, and D, G; and the Diagonals F, F. 
Then is, Fq—Aq=z=DG; aid D) Fq—Ag (G. 

VI. Or, Let the oppoſite ſides be A, B, and C, GG; and the Diagonals D, F. 
Thenis, DF—-AB=CG; and C) DF—AB (G. 


VII. Or, Let the oppoſite ſides be A, C, and B, G; the Diagonals C, F, 
Then CF —-<AC=BG; andB) CF—AC (G. 


VIII. And therefore, Dq— Bq = CF— CA, 


IX. Or, Let the oppoſite ſides be A, G, and A, D; the Diagonals B, F. 
Then BE—AD=AG; and AY) BF—AD (G. 


X. Or, Let the oppoſite ſides be B, C, and A, G; the Diagonals C, D. 
Then CD—-BC=AG; and A) CD—BC (G. | 


KI. And therefore, BE =AD = CD—BC. 


X11. It is manifeſt that from hence may be deduced a great number of Equations, 
and Analogies, and great variety of Theorems, in like manner, as is done in the 
Chapters foregoing. But I forbear here to purſue them in particular as 1s there 
done. 


G XIII. But 


Fig. 
XXX11I 


Fig. 
XXXIV. 


Fig. 
XXXV. 


Fig. 
XXXVI 


Fig. 
XXXVlLI 


Fig. 
XXX Vii 


_ 
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Fig, XIII. But from every of thoſe ConſtruCtions, (the values of B, C, D, F, 
XXX Vul being known as is above declared,) we have (by ordering the Equations in due 
12RccA— 19RqqAc+8RqAqc—Agqc 

(EER— : 2 Or, GRaqcy: 
4R q—Aq:=12RccA—19RqqaAc-+8RqAqc—Aqqc. And(taking the 
Squares of theſe,) 4GqRcccc — GqRqqeccAq = 144Recee Aq — 
456 RqqccAqq+gs5s3RqecaAce—z328RccAqee+ 1o2Rqqaqqec— 
I6RqAcccc+Aqcccc. 


manner,) G = 


XIV. That is, (dividing all by 4 Rq—-Aq,)RqqccGq= 36RqqccAg— 
w5 RqccAqq+11zRecAcc—g4RqgqaAgqcecþIzRqaAggce — 
ACCCC. 


Fig. XV. Of this Equation there be Six plain Roots, anſwering to Aq ; the 
KXXIX. Square Roots of which, are A. Whichare ſo many ſtreight Lines from ſome 
one Point of the Circumference , to the Six Angles of an inſcribed regular 

it Hexagon. (So that, any one of them being known, the reſt are known alſo. 
f1 And the like in all ſuch Equations.) 


XVI. Of theſe, the Two leaſt, A, E, (which ſubtend, on the one ſide, to 
Arches leſs than a Sextant z and, on the other ſide to more than five Sextants 5) 
And the Two greateſt, x, y, (which ſubtend to Arches greater than two Sex- 
tants, but leſs than four; are Affirmative Roots ; ( becauſe the Subtendent of 
the double Arch is leſs than that of the Quadruple ; and therefore Dq—B q 
an Affirmative Quantity : ) But the Two betwen them I, K, (which ſubtend on 
As the one ſide, to Arches greater than one Sextant but leſs than two; and on the 

| other ſide, to Arches greater than four Sextants but leſs than five; are Nega- 

3 tives, ( becauſe of D leſs than B; and therefore Dq—Bq a Negative Quan- 
tity ;) G being in all, reputed Affirmative. 


XVII. If a Chord be ſubtendent to juſt a Sextant, or two or more Sextants ; 
it is indifferent to whether of the two caſes on either ſide it be referred ; 
ſuppoſe + = 5 ® 0. (which is to be underſtood in all caſes of like nature. ) 
And when ever this happens, one of the Roots vaniſh, or become equal to 
nothing. 


XVIII. For the Septuplation or Septiſeftion of an Arch or Angle; we ſhall 
have, according as the Quadrilater may be differently inſcribed, the Subtenſe 
Dq— C Fq—B Gq—A 
of the Septuple Arch , H = L < 2 or — ——=> or E2— 
Ge—DA GOD CA  GF—A FC—DB FD-Ca 
or y a” 22 oi hl wk. —_— 


XIX. From every of which Equatious, (having the values of B, C, D, F, G, 
known as before ,) we ſhall have (by due ordering ſuch Equation) H = 7 A — 


14Ac 7Agc Aqgqc. © : 
Rq T Rag Rcc' Or, RccH=7RccA— 14Rqqac+7Rqaqec 
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XX. The Seven Roots of this Equation; are, ſo many ſtreight Lines from 
ſome one Point of the Circumference , to the Seven Angles of an inſcribed 
Regular Heptagon. 


XXI. Of theſe Roots (putting H Affirmative,) thetwo leaſt are Affirmative 
the two next, are Negative; the two next to theſe, are again Affirmative ; 
and, the greateſt Negative. 


XXI'. And after the ſame manner we may proceed as far as we pleaſe : 
Collefting the conſequent Multiplications and Sections, by the help of thoſe 
Antecedent. 


XXIII. And all ſuch as are denominated by a Compound number ( as 
4=2x2, 6=2x3, 8$=2x4=2x2x2, 9=3x3, &c.) may, with more 
convenience , (art leſt, as to the Section, if not as to the Multiplication alſo, ) 
be performed by two or more operations, according to the Components of 
ſuch Compound number. 


XXIV. But, both theſe, and thoſe which are Denominated from Prime 
numbers, ( as 3, 5, 7, 11, &c.) may (by ſuch inſcription of Quadrilaters) 
be Reduced to ſuch Equations, as will contain as many Roots as is the number 
from which ſuch Multiplication or Section takes its Denomination. 


XXV. And, of theſe, thoſe which are Denominated by an Ever number, 


will afford Equations having Plain Roots; the Square Root of which Plains 
are the ſubtenies of the Arches. , 


XXVI. But thoſe which are Denominated by Odd numbers , afford Equations 
whoſe Roots are thoſe ſubtenſes. 


XXVII. And , of theſe ſubtenſes (as well in the one caſe as in the other, ) 
the two leaſt (which I look upon as the Principal Roots of the Equation, ) 
are Affirmatives ( ſuppoling the Subtenſe of the Multiple Arch to be always 
put Affirmative;) the two next greater than theſe, Negatives; the two next 
Affrmatives ; and ſo onward, Alternately, as long as there be Roots remain- 
ing : favethat, when the number 3s Odd, the greateſt of all will be ſingular, 
whereas the relt go by Couples. 
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Of the Propertion of the Baſe to the Legs of a Trianele , according 
as is the Angle at the Top of it. 


L —<H E noted Propoſition of Pythagoras, (which is in Euclid, 47 & 1.) 

concerning the Square of the Baſe cqual to the Squares of the two 

Legs containing a Right-angle: And two more in Euclid ( Pr. 12, 

13, E 2.) concerning the Exceſs, (in caſe the Angle at the Top be 
Obtuſe;) or the Defect, (in caſe it be Acutez) of the Square of the Baſe , 
compared with the Squares of the two Legs: And ſome other Propoſitions in the 
foregoing Chapters, ſhewing what Proportion that Exceſs or Defect bears to a 
Rectangle of the Legs, in divers cafes : Gave me occalion to purſue that Spe- 
culation a little further; according to the following Propoſitions, 


II. If by the Legs of a Triangle C, D, the Angle at 
the Top contained A, be a Right-angle, ( or of go De- 
grees; ) and from thence a Perpendicular G, on the Baſe, 
cut this into two Segments *, d*: The two Triangles 
hence ariſing, *xGC, GH D, are like to the whole 
CDB); (becauſe of one Angle common, the other a Rigitt- 
angle , and therefore the third equal to the third.) And 
therefore (the Triangles being here detigned by their lides.) 


mn. Gi. X Cq=BrP 
and therefore and therefore , 
Rr. D:: Wie DgBd\ 
Cq--Dq=(B*-þ-BS4=B: into* -j- =B: =) Bq: That is, 
The Square of the Baſe 1s equal to the two Squares of the Legs containing 4 
Right-angle, 


III. If the Angle A be 120 Deg, or + of a Right- 
angle; and thence be drawn the Baſe two ſtreight 
Lines G, FT; making, with it, Angles equal to that 
at theTop : TheTwo Triangles « GC, T#D, are like 
to the whole CDB, ( becauſe of one Angle common, 
another equal to A, and therefore the third equal 
to the third; ) with a Triangle between G Tv Equi- 
later ( becauſe each of the Angles at the Baſe, and 
therefore that at the Top, are of 60 Degrees:) And 
the Baſe B=*--S --,. And therefore , 


3, Grits Cq=B x 
B.DuD., EF and «Dq= Bd: Y Therefore , 
B. CitD T=bw=p CD=Bu 


Cq--Dq-+CD= (B*--B#"--B&=B: into « + -þu =) B: =B q. 
That is, 


The Square of the Baſe (of an Angle of 120 Degrees ) 45 equal to the Squares of the 
Legs and a Rettangle of them. 


Iv. If 
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IV. If the Angle A be 60 Degrees, or 3 of a F.izht- 
angle; and from thence, G, I, making Angles with 
the Baſe equal to that of A: Then are, (for the ſame 
cauſes as before)*G C, rd\ D, like Triangles to CD B, 
(as before;) and GT an Equilater Triangle com- < 
municating with them: And the Baſe, B=«+|-4— «6, 
(or x —v +.) And therefore, 


So GizCG.l Cq=B, 
B.,D::D. f and {Dq= Bd 
B . Gi: D, I=U=Dy CD=B, 


And therefore, Cq-þ-Dq—CD= (B:x-þ-BS—Bu=B: into *-|- Sf — 
=B=)Bq. Thatis, 


The Square of the Beſe ( of an Angle of 60 Degrees ) is equal to the Squares of the 
Legs, wanting the Rettangle of them, 


(Note here, that, by «, I underſtand the Baſe to the Legs CG; by #, that 
of the Legs DT; by «, thatofGTr; and, by B, that of C D, which is ever 
equi! to #|- 4 Zu, however theſe parts be intermingled. Which wherct it is 
-+ 4, is commonly more obvious to the Eye; but where it is — &, is more 
perplex, and wiil need more conlideration to diſcern; bur it is equally true in 
both caſes.) 


V. If A be 135 Degrees (or 2 of a Quadrant,) and GT drayn (as before) 
to make the like Angle with the Baſe : The Triangles x GC, r 4 D 
will be like to C DB; and GT will be Equi- ; 
crural , making the Angles at the Baſe, of 45 De- 


A 
grees, (ſo much as A wants of two Right-angles; ) C 
_—_— Ol 


and therefore, the Angle at the Vertex (which I ſhall 
call V,) of go Degrees. And therefore, (by F 2.) 
wq=2Gq, and x=Gy/2. And the Baſe B=*-+ # &u. And therefore, 


3 .C 1nd ( Cq= Bx, 
>. 2.2 and Dq=Bo . 
( CD= BG. 

CDy/2=Bu. Therefore, 
Cq--Dq--CDy/2= (Bz-þBS+Bu=B: into *#-þS «=B: =) Bg. 
Thar-1s, 


The Square of the Baſe (of an Angle of 135 Degrees ) us equal to the Squares of 
the Legs, with a Reitangle of them Multiplied into y/ 2. 


B ;. G:: Do. CLaemY 


VI. If A be 45 Degrees: It will in like manner be 
iſhewed, that (becauſe of B= ,-þ-4# —#.) 


Cq+Dq—CDy2= (Br BO—Bu=B: into x-þf—u = B:=) Bq. 
Thar 1s, 

The Square of the Baſe (of an Angle of 25 Degrees ) i equal to the Squares of the 
Legs, wanting a Rcttangle of them Aultiphied imo y 2. 
VII. And, 
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VII. And, univerſally, what ever be the Angle A; it will (by like proceſs ) 


be ſhewed: That, 
| Bq=Cq--Dq*+ CD. That is, 


The Square of the Baſe (whatever be the Agle at the Vertex ) 1 equal to the Squares 
of the Legs, together with (if it be greater than a Right-angle ) or wanting (if leſs 
than ſuch ) 2 Plain, which ſhall be, to the Reit-angle of the Legs, as a Portion in the 
Baſe-line, intercepted berneen two Lines from the Vertex , making at the Baſe a liks 
Angle with that of the Vertex, to one of thoſe too Lines ſo draun. 


VIII. Of this we are to give great variety of Examples in the following Chap- 


| ter, where this General Theorem 1s applicd to particular caies: And which is 


further improved by theſe two enſuing Propoſitions. 


IX. The Radirs of a Circle, with the ſubtenſes of two Arches, 
being given; the Subtenſe of their Aggregate is alſo grven, For, 
ſuppoſing theſubtenics of the givea Arches tobe A, E: the 
ſubtenſes of their Remainders toa Semicircle, are alſo had : 
Suppoſe « =4/: 4Rq—Aq: inde=y:4Rq—eEgq. 
And therefore, inſcribing a Quadrilater whoſe oppoſite 
ſides are A,+; and E, « z oneof the Diagonals is the Dia- 


meter =2R; the other the Subtenſe or the Sum or Ag- 
geregate of thoſe Arches, ſuppoſe S = ay y 


X. The ſame ling given; the Subtenſe of the Difference 
of thoſe Arches # alſo grven. For, having (as before) A,« ; 
E,t; 2R: we have (by aQuadrilater duly inſcribed) the 

t—F&a 


Subtenſe of the Difference, X = n_—_ 


X1. It is manifeſt alſo, (from what is before delivered,) that the ſame Tri- 
angle GT v, doth indifferently ſerve for the Angle of 120 Degrees and of 60 
Degrees: And, in like manner, for 135, and 45 : And fo, for any two Arches 
whereof one doth as much exceed as the other wants of a Quadrant. For, the 
Angle V is in both the ſame; and the Angles at the Baſe differ only in this : 
That, in one, the External Angle; in the other, the Internal, (which is the 
others Complement to two Right-angles; ) 1s equal to the Angle of C D at the 


Vertex. 


XII, Hence it follows: That, Of two Angles, where the Legs of the one are 
reſpeltively equal to thoſe of the other ; the one as much exceeding a Right-angle , 
as the other wants of it : The Square of the Baſe in the one , doth as much exceed the 
ewo Squares of the Legs; as, in the other, it wants thereof. 


XIII. And conſequently, In any Right-lined Triangle, (however inclined, ) the 
Squares of the Axis or Diameter , and of the half Baſes twice taken; ave equal to the 
Squares of the Legs. For, ſuppoſing C, C, the two halfs of 
_ the Baſe; and B, the Diameter or Axis of the Triangle, 

* (meaning thereby a ſtreight Line from the Vertex to the 
* middleof theBaſe;) and B, þ, the two Legs : It is manifeſt, 
that, of the two Angles at the Baſe (which are each others 
Complement to two Right-angles;) the one doth as much 
exceed, as the other wants of, a Right-angle: And there- 
fore the Square of one of the Legs, as Bq, doth as much 
exceed, as the other, Þq, doth come ſhort of; D qJ-Cq. And therefore , 


both together, Bq-|-þq = 2Dq-+ 2 Cq. 


XIV. And 
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XIV. And therefore, The Baſe, and Axis (or Diameter ) of a Triangle remain- 
ing the ſame ; ( however differently inclined : ) the Aggregate of the Squares of the two 
Legs,remains the ſame. 


XV. And the ſame is to be underſtood of the Squares of Tangents, of a 
Parabola, Hyperbola, Elipſis, (or other Curve Line having Diameter and 
Ordinates,) from the two ends of an Inſcribed Ordinate , to the Point of the Diamerer 
(produced if need be ) wherein thoſe Tangents meet. 


XVI. The ſame may be likewiſe accommodated, to the Segments (of ſuch Legs, 
or Tangents, ) Cut off by Lines Parallel to the = Namely, The Squares of ſuch 
Segments ( intercepted by thoſe Parallels) together taken , ( the Axe of ſuch Tra- 
pezinm remaining the ſame, are the ſame : Whether ſuch Trapezium be Erect , 
- _ inclined. For ſuch Segments , are ſtill Proportional to their 

es. 


CHAP. VIL 


Application thereof to particular caſes. 
- 


1. W F A be a Right-angle, (or of go Degrees,) GT are Co-incident, and « = 0. 
and therefore , = CD=0. And conſequently (by & 7, Chap. preced.) 


Bq= (Cq+Dqtz&+CD=) Cq+Dq. 


Il. If A=120 Degrees; then is V (that is, the Angle contained of GT) 
= 60 Degrees: (as being always the Difference of 2 A from two Right-angles :) 
And conſequently GT w an Equilater Triangle, (for ſach alfo are the Angles at 
the Baſe z each of which is the Complement of A to two Right-angles:) And 
therefore, yu =G; and Bq= Cq+Dq-+CD. 


{II. If A= 60 Degrees: Then alſo is V =60 Degrees, and ,=G, as before. 
And therefore, Bq=Cq+Dq—CD. . ' ; 


IV. f A=135- Then V=90; And therefore, (by F 1.) «q =Gq-+rq, 
that is (becauſe G=T,) wq=26q; and «x=Gy/2: And therefore, Bq= 
Cqb-Dq+cDy23. 


V. If A=45. Then aiſo, V= go: And therefore, (as before) «=Gy 2; 
and conſequently, Bq= Cqþ-Dq—CDy 2. 


VI. If A—150ZThenV=120. And therefore, (by $2.) vq=Gq+ 
rq-+GT ; that is (becauſe G =T,) « q=3 Gq,andu=Gy3. 
VII. If A = 3oYAnd Bq=Cq-+DqZCDy 3. 


VIII. If A=1575 Then V = 135- And u=6G y:2+y2: (bys$ 4.) And 
IX. If A=22* therefore, Bq=Cq--DqECDy: 2 +y 2. 


X. .—_ And «=Gy/:2—y 2: (byS 5.) And 


XI. If A=67+ therefore, Bq=Cq+DqtiCDy:2—y 2. 


XII, If 


——— — - — —— ——_—— 


Of Angular Settions. Car. VII. 


| 54 


ſide of the inſcribed Decagon; Namely, 
Or, 55, 56, Chap. 32.) we may, from thence, thus proceed, 


XII. iA= — 165 Then V=150. And «= Gy: 2 2 1-3 : (by $6.) And there- 


PcG 
XII. If A= 5 C76: Bq=CqeDq_(CDy: 2-4/3:=)—;— CD. 


XIV. If A= þy. V=30. Anduv=Gy:2—4y3: (by $7.) And there- 


fore, q=Cq-+Dq* (CDV: 2—v3: ECD. 


Then V= 165. And (by $12.) u=Gy: 2-|- /:2+ 43. 
a». a b- : 
XVI. IFA= 172; v5 yy And therefore, Bq = Cq+ Dq#Z 


XVI MK A=93 VSIA 


(CD: © 2-y/3.=) CDvV:2-+ 


2 


XVI. If A=9g7* =Gi2—VE And Bq=Cq-+Dqzt (CDy: 


ThenV=1x. And (by$13.)v = Gy:2—4:2+4/3. 
XIX. = 


2—y: 2-|-y/3.=) CDy: 2— ——. 


XX. IEA = 1423 =6Gy: 2-|- SD af Bq=Cq-+DqzZ(CDy: 


m V=105. And(by$ 14.) p=Gy:2|-y:2—y3. 


XXI. If A=37z 24-4: 2—vy/3.=)CDvy:24Y* 


Then V=75. And (by $15.) y=Gy: 2—y:2—y/ 3. 
XXII. If A=1275 =6 fi 2—>=Lf And Bq=Cq-+Dqt (GDy: 


== «> 6-1-4/2 
XXIIL.IFA=$23P, _,..13.=) CDv:2—Y Ly 


And, in like manner, we may proceed to leſler Arches , determined by quar- 


ters of Degrees. For like as here, by help of $ 4, 5, 12, 13, 14, 15- we have 
performed $ 8, 9, 10, 11, 16, 17, 18, 19, 20, 21, 22, 23. which proceed to half 
Degrees: So by the help of theſe, we may proceed to Quarters of Degrees. And 
farther if we pleaſe : But I ſhall at preſent reſt at half Degrees. 


Moreover, aſſuming (as elſewhere —__ the Subtenſe of 36 Degrees, or the 
”R. (by 9 EL. 13. and 4 EL 14. 


Ds Vi 
— Ca=nas Then V=a6 And «= "Om oe —nuad 
2— LE "NH tft cold 
XXV. If A=72 ern, =CD/ = =) =D. 


Then V = 108. And # = (by $24)G 12+ >. 
=6/ 1 = ig And Bq=Cq+Dqgt 
XXVIL If A = 36 Nena tn .=cpy "I Ke! yrts _—_ 


XXVI. If A= us 


XXVIII. If 
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ks v5—1 
XXVIII. 1a=126\T hen V = : 72, And (by $ 25. ) « —G Ye Gs : I 
=6y * =, And Bq=Cq+Dqz(CDy: 2— 


XKXIX, If A=54 (4s 5—1 , —) cp 


XXX, If a= hen V = 144: And (by $ 26.) «=Gv/:2+ Lol 


= 
G Ys And Bq=Cq+DqtcDy 
XXX1. fa = if Re LN 


XXXIIL If A=1 n= And (by $ 28.) u=Gy: 2+ 


XXX1II If A=27 /And Bq = SCDe: += = 
| 


XXXIV. If A=117 ThenV = 54. And (by $,29.) «k=Gy/:2—v/ —- 
XXXV. If A=63 }And Bq=Cqo+DqtCDy:2—/ 3Z%5. 


XRXVI. If =171(ThenV=162. And(by$ 30.) u=Gy: iy 5, 
KXXVII. If A=g/Aud Bq=Cq-|-DqtCDy: 2+/ EL, 


XXXV1IIIL. If A=9g9\T Then Y= 18. And (by $ 21 Ju=Gy:t2—y/ 1s 
XXXIX. If A=81 /And Bq= Cq+Dq=CDy/: =o 9, 
ThenV=153. And (by$ 32.) «= Gy:2-l-y: 2+, 


SL. If A= 166! =, And Bq=Cq+DqtCcDy:z+y:2+/ 
XLL If A= 13+ 1, 


XLI. If A = 1037 
XLIIL If A= 76; 


Then V= 27. And (by$ 33.) u=G y:2=vy: 2+ 
2 And Bq=Cq+DqtiCDy:2=y: 2--y/ 


ZLIV. If a= 1484 CThenV.m 26; And confequently, (hy $249 BURR 
XLV. If A = 5t 4 Jea+DateDvca-pucey I=H6 


XLVI. "— V=63. And G7 $35) BonCe Des 
XLVIL If A = $82 2CDvi2=4/t 2m => 


H KLVIIL If 


—  - 
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XLVIILIFA=175z4 Then V = 171. And on ) Bq=Cq+Dq# 
CDy: 2+: 2+ = 


XLIX. If A=4+ 
LI. If A = 85+ =: +0 


LII. If A = 139i{ Then V = gg. widow Bq =Cq--DqtzCDy: 
| | THY 
LIL. If A=4q0t $2 v2—v . 


2 
LIV. If A= os 81. And (by $ 39.) Bq=Cq--DqtcCDy: 
| FILL 
= | LY. If A =494 &* ="; 


And, in like manner, by help of $ 40, 41, &c. We may proceed to Arches 
determined by Quarters of Degrees; and further if need be. 


Again, becauſe the Subtenſe of 72 Degrees, isR 4/ = and the Subtenſe 
of 60 Degreesis R: We may thence Collect the —_ of their Difference, 


#4 —3y5 & 
Ky which is that of 12 Degrees; namely, R into y/ —_— / —, 5 Or 


7 ng 
4 Ez ——_ ——__ -R. And thegce proceed thus , 


LVI. If A =9g6 _ 12. And therefore, Bq= Coke? 
LESS — as 1 CD 
LVIL IfA = 84 £ 


: of Then V==g6. And (by $ 6.) Bq=C Da*ti(ſCD 
LYIIL If A= 138 2 VS. =/5—t =cDy =? hve 1a 4 


| 4 
LIX. If A=42 £=)* ALES i I cp. 


wy Then V— 84. And (by $ Bq=C (CD 
LX. If A = 132 _v/:30—6v5: ke wr mee 


CD. 


Pl atb65imv/ 50+1 
4+ 


LXI. If A = 48 =) 


j LXIL If A= 159 mT a—_ )Bq =Cq--DqZ(C Dy: 


2+ Vi 2+ LESSER = CD y:2+v 
"Y ED 30—6y5: $+-/15—v3+v/10--295: 
LXIIL, Kf A=21 "=)CDy/ mT 


LXIY. If A= 211 19m V=42- Foie! {png=orbDgS +(CDy: 
J=y 32 2+ Ms :;=CDy:2—y4 
LXV. If A= 69 T—u/ 5-1 Lie on iintra=vactes 


LXVI. If 
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— 


C Then V=132. And(by $ 60.) Bq = CqtDqe(cDy: 
— —4VCo-—] 


LXVI. IfA= 156 [2+v: —_ —:=CDy: 2+y/ 
_ / » = FR 
V: 3 5: + vy/ $-+1 =CDy:2+y 


ER 2064/5: =CDy EY: B95 — 


| =co/=L _—_ :30-+6v5: —Landvsrvs |-1 
4 


LXVIL. If A=24 


CD. 


LXVIIL If =114 | — v* a LESBED LED ean 
;$—y:30—6v5:tv5+ 
5: HA! _cDy: Oo 


=CDy: Se v: 30-[-6 vSt—y5 © 


4 4 
CDy LES RSS yy Lay CD. 


4 
9-Fy/5—y: 320—6 4/5: 


LXIX. IfA = 66 


LXX. If A = 1693 CThenV = 159. And (by $ 62.) B C D 
CD V: 2+y Fre Aer. j-avs: 0--Os 
LXXI. If A = 104 / p 


LXXIL If A= OD; V=21. And (by $ 63.) Bq =Cq+Dqz 


L 8-V/ 1s—4/3-ty: A. ar bs 
LXXIIL If A=79: <P v*2—v : ; 


LXXIV. If A=145 bi V= nn: And (by $ 64.) Bq= =Cq+Dqt 


. —v15t/3—+:10+2y5 
LXXV. If A= 344 20D v:2+/* - nd 


CD y: 2 ELL :104+24y/5: 


LXXVYI. mn 69. And (by$ 65.) ths om 
LXXVII. If A=gx5 


24 LED =CDy {Ev rey 30—6y5: 


4 
=) wv: TT CD, 


LXXVIIL —= And(by 9 66.) Bq=Cq+Dq=(CDy: 


LXXIX. If A 


h Fo Then V=24. ann (B79 67-)B =Cq+Dqz*(CD 
LXXX. If A = 102 a _— +5 br ot ma} Jk, — 
4 
LXXXIL If A = 58 (=) etnforirtv3 cg, 


LXXXIL. If A = 147 


(CDy: 2+ ESISYP=IE = coy 
8-|-4/15+4/3—4/:10—2y5: 


(eos my. Nod 6p GIDEW Cq--Dq# 


EXXXIIL If A=33 


H 2 LXXXIV. If 


| 
| 
| 
| 
j 
: 
| 
; 


Of Angular Sections. Cuae. VII. 


fo " 4 inning 66. And (by $ 69.) Bq=CqtDq- 
LXXXIV. If A=123 3 jrmg Vis + v/3—v/r0—2v/5: =)CDY 
LXXXV. If A=5 | andre naar 


_ Then V=168. And (by $758.) Bq=Cq-Dqz (CDy: 
LXEXXVI. Is 14 Ya 15v6: rar packl, cny TE otvi3otsvs 


4 
rb vaÞ vac lo—2y5: CD. 


LXXXVIE If A=6 G 


LXXXVIILIFA=141 (by$8 
b (CDy: 2 + —— v: 10-24 24/5: =Si3.) CDy 


4 
$-j-4/3— v/ 15-+v: 10-t-2v5: 
" — 


Then V = 102. _ (by 9 80.) Bq=Cq+Dqt 
LXXXIS. If A = 6 


Then V = 758. And (by$ $1.) Bq=Cq+Dqz 
XC, If A = 129. 7 þ 08. 
; (CDy: 2— v: ES 415-1 v3: =)CDvy 
XCI. If A= FI Cr Le 19-245; | 


XCII. If A = 163+ = 147. And (by $ 82.) Bq= Ceinds 
4 


8+43tv/15—vs: — 
XCIIL If A = 262 EP v2 


CD SEIXEED 15—y/: 0—2v5: 
4 


XCIV. If A = 106 £{ Then V = 33. And (by $ 83.) Bq=Cq-+DqZ 
XCVv. If A=73% 


CDV:2 2 -|-/ — R—_y 


XCVI. If A = 1515tThen V= 823. _ (by $ 84.) Bq = Cq+Dqz 
XCVII. If A=28: 


XCVIIL. If A=11873 _— And Ra Aa ls hore -" T- 
XCIX, If A = 6143 


(CDy: 2+ LEIHILE=ats 
+34 155-v/:102v5: 
4 | 


C. If A = 177 Then V = 174- And (by $ $6. ) BemCe Tong 
CLiſA=s 


Then V—=6. And (by $ 87.) Bq=Cq--Dq#Z 
ClI. If A = g3 $ B 

(CDy: 2 _ 4 15Iy3 ED lOo—24/5: =) CD / 
CII. If A=37 via 1921/5; 


CDy: 24-4 Res WIS 


CIV. If A = 1604s Xo, V= 141. And (by $88.) Bq=Cq+DqZ 


CV. If A= 3293 
CVI. If 
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Clu fs 8-|-/3— v/15-t-vy: 104 2/ v5: 
4 


CVI. If A = 109, LThenV = 39. And (by $ 89.) Bq=Cq-|-Dq# 
CVII. If A = q0t 


CVIII. ata, _ $9 Cq--Dq# 
v 


- CD YrrFy15 —viojys: 
CIX. If A = oye - 


CD y: S——_ —/ 3 15—y: CHEN 


CK. If A= 115} ge. And (by $91.) Bq=Cq--Dqt 
X+ 


CXI. f A=647 


CXII. If A= 1758 (Then V= 77. And (byS$ 1co.) Bq=Cq--Dq# 
8--4/3-|:/15-t-4/:10—2y5: 


CXIIL If A =2x+ ED va TTY 


(by & 101.) Bq=C Dq * 
vrVigh ws: 9--Des 


4 


CXIV. If A=91* CThen And 
CD 8-1-3 


CXV. If A = 83Z 


CDy: 2-- 4 —— 8—43—v15—vy:10- io : 


CXVL. If A = _ And (by F 102.) Bq= Cqi-Dqz 
24/5: 
4 


CVII. If A = 434 


CE nai $—/3—y/15—y: —— 


CXVIII. "= V=—=87. And (by $ 107.) Bq= ca4Dat 


CXIX. HK A = 44 4 

And, in like manner, (by helpof F 70, 71, &c. 92, 93, &c. 104, 1 og, Cc. 
as was ſhewed at F 23.) we may proceed to Arches determined by Quarters of 
Degrees; or yet further, if there be occaſion. 


But we content our ſelves at preſent to reſt at half Degrees. Having hereby 
fitted ſubtenſes to every three halves of a Degree throughout the Semicircle. 


CHAP. 
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CHAP. VIII. 


Of the Canon of Subtenſes, and Sines ; Of Tangents alſo 
and of Secants. 


R OM what is delivered in the foregoing Chapter ; it is eaſie to con- 
ſtruCt a Canon of Subtenſes or Chords, in Surd Roots, to every Three- 
halves of a Degree throughout the Semicircle. The halves of which Sub- 
tenſes, are the Right-ſines for every Three-quarters of a Degree 

throughout the Quadrant, 


( And thence, if need be, many Canons of Tangehts and Secants, be deduced, 
1n Surds Roots.) 


And hereby, any who pleaſe, may either make new Tables, in Numbers , 
(to what accuracy he pleaſe,) or examin thoſe already made. 


For to every Subtenſe , to be ſucceſſively ſought, there will need bat one 
extraction of the Square Root z ( and, ſometimes, not this ;) the reſt of the work 
being diſpatched by only Addition and SubtraCtion; or, at moſt, Diviſion alſo 
by 2 or 4. 


As, for Example: Suppoſing the Radius of a Circle R = 1. Then (becauſe 
theſe, in the ſame Circle be all equal,) C=D=1,' And likewiſe Cq=zDq 
—= CD=1. And B will be the Subtenſe of the Angle propoſed. 


Therefore, (by F 1.) the Square of the Subtenſe of go Degrees, Bq=Cq 
--Dq=1-+1=2. And the Subtenſe it ſelf B=\/ 2: Which is had by one 
extraction of the Square Root- of the number 2; continued in Decimal Parts to 
to what accuracy we pleaſe. Suppoſe 4/ 2=1 . 42421356 + proxime. 


Again, (by $ 2.) the Square of the Subtenſe of 120 Degrees, is Bq =Cq + 
Deke? i-+1--1=3. And the Subtenſe it ſelf B = 3: Which is 
likewiſe had by one extraction of the Square Root of 3. Suppoſe 4/ 3 = 1 
73205081 — proxime, 


The Square of the Subtenſe of 60 Degrees, is (by & 3.) Bq=Cq+Dqg— 
CD=1+1—1=1. And therefore the Subtenſe B = 1. 


The Square of the Subtenſe of 135 Degrees, is (by $ 4.) Bq=Cq+Dq-+ 
CDy/2=1-þ1-þ4/2=2-4/2. Which is had by adding 2, to the value 
of ,/ 2 already found at F 1. Thatis, 2+y/2=3.41421356-+. And fo by 
one extraction of the Square Root of this number, we have the Subtenſe of 
135 Degrees :: Namely, B= (y/: 2/2: =y/ 3. 41421356 + =) 
1 . 84775906 ; proxime, 


So (by $ 5.) the Square of the Subtenſe of 45 Degrees, is Bq=Cq--Dq 
—CDy/2=1-þ1—y/2 =2—42. That is (by ſubtrating from 2 the 
value of ,/ 2 already found,) Bq=0. 58578643 4 proxime. The Square Root. 
of which, now to be extratted, is B=y/:2 —y 2: = 0.76536686+ 
proxime. 


And 


> Am 
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And (by $6.) the Square of the Subtenſe of 150 Degrees, is Bq-{-Cq-+ 
CDyVz =1-þ t-j-4/3=2-þ-y/3. Which is bad, by: adding, 2'to, ghe value of 
+3 all ready found. That 13, Bq=2-|-4/3=3.732050581 -. The Root 
of which (now.to be extraQted)-is B= yi 2-|-y/ 3: = 1.y3485 165 rþproxime. 


Or thus: Becauſe /: 2 +y/ 3 := _ x2: (as will appear ; either by 
the Squaring of this » or by extrafting the Square Rqgor of the Binomial 
2--y 3:) Having, as befcre, the value of 2 = 1.4142 1356 -|; and (by one 
extraction now. to he made) the valne of. / 6 = 2-.44948p74-|- (or, it may be 
had by Multiplying the value of 4 2, by that of 3, already known; becauſe 
y/ 2x4/3=4,6:) we havethence 4/6--y/ 2= 3, 86370330-]-; and the halt 


thereof 4 - x 


=1.y3i85165-]. As before, _ 


So (by F 7.) the Square of the Subtenſe of 30 Degrees,, is Bq=Cq-|-Dq 
— CDy n= IhH1l—y/ g = 2—y3= 0.26794919—z' ( which 1s had by 
Su2duCtion only, the value of y/ 3- being found before.) [The Syhire Root of 
which (now to be extracted) is the Subtenſe B=y/: 2—y/ 3; =0. 517638cg 
Proxime, | "T4 ; 


: ; bi, 8 nw af 
Or thus, (without exerating a Root;) becauſe V2 2 3i= TEDDY : 


Therefore, (the values of 4/6 and 4/ 2 being had-before.) by SubduCtion only 
we have y/ 6—y/3-=1-03527618. proxini;.and (the. half of; this) + 
= 0. 51763809 proxjme + As before , 


And in the reſt, (taking the Propoſitions or Paragraphs a$ they are before 
ſet down in the former Chapter, )-there is need but of ane extra@ion of the 


Square Root. (and aft-times not of ane,): for finding of each Sybtenſe. - 


Theſe Subtenſes being thus had; the halves thereof are the Right-ſines of the 
balf Arch. As for Example. G 


F - a? 
\ 


Arches: Subtenſes; Sines. , * Arches. 

Degrees. 909 1+:41421356 + 0.,7071c673 + a5 Degrees. 

120 1.73205084,—- _ 0.36602549%', 69 . 

69 1.02000009 O; FCOCO0O0 30 

135 1847959067; 0.923 879534, 67% -: 

45 0.76536687 — 0.38263343 . 227 

150. 1.93185165+ oge5g925iax 75 7 

39 o©.51763809 0-253819c4; IS 


_ . 


Now, follows-the Table of Subtenſes in Surd Roots, —— three 
halves of a Degree thronghout the whole Semirircle; (and conſequently , of 
their Reſiduals to-a, whols: Cirale, whaſe Subtenſes are the ſame wjth theſe: ) 
Putting the Radius R =1, ang therefore C=D =r ,; and likewiſe =_ 
Dq=CD= 1: With refeences in the Maxgin to thy, Paragraphs of the tor- 
mer Chapter from whence they arederived. - : 
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Subtenſes. 


O | 0. 


vi: 24:2 + tity 19—=2v5 
: JE |. v 15 Iv 2. +y:19—2v5 


4 

V2 via dindy LEH, 
=: 10—24/5: 
: : 
Vi2—v:2pvi2+/3=4/:2—y ttyety2 


Ev5 Fn 
Vi 2—viaby — 
© DONE TE 0/5 lo-E24/5: 


[vi 2—y:2+y/ - 


z[vi2—y:2+4 


v:20— 64/5:—/5 —1 
| TY ER a =L 

Vi 212+ 3m EE, 

OY WP nd nw Ain oneldÞ 
+45 _yro+v2=2v5vs 

: 8—v/t5-+ v3: of 9—=2y5 


| ——] 


4 
iS =v3+viiotays 


VV: 2. — 
4 


2 [vi2—4:2-Fy/2. 


vio 24/5: ES 


v: 2—y: Ke. SÞ TO 15 —+3—y: 10 -- 2 -24/ 5: 


Vi 2—v2+/ 3508 
ve 2: 24 = 5m v3 tv: 10>2vs: 


f: 2/3; =S=L2 


x |; 
V2mvitee/in—y 59, 
v2 8+/15Þ+/3—y: =: 


n 
vi 2 oi 3 = tv3=viio+2yv5: 
p p 
3—45 _v5—1 
ESL Lime 


Vi2—y: 2+ y: 2—y/3, = of: 2== = 4L46=42 
v: 2=/=2YZttit+v23 tv: Io-+=24/5: ; 


4 
2+: 24 :2—+/ ue] 
/ *=L5tv3=vt rot 2vs: 


+= v 15 =_r=sl R—2Cy 


vVi2—v:2 


vVi2—y 2, 
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S D CS. | Subtenſes. 
itSo | 2. 


v: 2 -|y: 2 | / EDnty3+tfin—zyp. 


1co [197 | v: 2b /15bv/3+V:102-2/5: 
43115; Vn via dendey EEG 
86 [174 5 | Si5ty3otytio—=2vs5: 
4 
16172; V2 vi 2+ 12+ v3.= vi 2þ 95 tv2. 
36 [171 |: 2+y: 244 45 
Vi 2+: 2 LEESIELantavs 


I12[178; 


v:15:1 4/34 4 :10—245: 
4 « 
oſt] 2b d13-b43 2b EY 
I2 [i165 Vi 2/12 4.=  EELEEYE, 
V: 2b ab ILNL—CS_MR 


4 
. 5+y5 wor 2-245 —y 5: 
Vi2+d Eo= | 


4 
8—4/1;+/ 3-iv: 10—24y 5: 


104 [160 | /: 2+ y/: 2+ 4 n 
of; 24  EXESLitrEr2yfe 


; L 4 
8]157z [yi2+v:2+y2. 
vi 30 645i tw 5=vl 


4 
108 [1545 i: 2+ bp _LH—=L CER 


| 4 
32 [153 |y: 2+ V:2+/ 3008, 
V: 2+ vi 24 = =v3tv omnye: 


6150 v: 24 4/ 3. =LEEL2, 


2 
44 [1487 V2+v12+vi2=y/ 359, 
32 147 vV:i2+4/ 8++-4/15+4/3—y: 10—24/5: 


4 | 
"4[1452| v* 2+ 412+ DLLELIDL 10-1245: 
ELIT 


2 
2011423 V2 via via yy =viaty ESD. 
wy: 24S =RIRTELELtY 4245: 


52]139h| 2245 2þ aw LES 


z8 138 / EEXNS=EEEDL lor2y5: 
[no | va vip yf=df=l=dn—ryy 


4 


4/135 y: 2 +42. 
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%. 


45 


55x 


613 


| Subtenſes. 
V:2—y2: 
s: 212 ELLEN LN, 
v15 FE 3-v:10—y/25: 
- "4 
vVi2—4/:2—s:2—y —_— 
R * A na? Ea 
Bd EEEi=Li=yteyy: 
g v 
2 + on. — & .- 
Via 2—vi2—v/3.=v/:2—y/ © LY, 
EIT, 2 
vi 2—4/ = 
— he uo) 2 = of: F 
V: ©21 90 NP þ. 15:4 3—vw: 10+245:; 


4 
x: 2g Cr 
Via—y:2—y: —_ / =L3 


'Þh 


Vi 2—y:2—y/ 


8— 4/15 —y/ 3-1-4: 10—2 v5: 
Vi: 2—&:2—y v5, 
8-1-4/ 15 —4/ 3—v: 10-t 245: 


Vi 2: 2—/ - 

i B—4/15—4/3+x: 10—2v5: 
4 

vVi2—&S/:2—y/2. 


vs: 2—y 8 —vV15+y/3—v: 10-+2 LA 


"I 
wy: 2 = af: WISS=LAELAT s/: ors: 


4 
$=w5 
v 2 wr” 
vs: 2 = of; == of 8 -þ- 15+ v3=vy: 10245: 


75 


76; 


78 | 


793 | 


| 
" : 
825 


, v 2. 


4 
gc gy. = i =XAS 
! 


2 
v2 —- v/: Sem of 21-4 __— 
— EH S=v2=v: + 255: 


4 
fab ny —rHt=itvrary: 


81 |. 2—+S:2—x/ it v5 


. . Va_roa / CG y 
Via—vVil2_yi2þy/;z=y:2— = Le, 
2 
vs: 30-645: —w5-t+1 
4 Ci 
Vi2—Vi2—sS:2+y/ LS, 


$—V15—+3—v: lo— 24/5: 


y: 2+ : h 
SEES +y3+ of: 10—24/5: 
4 F 


V2 —y:2— 
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$ |Deg. | Subtenſes. 
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' Crap. IX. 


And, in like marner, we may proceed to deſign, by Surd Roots, the ©u\- 
tenſes of £.rches as tinall as we pleaſe, by a continual Bilection of theie Arches, 
The halves of which Sultcnſes, are the Right Sines of the Halt-Arches. 


ut, to dcli/n an intire Canon of Subtenſes and Sines, anſwering to ce:ch 
ſinvle Degree, and the Sexagelims or firſt Minures of ſuch Degrees: Will (hetide 
the extracting the Square Roots, of ſuch Surds, in Numbers, ) require «ifo 
the Analyiis (in Numbers) of Two Triſcctions, and of one Quinquiiection of 
«IN AYtIM, 


For, the former proceſs reaching no farther than to the Subtenſe of 1 * De- 
grcez and conſequently to the finc of 4 of a Degree, or of Min. 45 = 3x 3 xx : 
We may thence, by a Triſcction twice performed 3 and a Quinquiſetion ouce , 
proceed to the line of 1 Minute. But not by BiſeQions only, or operaticns 
thence deduced. 


But , theſe operations being {© (as is ſaid) performed ; the reſt of the work 
is calily diſpatched by help of $ 9g, 1c. Chp. 6. for finding the Subtente of 
the Sum or Differcnce of thoſe Arches whoſe Subtenles are already known. 


CHAP. IX. 


Of Angles compared with they Arches on Which the {tand. 


. HAT The Angle of a Seftor , 1s proportional to the Arch on which it 
doth inſiſt; whether ſuch Angle be at the Center, or at the Circumference : 
And, that ſach Angle at the Center, is doable to that at the Circumfes- 
rence: Is ſhewed by Erclide long lince 3 and 1s generally known. 
But not ſo, in caſe ſuch Angle be any where elſe, whether within cr without 
the Circle. It will therefore be not amiſs, to purſue that Notion a little far- 


ther ; as here tolloweth, 


II. If on the Diameter of a Circle D F, be for- 
med, at the Center C, an Angle BAD; the inter- 
cepted Arch BD, is Proportional to the Angle. (by 
26, 27. El. 3. and 33, El. 6, of Euclid.) That IS, 

D the Arch intercepted BD, is ſuch a Part of the 
whole Circumference ; as is the Angle A, of Four 
Right-angles. And accordingly the Angle A, is ſaid 
to be, of ſo many Degrces, as is the Arch B D. 


DA 


III. If BA, DA, the Legs containing ſuch Angle, after a Decullation at C, 
forming the Vertical Angle E, be continued, on rhe other hide, to the Circum- 
ſerence; the intercepted Arch G F, will, (by Y 2.) be equal to BD, (becauſe 
of the Vertical Angle E,, equal to A:) And, conſequentiy, the Aggregate of 
both B D-|-G F, is double to BD. That is, BD-|-GF = 2 BD. 


IV. If at F the end of the Diametcr, be formed a like Angle A; the inter- 


cepted Arch HD, is likewiſe double to BD. That is, HD = BD-|-GF 


—=2BD. Becauſe (by 20.1. 3.) the Angle at the Center, is double to thag 


at the Circumference , on the ſame Arch, 


Oy 
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Or ts, becanſe (by Conftrution) FH, GCB, are Parallels: (as making 
equi Anzles wh FD: ) Theretore, HB=FG=BD. And, conſequently , 
D=tB|-LD =FG--BD=2BD. (ByYS3,) 


V. If at K, (any cther Point of the Diameter within the Circle,) ſucli Angle 
Abe made, (with its Vertical E:) the Aggregate of the two Arches intercep- 
ted, FLE-j-MD, is Double to B D. Thatis, F L-E MD=FG-þ+BD= 
2 BD. For, (drawing the ſtreight Line A M,) the two Ihternal Angles FM L 
-|-M FD, are equ::1 to the External MK D=A=HFD (which is an Angle 
ut the Circumiercnce.) And theretore , the Arches oppoſite to thoſe FL-|- MD, 
eq" al to the Arch cppolite to this HD =2BD. (ByS 4.) 


Or thus, becauſe FH, LM, be Parallels (as making like Angles with F D,) 
therciore, FL=HM, and FLEE MD=HM-þ MD= HD = 2 BD. 
CIDED 


VI. If at N, a Point of the Diameter produced , without the Circle; be 
formed 2 like Angle A; the Difference of the two intercepted Arches, QD — 
PF, is equal to the ſame H D, or the Double of BD. For, PQ, FH, being 
Paratlels, (2s making like Angles with DF produced,) and therefore, PF= QH: 
Therefore, QD=PF= QD—-QH=HD =2BD. (ByS 4.) 


Vil. The ſame will hold, thongh neither of the Legs containing the Angle 
do pais through the Center , (and therefore lic not upon a Diameter; ) as 1 
ſhall now ſhew in the ſeveral Caſes. 


VIIL. K ML, wA, make MK, an Angle at K any where , within the 
Circle, Let Bc þ be a like Angle at-the Center, and the Legs of this Parallel 
to thoſe of that. And, by the Angular Point- K, draw the Diameter F KD. 
Then is (by S 5.) MD-þ-LF—2BD: And « D-|þ-\F= 2 þD. Therefore, 
(the Sum or Differcuce) M# (= MD ZE # D)-þ LA (= LF ZAF) = (2BD 
© 2þD=) 2Bþ. | 


IN. In like manner : If HF be an Angle at the Circumference: And, at the 
Center, B C þ like to it, and with Legs Parallel to thoſe: And F D a Di- 
ameter. Then (by $ 4-) HD=2BD, and yuD=2þD. Therefore, Hy 
(=HDZ»D) = (2BDZ 2þD=) 2Bp. 


X, The 


Of Angular Settions. CHnae.[X. 


X. The ſame is tobe underſtood, in caſe one of the Legs touch the Circum- 
ference at F, (the Points F, H, being in this caſe Co-incident; the Arch F H 
v.niſhing to nothing, and the Arch intercepted H », the ſame with Fy.) For 
herealſo, HFD=2 BD, andyuF D=2þD); and therefore, HF» (= HFD 
2yFD) = (2 BDE 2þpD=) 2Bþ. 


BB 


XI. In like manner : 'f QN x be an Angle. without the Circle, whoſe Legs 
evt icinP, -: And, at the Center, a like Angle and like fited BC«: And NFD 
a Diameter produced. Then (byS 6.) QD—PF=2BD, and x: D—--F 
—=2{1), And therefore QDExD wanting PF i7F, that is Qz—P3, is 
equal to 2BD= 2þ D=2Bp. 


X1T. The ſame is to be underſtood, in caſe one or both of the Legs do 
no! cut, but only touch the Circle. For then the Points P, Q; or, x5 
(or both,) being Co-incident ; the reſt proceeds as before. For ſtill QD—PF 
= 25D, aid »« D-7F=2þD; and therefore , (the Sum or Difference) 
Qz, — PT = 2Bp. 


XII. But in cafe one or both of the Legs paſs by the Circle , and neither 
cut, nor ſo much as touch it : It doth not concern the preſent buſineſs ; for 
ſuch Angle doth not inſiſt on a Circular Arch. The whole therefore ( thus 
demonſtrated ) amounts to this General. 


XIV. If a Circle be cut (or at leaſt touched) by two ſtreight Lines, making an 
Angle: (and ſo, when continued, interſeCting each other : ) The Sum (if their 
interſection be within the Circle, ) or Difference (if withour,) of the two Aches 
intercepted by them (produced, if need be,) or (if their interſection be at the Cir- 
cumference) the ſingle Arch by them intercepted ; 3s Double ro the Arch of a like 
Angle at the Center. 
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A 


DEFENSE 


OF THE 


Angle of Contact. 


CHA P. 


The Angle of Contaft is of no Magnitude: 


Right-angle. 


Euclide had proved, in his 16eg. That, if on the Diameter of a Circle 
BA, beerelted, at the end of it, # Perpendicular AP this will lye wholly 
without the Circle (thar is, it will only touch it at A; and not cut it, as 


DA or SA, though produced z nor lie on part 
of it as on AE;) And that in the place (Toms ) 
between this and the Circumference DE C, there 
cannot fall another ſtreight Line, as F A. (For if ſo, 
a Perpendicular from the Center on it, as CG; 
ſubtending an Acute Angle CAF; would be 
ſhorter than C A, which ſubtends the Right- 
angle CGA; that is, ſhorter than CE, a part 
of it ſelf; if G lye without the Circle.) And 
that therefore, the Angle of 4 Semicircle CA E, 
i Greater than any Acute Angle : And , the other 
E AP leſs than any. And his Demonſtration 


is, by all, allowed to be good without diſpute. 
like , concerning the Contact of a Conick Section : Prop. 32. Lib. 1.And the ſame ' 
is, by all, admitted to hold inthe like Contact of any Curve-line.) H 


K 


N purſuance of the notion, mention'd in the Chapter of my Treatiſe of 
Algebra: That, in all ſorts of Magnitudes (or Quantities) whatever, 
That which may be proved to be /eſs chan any aſſignable , is indeed (as to 
that ſort of Quantity) of no Magmitude: (Becauſe if of any, it might be 
ſo Multiplicd as to exceedthe greatelt:) I do, in my Treatiſe of the Angle 

| of Contatt, and that of a Semcirele , (publiſhed, with my Arithmetick of 

Infinites, and ſome other things, in the year 1656.) ſhew, (with Peletarins , | | 

againſt Clavis,) That (what is commonly called) the Angle of Contatt, is of no 1 

Magnitude : But is, to a real Angle, whether Rectilinear, or Curvilinear , or | 

otherwiſe mixt , ( which is, it ſelf, of any Magnitude) as o (a Cypher) toa 

Number. And, conſequently , that of the Semicircle, equal toa (ReKtilinear) 


MOTO 


. 
. 


( And Apollonjvs proves the 


Now 
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Now it is not ſo to be underſtood, as if FA might not fall between P A and 
ſome part of that Circumference; for it is manifeſt that between PA and DE it 
may ; and indeed, there is no Point in the Circumference, except only the Point 
of A, between which and the Tangent ſuch Line F A may not fall. 

But, that it cannot fall between P A, and that whole Circumference DEA 
but will cut it ſome where before it comes at A. And conſequently, that part 
of the Circumference which lics next to A (falling between FA and PA) muſt 
make (if any) a leſs Angle than FAP; that is, leſs than any poſſible Right- 
lined Jngle, how ſinall ſo ever. And, conſequently ; that of a Semicircle DAC, 
wants of the Right-lined Right-angle PAC, leſs thana part thereof Infinitely 
ſmall. Thar is, (ſay we) nothing at all: And, therefore, that of a Semicircle 
equal to a ReCtilinear Right-angle. : | 

There are, in that I reatiſe, divers other convincing Arguments, in great 
Number, to prove the ſame; which I ſpare here to repeat : Referring it, to 
thoſe who plcaſe, to ſeek them there. , 

Prodas amongit the Greeks (and, I think, he only ;.). and, amongſt the Latins, 
Clavics, with lives others; (but not allz) have deliyered a contrary opinion 
That this"Anple of Coiita&t, is indeed of ſome Magnitude, but lefs than any 
poſlible Right-lined Angle, divers others be filent in the caſe; and ſome are of 
Opinion with us. An, of thoſe who differ from us, moſt of them (at leaſt thoſe 
before Peletarins ) ſecm io take it up-upon truſt, or through inadvertency (with- 
out alleging any reaſon for it, or conlidering what was to be ſaid againſt it; ) 
but Clavinus (whom therefore I name expreſly) doth it deliberately , and argues 
again: Pelcrarius in the defenſe of it. | 

What was Exclid's own opinion of it, he doth no where exprelly tell us: 
(Though, from what he ſays at 1e 10, it may be concluded; as we have 
ſhewed already :) Nor doth Apollonizs tell us what was his : But they do (both of 
them) warily avoid it. And, inſtead of calling it an Angle (yoris) they choſe 
rather to call it (7%ms) a Place. | 

They only ſay (the one, as to that of a Circle; the other, asto that of a Conick 
Section;) That, at leaſt, it is ſmaller than any poſſible Right-lined Angle : 
( though Infinirely ſmall; ) But , whether it have, or have «ot, any poſitive 
ay peg they do not ſay. And I am rather of opinion, that they thought 
it had not. 

But (ſays Clavis, ) if Ewclide thought it to be nothing, or of no Magnitude, 
what need he trouble himſelf to prove, that it is leſs than any Right-lined Angle, 
and, that of a Semicircle, greater than any acute ReCtilinear ? And not rather 
ſay direCtly, that the one is nothing, and the other equal to a ReCctilinear Right- 
angle? For, if ſo, the other needs no proof. 

To this I ſay, there be many reaſons, why, though he did think ſo, he might 
forbear to ſay ſo; (and content himſelf, not to deny it.) either, becauſe he 
could not proveitz or, not yet; or becauſe it was not to hispreſent purpoſe, 
and this not the proper place of it. 

He did (no doubt) think the ſame, of the Contact of a Conick Seftion , or 
any other Curve, what he ſays here of the Contact of a Circle; yet he ſays 
nothing of it , becauſe it was not to his preſent purpoſe. And Apollonius, though 
he ſay it of Conick Sections ( becauſe that was then his buſineſs ) yet , of ſuch 
ContaCt with other Curves, he ſays nothing, | 

So Euclide, at 16 1. Contents himſelf to ſay, That sf one ſide of a Triangle 
be produced, the external Angle is greater than either of the two oppoſite internals ; 
though at the ſame time he knew (and doth, after, tell us, at Prop. 32e 1. ) that, * 
it was equal to both ;, ( not fearing ſuch cavil as that of Clavins, if he knew it to be 
equal to both, what need he trouble himſelf to prove, that it was bigger than 
either ? 

He contents himſelf alſo, at 17e 1. to ſay, That any two Angles of a Triangle, 
are leſs than two Right-angles. But what need he trouble himſelf (might Clavius 
as well ſay) to prove that rwo were leſs, if he knew or thought that all three were 
but equal, to two Right-angles ? Yet this he knew alſo (as we ſecat 32e 1.) an 
could prove it; bur, not yet. ; 


Since 
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at 32 e 1.) either, that the External Angle was equal to both the oppolite inter- 
nals z or, That the three Internals were equal to two Right-angles ; he forbears 
at preſent to affirm it , 'rill he could alfo prove it; (by the help of ſome other 
Propolitions to be demonſtrated in the mean while.) Yet doth, here, affirm and 
prove thoſe particulars, (which were but parts of the Generals afterward de- 
livered;) becauſe, of them, he had occaſion in the mean time to make uſe : 
Otherwiſe, theſe particulars had been omitted all rogether ; as of no farther 
uſe, when the Generals were once proved. 

Nor is any thing more frequent in Exclide, and other Geometers; than to 
prove a particular, of which they have preſent uſe; whoſe General is alſo true ; 
but, either cannot as yet be proved (though afterward it may;) or is not to 
the _ buſineſs. 

It ſuch General cannot be proved 'till afterwards , but will be then of uſe; 
it is time enough to do it in its due place, before ſuch uſe comes to be made of 
it. Which is the caſe of 16, 17e 1 which are particulars of preſent uſe ; and 
their General not to be proved 'till 32e 1. Andof many others in Exclide, which 
I need not enumerate. 

If ſuch General be not at all neceſſary to the buſineſs in hand ; it may ſafely be, 
not only deferred , but omitted all together. And ſuch (to name no other ) 
is the caſe of the Scalene Cone and Cylinder : Of which, becauſe Exclide did not 
intend at all to ſpeak, he gives ſuch Definitions of the Cone and Cylinder as agree 
only to the Erect, (not the inclined; ) and demonſtrates many . Propoſitions of 
thoſe in particular , which might have been ( if that had been his buſineſs ) both 
faid and proved of the Inclined alſo. | 

And ſuch is the preſent caſe before us: He had preſent occaſion to make uſe 
of this Propofition, that the ſuppoſed Angle of ContaCt was leſs than any ReQi- 
linear; and thus much would ſerve his turn. Therefore, thus much he proves 
and, more than ſo, he needed not. But, whether this which 1s fo little, be 
ſomething or nothing 3 was a thing at preſent not necellary. And though he 
thought or knew it to be nothing, yet could he not well prove it fo to be, before 
the Prop. 1e 10. (where he lays his Foundation of the Method of Exhauſtions;) 
and was therefore, at leaſt, to defer it 'till then. And, becauſe, after that, he 
had no more occaſion to ſpeak of this buſineſs z he ſays no more of it. Though, 
then, he might (if he pleaſed) have ſaid it, and proved it too. ; 

Or , even before thar time; if he had thought fir ſooner to deliver the 
Doftrine of Exhauſtions, (which is a conſequent of Def. 5. Lb. 5.) he might 
have ſhewed this too: But, deferring that DoCctrine'till the beginning of Lib. 10. 
( as principally intended in order to what was thenceforth to follow, he could 
not 1ooner ſhew this ; and, after that, it might ſeem needleſs, or too late. 

But if he had thought, and would have ſaid , that this Angie of Contadt, 
though leſs than any Right-lined Angle, had yet ſome Politive greatneſs: He 
ſhould have proved it. (But this he could not do; nor doth he any where attempt 
it, or ſo much as ſay it.) Otherwiſe, his Demonſtration would be as lame as 
this, (as being juſt in the ſame form, ) a Cypher, or Nullity, o, hath a Politive 
Magnitude, but is leſs than any poſlible number, (Integer or Fracted ;) becauſe, 
though infinitely Multiplied, it can never equal or exceed any Politive number, 
how ſmall ſo ever : Which proves indeed the latter part, (that it 1s lefs than 
any Poſitive number, as being indeed nothing ; ) but doth not prove the former 
partz Thar it hath a Poſitive Magnitude , (as indeed it hath not.) And there- 
fore Euclide (who doth not uſe to give us ſuch lame Demonſtrations) 1s not to be 
charged with what he doth neither affirm , nor undertake to prove, nor can be 
proved from any thing he fays. 


Since therefore he could not, here, ſo well prove, (as afterwards he might, 
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CHAP. IL. 
The Objefions of Clavius , anſwer d. 


NE main Argument of Pelerarins, (and which alone were enough) for 

proving the Angle of Contact to be of no Magnitude ; and that of 

a Semicircle equal toa Rectilinear Right-angle ; is taken from 1 10. 

Two unequal Magnitudes being propoſed ;, If, from the greater, be taken 

more than its half ;, and, from the Remainder, more than its half;, and ſo continually : 

there will at length remain a Magnitude leſs than the leſſer of the rwo propoſed. And, 

in the Demonltration thereof, he doth preſently aflume (from F5 e 5.) that =o 

part of a Magnitude can be ſo ſmall, but it may be ſo Multiplied as to equal or exceed 

the whole, Whence Pelctarins infers, Thar ſince the Angle of Contatt, which 

is ſuppoſed a part of a Rettilinear Angle , is ſo ſmall as that by no Multiplica- 

tion it can equal or exceed it; this ſuppoſed-part is nothing. (For, if it were 
of any Magnitude, it would do ſo,) 

The ſame may in like manner be agreed, from Prop. 2. Lib. 1. Archim. de 
Sphera & Cylindro; which is this, Two unequal Magnitudes being given ; two ſtreight 
Lines may be ſo deſcribed , as that the leſſer of theſe Lines to the greater , may have 
leſs proportion , than the leſſer of thoſe Magniudes to the greater. In caſe therefore 
that the Angle of Contact be (as 1s —_ part of a Rectilinear Angle, and 
(conſequently) leſs than it : If it beot any Magnitude, it cannot be fo little but 
that its Proportion to the whole (or a leſs than it) may be exhibited in ſtreight 
Lines. And therefore may by Multiplication come to exceed the bigger. {For 
no man doubts but, of ſtreight Lines, it may be fo.) But this (as is confeſſed) 
cannot be. Theretore it is of no Magnitude. 

Clavins, to this Argument, hath no other exception to make, but that the 
quantities compared.(the Angle of ContaQt, and the ReCtilinear) are Hererogeneous 
AMagnitudes; and therefore not capable of Proportion , which (by ; e 5.) isonl 
between Homogeneals. | 

But ſtrange 1t is, that the whole and its part , ſhould be Heterogeneal: Yea, 
that the whole and the Part, but not the Remainder, ſhould be Homogeneal to 
a given quantity z that a ReCtilinear Angle ſhould be Homogeneal to the whole 
CAP, and toits part CAE, but not totheRemainder E AP. 

But, fays he, the Angle of Contact E AP, is ſo ſmall a part, as that it cannot 
by any Multiplication be made to equal or exceed the whole ; and therefore 
(by 5 e 5.) cannot be Homogeneous : And tells us, That upon rhis account onely it is, 
that he calls 1t Hererogeneons. 

But he muſt needs ſee, that this exception cannot lye againſt that of a Semi- 
circle CAE; (For this 1s not {o ſmall but that it may by Multiplication come 
to exceed the ReCtilinear CAP.) And ſhall we then ſay, that the reſt of ir, EAP, 
becomes Heterogeneal only becauſe it is ſmall ? Eſpecially, when it is the main 
deſign of thoſe Propoſitions in Euclide and Archimedes (which himſelf allows to be 
good) to ſhew, that no part can be ſo ſmall (if it have any greatneſs at all) as 
thereby to become uncapable of ſuch Multiplication ? Nay even this Heteroge- 
neal, if but a little increaſed (by removing the Leg AP to AS) will hecome 
Homopeneal too, (for it will then be capable of ſuch Multiplication.) Now 
certainly the addition of another part PAS, cannot change the Narure of the 
former part EAP, to make it a quantity of another kiza, from what it was 
beforc ;. that it ſhould now become Homogeneous, to what it was before Hetero- 
geneous. (Not any otherwiſe, I mean, than as Nothing is Heterogencous to 
Something.) Smallneſs may alter the 2{caſure, but not the Nature of 2 Ma» aitude. 
And Curvity may alter the Figure or Species of it ; but not the Q#-»/iry, much 
leſs the Nature or kind of It. 

He 


v. an 


Cnar.ll. Angte of Contatt. 


He ſhould rather have thence concluded , that it is (not an Heterogeneous 
Magnitude , but ) No Magnitude: And difters from a real Angle , as nothing 
from ſomething. For (in Magnitudes) no part can be ſo ſmall, but that ir may, 
by Multiplication , become as great or greater than that whole whereof it is 
a part. | 

And, if this be not admitted ; it deſtroys the whole Doctrine of Exhauſtions : 
For how eaſfie it is to fay, in all ſuch caſes, That (for inſtance) the Circle 
and Triangle (to which Archimedes ſhews it is equal ) do ſomewhat differ ; but 
that difference is ſo ſmall, as that it becomes Heterogeneous , ſo as by no Multi- 
plication to equal or exceed either of them. And then prove it to be Heterogeneous, 
only becauſe it cannot be ſo ZAultiplied. For that is the caſe with us: For he 
tells us, that it is for this cauſe only ( becauſe it cannot be ſo Multiplied ) that 
he __ it Heterogeneous : Whereas he ſhould for that cauſe conclude it to be 
nothing. 

So that Clavixs muſt either rejeft all Demonſtrations of this kind (from 1 e 10.) 
as inſufficient, ( which yet he allows to be a good method of Demonſtration ; ) 
Becauſe the ſame Cavil will as well lye againſt all: Or, elſe he muſt allow Pele- 
tary's Demonſtration to be concluſive : As indeed it is. | 

And fo cloſe he finds himſelf pinched with this Argument ; that he is fain 
to ſay, That the Wholer, and the Part , are both Homogeneous (to a Right-lined 
Angle) but not the Remainder : ( For the Right-angle, and that of the Semicircle, 
muſt be Homogeneous, becauſe they may be ſo Multiplied as to exceed each 
other ; but not that of Contaft : That is, Torum & Ablatum, non item 
Reſfiduum. ) That unequal Semicircles, though like Figures, yet have no likg Angles. 
(For he will have the Contaft DAE, to be an Angle of ſome Magnitude, as 
well - EAP, mw G, GAP. And __ is the ſame reaſon ry wn Fe... hat we 

a continued motion paſs from the leſs to the preater, ( and from t carer 
we leſs, ) and through Wi! Midadles Y without | toming = fr (As 
in moving AFtoAP and AS: Where from the ReCtilinear Acute Angle 
DAC, which is leſs than that of a Semicircle; we paſs to the Right-angle PA C, 
and the Obtuſe SA C, which are both greater ; without coming at one equal 
to that of a Semicircle: And, contrarywiſe, from this to that; or from FA K 
toSAK.) Withſome others of like nature, which he allows to be Paradoxes ; 
but ſhould have called them Abſurdiries. 


| I ſhall here repeat one Argument more, (further to evince what hath been ſaid :) 
Which is borrow'd from Clavius: He tells = at mo rhe 5 | he 
ſays true,) That, Of any Polygone, if every of the ſides be produce them t 
ſon way, all the No bac. les are together equal to four Right-angles, 


———_— 
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Whence I thus argue , If fuch Polygon be a Regular Figure, ( and therefore 
all thoſe Angles equal,) each of them (as FAS,) muſt be ſuch a part of 4 R, (that 
is, of Four Right-angles, ) as is denominated by »: ( the number of them, ) 


That is, =R. Andif P A be drawn at Right-fngles to CA (a Line from the 
n 
Center to one of the Angles,) it is manifeſt that this will biſeCt ſuch Angle; and 


therefore, FAP will be equal to _ R. 


If therefore the ſides of fuch Polygon be ſuppoſed infinitely-many z then 
FAS will be (pars infiniteſima ) a part infinitely-{mall of 4 Right-angles 3 and 
FAP, alike part (infinitely ſmall) of 2 Right-angles. That is, (putting & for 
enfinite ) R ,» and —R, 

Now ſuch a ſuppoſed Polygon, of infinitely-many ſides; muſt either be a 
Circle ;- or come infinitely-near to it. And, becauſe the Radius in a Circle, 
makes Right-angles, or at leaſt equal Angles, with the Perimeter : It muft be 
conſidered, either as CG, (a Perpendicular from the Center of a Regular Po- 
lygon, on one of the ſides;) oras CA (from the ſame Center to one of. the 
Angles.) For in no other cafe can a Line from the Center make equal Angles at 
the Perimeter of a Regular Polygon ; the Angles at any other Point of xt, be- 
ing oblique and unequal. 

Of theſe two., CG is the ſhorteſt, and CA the longeſt, of any drawn from 
the Center to the Perimeter. And, as the number of ſides do increaſe, ſo do 
theſe approach to an equality. If thoſe be infinitely-many , theſe will be in- 
finitely near. And, in a Circle, they be equal and Co-incident. But, though 
the ſame, they may be conſidered indifferent Capacities. 

If in a Circle, the Point of ContaCt be conſidered as one of the ſides, AF, 
anfinitely ſhort ; then is the Tangent, GH, but a continuation of this ſide ; 


(making no Angle with it, but is immerſed in it, for F GH is no Angle;) and 


CGF (the Angle of the Semicircle ) that is CGH (that of the Radius with 
'the Tangent) a Right-angle : As we affirm. 
If ſuch Point of Contact be conlidered, (not as AF a ſtde, but) as A, an Angular 


Point of ſuch Polygon , (connecting the fides FA, AN, then is the Angle of 


Contact (FAP) =R, infinitely {mall, and that of the Semicircle (C A F, ) 


R — * R, infinitely-near to a Right-angle. 


And if then weadmit, the finitely-many in one ſuch Polygon, tobe the ſame 
number of ſides , as the nfmizely-many in another z; then are, the Angles of 
Semicircles, all equal. ( For in all Semicircles, whethet great or little, if 


conſidered as ſuch Polygons , the Angle is R——R; thatis © _ 2 R; that is, 


in ſach Proportion to a Right-angle, as infinite wanting , is to infinite.) Con- 
trary to what Claws affirms z; who (by Peletary's Argument) is forced to fay : 
'T hat che Angles of unequal Sen.icircles, are not equal Angles, | 

Bur then, fo long as the Circle is thus contidered, as a ReCtilinear Polygon 
of infinitely-many tides; it mult at A make an Angle FAN, double that of 


CAF; that is 2 R— LA R. And, (becauſe this Point A, is any Point in the 


Perimeter of the Circle,)-the Circumference muſt be ſuppoſed at every Point, to 
make an Anglc. _ 

If therefore we would have theſe innumerable Angles to vaniſh ; and, the 
Perimeter of that ReCtilinear Polygon, degenerate into a continued Circular 
Line without Angle z then that. Angle of Contatt, which was before infinitely 
ſmall , muſt now be leſs than ſo, and none at-a{1-: For, when F AN ceaſes to be 
an Angle, by continuation ; then inuſt alſo F A PÞ ceaſe to be an Angle, by 
1mmerlion. 


2. 


C HAP.II. Anole of  Contatt. 


I had one Argument from Opticks; (which I muſt here repeat, becauſe we ſhall 
have further occalion to ſpeak of it: ) and it concerns principally , the Contat 
of Conick Sections. _ Yiceltio tells us (at Prop. 2. Lib. 5.) That, The Angle of In- 
cidence , and the Angle of Reflexion, are equal each to other, in all Mirrors whatſoever ; 
whether Plain, Concave, or Convex. (And it is ſoagreed by all Writers of Opticks.) 
He tells us alſo, (at Prop. 43. Lib.g.) That, In the Concave Parabolick, Mirror , 
all incident Rays Parallel to the Axe, will be reflefted to one ſingle Point, called the 
Focus. (And this alſo is agreed by all.) And to prove this, he ſhews out of Apolo- 
zius : That the Ray of Incidence OP, and that from thence to the Focus PF, 
make equal Angles at CP T the Contingent : That is, OPT — FPC. (And 
It is, by all Writers of Opticks , admitted for a good proof, who always 
eſtimate a Ray reflected from a Point in the Curve, by what it would be from 
the Tangent at that Point. Accounting each Point in the Curve, to have the 
ſame Declivity, DireCtion, or Inclination , with that of the Tangent at the ſame 
Point.) But, to make the Demonſtration' good, it muſt alſo follow thence ; 
that it is ſo at the Mirror alſo: That is, OPB=FPA. And if fo; then muſt 
alſo the Angles of Contaft be (either nothing, or at leaſt) equal: That is, 
BPT—=APC. For if from equals, we take equals, the Remainders (if any 
thing) muſt be equals. - - 1 J. 61 


% 


If from equals OPT=FPC 
we take equals — OPB=FPA 


TheRemainsre equals-BPT =APC. 


If therefore both be nothing :. It is what we affirm, Or, if but equal, it is 
enongh to deſtroy their Notion.. For if the Angle BP T be replicated on APC, 
ſo as P T be congruent on PC; the other Leg Þ B muſt certainly (from the 
nature of the Parabola ) fall wholly between P C and Þ A. If therefore ( as 
in a former Figure ) the Contact E AP (of the greater Semicircle) be, leſs than 
(that of the leſler Semicircle ) DAP, becauſe E A falls between D A and PA; 
(which is the ground on which they athrm.it-: ) "The ſame alſo muſt happeg here, 
(becauſe P B will fall between P C and AC) contrary to the equality which 
was before ſhewed to be neceſſary. | | 

If to avoid this, they ſay, That BPT is indeed ſomewhat lefs than APC, 
and therefore (to make the Angles of Incidence and Reflexion equal) the Reflex 
of OP will fall a little below F, but very near it, and the difference inconſi- 
derable. I thus reply ; let that Point be G. (ſomewhat below F.) 


Then is BPO= (APG=) APF-+FPG. 
That is TPO—TPB=CPF—CPA-[-FPG. 
But TPO=CPF. 

Therefore CPF —TPB=CPF—CPA+FPG. 
That is CPA—TPB=FPG. 


Which 
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Which is impoſlible: For every Angle of Conta&t (much more;, the diffe= 
rence of 'two,) 15 ( confeſledly ) leſs than any poſſible Right-lined'Angle. 


Therefore O ÞP muſt from the Curve be reflected to F (nat to'G;) and 
therefore the Angles of Contatt TPO. CPA equal: That is;;{1n this caſe 
equally nothing. | 
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CHAP. III. 
Leotaud's Objeftions anſwer 'd. 


\ to theſame purpoſe, ) was Written (in the fi ; Treatiſe: De Ar 
Contattus ) in anſwer to what Clavins had objetted againſt Pelerary; 1 
_# that Leotaud (a Feſuite ) hath undertaken the defenſe of (his- Brother 
Teſuite ) Clavins. Endeavouring , (in his ——_ » Publiſhed about the year 
2662.) to maintain ( notwithſtanding what I had. ſaid) that the Angie of 
Contatt, is an Angle of ſome Magnitude ;, and, that of a Semcircle, leſs than 
a ReCtilinear Right-angle: Wherein he oppoſeth Aynſcom and Tacquer (Feſuites 
alſo) whoſe Notions, in this Point, were inconſiſtent with his. | 


It was ſome years after the Book was publiſhed, before I ſaw it; When I 
had ſeen it, I wrote a Letter to himſelf, in Anſwer to it. Which Mr. Henry 
Oldenburg (at my requeſt) ſent to his Correſpondent at Paris, to tranſmit ta 
Leotaud. This Letter , Mr. Oldenburg told me ſoonafter , [that his Correſpon- 
dent had received at Pars, and would take care of it. But whether or no it 
catne to Leoraxd's hands, I am not certain; having fince heard nothing of it: 
And, not long after , I heard that Leotaud was dead. 


0 N CE that (for ſubſtance) in the former - (with much more 
&. 


I was once about to publiſh itz either by it ſelf, or with ſome other things 
which I was then Printing : (And had given it this Title : Johannu Walls, 
S. T. D. Geometris Profeſſors Saviliani , in Celeberrima Academia Oxonienſi g 
Traftatiss ſui, De Angulo Contatts & Semicirculi ; 'Defenſio: Adverſus Vincentis 
Leotaudj , Delphinatis , Exceptiones : In Epiſtola, ad eundem Fincentinm Leotaudum 
ſcripta,, Oxome, Febr. 17. 1667. ſftilo Anglia.) | 


But, having hitherto deferred It; and this being 4 proper pics thi it {3 
ſtall here ſubjoyn it, as it was at firſt Wricen net fat Finer, "gs : 
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Re «.. Clarifimo Vito 
-D.VINCENTIO LEOTAUDO, 
L > DELUPHINATI, | 
FOANNES WALLIS, Oxonienſis, S. 
=" -"_ . Oxoniz, Fekc19. 1667. Silo Anglie: 


' "ante quingue 4unos, ut videtur, impreſſam; ſed nuperrime (quantum 


FF NCIDI, Vir Clarifimt, wadins tertius , in Cyclomathiam tuem ; 
_ auto) buc allatam. Qitam inſpiciendam obtulit Amicus quidam meas, 


= harum rarium peritus ; eo prefertim nomine , quod me ibidem animad-... 


pl 
verterit a te-notatum. *Quod' fetit ut ad ejuſdem Librum Secundun , qui 

e ſpeftare dicebatur, me ſtatits converterims;,” omiſſis Primo & Tertio; qui- 
et Oo ee | 

Quid fect, ut me ibidem. in arenpam vocaveris , neſcio; neque ſolicitue 
znquiro.  Moleſte forſan tuleris (ntut vos inter vos diſſentire non iniquum 
Juaicetis ) quid contra Claviutn" veſtrum ( Jeſuitam ) ego ( mon Jeſtira ) 
nonnulla ſcripſerim. © Adebque' veſtra intereſſe putaveris , ut ex veſtr# 
Societate non-nemo cauſam ejus '(ſroe juſt ans five injuſtam ) utcunque defen- 
dendem ſuſciperet.  Quod:tamen non erat neceſſe ut contra me faceres, qui 
non ſoleo Clavii” veſtrt iniquus 5 eſtimator : Cujus etiam cauſam (ut & 
Gregorii San-Vincentiani vefrz) contr« Meibomium ſuſceperim ; eiimgue 
alias, prout res tulerit , paſſim defendo. Quanquam enim in Religionis 
negotio nos 4 vebis diverſs ſentiamus , non proinae neceſſe erit , ut diffeniie 
mus in Mathematicis : Ubi non Anthoritatibas res agenda eſt ; ſed, Demon- 
ftrationibus, ** © - 

Vel fieri poteſt, ut tontroverſiis que Tibi- eum Aynicomio two inter: 
ceſſerant implicitus , non commoa2 te expedire poſſe putaveris, niſs & me 
ſimul in partes vocaveris ; cumea, que de Angulo ContaQtis & Semi- 
circuli /cr:pſeravs, Gregorii de Sancto Vincentio, Aynſcomil , & Tac- 
queti , placitis quibuſdem 4 te oppugnatis , favere videentur. Queque fi 
prias widiſſes, fiers fortalſe po et , ut inde abſtinuiſſes plant, & ne Ayn- 
ſcomium tuum e4 de re ſalicitaſſes : ( utut ubi temere forſan manum con- 
ſeruiſſes , defenſiovwem malueris utcunque molirt , How videyt palinodians 
canere.) Quippe quam ſuſcepiſti contra Gregorii de S. Vincentio quadra- 
turas controveyſiam, non minus feliciter expedire free , lictt hanc in« 
tattam preteriiſſes ; que cum illi connexa non eſt : Preſertim, ubt ſequiorem 
partems tuendam ſuſceperis ; cum, in ea de quadraturis , potiorem ſuſcepiſſe 
wvidearis, Quanquam enim ego Gregorium San-Vincentranum , pro Ma- 
thematico minime imperito babeam ; nut qui mults & acute & ſolid? ſcrip- 
ſerit ; ( cnjuſque cauſam, ut dittum eſt , contra Meibomium , xe rogatue 
quidem, ſuſceperim : ) Quadraturas tames abſotviſſe non exiſtimo. . 

Vel denique (quod potins ſperaverim) ſine pertium ſtudio, mero veritatis 
intuitu, potueris hoc feciſſe : Eadem libertate » $8 & ego ſoleo ab allis non- 
nunquam in pancis diſcedere , quos alias defendendos-exiſtino : Praſertim 
cum te 4 probris, ut plurimum, abſtinuiſſe videam. FATv 
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Quicquid ſit que contra me multis ſeripſeris , paucis diluenaa viſum eſt : 
Neque enim prolix4 Refutatjqne opus erit ; ſed potius brevibus ftricturis. 
Quippe in anguſtum res redatta eft : Num ſcilicet Angulus Contingentie 
five Contaiths, ad Augulum Reftilineum (aut etiam ad alios Curvilineas & 
Mixtos) comparanus, pro mg habendus ſit , aw pra Heterogenco 
({altem quoad Rationem) & nullits Rationis capaci. 
Quippe in hoc unico, & Tu. & Clavius, Preſtainn collocatic , & ſperatis 
Aſylum ; contra ea in contrarium prolaza Arguments , que alias (ye vobis 
uidem diffuentibus } cp habenda. erunt.'; Sa chm & Quantus 


werit ( quod vos vults ) 7 


Angulo ReFilizeo Homogeneus } »on eris 
quod Abſurda illa poſſitis declinare , que non modo Peletarius & Ego, (ne 
Savilium porro & Vietam-memorens) ſed & Peſtrater' San-Vincentianus, 
Aynſcomius, & Tacquetus, cumulate vobis objiciunt. 

Quem quien rem, quanquanai mole ogulo ContaCtis & Semicir- 
culi :rattatugcap.5,6,7&Cc.. 22 atic confeciſſe puto, ni prejudicium tibi ocudos 
perſtrinxiſſet : Quanias t amen Þu illud nan lunxaſſequi wiaeri velis, te ſequar, 
ut que ſupereſt caliga, ſu fieri paſſit, etiam @ twic oculis diſcutiatur. ws 

ropoſitionem twavs primam ego hattenus concedo : Nempe, Quo jure quis 
Quantitatem infinipe extenſam Imaginari velit, codem & infinite dimi- 
nutam imaginandam permittere debeat, 1dque ntraque ſenſu, quo Infiniti 
20x ſolet accurrere. | F ; 

S: enim, per Infinitum, intelgatur Indefinitum, [ex quantumlibet mage 
Au, quo j , 4pud Geometras, Retta Infinite hoc eſt, quantuwlibet longs, 
wel quantum opus eft longs, wel duita ſupponityy y vel ducenda preſcribitur : 
Quo jure Reitam quantumliber Longam puſſpeilem eſſe ponimus, codem & quan- 
mb Brevems. poſſibilems eſſe, concedendumerit. Quippe prout ſupponitur 
Continuum poſſe in Infinitum.contiuuari, ita & inInfinitum dividi; hnc eſt, 
nnllos vel Continuatiouis vel Diviſianis ſtatos eſſe terminos, ultra ques proceds 


ſit imapoſſibile. 


$; vero, per Infinitum, #nteligatur id.guod fit Abſolute Infinitum AZs.; 
( puts quod: totam poſſibilitatem habeat in aitum reduttam:) Etiam his 
concedo, quo jure quis, hoc ſenſu, imaginari velit Infinite-Magnum, etians 
Infinite-Paruum Imaginandum efſe. Sed, Imaginandum potins dico , 
quam Datum ri. | 

Ad Secundam Propoſitionem quod ſpetat;, Concedo,Infinitiad Finitum, 
nullam eſſe [ Finitam] Rationem ; ( Neque etiam Indefiniti ad: Definitum 
rationew Definitam.) Dico tamen: Quo jure quis Quantum Infinitum 
imaginari velit, eodem & Infinitam Rationem innaginandam eſſe. Adeogue, 
Infiniti ad Finitum, aut ctiam Figiti ad Infinite-exigunms., rationem. eſſe 
aico Infinite-magnam : Finite ad Infinituns, vel etiam. Infinit?-exigui- ad 
Finit um, rationem Infinite-exiguam. MNegque tibs. ins contrarium ſuppetias 


feret quinta Deſinitio quinti Exclidis : Dicam utique , Infinite-exigus 


Infinite-Multiplum, expoſitum quoduis Finitum equare poſſe, nedum ſuperare. 
Atque 10 ma Jare aamittenaum poſtulabo Infinite-Multiplum , quo tu wel 
Infinite-Magnam vel Infinite-exiguum. 
A Dum _ queris, _ Rationalis futwrs fit hec Ratio, ax Irrationalis : 
trumwvis dicas, perinde eſt : (qui deungque futrit hoc Infinitum 
ad Finitum —_— 707 a Ly _— ry. enLbreing neg FE 6 
aliud, Rationem habebit Irrationalem ; mods illa Finita duo, Rationem habe- 
ant 4d invicem Irrationalem : ) Hujuſmodi ſiquidem minutias ones, abſor- 
bet ipſa Infinitudo. Atque fires eſt acſs. peteres , ſi quis. imaginari velis 
Namerum Infinitum, num futwrus ſit ile Par an Impar? Vel Tripartibilia,, 
an ſeoue? &Cc. At interim, quo jure ts vel Infinitt-Magnum , vel Infinite- 
aruvum 
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Parvum imaginaberts ; eodem ille : Vel Infinite-Multum, vel etiam Infinite- 
Paucum (ipſa Unitate in Frattiones diviſa) imaginabitur, 

Ad Prop. 3. Concedo, Quantitates etiam Finitas elſe, quarum nulla 
potelt efle ad invicem Ratio. T ales utique ſunt quantitates que ſunt a4 
invicem Heterogenee, puta, Linea & Planum, Planum & Solidum, Lines 
& Solidam : item Angulus & Linea, Angulus & Superficies , Lines & 
Tempus, Tempus © Pondus, atque hujuſmodz alia cum Heterogeneis compa- 
rata. | 

Eft utique Ratio (per aef. 3. El. 5.) Homogeneorum ea relatio que 
eſt x7 m1)\xrrure, Homogenea wero, ſeu ( quod per def. 3.: tantun- 
dem valet) Rationem invicem habentia, ſunt (per def. 5.) ee qux Mul- 
tiplicata poſſunt ſe mutuo ſuperare. Quontarh itaqgue Hors Tem- 
poris, utcunque Multiplicata, nungquam equabit vel ſuprrabit Libram Pon- 
deris ; Hora & Libra, ſeu Tempus & Poudus, Heterogenea cenſenda e- 
runt, adeoque non Rationem ad invicem habentia. Atque de reliquis ſimi- 


liter; Eſtque hec unica Homogeneorum aefinitio, que apud Eucldem 


uſpiam extat. 

Hinc diſcas, Curvam quamvis & Reftam, utut Diſſimiles, Homogeneas 
tamen eſſe ; quoniam expoſita Curva quevis its Multiplitari poteſt, ut ex- 
poſitam quamvis Reftam ſuprret , & wice verſa, Sic Curvilineum & 
Refilineum ; puta Circulum & Quadratum : Expoſitus utique Circulms ſi 
expoſito Quadreto nondum major ſit, erit ſaltem ipfins Duplum, Triplum, 


vel aliud aliquod Multiplum , quadrato illo majus'; & wice verſd, Li. - 


ueam wero & Superficiem Heterogeneas eſſe ; quoniam Linea, cum nihil 
habeat Latitudinis , quantumvis Multiplicats , necdum habebit ; - ( quippe 
nihbjli Duplum, ſeu alias Multiplum, eſt aahuc nihil ;) adeoque nec fiet Su- 
erficies. 
: =—_ hinc ſpeciatins diſcas, Angulos Planos onnes, ſrve fint Refilinet, 
five Carviline:, ſive Miſti, (qui ullizs ſint Magnitudizis,) invicem Ho- 
mogeneos eſſe. Sunt utique vel efiquales, wel Majores , vel Minores 
expoſito Reftilineo ; & quidem (i Minores, poſſunt ſaltem Multiplicati Ma- 
Jores fiert;, & vice —_ (Quod ne tu quidem ae quovis negaveris, excepto 
ſolo Angulo Contattuis.) Cumque tu hoc in Angulo Contatus deſideratum a- 
nimadwuertis ; id non eo fit quod Heterogenews ſit, ſed quod non fit Quan- 
Fs. 

Miror autem ego te, hominem Mathematicum , exiftimare poſſe, tum 
totum Angulunt Rettum , tum ( quem hujus partem eſſe vis) Angulum 
Semicircali, cuivis Reffo Homogeneum ( per «5 def. 5.) reliquum wero 
quem facis 'Angulum C ontattns E—_ eſſe. Quaſs quidem fiers 
poſſit , ut & Totum, & Ablatum , ſed non & Reliquum, eidem alicui ſit 
Hlomogenenm. ; _— 

* Cam vero tu Exiſtimas, Quantitatum invicem Homogenearum,. alias 


habere , alias non habere, rationem ad invicem ; atque has ab ills 'Encli- 


dem: definitione 5. diſterminaſſe : Hoc ipſum eſt quod & Clavio primum, 
atque poſt illum- Tibt, aliiſque multis fwd; fuit. Enclides ntique jam 
ante (lf. 3.) tum Rationes omnes, Homogeneorum elle ; :#m & Hos 
mogeneorum omnium , efſe ad invicem Rationem ; #0» minus defunt- 
wverat. - Quoniam vero Homogenei vocem\, non prins ab illo Yarns 
nedum in ſnperioribus definitam, ſed que definitione omnino indigeret, ic 
uſurpaverit ; hanc alteram Homogeneorum, ſeu (quod ipſe eſt imiyvaius) 
Rationem ad invicem habentium, definitionem ſubjunzit. (Que & tn 
Grecis Codicibus immediate ſubjungitur Tertie ; cur autem Clavius hanc 
% L 2 Ouintars 
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Quintam fecerit , interpoſuts Quarta que eſt in Grecis Ottava, ego neſcio.) 
Euclides itaque, neque ob ewm finem quem tu inſinnas, neque Fruſtre Fas 
men, ſed jujtis de cauſis hanc quintam interpoſutt definit ionem. Nempe, 
ut quid per Homogenea ſeu Rationem invicem habentia, ſignificatum velit, 
defintret. . | : 

Sed & per han ipſam Definitionem, & per x Prop. 10. determinat ; Ho- 
mogenes cujuſuis nullam eſſe poſſe tam exiguam partem, que Multiplicats 
n0n pofſit totum ſuperare. ; ; ; 

Cue itaque tu his ex Aynicomio habes, Suppono, inter duas Magnitu- 
dines effe aliquam Rationem,zdem efle ac, duas Magnitudines ſecundum | 
quantitatem ( x27 717) poſſe comparari : Rurſum, illas Mag- 
nitudines ſic poſſe comparari, de quibus dici poteſt, hxc major aut mi- 
nor eſt ill: Unde conſequens eſt, Magnitudines illas, juxta def. 5. 
lib. 5. Eucl. cjulmodi efle, ut una aliquoties ſumpta pofſit alteram 
zquare vel ſuperare : Adeo ſunt & weritati & Enclidis menti conſona, ut 
quo te vert as cunque nnguam ſis evaſurus. EY : 

Propoſitionem quartam, ( que eff Enclidis Definitio Anguli Plani) epo 
admitto. .Quod, Angulus Planus, eſt duarum linearum in plano ſe 
mutuo tangentium , & non in directum jacentium, alterius ad alteram 
inclinatio. 

Adeoque hac ſaltem tria requiri judico, Quod in Plano linee ſe mutud 
tangant, Quod ad invicem inclinentur, Quoague non in direttum jureaxt : 
Et propterea,ſi vel in diretFum jaceant, (ut cum una fit alterius continuatio,) 
vel nulla ſit ad invicem inclinatio, (ut in Parallels mo, & cum altera alters 
immergitur ;) Angulum vel nullum fieri, vel nullius Magnitudinis : Sed & 
horum alterum contingere, quoties its concurrunt linee, ut, licet continuentur, 
ſe mutud non ſecabunt : Et propteres Contaitis Angulum nullins eſſe Mag- 
nitudinic. 


- AT: E Verbi gratia: Paraltcle refte AB,C D, cAn- 
gulum non conftituunt, tum quia nondum (e mutud 
ALE ——B tangunt, tum quia nulla eſt alterius ad alteram in- 


clinatio, ſed Paralleliſmus. 


———_— 


S: vero A B, retento Paralleliſmo, deorſum ferri intelligatur dones ipf 
C D occnrrat : Tattus quidem fiet, ſed non Angulus ; propter nullam alterius 
ad alteram inclinationem : Nec , utcunque continuate, ſe mutud ſecabunt, 
ſed altera alteri immergetur, 

Sin, eodem retento Paralleliſmo , transferri intelligatur A B in ſituns 
DE, Tattus etiam ſic fiet, non autem Angulus, cum alters ſit alterins con- 
tinuatto. 

Eadem vero AB, & (non Parallels) FG, invicem inclinantur ; ſed 
Awgulum non conſtituunt, quia nondum ſe mutus tangunt. 

Sin , eadems retenta inclinatione, ſurſum moveatur A B vel FG deor- 
ſum, donec invicem occurrant ; CAngulus fiet : (erit antique linearum 06+ 
currentinm, nec in airettum poſitarum, Inclinatio,) Sed &, propter illan ad 
ewvicem inclinationem, fi continuentur ſe mutuo ſecabunt, 


In lines Curvis, cum Curva Refte non poſſit congruere, eadem tamen An- 
logis accommodanda erit, 


Re#e 
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Refs HIK,, ſubſe L MN Semicircalus ; Cuties ſupremum punitum , 
rect.eque H 1 K, proximum, fit M: Manifeſtum eſt, tum vari as Peripherie 
partes varium reſpects ipſius HTK, reite fitum habere, tum que propius ſunt 
ad M propins ad Paralleliſmum accedere +, t Juſque proprerea in ipſo M (itun, 
Paralleliſmi inftar habendum ; rett amque 
HIK,, atpote huic fuui' Parallelam, ft re- 
rento hoc Paralleliſmo deorſum ferri inteliga- 


mus, donec in M peripherie occurrat ; non 
tam ſecabit illa peripheriam, ant ad illams in- 
clinabitur,quam ſuper ipſum M punitum 2x73; = ——_ % a 


Jacebit, Angulum wel nulluns vel nullivs Mage { . \ 
nitndinis efficiens, (pariter atque AB reita ad 20 
rettam C D demiſſa,) propter unllaw utrobique = "od 


inclinationem. (Quem nullius Magnitndinis 

Azgulum, Angulum ContaQtiis dicwnt,) Si vero ulteriits adhuc demittatur 
eadem HIK, rea; in binis ſemper punitis, ( ſed ubi alins eft Peripheriz 
fitus, ad lam rettam, quam in M fuerat) ſecabit ; Anzilles faciens Retti- 
linets vel equales wel proportionales. 

Miraris autem tu, (pag. 209.) Tantz apud Me Authoritatis eſſe 
Peletarium, ut cum eo auſim aſfirmare, [eas ſolas Lineas inclinart 
in-puncto concurſiis, que, fi producantur, te mutud ſecabunt,)] quam 
cum Euclide ſentire [' duas ___ lineas quomodocunque con- 
currentes, mutud inclinart ; five, quod idem eſt, Angulum conſti- 
tuere. ] 

Ego vero Peletarii Authoritate no moveor, (1t neque Clavii,) ſed Ar- 
gumentis, & rei neceſſitate. 

Atror antem ego te exiſtimare poſſe, Euclidem ſentire, duas quaſlibet 
lneas quomodocunque concurrentes mutud inclinari, ſeu (nt 47s) quod 
idem elt Angulum conſtituere; Ego (cum Enclide) duos caſas excipio: 
Immer ſionem & Continuationem; (propter nullam utrobique Inclinationtm, 
ſed potius Paralleliſmum.) Si feratur AB in ſfitum C D, non Angulun 
cum hac faciet (ſaltem nullius Maznitudinis.) ſed Immer ſionem : Si w itam 
DE; non Angulum, ſed Continuationem : Si ad fitum his intermedium ; 
partim immer getur , ſartim continuabit ipſam CD: 'Angulum certe non c0n- 
ſtitnet (ſ{altem non allius Magnitudinis) in ſenſu Euclidis, (qu non per Tan- 
gentium tattum , ſed per Tangentium incl:nationem , a-finit Augulum) 


cum nulla ſit concurrentium Inclinatio. Tu i ſerus ſentias , fruere tuo 
ſenſu, 

Sed & te male habes, (pag. 166.) quod dixerim ego, Recentiorum ali- 
quot m4gnos viros, & ex veteribus fortaſſe nonnullos, de Azgulo Con- 
ratthis ita locutos oſſe, ac ft haberet Anguli quantitatem , non dixerim Oranes. 
Atque exclamas, Notum eſto ac detinitum, Omnes Geometras tum An- 
tiquos tum Recentiores, veritatis & obſervantiz gratia , Euclidis fen- 
tentiz ſubſcripliſſe. .* 

« Feſtina lente, Vir Clariſſime; (quippe hec 22.27 wiizy potius ſonant atque 
jattantiam, quam Mathematicam Demonſtrationem.) Tunc Omnia Omnium, 
tum Antiquorum tym Recentiorum, ſcripta legiſti ? Omniaque thidem letFa, 
tum 4nimaduertiſti probe tum probe meminiſti?Ego certt,qui nec Omnia Legi, 
nec Ledtorum omnia Memini, eantius loqui ſoleo, Sed nec obſervantiz gran, 
ſed Veritatis & Demonſtrationum , ſoleo Geomerris ſubſeribere, Tufort? 
Clavio, obſervantie gratid; ego Peletario, Veritatis tantum gratls ſub- 

a” 
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Ouenam autem fuerit Euclidis ſententia , mondum inter te & me con- 
wvenit. Ego Euclidem ſaltem, & Apollonium , ex meis partibus ſtare 
exiſtimo. Demonſtrant utique Angulum Contacts [ ille ad Circulos , hic 
ad Seftiones Conicas) ſaltem Minorem eſſe quam infinite exiguum, (xeque 
ſpiam dicunt, aliquid habere Magnitudinis.) Qu0d autem tale eft, ego qui- 
dem (Euclidis authoritate fretuws , Def. 5. El. 5. & Prop. 1. EL 10.) Non- 
quantum eſſe exiſtimo, = | ; 

Verum quidem eſt, Euclidem non totidem verbis pro me pronunciaſſe : Ne- 
quid tamen in contrarium dicat (nedum demonſtret) caute abſtinet , tum ad 
Prop. 16, tum-ad Prop. 31. Lib. z. (quod Capite 2. oſtenderam.) Atque Ar- 
gumentis aliunde ex eo petitis, ad meas partes trahetur. 

Ceterique Graci (quantum ſeia) omnes, unoexcepto, vel de hoc negotio plane 
tacent, wel ita cante pronunciant, ut meis potius partibus favere videantur, 

Tu fi uno illo plures ex Grecis noveris, (quos ego vel non legi, vel non ani- 
madverti, vel now memini ) qui Angulum Contactis poſutive-quantuw eſſe, 
aperte dixerint : Opitulare, quaſo, neſcientie mee ; mihique benignus in- 
dica, Fieri quidem poteſt ut plures ſiot, (ideoque dixi, fortaſle nonnullos: 
E20, prater unicum, neminem uovi. 

Ex Recentioribus Latinis , plures agnusſco tecum ſentire : Non Omnes 
tamen. Quippe preter Peletarium (quem mihi, credo, conceats) Tres ſaltens 
ex tuis, San-Vincentianus, Aynſcomius, atque Tacquetus, (quos ut mag- 
nos viros predicas) ſecus atque tu ſentiunt : Atque ex alits, SAVILIOS 
ſaltem & VIETA (Viri certe tuis non minores) quibus & Fluſſatam addas 
(nobilem Euclidis Interpretem,) Qui quamwvis non eod:m modo ſe omnes _ 
diant, a Te tamen Omnes diverſa ſentiunt (atque a Clavio tuo.) Atque in hos 
ſaltem omnes conſentiunt mecum , Quod impoſſibile eſt, ut & Angulus cou- 
tactis poſitivam habeat Anguli Magnituainem,que tamen utcunque Multipli- 
cata nunquam vel minimum equet rectilineum , neaum exceaat ; & ſimul 
conftent Def. 5. Lib. 5. & Prop. 1. Lib. 10, cum Def. 3, Lib. 5. Euclidis, 

Sed & Catoptricos, ad unum omnes, exiſt imo ex meis partibus eſſe. Quippe 
qut & uno ore conſentire videntur, Angulum Incidentie & Anzsulum Re- 
flectionis equales eſſe,tum qui ad Speculum fiunt tum = ad Planum Tangene, 
Quo0l fieri non poteſt, niſi vel Anguli Contattus nullins ſint Magnitudinis, 
vel ſemper aquales : Quorum utrumvis , in ſpeculis Parabolicis, Ellipticis, 
Hyperbolicis, & (preter Spharica) curvis omnibus, tibi pariter adverſantur, 
atque pro me concludunt. 

Dum ver tu (Pag. 232.) negas, in hujuſmodi Curvis ſpeculis Auzulum 
Reflexionis Angulo Incidentie equalem eſſe : Tu certe primus es qui hoc 
dixeris, nec ers auaiondns. 

Iibi vero tu Euclidem exiſtimas (Pag. 164.) ne {yllabam quidem per- 
peram tradidiſſe : Sed nec Librarios quicquam wel adaidiſſe vel immutiſſe, 
(quod Tacquetum ſubdubitiſſe aicis, Pay. 200.) ſed erga hunc Geometriz 
parentem obſervantiores ſemper fuiſſe, quam ut ejus opus tam abſolu- 
tum quoquo modo temerare non vererentur, Pag. 204.) Ne tu homo 
credulus es atque tuna, qui hec ſentis ! (quod itaque in Theologicis minus 
mirabor.) Videris tu certe, Enclidis Codices Manuſcriptos nunquam vidiſſe ; 
(quorum vix duos reperias, qui non ab invicem multum differunt) ſed neque 
Grecum editum; Cujus editor ſepins innnit, tum Codices ſuos variaſſe (ut ne 
de ordine vel numero propoſitionum ſemper conſentiant) tum ſe nonnunquam, 
preter omnium quos habuit Codicum fidem, nonnulla immutiſſe. 

Ego certe Enclidem, ſiquis alius, maxime veneror, (nec apud eum quicquam 
ſcio cut non aſſentior ; tantum abeſt ut me negletti Euclidis inſimuliſſe a beas,) 
Az:noſco 
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Agnoſco atique-Celcbrem Geomeutram, ſed & Hominems, nec Seernore. 


Kawod were ns fyllabam poſuerit- ipſe , que poſit in-melivs mutari ; weque 
hibrariorum vel. incurta- vil andacis mutebum quicguams.: Rhetorice forſan 
dick porerit ; certe nom Gearptirice, Quippe ego non pauce, (in libris quas 
haberns) & omil(ſe, & addita, & loco mota, nullus dubito, 

.- Et quanquar mihi you weceſſe- fit; ad rew mR—_ uf bec dicam;, cum 
nihil apud Enclidem occurrat quod mihi adverſatur , (niſi tu Clavii para- 
phrafin & adaditamenta pro Ewalide bebeas-; }) Tui ramey vel maximt intereſt 
hec dicere, Nifp enim &'. 5. Def. 5. & 1. Prop..y0,, obbterentur , tus 


conft are nax paterunt. 


Sed C3 ego tibi permitto, ut Quantitatem rotund? appelles. Quo werbs nuxe 
wulgo dicimus , quod Enuclides' ply. dixerit. Cum enim Anguli font ad 
envicem Rat ionam capaces ;, eriam uryidn divends erunt, per 3. Def. 5. El, 

Ad Prop. 6: Egottbi non concedo, eum Angulan majorem ſtatino eſſe, cuju 
crura, poſt aliquam a punito concurſis diff autian, mages divaricantur ; (ma- 
nifeſtum utique eff, Acutum rettilineum, minorens fc futurum Angulo Con- 
zaiths :) Niſt, retents ea que in concurſu fuerat direttione utrinſque, idens 
fiet. Rationes ego in meis Cap. 3. & 4. ttuli ; Net opus eſt ut hls repe- 
tam; cum tu nibil his affers quod eorums wires imminuar. | 

Adeoque & Prop. 7. Ut falſam rejicia: Taiſque Gregotto & Ayn- 
icomio hattenw ſaltems aſſentior, nt ile dicars Angulo Conta&ts 
poſitiviam Magnitudinem conceſſums iri, quin Geometrica Principia de- 

{truantur. ( «t autem aliis Angulis vera Magnitado concedatur , nihil 
impeast.) Eortmque Argument aciem (qua probant, Semvicirculorum onniunm 
Angulos equates eſſe, adeaque & Contattits Angulss wel ſaltem equales eſſe 
wel potius nullius Magnitudinis) tu nullis Virieus bt updes. 

d atique tw opponis (Pag. 177.) Inexhanſtionidus , («bi plus qudm 
aimidium aufertur, atque ex ho, Yu quam dimidium, atque fic deinceps) 
ſubtrattiones ill.cs , non pro ſuo Demonſtratoris arbitrio, ſed arbitrio Adver- 

farit iniri debere : Ridiculum eſt ſophiſms. Quotuſquiſque ( queſo) eſt , 
ex Demonſt ratoribus per exhauſt ones , qu Adverſ arinm conſult, quo pacto 
welit ille ablationes fiert? Num Archimedes, i» Dimenſione Circuli ? 
vel iy Quadraturi Parabolz ? vel de Spheri & Cyliadro ? vel uſpiam 
alibi, hoc facit ? Num Euclides? Num I alius, ſeu veterum ſeu 
recentiorum ? A page has ineptias ! Conſule Iu primam decimi Enclidis , & 
diſcas inde exheuſtiones incunds methoduns. WA 

Prop. 8. Duz Magnitudines inzquales, quarumdiſcrimen tale eſt , 
ut quantumliber Multiplicatum neutram potht ſuperare vel adzquare ; 
nullam inter ſe rationem habere poſlunt.: Si pro nullam inter ſe ratio- 
nem habere poſſunt ; 4ixiſſes, ſunt impoſſibiles; wera fuiſſet propoſitis ; 
quam demonſtrifſes ex Prop. 1. El 10. Sed prout ts illam enuncias, abſur 
eſt, & ſui deftruttiua. IJ : 

Quippe que Magnitudines inzquales ſu»t , Rationem habent. Joſs 
enim inequalitas eſt ratio, | *TrGs 

Ipſaque dleruns Differentia (quod ts Dicrimen v9cas) qus alters ahteram 
ſuperart ; Homogeneas eſſe indrcat. Heterogemes quippe inter {6 now con 
parantar : Vel dic th, fs palfis, quo exceſſw, Hora Temporis, ſuperat Libram 
Ponaers ? 


Neque 


d Prop.s .Concedo'tibly Angulo competere Quantictatum AﬀeRianes :; 
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Neque aliud ſupponit Euclides , ( Prop.1. EL. 10.) quam ut Magn 
tudines fint inzquales , quo affirmet , tus iplas, tum ut exrum per 0r- 
tinuas ſubduttiouem ortas Ditferentias , ita Mwltiplicays poſſe ut atrienvis 
ſuperent. Quippe fiinzquales ſint, Rationem habent ; adeoque per 3.Def.5, 
ſunt Homogenez , ( tum 1pſe quiaem , mum partes [u)--adtogue porerie 
utriuſuis quelibet particula ſi Moaltiplicari',”” tt reliquam ſuperet , per 5. 

ny per j Def. 5. Non per poſtulatum lib. 10. ' \Quippe quod ri 
1m mores libri decimi poſtulatum, #ox Euclidis ef, ſed Clavit, poſt ula- 
tum: Et quidem plane ſuperfluum. Continetur utique in 5, Def. oo 
Et non i ob hanc definitionem' perperais © intellettam, a Clavio -in- 

ertum. | UID I 2 
E Dumt vero tu Propoſitionem \, nt 4 te propoſiram , in lineis demonſtrave 
ſatavis., - operam  ludis. Impoſſivile utique eft ; "ut ſit lines pays aliqus 
(niſi tu Punttum wis eſſe Partem linez) que vel ad totam wel 4d reliquam 
{ Homogenea ad Homogeneam ) non habeat Rationem , wel ctiam tantills 
ſt, wr non poſſit multiplicata totam ſuperare : per Prop, 1. 10. vel 

; Df: Se | EC: — 0 
' Luodque tu San-Vincentianum & Aynſcomium ſb: perſuaſum habere 
dicis , Duas quaſlibet Magnitudines, quibus competit inter ſe compa- 
rari ſecundum- majus & minus, eo ipſo. rationem aliquam inter ſe 
habere , ade6que debere, per Def. 5:'ſe-mutuo ſbperare fi ſzpius 
repetantur : Omnino verumeſt, - Quodque tu in contrarium profers, nullins 
eſt momenti. Bell ; : 

Illud ſpeciatim quod habes , de Homogenets quoad quantitatem , ſed 
non quoad-rationem ; habers forſan poſſit inter Sophiſtarum Iozoumnyin; 
acuta diſtinitio, (ubi verbs tantum agitur) ſed non iwGeometrarum ſchole ; 
ubi non nuda vocabula, ſed rerum pondera & demonſtrationes ſpettantur. 
Nam eo 2 quod ſint , quoad quantitatem Homogenea, rationem habent, 

39 2 or 
4 = inzqualia efſe , ec ramen Rattonem habere, eſt contradidtio in 
rermins. (Niſt quo ſenſu nihil & aliquil ſunt inequalia.) | 

Item Datis Magnitudinibus , datur” eorum Ratio , Dataque Ratione 
Totins ad Partem ſuam , datur ejuſdem & as, Reliquam Ratio ; per 1. & 5. 
Datorum Euclidis. ts 

Item Angulus Rettus ad Angulum Semicircuti, etiam te judice , rationem 
habere debet , ( per 5. Def. 5.) quoniam ntervis ita multiplicari poteſt ut 
reliquum ſuperet : Sed & per tuam hanc, Prop. 8. Rationem non haberet, 
ut pote quorum differentia (quam tu facis Angulum Contaiths) non poteſt its 
> x ron ut utrumvis ſuperet, Habebit igitur, & non habebit : Quod eſt 
Abſurdum. 

"omg 9. Vera eſt, Si A ad B rationem habeat, atque B ad C, etiam 
AadC, rationem habebit, ſed & ad B-|- C. (ſunt utique omnes Homogenes) 
Sed muhi non officit. | 

Prop. 10. AnguliSegmentorum ſimilium nullam inter ſe rationem 
habere poſſunt : Falſa eff, Sunt utique eAiquales, YQuod quidem, in 
Circulss Aqualibus ;, ipſe fateberts. Ego etiam in Circults inequalibus affirms : 
Nectu potis eris refutare. (Propoſitiones utique precedentes aliquot unde hoc 
iufers, nihili ſunt.) Sed & poſſunt multiplicati ſe mutuo ſuperare : Ergo 


ratisnem habent ;, per 5. Def. 5. 


Prop. 
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Prop. 11. Anguli duorum ſegmentorum inxqualium ejuſdem Cir- 
culiz & ſegmentorum diſhimilium in Circulis diverſis; rationem inter 
ſe habere non poſſunt : Falſa eſt; Poſſunt tique multiplicati ſe tmutuo 
ſuperare : Ergo Rationem habent ; per 5. Def. 5; Demonſtratio tua niþilt 
eſt ; quia futilibus ſuperſtruitur. : : 

Prop.” 12. & 13. Vere ſunt : Sed mihi non officiunt, 

Prop. 14. Que Definitio eft : & Prop. 15. Que illi accommodatur: ſatis 
inter ſe conveniunt : Sed non, cum aliorum loquenai formulis, Sed mihi 
nos officiunt. 

Prop. 16. Nullus Angulus diverſz ſpecitt lineis comprehenſus, ad 
alium quemvis Angulum, Rationem ullum habere poteſt ; Omznino falſa 
eft : Tum quia pry rſtuitur , tum propter 5. Def. 5. Certum utique 
eft, ita multiplicari poſſe utramvis comparatorum, ut retquum ſuperct. 

Vides itaque, quam ampla ſeges propoſitionum falſarum, (etiam contra 5. 
Def. 5. tuo ſenſu intellettam) ex infelict tuo lolio pullulaverit. Tuo, inquam: 
Luamquam enim Clavins thi in aliquibus pretverit ;' non tamen ſuſt ixuit 
ile tot monſtra proferre. | 

Dic igitur im poſterum, quod omnino ditendum eſt; Anguli Contadtus Mag- 
nitudinem nullam eſſe : atque videbis hec omnia monſtra protinus diſparere, 
ommiaque in Geometria belle convenire. 

Vel fi tu id malis, dic eſſe Minorem quam infinite-exiguum ; «#pore 
minimo poſſibili Reftilineo minorem; (quod ab Enclide demonſtratum eſſe , 
ne tu negaveris ) quod mihi perinde ſatisfactet. Quippe, quod demonſtratum 
eſt, minus eſſe quan inſinite-exiguum, haberi ſolet pro non-quanto, unde tots 
Exhauſtionum dottrins pendet. 

Vel etiam, (quo tibi maxime faveam) ſi circulum haberi vis pro Polyzono 
Rettilineo laterum numero-infinitorum ; & 1 angentem, pro retta per Poly- 
gont Angulum tranſentite, rette ab ejus Centro Perpenaiculart : Dic Angu- 
lum Contattis eſſe, Infiniteſimam partem duorum Rettorum: (ſeu 2 R.) 
Quippe tantus erit uterque Angulus externus contattu illo fait us ; per Cat- 
culum a me, Cap. 12. inſtitutum. ({Juo tamen minor eſſe debet ," cert* non 
major, Angulius Contattiis Circuli.) 

Verim i tu boc dixeris ; dicendum etiam erit, Peripheriani Citculi nou 
habendam pro uni lined in dirett um continuata, (prout tu, Pag. 221.) ſed, 
rotidem Angulorum eſſe quot eſt Laterum : Hoc eſt, in quovis Peripheri e pun- 
fo Angulum conſtitui, equalem duobus re&is dempri intinitelima parte 
quatuor rectorum, (/ &. 2 R—Z3SR.) Quippe tantw erit quilibet Angulus 
iſtins Polygoni, 

Sin tu welis (ut Pag, 221.) ut hee Traumiduyuriz, it Prripheria, eva- 
neſcere cenſeatur in Non- Angulum,ſed continuatn ejuſaem lines diretionem, 
(pariter atque cum duo crure Anguli Reftilinei explicata, ceſſante Angulo , 
fiant continua retta : ) pariter cenſendus erit externus ille Contattus Angulus, 
quaſi complicatis crurit us, etiam in non-angulum, ſeu Angulum nullits mage 
nitudinis, tranſire, Dumque Peripheria pro und continuata lines cenſeatur; 
cenſendus erit Augulus Contatths pro non-anzulo. | 

Argunienta mea non repeto; ( ex Trattatu meo de Angulo Cortattis 
petenda) ut que adhuc inconcuſſa manent , nec opus habeat ut d-nuo ſtatumi- 
nentur. Nam (preter quaſdam verborum —_— que nulligs moments 
ſunt, neque reſponſionem merentur) totum illud, quod tu contra eorum altqus 
(omiſſis rel:quis) movere ſ[atagis, hoc unico nititu# fundamento, Quod (ex 5, 
Def. 5. perperim intelle& 4) exiſtimet, Magnitudinum invicem Homoge- 
hearum (ctiam finitarum) alas habere, alias non habere, rationem ad 
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invicem. Quod quidem fundementum, cum in precedentibus ſubverſum ſit, 
plurimiſque abſurdis gravatum , que tu ut juſt «s inde conſequentias deducis ; 
que huic ſuper ſtruuntur, ſimul ruunt. 

Sed nee Argumenta nova ſuperaddo (que tamen in promptu ſunt ) utpote 
ſupervacanda , cum res ipſa jam abunde ſit confecta, 
Hanc #nam tamen, de novo, adjunjam demonſtrationem, 


Curvans quamvois A E, reita contingens AT, Angulum Contattis faciet 
EAT ; qui immotus maneat. Atque huic congruus , motu continuo ferrs 
intelligatur, a ſt« CAR, per DAS, ad E AT, porroque ad F AV, 
Manifeſtum eſt , ( propier Angulos Curvilinees CAD, DAE, EAF, 
equal. s rettilines RAS, SA T, T AV, ) quantumhoc mo'urette 4 R, 
demitur angulo R A T , tantum motu curve A C continuo d:mi angulo 
C AT: totiſque tandem demptis , tranſitum iri ad angulos ex contraria parte 
poſuos, ut TA V, TAF. Fiet autem hic tranſitus (ab angulo 4 ſiniſtr4 ad 
angulum a Dextra ) totis demptis , vel eodem utrobique momento; adeogue 
{propter «quales utrobique ablationes ) equales ab initio furrint CAT,RAT, 
(utpote equalabus ablationibus abſumpt:) & propterea C A R nullius magni- 
tudints ;, (quod nos dicimus) wel non codem momento. Quo autem momento 
AR ad AT pervenit, ( Adeoque AC ad AE) exhanritur angulus RAT: 
Si antem non eodem memento exhauritur totus C AT ; eſto hoc paulo ſerigg, 
(quippe citius fiert, ne tu dtxeris) retta A R exiſtente in A X, (quippe rettam 
AT tranſiiſſe, neceſſe erit , cum ſerms fit quam dum A R furrit in AT) 

& ACin AG. Erit igit -r angulus CAR ſeu E AT, (quo CAT ſuperat 

redilinum R AT) equalis ipſh EAG, ſeu T AX: Angulus Contatths , 

reftilineo; Quod eſt abſurdum. Eodem ig itur memento fit utrobique tran- 

ſirus : Adeoque angulus Contatths eſt nullins mapnitudinic. Quod erat de- 

monſtrandum. 

1u interim vir Clariſſime , £quo animo feras velim, quod non 'iniquo 


raptim exaravi. 
Vale. 
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CHAP. IV. 
The ſame further illuſtrated. 


Have ſhewed, in the foregoing Chapters, That the Angle of ContaF# ( as 
it is wont to be called) is of no Magnitude, (and not a part of the ReCtis 
linear Right-angle, ) from that general Principle , That »0 Pare of any 
Magnitude can be ſo ſmall, but that tt may be ſo Multiplied as to equal or exceed 
the whole, Which is by Exclide direttly affirmed, at 5 def. 5. and front 
thence, aſſumed, at 1. Prop. 10. And is admitted by all Geometers, who allow 
the method of Exhauſtions to be good Demonſtration. 

And conſequently, The Angle of the Semicircle is not a Part, but the whole , 
of the Rettilinear Right-angle: And therefore, the Angles of Semicircles, are all 
equal each to other; in like manner as the Angles of other Like-figures ; (and 
in caſe the reſpective Angles be not equal, the Figures are not Like.) 

And I doubt not, but, after a while, (when men ſhall haye had time to lay 
down their prejudice; or, another Generation ſhall ariſe, who are not pre- 
polleſled, or pre-ingaged ;) this will be as generally received, as now it is, That; 
all Spheres and Circles ( great or ſmall) do, equally, touch a Plain, but in a 
Point. (Which, however it ſeem ſtrange to rude apprehenfions, no Geometer 
makes doubt of.) Or, that there are in nature Aſymptote Lines which do cons 
tinually approach , each to other, even ſo-as to be nearer than any le 
diſtance, but will never meet, how far ſoevet continued. (Which, how e 
{0 ever to vulgar apprehenſions, is owned by all Geometers. 

But (ſo great 1s the of prejudice) this, ( however demonſtrated ) 
doth (with many men) look like a Paradox to ſenſe; For, ſay they, how comes 
the Curve AB or AE, to fly off from AP, or from one another, if they make 
no Angle-with AP, or with one another. 

I ſhall endeavour, therefore, to take off this prejudice, by explaining the 
true notion of this apparence. 

This, I ſay, comes to paſs by Flexion, not by Frattion ;, that is, by Bowing 
not by Breaking , which I thus explain. 

A ſtreight-line as APp, which we may ſuppoſe in a p 
Perpendicular. poſition to A C, may cone to change its 
poſition ,: as from Perpendicular to Parallel ; ( as to ſome 
parc of it) either by a Break, as at Bz or by more ſuch, 
asat D E;. (making ſo many Angles, as there are Breaks ;, 
( each part tetaining its own Rreightneſs as' before) or 
(without any Break) by one continued Bowing, as AF. 
After which FG, EH, BI, (if there be no further 
Breaking or Bowing) remain Parallel to AC; but Ap, 
Perpendicular as before. * *. 

Now, in caſe of Breaking þ there be ſo'many Angles, 
as there be Breaks: And every of thoſe interaal Angles 
is equal to two Right-angle, wanting the external An- 
gle; which external Angle , ſhews, how-wuth.the Line 
( by ſuch Breaking) doth there dechne frord its former | 
Direction. And all thoſe external les, together taken, (be they one or 
more, many or few; equal, Ge ), meaſure the whole Declination from 
the firſt poſition: Which, in the preſent caſe, is one Right-angle. (For ſomuch 
doth the Parallel decline from the Perpendicular.) 

But, in caſe of Flexion, (wheterhere is-f6 Breaking,'to make an Angle; but 
one continued Bowing,to make a | wing 1s (as tothe Declination) 
Equivalent to thoſe Breakings ( ont or-mefe) which would have brought it to 
ſuch Declination as now it hath. And all zhe external Angles D, E, ( be they 
few or many) or one, as By (equal to _ all ) is the meaſure of Flexion = 
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that whole Arch AF; namely, how much (by ſuch Bowing) it is DefleCted at F, 
from the poſition, or direction, which it had at A, Which DefleCtion, is juſt as 
much, in like Arches, whether of greater or leller Circles. 

Now if we confider ſuch Circular Arches, as ifiade up of a certain number 
(finite or infinite) of ſtreight-linesz and the whole Flexure or Bowing of a Qua- 
drantal Arch (as here) Equivalent to one Right-angle; and that Flexure uniform 
(as ina Circle it is) we muſt then allow to each Point of Flexure, ſuch a Pro- 
porticnal part of one Right-angle, as is denominated by ſuch number (finite 
or infinite) as is the number of parts ſo ſuppoſed z and therefore, if infinite , 
2 R, a Proportional part, (of a Kight-augle) infinitely ſmall: And ſuch will be 
the Angle of ContaCt (at each Point) in ſuch ReCtilinear Polygone, whoſe Qua- 
drant conſiſts of an infinite number of ſuch ſtreight-lines ; and ſo much will the 
Internal 2ngle (at each Point) want of two Right-angles: 

But if we conſider ſuch Circular Arch - indeed we ought) not made up of 
ſtreight-lines (tho infinitely many) but of one continued Curve-line ( without 
Fracture or Angle) whereof not any the ſmalleſt part is ſtreight ; then muit the 
internal Angle be none at all ( becauſe it is one continued Line, tho a Curve) 
and conſequently, the external Angle (which is that of Contatt) muſt vaniſh 
too, (by Immerlion, as that other doth by Continuation.) And as (by ſuch 
continual Flexion ) each Point of the Curve doth obtain a new Direction ; 
ſo is the Direction, at every Point, the ſame with that of the Tangent at the 
_ Point. The Direftionof A, is that of AP; and the DireCtion of F, that 
ol F G. 

But, if AF make no Angle with AP, how comes it (ſay they) to fly off 

it ? 

I fay (as before) not by Frafture, ſo as to make an Angle with it; but, by 
Flexure, ſo as to make a Curve Line. And certain it is, (by the demonſtra- 
tion of Exclide,) that a ſtreight-line may be drawn to the Point of Contaft 
which ſhall leſs fly off from the Tangent AP, than doth the CurveA D, and 
yet ſhall make with it a greater Angle. So that to argue ſimply from the De- 
flexion (after ſome diſtance) to prove an Angle (at the Point of Concourſe) is 
no ſound argument. 

But, if ( as was ſaid but now) this Deflexion be juſt as much, whether in 
greater or leſler Circles; How comes it to paſs , that in leſſer Circles, the 
Curve doth more flye off, than in greater ? 

I anſwer, becauſe the leſſer Circumference is more crooked. For it hath as 
much of Curvity, in a ſhorter length. And therefore , tho, as to the Quantity 
of it, there be (extenſively ) bur juſt ſo much, (rantundem Curvitat) yet, as 
to the Quality of it, it is (#ntenſius Curva) more crooked intenſively; that is, 
it is ratably (or proportionally ) more crooked. Juſt as when we ſay, Lead 
is heavier than Wood, ( tho perhaps there be juſt a Pound of each) that is, 
it is ratably heavier, or Bulk for Bulk, (which is now wont to be called, the 
Specifick Gravity) or, as the Schools were wont to ſay, it is heavier Intenſive- 


ly, tho not Extenſively. 
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I ſhall explain both by the foregoing Figure. Let LF, LG, or LH, be a 
Regular Polygon ; ſuppoſe, a Hexagon: CL a Perpendicular from the Center 
to one of the ſides; and LM the continuation of that fide: Making (as at B) 
an external Angle. It is manifeſt, that CL is Perpendicular to LB; and 
conſequently to LM, and makes the Angle CLB, or CLM, a Right-angle ; 
and BLM, no Angle at all.  ( Becauſe the Direttion LB, is juſt the ſame with 
that of LM.) Yet doth the Perimeter LBH (after a while) fly off from LM: 
Making B an external Angle: It is manifeſt alſo, that LG, LF, do in like 
manner fly off; and ſooner than L H : (Becauſe thoſe are like Polygons, but 
leſſer : ) But the external Angles, are (for Number, and Magnitude) the ſame 
in all; (and therefore, in all , the ſame quantity of Declination, from the 
firſt Poſition) Yet may the Perimeter of the leſſer Polygon, be juſtly ſaid to be 
. (intenſively) more Brokenz becauſe there is as much of it in a ſhorter length ; and 
leſs intervals between Angle and Angle; and therefore broken into ſhorter pieces. 

Now. if to any of theſe, as LF, we Circumſcribe a Circle A F * ng 
by Ain CL produced:) It is manifeſt, that the Tangent A P, is Parallel to LM : 
And that if therein a Polygon of more ſides be in like manner inſcribed; the 
fide of ſuch Polygon, mult fall between LM and AP, and Parallel to both 
of them: And the greater the number of ſides is in ſuch Polygon; the ſhorter 
will be ſuch ſide, and the nearer to AP; and the leſs will be the external 
om ( fich as B.) So that, if we _—_ the number of ſides infinitely many 3 
ſuch ſide muſt be infinitely ſhort, and infinitely near to A, and the external 
Angle infinitely ſmall; but the Direction (or tendency) of ſuch fide (how ſmall 
ſoever) and the production thereof, muſt ſtill be the ſame (that is, Parallel $0 
LM, or AP:) And thus, fo long as ſuch fide is ſuppoſed to retain any thing of 
Rectitude how ſmall ſoever. | | 
* But if then (which is our caſe) ſuch ſide (infinitely ſmall) be ſuppoſed further 
to degenerate into a Point, and that Polygon into a Circle, that Point muſt be 
A, and the DireCtion thereof (with the Production of it, according to ſuch Di- 
rection) muſt-now be (not only ina Parallel poſition to AP, as are all the reſt) 
but Co-incident with AP; and the Angle of ContaCt ( anſwering to BY) which 
was, before, infinitely ſmall, muſt now be nothing. So that now the Polygons 
Internal Angle is extinguiſhed by Continuation: (equivalent to two Right-angles.) 
And the external Angle is extinguiſhed by Immerſion ( or ' Coalition of the Legs 
conſtituent) equivalent to No-angle. And CL muſt now make the ſame Angle 
with the Perimeter of the Circle at A, as it had done all along with the Peri- 
meter of the Polygon at L. 

That Relſilition therefore, or Flying off, which we ſee in the Curve AF or 
AD, from the Tangent AP, is not an effedt of any Inclination or different- 
direCtion (which is eſlential to an Angle) of that Curve at the Point A, from that 
of the Tangent : (for it is the ſame:) But of the Curvity or Flexure of the Curve, 
which doth in every Point change his direCtion. br 364 | 

And conſequently , (which is the other thing I was here to explain) according 
as the Curve is (intenſively) more or leſs crooked; ſo is ſuch deflexion or Reſili- 
tion more or leſs conſpicuous, 

Hence is it, that thoſe who take ſuch Reſilition or Deflexion to be a real Angle; 
willtell us, that the Angle of Contatt DAP (of the tefler Circle) is greater than 
EAP; and this, greater than FAP: Whereas they ſhould rather ſay, that the 
Curve DA, is more crooked than E A, and this than F A; and doth therefore 
more fly off from the Tangent AP. (For, as to the Angles, they are all equally 
nothing. But as to the degree of crookedneſs, there is great difference : For the 
ſame quantity of crookedneſs in a ſhorter-line , makes a greater degree of crooked- 
neſs; like as the ſame quantity of Heat, ina leſs quantity of matter, makes it more 
intenſively hot, or gives it a greater degree of Heart.) : 

But if, inſtead of AP a Tangent, we take AS a Secant; the caſe is then ſome- 
what altered. Forthenis SAD, or SAF, areal Angle; (equalto SAP.) And 
that Reſilition is partly by deflexion of AD or AF from AP, and pattly from 
the Inclination or different direftion of AS or A D (which is the ſame with that 
of AP) from AS. Every Line which Cuts a Curve, making the fame Angle 


with it, as with the Tangent at that Point. 
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CHAP. V. 


Concerning Compoſition of Magnitudes. 


HE diſcourſe of Curvity (in the Chapter foregoing) in relation to the 

Angle of ContaCt ; gives occaſion to a further inquiry into the Na- 

ture of it. The want of which hath occaſioned that difficulty which 

many have apprehended ia this matter. And the better to clear this, 

it will be convenient to conſider of Magnitudes (ſomewhat Meta- 

phyſically) and the different kinds thereof, as they fall uncer a Mzthematical 
conſideration. | 

The Subjet of M:.rhematicks, is commonly ſaid to be Quantity. And, to 
Geometry in particuiar , we uſually zfſign Continual Quantity , which conſiders 
how much ;, and we give it the name of Magnmrude, To Arithmetick , we ailign 
Diſcrete Quantity, (or Diſcontinued) which conſiders how many; and we give 
it the name of Aauuitude or Number. 

But they are not ſo confined, each to its own Subject , that but they do often 
intermingle with one another. For Magr.itudes (and the parts thereot) are num- 
bred as well as meaſured: And, contrarywiſe , we ſcruple not to ſay , a great 
Number, a great Multirude, a great Many ;z and conſider of Numbers as Great 
and Little, as well as other Magnitudes.. And accordingly, we find Euclide's 
Geometry ( good part of it) imployed about Numbers: And, contrarywiſe, 
Arithmeuck ( according to the Latitude in which now a-days we uſe that word) 
goes a great wzy in Geometry. ; 

It is true, Arithmetick was anciently uſed in a more reſtrained ſenſe, and 
confined to (what we now call) Whole Numbers. For Unite ( words): was then 
conſidered as undivided z and Number (d4e9d) as made up of ſuch Units ( worddwy 
Tait& ) one or more: Which therefore could extend only to Integers. And 
when they came to- divide an Unit into parts (as, in what we call Fraftions 
or broken Numbers) this was called (aox-au1 ) Logiſtick, as contradiſtinguiſhed 
to Arithmetick. As we find in Extcc;*4 and other Greek Authors. 

But when as, now a days, we extend Arithmetick, not only to Fractions, but 
to Surds alſo; and even Diophantws's 1 reatiſe of (what we now call) Algebra, 
is intituled ( dyurnx&r B:8ale.) rerum Arithmericarum libri; and (what we call 
Specious Arithmerick,, pretends in a manner to whatſoever is capable of Propor- 
—_— is hard to ſay, what bounds can be ſer to it; or, to what it may not 
ext 

Magnitude, which is aſſigned as the Subjeft of Geometry , is underſtood 
principally of thoſe three more ſignal Species of continual Quantity; Line, 
Surface, and Solid. But 1s not confined to them: For it extends alſo to Time, 
Weight, Strength, Motion, Celerity,. Acceleration, and many orher things 
beſide what is properly called Magnitnde. 

And in Euclide ( wix#8@ ) Magnitnde is uſed in' as large a ſenſe as what we 
now call Quantity. That is, for any thing wherein we can conlider Whole and 
Part, Equal or Unequal, Greater or Leis. For , wherever there is Greater 
and Leſs ( wor and weiwv) there maſt needs be (444@.) ſomewhat of great- 
neſs. And ſo is Exclide every where to be underſtood. 

As to thoſe ſignal Magnitudes or Quantities (before mentioned) Line, Surface 


| and Solid ; which are eſteemed as the priacipal Subjetts of Geometry , they are 


therein conſidered, not only barely by themſelves, but according to the ſeveral 
Aﬀections or Accidents appertaining to them. (For ſo, in ſpeculative Sciences, 
we are taught to conſider of the Subject, Principles, and Aﬀections: That is, 
the Subject of which they Treat; the AﬀeCtions or Accidents inent to that 
Subject ; and the Principles from whenceſuch AﬀeCtions proceed.) Suchas Figure, 
Angle, Poſition, Equality, Similizude, and the like 3 which are Aﬀections apper- 
taining to thoſe Magnitudes. | 

| So 
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So that , though the proper SubjeCt of Geometry be quantity, yet in parſu- 
ance of that Subje& , we preſently paſs over from (what they call) the Predica- 
ment of quantity, to that of quality, Relation, Situation , aid others as there 
ls occaſion. 2 

Thus, though Line, Surface, and Solid, be properly quantities z yet fo fo6n 
as we came to Streight, Crooked, Plain, Concave, Convex, Round, Square, 
Triangular , Spherical, Conical, Cubical, and the like; all theſe are quanti- 
ties: As —_— to (what they call) the fourth Species of quantity : Which 
is Form and Figure; that is (as we uſe to ſpeak) Shape or Faſhion. And when 
we come to Angles, Right, Oblique, Acute, Obtuſe, Ere&t, Sloping, Incli- 
ning, Reclining, Declining, and the like; we are then got into the Predica- 
ment of ſite or Poſition : For theſeare but the ſeveral Poſtures of one Magnitutie 
to another. And when we come to Equal, Unequal, Like, Unlike, and ſuch 
as theſe; we are in the Predicament of Relation. And even Ration or Propor- 
tion, Euclide himſelf ſcruples not to refer to quantity ; 'tis, he ſays (mid $105) 
qualiter ſe habent ;, as being indeed a Quality of compared Quantities, And this , 
as well as Angle, may be reduced to the fourth Species of Quality. For Propor- 
tion and Poſirion are the chiet conſtituents of Figure, and the varieties hereof. 

For inſtance, when we conſider of a Field as containing an Acre of Ground 
this is the quantity of it. (And according to ſuch conſideration, Magnitudes 
are ſaid to be Equal or Unequalz which is an appurtenance of quantity, or a 
Relation founded in Quantity.) But when we conſider of the ſame Field: 4s 
Round, Square, Triangular, Plain, Hilly, or the like; this is the quality of 
ſuch Quantity ; that is, the Figure of it. ( And according to ſuch contideration 
Magnitudes are faid to be Like or Unlike ; which is an appurtenance of quality, 
or a Relation founded in quality.) So that the ſame two Magnitudes may be 
Equal, but not Like; or Like , but not Equal: The one deſcending on the 
quantity , the other on quality ( 7% x34) or Figure of it. ' 

But then again, quantities have their qualities, ſo thefe qualities may 
have their quantities alſo ; according to which they be capableof meaſure, 
as other quantities are. Heat is a quantity, but there are degrees of 
Heat, according to which one Body may be hotter than another, ( and that 
in very different proportions) and is, in that regard a quantity, capable of 
meaſure, as other quantities are. $So Weight or Heavyneſs, is a quality ; 
but it is alfo capable of more or leſs; and, in that regard, a quantity : An 
that Extenſively, (as a Pound is heavier than an Ounce) and Intenlively, (as Lead 
is heavier than Cork) and is capable of Proportions in both conſiderations. 
Celerity in Motion, is a quality z yet hath its quantity alſo, according to which 
one Motion is ſwifter than another; and in ſuch a Proportion. Crookednefs in 
a Line, is a quality ; yet hath its quantity alſo; whether extenſively conſidered 
(as a Semicircumference hath more of Crookedneſs than a Quadrant) or mtenlively, 
(as alike Arch in a little Circle is more crooked than in a great Circle ) andboth 
are capable of proportion, as other Magnitudes are. So Angle, or Inclination, 
(whether we call it a quality, as appertaining to Figure; or a Polition, as aps 
pertaining to ſite) yet hath its quantity alſo z according to which one Angle , 
or degree of Inclination , is greater or lefs than another ; and in fuch proportion 
greater or leſs. 

This I do the rather inſiſt on, to remove a miſtake which I find ſome have been 
liable to; as if a Demonſtration , otherwiſe good, might be ended, upon pre» 
tenſe that the thing under conſideration doth not primarily belong to the pre- 
dicament of quantity, but to ſome other, ſuppoſe Quality , Situation, or the 
like. As if, fox inſtance, the Laws of Proportion (which will hold good in Lines) 
were not of force as to Angles, becauſe Angle (or Inclination) belongs primarily 
to Figure, or Situation, not to quantity. And the like of Celerity, Curvity, 
Heat, Force, Weight, &c. which all are quantities. For, to what ever Pre- 
dicament the thing ( of its own nature) do primarly belong ( whether of Sub- 
ſtance or Accident) yet ſo far as it is capable of meaſure, it belongs to quantity ; 
and what ever may be conſidered as Greater or leſſer, muſt needs have fome 
wat, ſomewhat of Magnitude, according to which it is capable of being ſo 


compared. And muſt therefore be liable to the ſame Laws that other —_ 
| tggey$ 
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tudes are. For an Angle of 4 Degrees, is as truly the double of an Angle of 
2 Degrees; as is a Line of 4 Inches, the double of a Line of 2 Inches: Not- 
withſtandiu;, that Line is Quantity in the trictelt ſenſe ; and Angle, a Situation or 
Poſition : ( Not one of the lignal Species of Magnitude.) And the like of other 
Argumentations. | : 

Having thus ſettled the notion of quantity or (as Exclide calls it ) Magnitude 
(or Muchneſs ) we are next to conſider of the Compoſition of two or more Mag- 
nitudes, and the Reſult of ſuch Compoſition. 

Where, by Compcſition, I do not mean (as that word ſometime ſignifies ) 
Addition: As, when Length added to Length makes (a greater) Length : (ſup- 
poſe, two Yards addc | to one Yard makes three Yards) for here the kind of 
Magnitude is not varied ; it is but Length ſtill, tho a greater Length. 

Nor do 1 mean Multiplication, properly ſo called; that is, Multiplication by 
Number ; ( as when a Yard Multiplied by 3 , becomes 3 Yards or the '1riple of 
a Yard) for this is but a Compendious Addition. Ir doth not give a new kind 
of Magnitude ; bur, a Magnitude ot the fame kind in a given proportion. For , 
3 Yards is but Length, as well as 1 Yard; but in a Triple Proportion. And 
a Pound is but Weight as well as an Ounce; tho.in the Proportion of 12 or 16 
to 1- And an Hour, a Day, a Year, are all bur Time, tho indifferent pro- 
portions. ; | 

But i mean, that which is wont to be called dultus magnitudints in magnitudinem ; 
the Drawing ( of Magnitudes ) into ſome Magnitude other than Number ( or 
than ſomewhat Homogeneous to Number.) For tho Ducere and /Aulriplicare 
are oft-times uſed promiſcuouſly one for the other : Yet the notions are in them- 
ſelves very diſtinct. For, to 44ulriply, gives only a new Proportion , not a new 
Dimenſion : As when, a Mile Multiplied by 100, becomes 100 Miles; which is 
but Length ſtill, it hath nothing of Breadth , or ſuperficial Magnitude; and 
this, however Multiplied , will never-make an Acre. But dxcere to draw iutoa 
Magnitude , doth not give a new Proportion of the ſame kind of Magnitude 
but gives a new Dimenſion, and thereby creates a Magnitude of another kind. 
(Being as it were a ſuperferation of one Magnitude upon another.) As when Lengrh 
drawn into Length , produceth Ereadth , or ſuperficial content. Thus, it to 
40 Poles of Length, we give a Breadth of 4 Poles, this makes an Acre, of Su- 
perficial Content z which is a Magnitude of another kind from - either of the 

Components. For they were, each 


40 P of them , but of one Dimenſion, ( as 
4? | x4P is a Line) this of two Dimenſions, ( as 


40 ? 160Pq. as is a Surface.) And we commonly 


expreſs it thus, 40 Poles drawn into, - 
or Multiplied by, ( not 4, but) 4 Poles, makes 160 Square Poles , ( or 160 
Poles of Square meaſure) which is an Acre of Ground. That is, 40 Px4P= 
160PP, or 160 Pq. 

Now, as to ſuch compoſition of Magnitudes ; tho, as to ſome kinds of them, 
there may be a ſtint in nature, beyond which they cannot preceed; yet, as to 
their Mathematical Conſideration, (which conſiders them abltraCtly trom matter, 
only as ſo many Rations compound) we are not limited. 

Thus, in Magnitude (properly ſo called) we conſider of a Point A, as having 
Poſition, but no Magnitude; and therefore may have place in the Predicament 
of Ubi, or Ss, (we may ſhew where it is, or how ſituated in reference to ſome 

other) but not in the Predicament Qwarr;ty; having no Magnitude 

As It we ſuppoſe this Point Multiplied by 100; it will ſtill have no 

Magnitude ; (for 100 nothings, are but nothings.) Bur if, to the 

A—— > Point A, we give a Length, as AB; it becomes a Line, which 
is a quantity of one Dimenſion. And if this again be Multiplied 

A B by a Number, it ſtill remains a Magnitude of but one Dimenſion. 
* HRW 7 ( For 100 Yards is but a Line, as well as one Yard. And ſo in 

the following caſes.) But if to this Line AB, we give a Ereadth 

- as AD, or BC, (equally influencing that whole Length) we have 

6—} then a Plain or Surface, ABCD; which is a quantity of two 
D c Dimenlions, (Length and Breadth) and is a quantity Heteroge- 
geous 
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neous (of another kind or nature) to that of Line. Which will appear ſo to be, 
by that Character thereof given by Euclide, 5. Def. 5. For, tho the Length of this 
Surface may be ſo Multiplied as to exceed a Line; yet the Line can never be 
ſo Multiplied ( by number) as to acquire a Breadth ; and therefore ( how long 
ſoever.) will, as to Superficial Content be nothing. In like manner, if to this 
Surface ABCD, we give a Thickneſs or Altitude, as AE or BF, (equally 
influencing each part of that Surface.) we have then a Solid D F; which is a 
quantity of three Dimenſions, Length , Breadth, and Thickneſs (having now 
received another Dimenſion beſide thoſe two in the Surface ) which is a quantity 
Heterogeneous to Surface. For Surface, ( having nothing of Thickneſs ) how 
many times ſo ever repeated (or Multiphed by Number ) will not acquire it. 
(For No-thickneſs, tho repeated a Thouſand times, will ſtill be No-thickneſs. ) 

And when we bc gone thus far ; we are at an end as to Local Dimenſions. 
For there is in nature , no room for any other local extenſion. True it is, that 
the Length AB may be farther extended both or either way ( backward or 
forward, or both) but it will be a Line ſtill. And to this Line fo extended, we 
may give a greater Breadth, (on both or either fide) but {till it is but Surface. 
And to this Surface, thus enlarged, we may give a greater Thickneſs: ( upward 
or downward, or both: Yer {till it is but Body or Solid; and but of three 
Dimenſions. But, to give it another (Local) extenlion, the rature of Space doth 
not admit. For theſe three take up the whole of Space. So that we muſt (as 
to Local extenſion) reſt here. 

But a Solid , may further admit (tho not another Local extenſion, yet) a 
Superfetation of more Magnitudes. As, for inſtance, this Solid is capable of 
Weight, (which may equally influence each part of the Solid, as the Thickneſs 
of this Solid did influence each part of the forementioned Surface.) And, when 
{ſo conſidered, beſide the three Dimenſions L B T ( Length, Breadth and Thick- 
neſs,) it hath acquired a fourth Dimenſion (tho not Local) of Weight. And 
accordingly this Grave (or weighty Body) LBTW, hath four Dimenſions. 
. And this weighty Body , may be further conſidered as in Motion z and accor- 
dingly have a greater or leſs force, as this motion is more or leſs ſwift. And 
if, to thoſe four Dimenſions, we ſuperinduce this fifth, of Celerity : The Force 
hence ariſing LBTWC, is a Magnitude of five Dimenſions. And, in like 
manner, there may be yet a ſuperinducing of other Magnitudes. And conlequently 
a Compound of more Dimenſions. 


CHAP. VI. 


Inceptives of Magnitude. 


UT I am not yet come to what I principally intend as to this buſineſs. 
* Whichis this: 

There are ſome things, which tho, as to ſome kind of Magnitude, 
they are nothing; yet are in the next poſſibility of being ſomewhat. 
They are zot it, but rantum non; they arc in the next poſſibility to it; 
and the Beginning of it: Tho' not. as primum quod fit, (as the Schools ſpeak ) 
yet as wltimum quod non. And may very well be called Inchoatives or Inceprives , 
of that ſomewhat to which they are in ſuch poſſibility. 


N Thus 


—_— — — — —_— 
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7M Thus the Point A. tho it have as yet no Magnitude ; 
yet , if conſidered as in order to Motion , it is in 


" —B the next poſſibility ro Length , and Inceptive of it. 
(For, if never ſo little moved, it deſcribes a Line.) 

* N And the Line AB, tho it have nothing of ſuperficial 
b- = content ; yet if conſidered as in order to motion toward 

D © DC, it is Inceptive of it. (For, ſo ſoon as ever it 


moves, it deſcribes a Surface.) And the Surface ABCD, 
E = tho it have nothing of Solid Content, nor be any part 
of ſuch ; yer, (if conſidered as in order to motion toward 
EF,) it is inceptive of it ; and. upon the firſt motion 
deſcribes a Solid. 


| In like manner; if AB, AC, contain an Angle. This Angle, we ſay, is made 
in the Angular Point A; and is the ſame whether the Legs containing it be 
long or ſhort; and, whatever be the Inclination (or degree of divarication ) at 
the Angular Point, ſuch is the Angle, however the Legs 

© AB, AC (oneor both of them) become, afterwards, bowed 

To”. or broken , curtailed or produced. And the Angle made 
Au — 5 by theſe Legs, tho it be no whitof Diſtance, yet is it In- 

ceptive of Diſtance; and ſo ſoon as ever we be paſt the 
Angular Point , the Legs are aCtually Diſtant : And Angle (that 1s, the different 
direCtion of the Point A conſidered as in AB, from its Direction as conſidered 
in AC) is the beginning of Diſtance , or Divarication , tho that divarication 
be not yet begun, and the Diſtance (as yer) nothing, (or no Diſtance) as being 
but yet 7» fieri not #2 fatto efſe. 

But theſe Inceptives, tho they are as yet no whit of that whereof they are Incep- 
fives; yet may, as Inceptives, havea Magnitude of their own -and that at ſuch 
rate (or in ſuch proportion) as they are afterwards tobe operative: And their 
Degree of Poſlibility, ſuch asis to be their degree of Activity. 

Thus, (ſuppoſing AB biſected in M) the Lines A B, AM, tho, 
4.-—— ,» as toSuperficial Content, they be equally nothing : Yet conſidered 

| as Inceptives, the poſlibility of A B is double to that of A M; 
#|----------/4 Becauſe, as they move towards DC, while AB deſcribes BD, 
AM deſcribes but MD ; and the one doth all along, deſcribe 
F'———c a Superficies double to that of the other ; ard therefore is In- 

ceptive ( Deſcripturiens) in a double proportion. 


Ll 7 In like manner, the Plains A BCD and AMND, 

7 6 [ are, as to Solid Content, equally nothing ; but are 

Inceptives of it, in double proportion. For while AC 

"TA ſhall deſcribe BF, AN will deſcribe but (the half there- 

of ) MF. And ſoallalong , the one will deſcribe the 

double of what is deſcribed by the other ; and is there- 
fore Inceptive at a double rate. 


B 


So likewiſe, if AB, AC, contain an Angle, biſeted by A D. This Angle 
js not Diſtance; but, Inceptive of Diſtance. And therefore, tho, as to their 
Diſtance at the Angular Point, that of AB, AC and 

B that of AB, AD, are equally nothing ; yet as they are 

\, Inceptives of Diſtance ( which is the true notion of 

2 :D Angle) that of the one, is double to that of the orher ; 
AE : that is, the (gradus divarications:) the degree of diva- 
WE 'c Tication, (which is that we call Angle) is, in one, double 

to that of the other. For while one attains the Diſtance 

BC, the other attains but (the half thereof) BD, and fo at the ſame rate 
all along. And this is that we mean when we ſay the Angle BAC is the double 

of BAD. That is, the poſition of AB to AC (at the Point A) in compariſon 

with that of AB to AD, is ſuch as that it will. divaricate twice as much, or 

attain (in the ſame Lengths) a double diſtance. | _ 
n 


Cnar. VI. Angle of Contatt. 


And here, tho AB, AC (and the like of AB, AD) do not all along make an 
Angle ( but only at the Angular Point A) yet ( ſuppoſing them ſtreight-lines, 
and ſo not to change their direCtion) they have all along the ſame Inclination 
( »inrs ) that they had at A; that 1s, they do continue to divaricate at the ſame 
rate that they did begin. And tho we change the phraſe (trom Angle to Incli- 
nation, or the like) the notion is ſtill the ſame. 

The like may be ſhewed of Celerity or Swiftneſs in motion; which ſignifies 
nothing as to whag Length, but only as at what Rate, a thing moveth. And 
as Anzle is (according to difterentrates) Inceptive of diſtance; ſo is Celcrity 
Inceptive of Length in motion. And a Point, as todifferent degrees of Celcrity, 
A at —_ difterent rates (or proportions) Inceptive of Length, in a Line to be 

ſcribed. 

And this is the ſame notion which in Philoſophy is wont to be deſigned in that 
received diſtintion of Intenſive and Extenſive, A flow motion may ( in time ) 
diſpatch a greater Length (Extenlively ;) but (Intenfively) the ſwifter moves at 
a greater Rate. So, longer Lines (tho at a leſs Angle) may divoricate to a 
greater diſtance, but Lines at a greater Angle ( tho ſhorter ) do divaricate at a 
= Rate. The like- may be faid of Weight, Curvity, and many other 
things. 
| Again, as in motion, Celerity is an Inceptive as to Length; ſo is Accelera- 
tion, Inceptive as to Celerity. And as from little or no diſtance we may pro- 
ceed (at a certain rate) to a great diſtance (as by divarication from nothing 
at A, to that of CD:) So from a little or no degree of Celerity cr Swiftneſs , 
we may (at acertainrate of Acceleration) attain toa great degree of Celerity. 

But every of theſe, have each of them their own reſpective Magnitude (or 
muchneſs) according to which they may be meaſured ; tho one of them may be 
but Inceptive of another (and no part of it) and that again of a third. As Ac- 
celeration is of Celerity ; and that of Length in motion. 

Theſe things well conlidered , will ſerve to give light to that Paradox that 
hath given occaſion to this diſcourſe. 

I fay therefore, That Angle is not diſtance: (like as, in motion, Celerity is 
not Length:) But itis Inceptive of diſtance z ſhewing the degree of Divarication , 
Declination, or Declivity ;; That is, at what 
rate, or in what proportion, the Line AC doth "= 
divaricate, decline, deviate or depart from AB. Ag — — 
And tho the diſtance of AC from AB be different 
in different parts of it, (every new Point giving 
a new diſtance) beginningat Nothing, but continu- 
ally increaſing: Yet the Declivity 1s every where 
the ſame, (the diſtances c b, cb, being every where 
proportional to the Lengths Ac, Ac;) fo long as 
AC retains the ſame direCtion that it had at A. 

But, if AC change its direCtion, as (at C) from Ccto CD; the Declivity 
changeth alſo. The Declivity or Declination of CD from A B, being different 
from that of A Cc; and becomes greater or leſs, according as CD falls beyond 
or ſhort of ACc. Ihe Angle of Declivity or Declination being now DCG3; 
(taking CG parallel to AB; and therefore of the ſame DireCtion with it.) 

And, like as the Diſtance may he changed, either by Leaps 
(perſaltum')as in Ab,ce, cf, C; or (gradually)by continual De- 
clination, as in AcC; (andeither of theſe may begin at r10- 
thing, as at A; orat ſomething, as at c-) So may the De- 
clination alſo vary; either by Leaps, and (one or more) 
Fractions, ( making ſo many ReCtilinear Angles) asin ABC, 
DEF ; or ( gradually), by continual Flexion, as in one con- 
tinued Curve AGF: (and, either of theſe may begin at 
nothing, as at A; or, at ſomething, as at Bb.) 

I ay further, ( in purſuance hereof) That Defleftion (whereby a Curve-line 
departs from its Tangent , and which is commonly called the Angle of Contact) 
is not Angle, or Declination; (like as, in motion, Acceleration is not Celerity ;) 
But is Inceptive of Declination ; ſhewing the degree of Curvity : That us, at what 
N 2 rate , 
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rate, or in what proportion, it flies off from ReQitude , or varies from that 
direction which it had at the Point of Contact. 

And like as the Legs A B, AC have, at the Angular Point A, nothing of ditance, 
but ſomewhat of Angle or Declination , which is Inceptive of diſtance; fo the 
Tangent AB, and the Curve AG, have, at the Point of Contact A, nothing 
of Angle or Declination, that is of different direction, (the direction of the Curve 
being , at that Point, the ſame with that of the Tangent) but ſomewhat cf de- 
flexion or Curvitude , which is Inceptive of Declivity. 

And, as there, the diſtance at A, beginning from nothing, doth proportionally 
increaſe (fo long as A C doth retain the ſame Declivity) ſo here, the Declivity ar 
A, beginning from nothing, doth increaſe proportionally, ſo long as AG F retaiis 
the ſame Degree of Curvitude, (as, ina Circle, it doth.) 

And, as there, the increaſing diſtance, ſo long as both Legs continue ſtreighr 
( or alike Curve) doth increaſe proportionally ; but not ſo, it one be bowed 
( whereby the Inclination varies) and not the other : So here, ſo long as the 
Curvity is Uniform (as in a Circle it is) the Declivity doth ( from nothing 
at the Point of ContaQt) increaſe proportionally, (as the length of the Curve 
increaſeth) but not ſo, if the degree of Curvity vary (which makes the Curvity 
not Uniform) as in a Parabola. And as this difformity of Curvitude grows more 
and more perplex (as in Hyperbola's, Ellipſes, and more Compounded Curvcs) 
ſo doth the increaſe of Declivity more depart from Proportional. 

Again, as in ReCtilinear Angles, the Declination doth (in every of them) 
remain the ſame all along ; and the diſtance (in all of them) begin at nothing , 
and continually increaſe in like proportion ; but in ſeveral Angles compared, the 
Declivity or Declination varies ( as other Magnitudes do) according to ſeveral 
proportions: So, in an Uniform Curve, tho the degree of Curvity be all along 
the ſame incach of them; and the degree of Declivity, beginning at nothing, do 
continually increaſe proportionally ; yet in ſeveral Deflexions compared, the 
degree of Curvity varies (as other Magnitudes do) in ſeveral proportions. 
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For inſtance, in the ReCtilinear Angles BAC, BAD, ( which are Inceptives 
of diſtance) the Declivity of AcC (or Declination from AbB) is in all parts 
of it the ſame; and that of A4D likewiſe: And as well the diſtances cb, cb,CB, 
(beginning from nothing) are proportional to the lengths Ac, Ac, AC; as the 
diſtances, 4b, 4b, DB (beginning alſo from nothing ) are proportional to the 
lengths Ad, Ad, AD: But the Angles (or degrees of Declivity) BAC, BAD 
are different z and may be ſo in very different proportions. And, in like manner, 
the Circular Arches A D, AE deflecting or flying off from their Tangent AP, 
(which are Inceptives of Angle or Declination) are each of them (as to it ſelf ) 
Uniform, and have in each part of it the ſame degree of Curvity ; and as well 
the Declivities at d d D (bginning from nothing at A) are proportional to the 
lengths Ad, Ad, AD; as thoſe at ee E (beginning alſo from nothing) are pro- 
portional to their lengths Ae, Ae, AE: But their degrees of Curvity compared 
each with other, are different, ( and may be ſo in very different proportions ; ) 
that of the leſler Circle being more crooked , than that of the greater, (as having 
the ſame quantity of Curvity in a ſhorter length, and therefore Intenſively more 
crooked) and in the ſame pr 10n more crooked as their Diameters (or Chords 
of like Arches AD,AE) are ſhorter ; (their degrees of Curvity being reciprocally 
proportional to the lengthof their Diameters, or of like Arches, or of the Sub- 
tenſes of like Arches:) And tho at the Point of Contact, their degree of I - 
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be equally nothing, yet their degree of Curvity is ſomewhat ( and different one 
from the other) and hath its Magnirude, tho of another kind and Heterogeneous 
to that of Angle; in like manner as Angle (or Declivity) is Heterogeneous to 
Diſtance; Celerity, to Length ; Acceleration, to Celerity; Line, to Surface : 
Suriace, to Solid ; and the like: All which have each their own Magnitude, 
and are Inceptives of other Magnitudes, but have nought of that Magnitude 
whereof they be Inceptives. 

It may be ſaid, perhaps, that I do now agree with Clavis, in what 1 did 
betore diſpute againſt ; who will have his Angle of Contact, to have ſomewhat 
of Magnitude, but Heterogeneous to that of a ReCtilinear Angle, and not capable 
of Proportion to it. . 

To which I anſwer, I do thus far agree with Clavius, (and always did) That 
what he calls an Angle of ContaCt, is but what I call the Degree of Curvity; 
and that this Curvity, tho a Quality, 1s ſuch a Quality as hath a Quantity or 
Magnitude, capable of meaſure, and of proportion ; and that this degree of 
Curvity is Heterogeneous to Angle, or the degree of Declivity ; and therefore 
not capable of proportion to it, nor can by any Multiplication become equal to 
it, or excecd it. 

But herein we differ ; That he makes his Angle of ContaCt , ſuch a Quantity 
as is Part of a ReCtilinear Right-angle z and the Remainder ( which is the Angle 
of a Semicircle) to be leſs than ſuch Right-angle ; and ſome of theſe to be leſs 
than others, ( making the Angles of unequal Semicircles to be unequal Angles; ) 
and the Angle of Contact no otherwiſe Heterogeneous to a Right-lined Angle , 
but only becauſe ſo very ſmall. 

But, ſay I, If the Angle of ContaCt be a Part; and ſuch as leaves the Remain- 
der leſs than the whole 3 then 1s both this and that, Homogeneous to that whole ; 
and may be fo Multiplyed as to exceed the whole, (as the leſſer of two unequal 
quantities may always be) nor can any part of a Magnitude be fo ſmall as not 
to be capable of ſuch Multiplication, and Heteregeneous, only becauſe ſmall : 
Whereas the Angle of Contact (whatever it be) is conteſledly ſuch as can by no 
Multiplication come to exceed a ReCtilinear Angle. 

'Tis therefore ſay I, not a part of a ReCtilinear Angle, nor Homogeneous to 
it, (tho Inceptive of it) nor is that of a Semicircle leſs than a ReCtilinear Right- 
angle, but equalto it. (and all ſuch, equal to one another.) And tho it have a 
Magnitude of its own (which is no other but the degree of Curvity,) yet, as to 
the Magnitude of an Angle, it is nothing. As Line, tho it havea Magnitude of 
its own ; yet as to Superficial content, 1t is nothing. (And ſo, Surface, as to 
Solid Content: And the like of all other Inceptives.) And to ſpeak otherwiſe 
(as Clavins doth) is the ſame as to ſay, that the Circumference is part of a 
Circle, (but ſo ſinall a part, as that it can by no Multiplication come to equal or 
exceed the whole, ) and that the remaining Area, is but part of that Circle 
(not the whole of itz) whereas, in the common Language of Mathematicians , 2 
Point is not part of a Line'z nor is Line, part of a Surface z nor Surface, part of a 
Solid; nor Celerity (in motion) part of Length z nor Acceleration, part of 
Celerityz nor Cypher, part of Number; nor Angle (or Declivity ) part of 
Diſtance; nor Curvity, a part of Angle; but, each to ſuch Magnitude reſpectively, 
as Nothing to Something. And are proved ſo to be; becauſe they can by no 
Multiplication come to equal or exceed them. 

Where, by the way we may obſerve a great difference between the proportion 
of Infinite to Finite; and, of Finite to Nothing. For «, that which is a part in- 
finitely ſmall, may , by infinite Multiplication, equal the whole : But +, tha 
which is Nothing , can by no Multiplicatian become equal to Something. 

And this may ſerve for the ſetling of that Notion concerning the Angle of Con- 
* tat, and other Notions of like Nature. 
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CHAP.- VII. 


Of the Compoſition of Motions. 


N purſuance of the DoCtrine delivered in the former Chapter , concerning 

s the Compounding of Magnitudes, (whether of the lame or different kinds; ) 

iz is not improper to conſider here of Compound Morions, (and the refuits 
therecf) which are hut the Compolitions of DircCtions or Declivitics, 
whether equable or inequable. (Tho this indeed be fomew rat another kind Ot 

Compolition, than what before we called a Supertetation of Magnitudes.) 
If a Point be ſuppoſed to move according to the ſaine DireAion, 

A Ce (as from A directly towards B, or from C towards D,) it ſtill 

x: Kkeeps the ſame ſtreight-linez; whether the motion be tlow or 
ſwittz cquable cr inequable. 
A As, from A to B, by an equable motion, (ſo as to perform 
7 equal ſpaces in equal times, ) whether the motion be {low or 
ſwift , it ſtill keeps the Line AB; but performs ir, by a ſwift 
motion, in a ſhorier time; by a flow; in a longer; that is, by 
duuble Celerity, in half the time ; and fo Proportionally , 
in reciprocal proportion. 

And if ſuch an (equable) motion , at the rate of Celerity, as 
1c, be ſippoſed to be compounded with another, (alſo equable) 
at the rate of 2c, bur according to the fame Direction ; the 
Line of Moticn is not changed, but only the degree of Celcrity ; 
it is ſtill an equable motion, and in the ſame Line, but at the 
rate of Celerity, as 36=1c+ 2c. 

If the motion be not equable, but Accelerated, at the rate (ſuppoſe) of Square 
Numbers (ſuch as is ſuppoſed to be that of the deſcent of heavy Bodics) perfor. 
ming, in one ſpace of time, the length of 1; in 2, of 43 in 3, ofg; in 4, of 
16; as from Cto D. This alſo keeps the ſame Line, but the Celerity continu- 
ally increaſeth. ( Yet the whole length, may poſlibly be diſpatched in the ſame 
time as the former ; the ſwiftneſs at the end, compenſating for the ſlowneſs at 
the beginning : But, if ſo; this latter, if continued, will thenceforth ont-go the 
former.) 

And, if this be ſuppoſed to be compounded with another, according to the ſame 
Direction, from the ſame beginning , and according to the ſame form of Accele- 
ration; this Compound motion will {till keep the ſame Line, and the ſame form 
of Acceleration, but with a different degree of Celerity ; ſuppoſe that of 3c = 
1c-|-2c. That is, the Celerity at each Point, ſuppoſe at D, ſhall be thrce 
times as great as (at the ſame Point) it would be in the former; and ſo every 
where: And conſequently the whole Line CD, would ( tho dccording to the 
ſame form of Accelcration) be diſpatched in a third Part of the time: Yet fo 
that in one quarter (of that ſhorter time) it ſhall diſpatch (in length) 1; in two 
quertcrs, 43 in threequarters, 93 in four quarters, 16. 

But in caſe a motion ſo Accelerated, be Compounded with another (according 
to the ſame Direction) which is either equable; or inequable, but according to 
ſome other form of Acceleration or Retardation, or taking its beginning of Ac- 
celcration (as from nothing ) at ſome other Point than that of C, (whence the 
other is ſuppoſed to hegin) the compound motion will ſtill keep the ſame Line, 
(for there 1s nothing to divert it) but not the ſame Celerity,- nor the ſame form 
of Acceleration z but ſo varied as the different Compounding Motions ſhall 
require. 

And what is ſaid of two motions thus Compounded according to the ſame Di- 
4 Ee is accordingly to be underſtood of three or more motions ſo Compoun- 
ded. 
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And if, in ſuch Compounded motions, the DireCtion of one be quite contrary 
to that of the other ; (as the one downward from C toward D, the other up- 
ward from D toward C;) the Line of motion will ſtill be the ſame, but the 
Celerities and forms of Acceleration, will fo vary as the ſeyeral motions ſhall 
require. 

But, in caſe the Compounding motions are not according to one and the ſame 
Line of DireCtion, (but ſuch as do interſect one another,) the Line of the Com- 
pound motion will ngt be the ſame with either of thoſe ; but a different Line 
from them, and that either ſtreight or crooked, according as the Directions and 
Celerities of the Components ſhall require. . 

If two Compounding motions, be each of them equable, (that is, each of them 
in every Part of it ſelf ,. equally ſwift; ) the Line of the Compound motion will 
be a ſtreight Line. (Whether the Celerity of thoſe Component motions be, 
each to other, equal or unequal.) 
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As for inſtance; if the Point A be ſuppoſed to be carried (from a double im- 
pulſe) by a motion forward, toward B ;z and upward toward C; and both by 
equable and equal motions; and CAB a Right-angle : "Tis manifeſt, that, while 
it is gone forward as far as EF, it will be gone as much upward, as high as 
FG, and when forward, as far as BD, then as far upward as CD; (and fo, 
proportionally, all along; and conſequently (AEF, ABD, being: like Tri- 
angles , as being ReCtangular Iſoſceles,) it mult be always in AD the Diagonal 


of a __ 

And in caſe the Angle CAB (at which the Lines of Direction interſect, ) be 
Oblique or the Celerities unequal, (ſuppoſe the one as 1 c, the otheras 2c; ) 
yet ſtill (the Angles at E and B being equal, and the Legs proportional,)- the 
Triangles AEF, ABD will ſtill be like; and therefore the motion ſtill in AD, 
the Diagonal of the Parallelogram. 

_ Yea, tho theſe motions be neither at Right-angles, nor equally ſwift, nor yet 
(each to it ſelf) equable; if at leaſt they be Similar , (that is, if the form of Ac- 
celeration or Retardation be in both the ſame; ſuppoſe, in the proportion of 
Square Numbers ; ) the Compound motion ſhall yet be in a ſtreight-line, (namely, 
in the ſame Diagonal A D,) and the Celerity Similar (bur not equal) to that of 
the ſides. For AEF, A BD, will yet be like Triangles; becauſe the Legs are 
Proportional, and the contained Angles equal. 

But in caſe the Component motions be Diſſimilar; ( whatever be the Angle 
at A ;) the Line of the Compound motion will be a Curve. 

As, for inſtance; if the motion forward, from A toward B, be equable (at 
whatever degree of Celerity;) and the motion downward, from A toward C, 
equally increaſing , or in the Proportion of Square Numbers, ( as is that of the 
deſcent of heavy Bodies ſuppoſed to be; ) the Line of the Compound motion 
AFD, will be a Parabola, And ſuch is ſuppoſed to be (or very near it) the 
motion of heavy things projected, ( as a Bullet out of a Gun, ) Compounded of 
the motion given by the projeCting force, ( which is ſuppoſed to be equable ,) 
and that of the deſcent of heavy Bodies ( which is ſuppoſed to be equally Ac- 
celerated,) aud therefore the Compound motion to be in a Parabola. ( Save, as 
the Reſiſtance of the Air diſturbs the motion.) 


And 


A Defenſe of the Crae.VIL 


H 'v \ H . 


P 
M 
Mt 
& 

> 


C D C D 


And, at every Point of this Curve, the DireCtion (or tendency) of the Com- 
pound motion, (which varies at every Point, as doth the degree of Declivity 
in every. Curve Line,) is the ſame with that of the Tangent at that Point, as TT 
for the Point it toucheth at F. And the Comparative Celerity at this Point, to 
that of AB, is asa Portion of T'T, to one of AB (as EE) cut off by the ſame 
Parallels EF, EF. | 

And as, thus, we have a Compound of Two motions ; ſo we may, with the 
m_ of theſe, Compound a Third; and ſoa Fourth ; and foforth, as there is 
occaſion. - - 

And this not only of Lines in the ſame Plain, but otherwiſe in different Plains, 
or Solid Places. As for inſtance; if to the motions from A to B, and from A 
to C, (which give us AD the Diagonal of a Square, ) we ſuppoſe a Third 
from A Perpendicular to that Plain; this will give us the Diagonal of a Cube. 
Or, (if the Celerities be not equal, or the Angles not Right,) the Diagonal of 
a Parallelepiped. And, if the motions be not Similar ; ſome Curve either in, 
or not in, the ſame Plain. 

Now, as by the Components given, we may find the Line of the Compound 
motion: So by that of the Compound, and one of the Components, we may 
find the other, (in caſe the Components are but Two; ) or (if more than Two ) 
the Compound of the reſt. 

For if AD and AB be given (inlength and poſition) BD (or AC) are given 
alſo, which with AB contain the Parallelogram ; (ſuppoſing A D to bea ſtreight- 
line;) which gives not only the Direction, but the Proportion of Celerity, of the 
other Component motion. So, if we have the lengthof A, B, and the Angle of 
Inclination (CAB or DBA) of it with the other Component ( AC or BD, ) 
and (DAB) of it with (AD) that of the Compound motion ; we have, thence, 
the —_ of A C (or BD,) or the Comparative Celerity of the one motion with 
the other. 

But, in caſe the motions be Diſſimilar, and therefore the Line of the Compound 
motion a Curve-line; the Inveſtigation will be ſomewhat more intricate. 
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As, in the Parabola but now deſcribed ; having the Tangent AB, (the Line of 
equable motion ) or CD the Baſe; and the Parabola AF D ( that of the Com- 
pound motion ) both given, (in Magnitude and Poſition; ) we have conſequently 
BD, that is, AC, (in Length and Poſition, ) with the Angles BAC, ACD. 
And therefore A C, the Direction of the other motion; and ( from the nature 
of the Parabola , which we ſuppoſe known,) the kind of ſuch motion (namely , 
equably Accelerated, or as the Squares of natural numbers; ) and (from the 


length of AC compared with AB) the proportion of Celerity in the Aggregate, 


(that is, of the Aggregate of all the Celerities in A C, tothe Aggregate of all in 
AB;) for, tho, in AC, the Celerities are not every where the ſame; yet, 
taken all together, they are Equivalent to that of an _— motion, which would, 
in that time, deſcribe the Line AC: ( Likeas, all the Direftions however variable 
in the Curve Line and with different Celerities, are, all together, Equivalent 
to that of the ſtreight-line AD, with ſuch uniform Celerity as the proportion 
of it to AB doth determine; for both do,in the ſame time bring it to the fame Point 
D.) And, as to the parcelling out of the different DireCtions, and different 
Celerities for the ſeveral Parts thereof; the Direction at each Point, is the ſame 
with that of the Tangent ar that Point (the Angle of Contact being as nothing,) 
as of TT for the Point F; and the Celerity, at the ſame Point, being to that 
of AB, as a Portion of that Tangent TT to EE, a Portion of AB, between 
the ſame Parallels: And ſo where. But if, inſtead of D A the Subtenſe, 
wetake DH (the Tangent at D) continued 'till it cut CA produced; this (with 
the Angle at C, and the length of C D,) will give us the Point Hz from whence it 
ſhould have come, if the Cetkrrities had been all along the ſame as at the Point 
D; and conſequently the lengthof H C, and its comparative Celerity with that 
of AB or CD. 

If the Compoſition were more perplex , and (inſtead of the Parabola AF D) 
a Curve more compounded ; the Inveſtigation however muſt be ſutable to this 
( with ſuch variation as the nature of the ſeveral Lines and Motions ſhould re- 

uvire) but more intricate. But it is not my deſign, here, to purſue this matter 
through ſuch variety of caſes as may happen; but only to give a Specimen, of 
what others (who ſhall ſo pleaſe) may purſue farther. 

Now, as we have hitherto conſidered the Compounds of Re:tilinear motions 
(for ſuch only are the Components of thoſe already mentioned; ) we are to con- 
tider farther, that there may be like Compoſitions of ReCtilinears with Curvi- 
linears, and of Curvilinears with one another, and theſe with Similar or Diſli- 
milar forms of motion, without ſtint. And ſtill, as the Compoſition grows more 
intricate, the Reſolution will be more perplexed. 

1 ſhall only give inſtance in ſome few (and thoſe commonly known) ariſing 
from the Compoſition of Circular and Rectilinear motions. -_ 

Such is the Spiral of Archimedes; ariſing from the motion of a Point ina ſtreight- 
line, while it ſelf is carried about a Point in the extremity thereof, (as a Radius 
about a Center in deſcribing a Circle,) both motions being equable (or uniform) 
and in the ſame Plain, : 

Another is that of the Cochlea, or Spiral about a Cylinder ; ariſing from a 
Circular motion about an Ax, together with a Rectilinear (in the Surface of the 
Cylinder Perpendicular to the Plainof ſuch Circle, (or,if the Cylinder be Scalene, 
at ſuch Angles with the Plain of the Circle, as is the Axis of that Cylinder : ) 
both motions being uniform , but not in the ſame Plain. 

Another yet more Compounded , is that of a Spiral about a Cone ; ariſing 
from ſuch Circular and Redtilinear (as that about a Cylinder) together with a 
third Rectilinear as in the Radius of fuch Circle: Or, (which is to the ſame 
purpoſe) if, to the two motions in Archimedes's plain Spiral, we add an Ere& 
motion on that Plain. ; 

Another more perplexed, is that of a Spiral about a Sphere z ariling from s 
Circular motion about an Ax, with another Circular motion at Right-angles with 
it: Or elſe, (for there may be ſeveral ſorts of Spirals about a Sphere) from a 
Circular motion about an Ax, with a Reftilinear at Right-angles with the plain 
of it, (both equable) and a third as in the Radius of ſuch Circle at the rate of 
ordinates in a-Circle: -Or otherwiſe, as _ Conſtructor ſhall pleaſe to direct, gh 
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And all theſe may be yet varied, if inſtead of equable motions which we here 
ſuppoſe, we ſubſtitute others Accelerated or Retarded , according to ſeveral 
forms. 

Another is that of the Quadratrix of Dinoſtratus ; ariſing from a Circular mo- 
tion as about a Center, together with a direct deſcendent , both uniform and in 
the ſame plain. | 

Another is that of the Conchocid of Nicomedes; arifing from an (equable ) Cir- 
cular as about a Center, together with a Prolongation of the Radius at the rate 
of Secants. 

Another is that of the Cyclo; ariſing from a Circular as about a Center, with 
2 Rectilinear motion of that Center 3 both equable and in the ſame plain, 

And many others have been anciently, and are contrived daily, according to 
the pleaſures of ſeveral ConſtruCtors. 

It is not my deſign to proſecute all (or any) of theſe, according to the full 
extent of the Subject. I ſhall only give ſome Remarks on the firſt of them ; which 
is the Spiral of Archimedes, by him contrived in order to the Quadrature of the 
Circle. Becauſe I find divers good Geometers, much to wonder, what ſtrange 
notion, or reach of fanfie, ſhould put him upon ſuch a contrivance for that 

urpole. 

: Now that notion which did put him upon this Enquiry , was (I conceive) or 
might be, ſome ſuch as what we have but now delivered, for finding the length 
of one Component, from that of the other, with the Angles of Inclination (of 
the motion given) with the other two. | 

Suppoſe we then a Spiral BGA deſcribed by an equable motion of a Poing, 
fromBto A, in the Radius BA, while it ſelf is carried round, about B as a 
Center, deſcribing the Circle AEF A. Or (taking the motion backward) the 
Spiral AGB deſcribed by the motion of a Point from Ato B, while BA (on 
the Center B) deſcribes the Circle AFEA. 
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It is manifeſt (in this latter Conſtruftion) AGB is the Line of the Compound 
motion ; whoſe direCtion, at A, is that of its Tangent AH; and its Celerity 
the ſame, at that Point, as if it had moved uniformerly in the ſtreight-line AH. 
And one of the Components is that of A to B, an equable Reftilinear motion, 
whoſe direction is AB. And the other Component is that of AFEA, anequable 


Circular, at ſuch a Rate of Celerity compared with AB, as is the Perimeter of 
Pl 
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a Circle (deſcribed by the one) to its Radius (deſcribed by the other, in the ſame 
time.) The direCtionof which Circular motion is, at the Point A, the ſame with 
that of its Tangent AC, or (that Parallel to it) BH; that is, at Right-angles 
with that of AB. And fo all along; the Line AB cutting every where its re- 
ſpective Circle (which would at that place be deſcribed by the moving Point ) 
at Right-angles. 

And, conſequently ; where A H (the Line of direftion of the Compound motion) 
cuts BH, (the Line of direction of the other Component) it determins the length 
of BH; ſhewing the Point H, from whence it ſhould have come if the Celerities 
and Directions, had been all along the ſame as at the Point A. 

That is, (in the Language off Archimedes, AH (the Tangent of the Spiral at 
the end of the firſt Circulation) cuts off in BH (which is, from B the beginning 
of the Spiral, at Right-angles with BA, the beginning of the Circulation, )) a 
ſtreight-line BH, equal to the Periphery of that Circle whoſe Radius is BA. 

The ſame Notion holds as toany other Point of the Spiral, ſuppſe at « ; where 
the motion of the Point B hath performed ( B a ) a third Part of its motion 
toward A; and conſequently Ba, a third part of its Circulation, (asaa) fo 
as to be in the Poſition of Ba. The Direttion of the Compound motion, is 
that of the Tangent of the Spiral (at that Point) « ; one of the Components is 
Be; the other of the Components is a « 3 whoſe Direction at , is the ſame with 
that of its Tangent «y, or its Parallel By, (Perpendicular at B, to the Circula- 
ting Line in this Poſition, ) which, where it meets with «n, determins from 
whence it muſt have come if-it had moved all along with the ſame Celeriry, and 
the ſame DireCtion as at « ; that is, it determins the length of the Arch a « = 
Bn: Which is, (here) a third part of the whole Circumference a « a, and this a 
third part of AEFA. And the hke, in Proportion, for any other Point of the 
Spiral, whether in the firſt, ſecond, or other Circulation, 

And this ſeems to me the true natural Notion from whence Archimedes did 
derive z (or might have done; this Speculation, of Squaring the Gircle by the 
Spiral Line: Though he do much diſguiſe it, in his Demonſtrations. 

The ſame Notion, with a little Alteration, may be applied to the Linea Qua- 
dratrix; from the Tangent thereof, to find the Quadrature of the Circle. 

And from the ſame principles, many other like Speculations may be derived, 
( for finding, by Tangents, the Compolition of Motions; and , from the Com- 
— of Motions, to find the Tangents of Curve-lines 3 ) too many to be here 
infiſted on; 
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CHAP. I. 


Of the variety of Elefions, or Choiſe, in taking or leaving One 
or more , out of a certain Number of things propoſed. 


OR the better underſtanding of what is propoſed ; ſuppoſe we a 
certain Number of Counters or other things expoſed; as, for in- 
ſtance, 7; abcdefg: The queſtion is, what variety, or how many 
caſes there may be, of taking from thence One, or Two-of them; 
as a, b,c, d, &c, Or, ab, ac, ad, bc, bd, &c. Or, Threes, 


as abc, abd, acd, bde, &c. Or, Fours, Fives, &c. Or all, or 

none? And the like if any other Number of things were ſo expoſed. 
In order to the Solution whereof, I ſhall here inſert a Table, borrowed from 
my Arithmetick of Infinites, Prop. 132, 169, 183, 189, &c. ( Becauſe 
there will be oft occaſion of having recourſe to it.) And then proceed to Pro- 
poſitions thereunto relating. 


Monadricks. 
Laterals. 
Triangulars. 
Pyramidals, 
Triang. Triang. 
Triang, Pyram. 


umbers. 


7. 


Pyram. Pyram. | 


Oe, 


| 
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Now , as to the ConſtruCftion of this Table, we are to obſerve; Thar , 
(the firſt Line being all Units,) the following Numbers are, in every place, 
the Aggregate of all thoſe in the Line next above it, ſo far. As for Example; 
For the Three firſt in the uppermoſt Line, 1, 1, 1; we have in the ſecond 
Line (under the laſt of them) the Number 3 , which is the Aggregate of them. 
And, in like manner , we have in the next place 4, which is the Aggregate of 
1,1, 1, 1- (And fo of thereſt.) And, in the Lines following , likewiſe : 
So for 1, 2, 3, (the three formoſt of the ſecond Line,) we have in the third 
Line (onder the laſt of them) the Number 6, equal to all of them: And ſo every 
where. This premiſed , the Propoſitions follow. 

1. It is manifeſt, That, if we would rake None, that is, if we would leave 
All; tire can be but one caſe thereof, what ever be the Number of things ex- 
poſed. (For this admits of no variety.) Which (in the Table) is exprelled 
in the firſt ( Tranſverſe) Line; where the Numbers are all Aonadicks, or 
Units. 

2. The ſame happens, if we would take At: (or leave None.) For here alſo 
there can be no variety of Choiſe , whatever be the Number of things expoſed , 
a, b, c, &c. And this, in the Table, we expreſs in the firlt Cefect ) Column); 
where alſo the Nunibers are all Monadicks. E 0 

3. If we would take One; it is manifeſt, that there are as many caſes or 
varieties of Choiſe, as is the Number of things. For that One, may be any 
one of them: Asa, b, c, d, e, f, g- Which is exprelled in the ſecond Line ; 
where the Numbers are in their natural Qrder or Conſecution, 1, 2, 3, &c. 
which I call Laterals, 

4. The ſame happens, if, taking all the reſt, we leave One; that is, if we 
take all but One, For it is manifeſt, there is the ſame variety of leaving One , 
as of taking One, As abcdef, abcdeg, abcdfy, abcefg, abdefg, acdefy, 
bedefg. Which is ſignified in the ſecond Column; where the Numbers are 
alſo Laterals, | | 

5. If we would take Two; It is manifeſt , that we may firſt take a, Combined' 
with any other of the reſt; as ab, ac, ad, ae, af, ag; the Number of 
which Combinations are therefore as many as the Number of things wanting One. 
We may then take b, (omitting its Combination with a, as being already taken) 
Combined with every of thoſe which follow itz as bc, bd, be, bf, by; the 
Number of which Combinations are therefore as many as the Number of things. 

expoſed , wanting Two : In like manner, e, (omit- 


ab ac ad ac af ag| 6 ting its Combinations with « and b; becauſe c a, c6, 
be bd be bf bg| 5 arebutthe ſame with ac, bc, already taken, ) may 
cdcecf co 4 be further Combined with every of thoſe which fol- 

de df dg; 3 lowit; (whichare ſo many asis the Number of things 

ef eg| 2 expoſed wanting Three, ) as cd, ce, cf, cg: And 

fgl 2 the fourth d, (omitting da, db, dc, as being the 

= ſame with ad, bd, cd, already taken ) may be 


further Combined with every of thoſe which follow, 
(which are as many as the Number of things wanting Four, ) as de, df, dg. 
And in like manner for the Fifth, Sixth, &c. Each of which afford new Com- 
binations fewer by one than that next before it ; 'till at length we come to 1. As 
ef, eg, andfg. So that the Number of all theſe Combinations, is the Aggre- 
gate of all the Numbers in the ſame Line ſo far: That is, in the preſent caſe, 
(the Number of things _— being 7,) the Combinations are, 6-- 5-þ- 4 - 
3+2+1=21. Towhich Anſwers (in the Third Line) the Triangular Num- 


ber 21, juſt under the Number 6: (which is leſs by One than the Number of 
things expoſed.) Such Triangular Numbers, being the Aggregate of all the 
Laterals ſo far. And univerſally, ( whatever be the Number of things expoſed) 
the Number of Two's, is « Triangular Number , whoſe fide is leſs by One than the 
Number of things expoſed. 


6. The 


Crae.l. _ and Aliquot Parts. 


6. The ſame happens, if we are to take Al but Two, For there is the ſame 
variety of leaving Two, as of taking Two : That is, in both Cafes, ſo many as 
is the Triangular Number, whole fide is leſs by One than the Number of things 
expoſed ; which (inthe Table) is ſignified in the Third Columa 3 whoſe Numbers 
are the ſame with thoſe of the Third Line. 

7. If we would take Three; it is manifeſt, that Firſt, a b, (the firſt and ſecond ) 
may be Combined with every of thoſe that follow ; the Number of which are 
as many as the things expoſed wanting 7 wo, (which therefore afford us ſs many 
different Triads , or Threes.) As abc, abd, abe, abf, abg. Then that «c 
(the firſt and third ) may be Combined ( omitting acb, as being the ſame with 
abc already taken) with every of thoſe that follow. (W hich therefore afford us 
ſo many new Three's, as is the Number of things wanting Three.) As ac d, ace, 
acf,acg. Andinlike manner 4 coupled with thoſe that follow, (as 4d, ae, af,) 
may each of them be further Combined with their reſpeCtive Subſequents z DD 

ding each of them new Triads fewer by One than that next before it; till at 
length we come to 1. As ade, adf, adg; and aef, arg; and af. '( But 
ag affords none; becauſe g being the laſt, there 


Is none remaiaing with which it might be Combi- abc abd abe abf abs} x5 
ned.) The Aggregate of all which, is a Trian- acd ace acf acs} 4 
gular Number /as being an Aggregate of Laterals) ade adf ads 2- 
whoſe ide is lefs by Two, than the Number of acf acpo! 2 
things expoſed : That is, in the preſent caſe , af -| I 
+4+3+2+1=15: Which is a Triangu- — 
ar Number of the ſide 5, which is leſs by Two, "y 
than 7, the Number of things expoſec : In all which, 4 is one of the Ingre- _ 


dients. 

In like manner(omitting all theTriads wherein « isan Ingredient, as being already }. 
taken,) bc (the ſecond and third) may be further Combined with each of thoſe 
that follow 4, c, f, o; affording us as many new Triads 
as did ac, (which was before ſo Compounded;) that is, bc 4 bce bef beg] 4 
ſo many as is the Number of things wenring Three, And bde bdf | 3 


then again bd, be, bf; attord as many as ad, ae, af, bef bes] 2 
did before. Which afford us a new Triangular Num- b # x 
ber, whoſe ſide is leſs by one than that we had before. 

That is, 4+ 3-+24-1= 10; Whoſe fide is 4. In all | 10 


which Triads 6 is the leader. 

In the ſame manner may be ſhewed, That (omitting the Combinations of 4 
and b,) thoſe Triads wherein c is the leader, will give another Triangular Num- 
ber , whoſe ſide is yet teſs by one; and ſo onward continually till we come at 1: 
As 3-j-2+1 =6, a Triangular Number whoſe fide is 3. Anda+1i=3, 
whoſe fide is 2, and 1, whoſe fide is allo 1. 


cde cdf cdp|3 def deg|2 efp\r 
cef ceg(2 _ dfehln — 
cfg\r AU : 
—— 3 
6 


And then the Aggregate of theſe Triangulars, is 35, a Pyramidal! Number; 
which (in the Fourth Line, ſtands next under 15, the greatelt of them ; whoſe 
ſide is leſs by Two , than the Number of things expoſed. 


That is, 4 Pyramidal Number whoſe ſide is leſs by Imo, 54,93, 2, 1115 
than the Number of things expoſed. And ſo many are the 4, 3, 2, 3110 
ſeveral Triads which. may be had in ſuch Number of things 3,2, 1] 6 
expoſed. That is, in the preſent caſe, 15 + 10 + 2, 1} 3 
6-|-3-þ+1=35- Which is repreſented in the Fourth i] 1 


| 


Line; which is, of Pyramidal Numbers. 
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8. The ſame happens, if inſtead of taking 1 hree; we take Al but Three. For 
the ſame variety of caſes happens, it now we take what were before left; and 
leave what were then taken. And as that 1s repreſented in the Fourth Line ; fo 
this in the Fourth Column. : 

9. If we would take Foxr : Then, with 4, may be made ſo many Four's (or 
Quaternions,) as may be formed Triads of thoſe that follow ; (as 6, c, 4, e, f, 93) 
That is, (by $ 7.) a Pyramidal Number whoſe fide is leſs by Two, than the 
Number of, theſe ; that 1s, leſs by Three , than the Number of things expoſed. 
That is, in the preſent caſe, 203 which is a Pyramidal Number of the ſide 4, 
which is leſs by Three, than 7. 

In like manner ; (omitting 4, ) there may with 6, be ſo many Quaternions 
formcd, as may be Triads of thoſe that follow it: (asc, 4, e,f,g:) That is, 
a Pyramidal Number whoſe fide is leſs by 1, than that foregoing. That is, 10; 
whoſe lide 3, is leſs by 4 than 7. | 

And (omitting 4, 6, ) there may with c be formed ſo many Quaternions, as 
way of thoſe that follow it (4, e,f, g,) be formed Triads. That is, a Pyrami- 
dal Number whoſe ſide is yet leſs by 1. That is, 4; whoſe ſide is 2. And © 
onward, 'till we come at 1. 

And then the Aggregate of all theſe Pyramidals ; that is, the Number in the 
20 Fifth Line, next under the greateſt of themz is ( what they call) a 
10 Trianguli-Triangular Number , whoſe ſide 1s leſs by Three than the Number of 

4 things expoſed. That is, in the preſent caſe, ( where the Number of things 

1 is7,) 20-|- 10-þ-4-|-1 = 35, (2 Trianguli-Triangular Number, of the 
— lide4=7—3,) is the Number of Different Quaternions which may be 
35 had when the things expoſed are 7. 

(If any like not the Name of Trianguli-Triangular , and ſo of the reſt that 
ſollow'; Iam content he change them : For lam not fond of them ; but uſe them, 
becauſe I find them.) | | 

Which Number is the ſame which before we had for Three's ; which hence 
comes to paſs, becauſe, when the Number of things is 7, the Number 4, is the 
ſame with All wanting 3; where the variety 1s the ſame as if 3 were taken; as 
is ſhewed in F preced. | 

10. The ſame happens, (for the reaſons already ſhewed,) if we were to take 
All wanting Four. And as that is to be found in the Fifth Line; fo this, in the 
Fifth Column ; whoſe Numbers are the ſame with thoſe of the Fifth Line. 

11. Inthe ſame manner will be ſhewed, that, if we would take Five ( or All- 
15 but Five;) the varictiesare then ſo many as is the Aggregate of the Numbers 

5 in the Fifth Line, ending with that whoſe ſide is /eſs by 'Four than the 
1 Number of things expoſed. That is, the Number in the Sixth Line (which 
— is Trianguli-Pyramidals) next under the greateft of thoſe ; whoſe ſide is 
= leſs by Four, than the Number of things expoſed. That is, in the preſent 
caſe, 15+ 5-1 = 21, a Trianguli-Pyramidal Number, whoſe ſide is 3==75—4. 
And fo, if- S:x are to be taken, (or All but Six; the varieties are ſo many, as 
is the Aggregate of Numbers in the Sixth Line (or the Number anſwering 
6 thereunto in the Seventh, ending with that whoſe ſide is /eſs by Five, than 
1 the Number of things expoſed. And ſo for Seven, Eight, &c. ( or All 
— bat Seven, Eight , &c.) we are to take the Numbers of the following Lines, 
ending with that whoſe ſide is leſs by one, than that for the Line next 
above. As, in the preſent, (where 57 is the Number of things expoſed,) the 
Number of $Sixes is 7; the Number of Sevens is 1. 2 

12. All theſe varietics of choiſe, for any Number of things expoſed, are found, 
in the Table foregoing, in a rank of Numbers obliquely deſcending; in which that 
Number which is the Number of things expoſed, is to be found in the ſecond Line, 
and again inthe ſecond Column; both which are of Laterals. As,'in the preſent 
caſe (where 7 is the Number of things expoſed,) in the oblique deſcent paſting by 7 
in the ſecond Line, and again in the ſecond Column; we have the Numbers t, 7, 
21, 35, 35, 21,7, 15 which repreſent the variety of cafes for taking, o, 1, 2, 3; 
4, 5,6, 7. And the like for any other Number of things expoſed. 


13. And 


Caap.l. and Aliquot Parts. 


——  - 


13. And theſe Numbers (2s appears upon view) are the ſame with thoſe which 
are called Uncze, prefixed to the Proportionals that cofſtittite the reſpeCtive 
Powers of a Binomial Root: Or, (which is the ſame) the reſpettive Powers of 1-]-1 
conlidered as a Binomial Root. That is, the Root, Square, Cube, Fourth, Fiſth Pow- 
er,C*c. of 1-{-1 ; according as the Number of things expoſed are 1,2,3, 4, 5, 6, &c. 

14. The Table thus begm , is caffy continued as far as there is occalion : 
For the Number of each phace, is the Aggregate of two Nambers, whereof one 
is next above it, and the other next before it. As 15=q5-| 10. 20 = 10+- 10. 
35=20-|-15. And ſo every where. 

i5. Having therefore any Number of things expoſed ; let that Number be 
{ought in the ſecond Line, (which is of Laterak) and again in the ſecond Column 
and then, in the ſloping rank of Numbers paſſing throngh theſe two, we have 
the Number of caſes for taking o, T, 2, 3, 4; &c. in ſttch order as the Index on 
The ſide direfts: And likewiſe Dt taking Mt but ©, 1, 2, 3, 4, &c. in ſuch order 

as the Index on the top directs. | 

16. And if we would have the ſum of all theſe varieties (for any fach Number 
of things propoſed) all together ; it is had by adding the Numbers of ſach ſloping 
rank z as inthe preſent caſe, 1-7--21-+ 35+ 35+21 +71 = a 128. 

17. Which Number is always that Power of the Number 2, (that is, of 1-1) 
which is of fo: many Dimenſions as is the Number of thin _— (or that 
Power whole exponent is fuch Number; that is, the prodedt fo many Two's 
continnally Muttiplied ; (as, in the preſent caſe, 2x 2x2 x2x2x2x2=128;) 
or, x {ſo many times donbfed as 1s the Number of things expoſed. That is, 
tor ©, it 15 1. (for, here, to take all, or to leave all, is but one and the ſame caſe.) 
For 3, it is (the fide) x-|-r. For 2; (the Square) 1-2 + r=4. For 3 (the 
Cube) 1-þ 3-|-3-þ- 1 = 8. For 4, (the Biquadrate) r-E- 44-6 -k 4 +1 = 16.” 
And 1o of the reſt. 

18. And thus far we have confidered the variety of caſes concerning taking or 
leaving, Noze, One, Two, Three, &c. oh any Number of things expoſed ; with- 
out regarding the order of them; ſo that abe, acb, bac, bca, &c. are re- 
puted for one and the ſame caſe. But if the different Alternation, or change of 
order, in the ſame things, be accounted as different caſes; this we are to conlider 
in the next Chapter. And if, therein, ſome two or more are indifferently reputed 
as one and the ſame, or indifferently to be raken each for other ; what abatement 
of the former Number will hereupon arife, is conſidered in the fame Chapter. 

19. If, by Combination, we underſtand the taking of Two or more, (but not 
of One, or None; ) then, out of the Number of caſes before found, we muſt 
abate ſo many as is the Number of things expoſed, and one more. For, of thoſe, 
ſo many as is the Number of things expoled, anſwers to the caſes of 1. And 
one more, anſwers to the caſe of taking None: But all the reſt are Combinations 
in that ſenſe. For though Combination (as coming from B21 } in its proper ſigni- 
fication extend onely to the taking of Couples, (or Two's;) yet in common 
acceptation the word is now uſed of greater Numbers. And, in Engliſh alſo, 
we icruple not to fay, that Three, or Four, ( or mote than fo, } are Coupled 
rogether ; that is, connected. 

20. If, out of the former Number of caſes, we pleaſe to exclude that of. rakwg 
None , or 0, (becauſe, to take none, is not to take, ) theniis the Number of caſes 
| fewer by one, than is above exprelied. And ſo-we have the caſes of taking one 
or more. And ſo many are the Number of Diviſors, of a Number compounded: 
of ſo-many different Prime Numbers continually Multiplied; as are the cafes of 
taking one or more of ſo many things expoſed. | 

21. And if further we abate one more ( which anfwers to the caſe of taking 
All;) then haye we the Number of Aliquot Parts, of a Nutnbet ſo Compoſed of 
different Primes or Incompoſite Numbers. The Number of Aliquot Parts being 
fewer by one, than is the Number of Diviſors. bY ds 

| ſhall ſubjoin to this Chapter (as properly appertaining to this place ) an 
Explication of the Rule of Combination ,, which I find in Buckley's Arithmetick ,; 
at the end of Seron's Logick, (in the Cambridge Edition; ) which (becauſe obſcure): 
Mr. George Fairfax (a Teacher of the Mathematicks then: in Gxford ) delired me 


to explain; to whom (Sept, 12, 1674+) - _ the Explication nnder —_— / 
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Conſonant to the DoCtrine of this Treatiſe; (which had been long before written, 
and was the ſubject of divers publick Lectures in Oxford, in the Years 1671, 
1672-) | "TREES ; 

| Regula Combinationis. 


Ouot fuerint Numeri , quos Combinare velimu ; 

Tot ſint & ſeries, quibus eſt proportio dupla ; 
Quarum principium ducatur ſemper ab Uno, 

Omnnes has ſeries conjunge per Additionem. \ 
Produtto, numerum quot Combinatio conſtat , 
Aufer. Quod ſupereſt , numerum citat ;, unde patebit z 
Quot faciant numeros diftinttos , undique ſiquis 
Propoſitos numeros velit in ſe Multiplicare. 

S1 nibil a ſumma pradifta ſurripiatur ; 

Reſtabunt partes Aliquote , que numerabunt 

Illum, qui numeros eft inter Maximus omnes , 

Ex dultu in ſeſe numerorum provenientem. 


I have taken the liberty, to alter the pointing (ſo as to make the ſenſe the 
clearer,) and to reſtore (in the ſecond verſe) ſizt, for ſunt; and (in the third 
verſe ) principium, for principio; which had been miſprinted. And (in the fifth 
verſe) numerum, for numeros; for it is but one Number that is to be ſubducted; 
namely, the Number of thoſe Numbers which are to be Combined. My Expli- 
cation was this: 

** Let as many Numbers as you pleaſe, be propoſed to be Combined : Suppoſe 
* Five; which we will call « b c d e. | 


ab abc abed abede 
ac abd abce 
ad abe abde . 
ae acd acde 

be ace bcade 


| > 04 » ms 
aleas IJ 


5 
RS bolded 5 ** 
ks | cd bee 10 10 
26 ce bde 5 IJ 
de cde 8:8 
10 "© 31 26 


« Put, in ſo many Lines, Numbers, in duple proportion, beginning with 1. 

« The Sum (31) is the Number of Sumptions, or Eleftions; wherein, one 
& or more of them, may ſeveral ways be taken. 

&« Hence ſubduCt (5) the Number of the Numbers propoſed. Becauſe each of 
« them may once be taken ſingly. 

« And the Remainder (26) ſhews how many ways they may be taken in Com- 
& bination; (namely, Two or more at once.) 

« And, conſequently , how many Products may be had by the Multiplication 


' & of any two or more of them ſo take. 


< But the ſame Sum (31) without ſuch SubduCtion, ſhews how many Aliquot 
&« Parts there are in the greateſt of thoſe Produtts ( that is, in the Number made 
& by the continual Multiplication of all the Numbers propoſed ) abede. For 
& eyery one of thoſe Sumptions, are Aliquot Parts of ab c de, except the laſt, 
& (which is the whole, ) and inſtead thereof, 1 is alſo an Aliquot Part;. which 
& makes the Number of Aliquot Parts, the ſame with the Number of Sumptions. 
© Only here is to be underſtood , ( which the Rule ſhould have intimated ; ) 
& That, all the Numbers propoſed, are to be Prime Numbers, and each diſtin&t 
« from other. For if any of them be Compound Numbers, or any Two of them 
« be the ſame; the Rule for Aliquot Parts will got hold, 
CHAP. 


Cnae.Il. | a and Altquot Parts. 


CMAP. II. 


Of Alternations , or the different change of Order , in any 
Number of things propoſed. 


UPPOSE we a certain Number of thitigs expoſed , different each from 
other, as a, b, c,4,e, &c. The Queſtion is ; how many ways the or- 
der of theſe may be varied ? As, for inſtance, how many changes may be 
Rung upon a certain Number of Bells ; or, how many ways ( by way of 
Anagram ) a certain Number of (different) Letters , may be differently 


ordered ? 


1. If the thing expoſed be but One, as 4; it is certain, that 


ad 1 


the order can be but One. That is 1. ab? 

2. If Two be expoſed; as a, 6; it is alſo manifeſt, that they þa$® 
may be taken in a double order ; as 4b, ba; and no more. That | 
is 1x2=2, I*X2=2 

3. If Three be expoſed; as a,b, c : Then, beginning with a, abc 
the other two 6, c, may (by $ 2.) be diſpoſed according to Two ach C* 
different orders, as 6c, c b; whence ariſe Two Changes (or þca 
varieties of order) beginning with 4; as abc, acb: And, inlike þ, I - 
manner it may be ſhewed, that there be as many beginning with «© ab 
b; becauſe the other two, 4, c, may be ſo varied, as bac, bca. co ba 
And again as many beginning with c, as cab, 5ba. And therefore, 
in all, Three times Two. That is, 1x2, x 3 =6. 2x3=6 

4. If Foxr be expoſed, as a,b, c, 4: Then, beginning with a4, abcd 
the other Three may (by F preced.) be diſpoſed 6 ſeveral ways. ybadc 
And (by the ſame reaſon) as many beginning with 6; and as many acb 
beginning with c; and as many beginning with 4.. And therefore, acdb/ © 
in all, Four times fix ,-or 24. That is, the Number anſwering z,dbc 
to the caſe next foregoing, ſo many times taken as is the Number ,dcb 
of things here expoſed. That is, 1x 2x 3, 4 = 6x4 = 24- al 

5- And in like manner it may be ſhewed; that this Number 24 4s p 
Multiplied by 5, that.is 120 = 24x F=1x2x3x4x5, is the ths y 
Number of Alternations ( or Changes of order) of Five things þ. A 6 
expoſed. (Or, the Number of Changes on Five Bells.) For cach of bs q 
theſe five being put in the firſt place , the 'other four will (by $ , Fre 

preced.) admit of 24 varieties ; that is, 1n all, five times 24. And, os 
in like 'manner, this Number 120 Multiplied by 6, ſhews the cabd 
Number of Alternations of 6 things expoſed. and fo onward, cadb } 
by continual Multiplication by the conſequent Numbers 728, 9, Fc. chad. 4 
6. That is, how many ſo ever of Numbers, in their natural cb 4; 
Conſecution, beginning from 1 , being continually Multiplied, cd4ab 
give us the Number of Alternations (or Change of order) of which c4ba 
ſo many things are capable as is the laſt of the Numbers ſo Mul- Jab ed 
tiplied. As for inſtance, the Number of Changes, in Ringing Five ye , 
Bells, is 1x 2 x 3x4x5 = 120. In Six Bells, 1x 2x 3x4x 5x6 = 2b 
120x 6= 720. InSeven Bells, 720x 7 = 5040. In Eight Bells, be > 6 
5040 x 8= 492320. And ſo onward, as far as we pleaſe. A br 
Thus Voſſius tells us, (Cap. 7. de ſcientis Mathematicis ) That if T ; \ 
an Hoſt promiſe to entertain 7 Gueſts ſo Jong as they fit every day tos 
in a different order z this extends to 14 years. He means, almoſt 4x 6=24 


ſo many ycars: Namely, 5040 days; which of 14 years wants 73 
Or 74 days, according as the Leap-years may chance to fall, 
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7. This Number of Alternations , according as the Number of things expoſed 
doth increaſe, will proceed to a vaſt Multitude beyond what at firſt one would 
expe&t. As for Example 3 the 24 Letters will admit of ſo many varieties or 
Alternations in Changing their order z as that if ſo many Bells were to be Rung 
according to all thoſe Changes, it could not have been diſpatched (as the Learned 


Fohn Gerard VUoſſiw, in the 
of the World to this day. I 
hath paſſed , there had 
the following Computation! 


1 307674368000 
20922789888000 | 16 x 
355687428096000 


ce laſt cixed, doth obſerve) from the beginning 
> No, nor if for every Minute of an honr which 
paſled Ter Thouſand Thouſavd Tears: As will appear by 


I x 

2 , 2 X 

6] 3 * 

24] 4 * 
7201} 6 x 
5040 | 7 x 
49320} 8 x 
362880 | 9g x 


3628800 þ 10 x 
39916800 LL Xx 

47 9001600 
622702Q80Q 
87178291200 


6402373705728000 18 x 


121645 100408832000 
2432902008176640000 |f 
51090942171709440000. 
112400072777760768Q0Q0 
25852016738884976640000 
620448401733239439369000 


In x year. 
365 3 days. 
«x 24 


$25960 Minutes 
In 6Q00 years. 
3155760000 Minutes 
x$ 
15778800000 Changes. 
525960 Min.in 1 year. 


946723000000 
1420092 
788940 
315576 
788940 P 
82990 17648000000 
1 0000000 
32990 176480000G00000000 


For, ſuppoſing in one year, 365 5 days: 
and, from rhe beginning of the World fs 
have paſled 6000 years; ( both of which 
ſuppokrtions are at the largeſt; ) and there- 
fore the Number of Minutes in all that time, 
3155760000. Suppoſe we then, in every 
Minute of anhour, þ Changes to be diſpatch- 
ed; that is, (becauſe of 24 Bells) t20 ſtrokes. 
ſucceſſively one after another : (which allow- 
Ace is alſo at the largeſt.) And therefore, 
in. 6000 years, 15778800000 Changes , 
which Number if we Multiply by 524960, 
(the Number of Minutes in one year, ) we 
have $2990176480cooos for the Number 


of Changes to be diſpatched in ſo many 
years as there have been Minutes, which 
Multiplied by 10000000, (Ten Thonſand 


Thouſand, or 10 Millions, ) will be but 
82990176480000c000000000, which is leſs: 
than 6204438401733239439360000 , the 
Number of Changes whereof 24 Bells are 
capable. 


Nay , 


Cue ll. and Aliquot Parts. 


I17 


Nay, if we ſhould proceed no further than to 14 Bells, and allow 16 Changes 
(that 1s, 140 ſtrokes) to every Minute ; the Number of Minutes requiſite to 
King them all would be 8717829120, (a tenth part of the Number of Changes,) 
which is more than double (almoſt treble) the Number of Minutes in 6000 Years. 
And would require more than 16 Thouſand Years (yca more than 16575 Years) 
to Ring them all. 

8. Hence it may appear, how many ways the Letters of a Name or Word, 
({uppoſing them to beall ſeveral,) may be differently diſpoſed by way of Anagram; 
(our of which thoſe that are of uſe may be ſelected, negleCting the reſt; ) by $6. 
For Example; the Word & 0 MA, (conliſting of 4 different Letters) may admit 
of Changes 24 =1x 2x 3x4. | 


Rom 4 


orma mroa arom 
roam oram mrao armo 
rmoa omra mor a aorm 
rmao omar moar aomr 
raom oarm maro amro 
rAmo OoOamr maor amor 


Of which (in Latin) theſe ſeven are only uſeful; Roma, ramo, oram, mora , 
enaro , armo, amor, The other forms are uſeleſs; as affording no (Latin) Word 
of known ſignification. 

9. But in caſe ſome one or more of the Letters do occur more than once ; 
the Number of Alternations ſo found as before, muſt be divided by ſuch Num- 
ber or Numbers as ſuch repetitions do require: Namely, if the ſame Letter do 
twice occur, we are to divide by 2; if three times, by 6; if four times, by 
24; and ſo onward, according to the varieties that ſuch a Number is capable of. 
For, if ab, be reputed for the ſame ; then whereas (the reſt remaining as before) 
ab and ba would every where afford two varieties, they are in this caſe to paſs 
for one; and therefore the Number of caſes half ſo many as otherwiſe they 
would be. In like manner (the reſt remaining as before) ab c would every where 
(according as they may change places one with another) afford 6 varieties; 
but in caſe they be all the ſame, theſe Six caſes muſt then paſs but for one. 
And in like manner, if 4bc4 be ſeverals, they afford (the reſt remaining as 
before) 24 varieties; but, if the ſame, theſe 24 muſt paſs but for one: And the 
like in other caſes. And, if more Letters be ſo repeated, there mult be for each 
of them ſuch diviſion. | 

For Example; the Word MESSES having 6 Letters; if they were all 
different, the Alternations would be 720 =1 x2 x3 x4x5x6, But becauſe the 
Letter e comes twice, that Number is to be divided by 2. (For if inſtead of 
ee, we puten, then ms55ns and mnss+s would be two forms, both which. 
are now Co-incident in mess5es: And ſoevery where.) Again, becauſe the 
Letter s comes three times, we are (for the like reaſon) to divide-by 6. (For 
if thoſe three were three different, they would in every poſition of the reſt, 
afford 6 caſes; all which are now Co-incident in 555.) And therefore, (becauſe 
both happen,) 7 20 being divided by 2, and again by 6; the different varieties 


will be = = 60 
2x6 
meesss emesss esmsse Smeess Seesms S5smsee 
mesess emsSess eSemss SMCESCS SECSSM SSEMES 
mes5es emssSes ecSESMS SMeC$SC SESMES SSEMSC 
meSSSC emsSsSsc ecSessm SMSECS SES MSEC SSEEMS 
mseess ecmsss eSSMmes SMSESEC SCSEMS SSEESM 
msesSes ecsmss eSSMSC SMSSEC SESCSM SSESME 
msesSsSEe ecssms eSSEMS SEMesSS SESSMEC SSESEM 
m$$ees ecsSSm eSSesm SEMsesS SESSEM $SSmee 
m$$sese eSmess esSSSme SEMSSE SSMEES SSSEMEC 
m$$$ec ecSmses eSSSEM SCEMSS SSMECSC SSSEEM 


Of all which varicties, there is none beſide messes it ſelf, that affords an 


oſeful Anagram. 


In 
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In like manner we may ſhew , that the Letters abbocecdddd will admit of 
Q == 36288 ws 
ſxangneucxoro eng EIRD 12600 ſeveral varieties: And abbeedd, 


2x6x24 = 283 
1X2X 3X4X5x6X7==5940 of IX2X 3X 4X5 X6X7 x $==403201 
6X2xX6=72 


, _ =630: And aaabbece, 


—560. And the like in other caſes however varied. 

10. The converſe of this, is of like uſe z when what was conſidered but as 
one and the ſame ſeveral times repeated , comes afterward to be diltinguiſhed, 
For then the Number before found , is to be ſo often Multiplied, as the Number 
of things ſo diſtinguiſhed ſhall require. 

As, in the Word messes before mentioned, where 555 are conſidered but as 
one Letter thrice repeated, and ee as the ſame twice repeated , the Number 
of different poſitions 1s 60; but if 55s be diſtinguiſhed as three ſeverals; and 
ce as two ſeverals; the Number of all will be 60x 6 x 2 = 720. 

Thus Voſſizs, Cap. 7+ de ſcientiis Mathematscis, tells us that this verſe : 


Rex, lex, ſol, lux, dux, fons, mons, ſpes, pax, petra, Chriſins. 


Which (conſiſting of 11 Words) may be turned (abſolutely) 39916800 ways; 
and fo as to preſerve the Rules of an Hexameter verſe, be turned 3628800 
ways, he ſhould rather have ſaid 3263920. That is, the 9 Monaſyllables 
( which may promiſcuouſly take each others place) 362880 times ; andiChriſxs 
is capable X 9 (not 10) different poſitions z that is, 1n the firſt, ſecond, third , 
fourth, fifth, ſixth, ſeventh, eighth, ( but not in the ninth, and tenth, ) and in 
the laſt place; (and perra confined, by the nature of the verſe, to the place next 
before the laſt ſpondee.) That is, 362880 * g == 3265920 ways: 
He ſays alſo that the verſe 


Tot tibi ſunt detes, virgo, quot ſidera celo ; 


may be turned abſolutely 40320 ways; and, ſo as to preſerve the verſe 1022 
ways; Which is very true, (and I have been told, of ſome body, who, in praiſe 
of the Virgin Mary, had made a Book of that verſe turned ſo many ways; which 
was wont to be reputed the Number of the Fixed Stars, according to the ancient 
Catalogue of them.) But it is true alſo, that it may be turned many more ways 
than ſo, and yet preſerve the verſe true : Namely, 2628, retaining the quantity 
of the laſt Syllables in r:b4 and virgo as before ; and 468, Changing their quantity 
in _— That is, in all 3096 ways. As will appear by the Scheme adjoyned, 
—— brief Explication , (or Demonſtration) ot it : which is thus to be un- 
der i 

Tot, ſunt, quot , which may promiſcuouſly ſupply each others place, are (in 
yerſe 1, 2, 3, &c.) ſet down only in this order, and ſo paſs but for one caſe ; 
but are capable of 6 varieties ; which caſe I call a= 6. And the like for dotes, 
virgo, celo; which caſe Icall s=6. And again, ror tibi may change place with 
federa; which caſe I call c=2. And, becauſe all theſe happen in verſe 1. the 
varieties thereby repreſented, are abc = 42 — 6x6x2, And fo of the reſt, 
as the Scheme directs. 


i. Tot tibi ſunt dotes wirgo quot ſiders calo, abc = +12 

, quor virgo abcd= 144 
3. quot dotes ace =1152 
4+ dotes ſunt virgo quot abcf= 144 
$- ſunt dotes quot wirga tibs 4 $ » = bo 
6, quer dotes ribs virgo abs = 324 

a virgo tibs | abi = 324 

; dotes tibi ſunt virgo quot aþ = g6 
9. quot virgo ak = 108 
T0, ſunt virgo quot tibs ablm = 144 


CHrao.l1l. and Altguot Parts. 


It. Virgo tibi tot ſunt dotes quot ſidera celo, go = 
12, quot ates an = 
13. dotes ſunt quot a0 = 36 
14. Jot ſunt virgo tibs dotes an = 36 
I;. quot aotes an = 
16. dotes wirgo tibs quot an = y6 
17. Tot adotes ſunt a#5= Id 
13, ſunt dotes ſidera calo wireo tibi quot aq = 144 
Ig. dotes ſunt | apr = ..24 
20. calo ſunt ſidera 4p =;, 32 
21. ſidera tot dotes ſunt calo | apr =- 24 
22, celo ſunt ap =. 13 
23. dotes tot apr. = "Ix 


virgo tibj\ 468 
t1bs virgo 2628 


3096 
Tot, ſunt , quot, #=6, dotes, virgo, Calo, o=6, 
rot 1b , ſidera , EW YZ: tot ribs, virgo, >= 3: 


Tot tibi, ſunt quot , detes, virgo, celo; e= 120 —=24=120x*=96. 


( Becauſe ror 1144 cannot ſupply the place of celo, as of the reſt.) Tor ribi, dotes, 
f=2. Tor ſunt, dotes, virgo, calo, g = 24. Quot tibi, ſidera, k=1 5, 


(Becauſe when ror ſunt, or its Equivalent ſunt quot, comes next before rib , 
which is a fourth part of the caſes contained in g, than will quot tibi, change with 
federa; which adds 4 of what was before.) Tor ſunt, (and ſunt quet, ) dotes, 
virgo, celo, i= 9g. 

( Becauſe dotes, virgo, calo, contained in b, may each of them change with 
tor ſunt , which Multiples by 4, or adds a Triple to what was before, as at 
g, and + of that Triple, or 4 of that Quadruple, as at h; that is, :it adds a 
Quadruple or Multiplies by 5: And again, each of them with ſunt quot , which, 
for the ſame reaſon, adds another Quadruple: Therefore both together, add 
an Ottuple, or Multiply by 9.) 


Dotes, ſunt quot , virgo, Celo , h= 24 —6=24x2 = 18. 


(Becauſe, if ſunt quot ſupply the place of dotes, it will be Co-incident withr 
ſome of the caſes of ver. 3.) 


ef S- Ya C —_— . TX" 
Quor tibi Lay es CS VIrg0, quot tibt, m=2, 
ror ſunt, þ (Gy IPs dotes, ſunt quot, celo, o=6: 
dotes, vaio, AY tot ſunt, dotes, ſidera, celo Fg=32 
— a4» 
ſidera, celo , r= : ; _ > 


I will not be poſitive, that there may not be ſome other Changes : (and then 
thoſe may be added to theſe: ) Or, that moſt of theſe be twice repeated, (an 
if ſo, thoſe are to be abated out of the Number: ) But I do not, at preſent , 
diſcerneither the one and other. 
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Of the Diviſors, and Aliquot Parts, of a Number propoſed. 


Y Number, I here underſtand only Integer Numbers, as 1,2,3,4,5, &c. 
Not Fraftions, as 2, 4, 4, $, &c. Or Mixed, as 14, 25, 3+, &c. 
Much leſs Surds, as 4/2, 4/5» 4/6, &c. 

2. By the Diviſor of a Number, | here underſtand, ſuch Integer 
as doth meaſure ſuch Number ; that is, being once or oftener taken doth equal 
it. So, of the Number 6, the Diviſors are, 1, 2, 3, 6: Becauſe 6, once 
taken ; and 3, twice taken; and 2, thricez and 1, fix times taken; do equal 6. 


1)6(6 2)6(3 3)6(2 6)6(1, G=1x6=2x3=3x2=6x1. 


3. By Aliquot Part of a Number, I underſtand ſuch a Diviſor as is leſs than it. 
As of 6, the Aliquot Parts are 1, 2, 3; butnot6. For, though 6 be alſo a" 
Diviſor of it ſelf; yet not an Aliquot Part z becauſe the Word Part imniies 
ſomewhat lefs than the whole. 

4. The Number of Aliquot Parts, therefore, is always leſs by one, than the 
Number of Diviſors. Becauſe all the Diviſors except one, are Aliquot Parts; 
all the Aliquot Parts are Diviſors, and one more. 

5- So that, the Number of Diviſors being given, the Number of Aliquot 
Parts is given alſo. And contrary wiſe; if this, then that. As, of the Num- 
ber 6, the Diviſors being 4 , the Aliquot Parts are 3, (that is, 4—1.) And, 
theſe being 33 the Diviſors are 4=3 + 1- 

6. It is manifeſt, that the Number 1, hath no Aliquot Part; and but one 
Diviſor, that is 1. Becauſe there is no Number leſs than it ſelf that may be a 
part of it : But it meaſures it ſelf; and therefore is its own Diviſor. 

7. Any other Prime Number hath one Aliquot Part, and Two Diviſors. For 
2 Prime Number , we call , ſuch as is meaſured ( belide it ſelf ) by no cther 
Number but an Unit. As 2, 3, 5, 7» 11, ©c. Each of which are meaſured 
by 1, and by it ſelf; but not by any other Number. And hath therefore 2 
Diviſors, and 1 Aliquot Part; but no more. 

$. Every Power of a Prime Number ( other than of 1, which here is un- 
derſtood tobe excluded,) hath ſo many Aliquot Parts as are the Dimenſions of 
ſuch Power ; and one Diviſor more than ſo. As (ſuppoſing a, 6b, c, &c. 
to be ſo many Prime Numbers;) 4 hath two Diviſors (1 and a3) 4* or aa 
hath three, (1, 4, as; ) 43, or 44a, hath four, (1, a, 4a, aaa;) and ſo of 
the reſt. That is, the Number of Diviſors is one more than the Number of 
Dimenſions. Becauſe 1, and all the Degrees of ſuch Power ( not higher than 
itſelf) are Diviſors ; but not any other Number, if 4 be a Prime. That is, 
one more than the Number of Dimenſions: Of which the greateſt Diviſor 
( being the whole ) is not an Aliquot Part; and therefore the Aliquot Parts are 
juſt ſo many as are the Dimenſions. Thus of 8 (the Cube of 2) the Diviſors 
are four, (1, 2,4, $;) the Aliquot Parts are three, (1, 2, 4;) Of $1 (the 
Biquadrate of 3) the Diviſors are five, (1, 3, 9, 27, 81;) the Aliquot Parts 
are four, (1, 3, 9, 27,) juſt ſo many as are the Dimenlions. That is, (of 
ſuch Biquadrate ) the Diviſors are 1, 4, 44, 44a, aaaa; the Aliquot Parts 
1, 4, 44, aaa; and ſoevery where: For, though the higheſt Dimenſion came 
not into the Number of Aliquot Parts, yet 1 being ſupernumerary, makes the 
Aliquot Parts juſt ſo many. : 

g. If a Prime Number, or any Power thereof, be Multiplied by any other 
Prime Number, or any Power hereof; the Product hath ſo many Diviſors, as is 
the Number of Diviſors in That, Multiplicd by the Number of Diviſors in This ; 
and, therefore, the Aliquot Parts fewer by one than fo. 

For 


Ciar.IIl and Aliquor Pres, 


For Example: Let «, 6, be twoifterent Prime Numbers, (ſuppoſe 2, 3; ) 
and certain Powers thereof, 8s 4?; b*, (that is 8, 9,) the Produtt #6}, (that is, 
72 = 8x9.) Now for as much as the-Diviſors of the former 1, 8, as, aaa; 
(that is, 2, 2, 4, 8,) divide 43(that is 8;) not only theſe, or (which is the 


ſame ) every of theſe Multiplied My t; but alſo every of them Multiplied by 
b, and by bb, (that is by 3, and by 9,) will divide 43 b*. That is, every of 
the Diviſors of a, Multiplied into every of the Diviſors of b*; will divide 


a3 b*, 


2. 
"= The Divifors of | 4 
as 4 ++ Multiplied by x. * 
aaa 8 
EE *% X 
ab 6 The ſame Multiplied 
aab 12 +: by 6. 


bb g 
abb 18 The ſame Multiplied 
* by bb. 


The Number therefore of all ; is the Nitmber of 1, «, 44, 444, (that is 4,) 
ſo many times taken as is the Number of x, 6, bb, (that is, 3 times;) That is, 
4x3 = 12: The Number of Diviſorstherefore is 12; and of Aliquor Parts, 11. 

10. If a Produft made by the Multiplication of different Prime Numbers, or 
of their Powers by one another, be further Multjplied by another Prime Num- 
ber different from every of thoſe: The Number of Divifors in this new Product, 
will be ſo many as is the Number of Diviſors in that firſt ProduCt Multiplied by 
the Number of Diviſors in the new Multiplier. | | 

For Example: The Number of Divifors in the Product but now mentioned 
43 b?, is 12 4 (as isalready ſhewed:) if therefore this be Mnltiplied by any other 
Prime Number, as c (ſuppoſe 5,) different from a, b; (whoſe Divifors therefore 
are two, 1 andc;) the Diviſors of the ProduCt a3b*c (that is, of 72 x 5 = 360 
will be 12x 2 = 24. Namely, all thoſe (before found) which divided a? 65, will 
alfo divide 4%b* c; or (which is the ſame) all thoſe Muttiplied by 1 (which is 
one of the Diviſors of c;) and the ſame alfo Multiplied by e, (which are as many 
more; ) and therefore both together are twice as many ; that is, 12#2 = 24. 
Namely, 1, 4, 44, aaa; b, ab, aab, aaab; bb, abb, aabb, aaabbj 
c, ac, aac, aaac; bc, abc, aabc, aaabc; bbc, abbe, anbbc, aaabbc. 
That is, 1, 2, 4, $5 3, 6, 12, 243 9, 18, 36, 72: 5, 10, 20, 403 
I5, 30, 60, 120; 45, 90, 180, 360. | 

And if, for the new Multiplier c= 95, were taken ce=2y, or ece = 1255 

the Number of whoſe Diviſors are 3 or 4;) the Number of Diviſors of the 
oduCt 43 b*c?, or 43 b* eI, wonkd (acchrdingly) be 12 x 3 = 36, or 12 x4 =48; 
(And, in like manner, for any other Power of ec.) For now not only the Di- 
viſors of a3 b* Multiplied, by 1, and by c; but the ſame alſo Multiplied by ec, 
(which is a third time ſo many,) will be Diviſors of a3 b* c*z and the fame Mul- 
fiplied by ccc, (which isas many a fourth time, ) will be Diviſors of a b# &), 
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"he ac 10 acc 50 acce 250(._ 
aa 4(* aac 20(7 aacc 100C(7 R4ccc , 
aaa 8), aaac 40 aaacc 200 a44ccc 1000.4 
b 3 be 1g bee 75 beee 375 
ab 6 abc 30 ' abcc 150 abcce 7550 
aab 12(* aabs 60C7 aabce 2000? aabcee 1500 
aaab 24) aaabc 120, aaabec 600 aaabcee 30co 
bb gY bbe asY bbee 225 bbeec n125 
abb 18 abbc go abbcc 450 abbcec 2250 
cabb 360* aabbc 180 aabbcc goo(t aabbcee 4500 
aaabb 52) aaabbc 360 aaabbeec 1800 aaabbeee yeoo 
4x 3=12 12 12 12 
12x4=48 


The ſame will in like manner be ſhewed, if this new ProduCt #*b® c, ( whoſe 
Diviſors are 24,) be further ye oye pe by d, or dd, &c. Namely, the Divi- 
ſors of 4a* b*c d will be 24x 2 = 48; and, of b*cd » 24Xx3 = 72. And fo 
forward. 

Or (which comes to the ſame paſs) if 43 b* (whoſe Diviſors are 12 =4x3,) 
be Multiplied by cd, (whoſe Diviſors are 4 = 2 x 2) or by cdd; ( whoſe Di- 
viſors are 2x 3z=6;) for then will the Diviſors of 4*b*cd be 12x 4 = 48; 
and of a*b*c d*, 12x6=72 ; as before. 

And in like manner, the ſame will hold , how many ſoever Prime Numbers , 
and what ever Powers of ſuch Primes , be ſo continually Multiplied ; provided 
always (which is heedfully to be attended,) that ſuch Primes a, b, c, 4, &c. be 
all different each from other. 

11. If any Number however Compounded, be further Multiplied by any of 
thoſe Primes of which it. was before Compounded , or by any Power of ſuch 
Prime; the Number of Diviſors thence ariſing, will be ſuch as would haye 
been by advancing that Prime {ſo many Degrees higher, as is the Degree of ſuch 
Multiplier. 
| "inthe inſtance, if c, d, were the ſame Prime; then inſtead of cd, whoſe 
Diviſors, if different, would have been 4 =2*2, (1, c, d, cd,) we are to 
take cc, whoſe Diviſors are but 3, (1, c, cc, ) becauſe c, d, which would 
otherwiſe have been two different Diviſfors, are now but one and the ſame, 
And accordingly, the Diviſcrs of 4*[2c 4d, that is, (becauſe c = d,) of a3 b> c2, 
will now be (not 12x4=48, as before) but 12x3z==36. Soif # bc be 
Multiplied by 4*, and 4 =6b. For then 43 b* ca* is the ſame with abc; and 
the Number of -Diviſors (not 4x 3x2x3=72, but) 4x5x2=40. And the 
like in other caſes, as is of it ſelf manifeſt. | 

12, And, univerſally: If a Number be ;nade , by continual -poei2 nan of how 
many ſoever Prime Numbers, (different each from other, ) or of any Powers of ſuch 
Primes : The Number of Diviſors of ſuch Compound Number , is Componnded ( by 
continual Multiplication ) of the exponents of the Degrees of ſuch Primes or their Powers 
ſo Compounded, increaſed ( each of them) by 1. And ſuch Number of Diviſors , 
wanting 1, i the Number of Aliquot Parts. ( Which T heorem contains the main 
ſubſtance of the Doctrine of Aliquot Parts.) 

As, for the Number 4* b* c 4; the expor:ents of the Degree or Dimenſions of 
the Primes 4, b, c,d, are 3, 2, 7, 15 and theſe increaſed by 1, are 4, 3, 2, 2. 
Theſe, continually Multiplied, give us the Number of Diviſors 4 x3 x2 x 2=48z 
and, of Aliquot Parts 48 —1 =47. (And, in like manner, for any other 
Number however Compounded.) As is evident by what is before Demon- 
ſtrated. 

Hence we may gather the ſolution of the following Problems. 

13. Any Number being propoſed ; to find how many Diviſors it hath; and , 


how many Aliquot Pats. 'f 
D.yide 
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Divide the Number propoſed ( and the Quotients ariſing from ſich Divi- 
ſon) continually , by Prime Numbers (or the Powers of ſuch) according as it 
Is capable , 'till we come to 1. To find thereby, of how many different Prime 
Numbers , and what Powers of them, the Number ſed is Compounded , 
which being done; we have the Number of Diviſors Ss Aliquot Parts, by 
the propoſition foregoing, 

As for Example : Let ſuch Number propoſed be 59403 we ſhall find, upon 
Tryal, that it may be divided by 2, twicez by 3, three times; by 5, once 3 
( by 7, not at all;) and by 11, once. 


11)5) 3) 3) 3)2) 2) $949 (2970 (1435 (495 (165 (55 (11 (1 


And may therefore be thus deſigned 4* b* c 4; wherethe exponents of a, b,c, d, 
are 2, 3, 1, 1; and theſe increaſed by 1, are 3, 4, 2,2; which continually 
Multiplied, are 3 x4x2x2 = 48. So many therefore (by the propoſition 
—_— ) are the Number of Diviſors ; and 47 the Number of Aliquot 

arts. 

14- Any Number being propoſed z to find , what are the Diviſors, and the 
Aliquot Parts thereof. 

Firſt find (as inthe precedent) of what Prime Numbers, and what Powers of 
them, the Number propoſed is Compounded. Then, taking any one of thoſe 
Prime Numbers to What ever Degree it be adyanced; and ſet down inorder all the 
Diviſors of ſuch Degree. Then Multiply every of theſe by every Diviſor of ſuch 

ree as ſome other of thoſe Primes is advanced to. And every of the Diviſors 
hithgrto found, by every Diviſor of the Degree, to which a third Prime is advanced. 
And all theſe, by thoſe of a fourth; and ſo onward if yet there be more Primes. 
(In ſuch manner asat $ 10 1s to be ſeen.) And the Number ariſing from all thoſe 
Multiplications , 1s the Number of the Diviſors of the Number propoſed: And 
all theſe Diviſors, except it ſelf, are the Aliquot Parts of ir. 

Thus for the Number 360=2 x2x2x3x3x5 =8xgxg; ſuppoſe azb® c, 
All the Diviſors of 43=8, are 1, «4, 44, 4aaz thatis, 1,2, 4, 8. Let 
theſe be Multiplied by all the Diviſors of bh = g; whichare 1, 6, b6; that is, 
1, 3» 9. Andall thereſults of theſe, by the Diviſors of cz which are 1, c 
thatis, 1, 5- So have we all the Diviſors of 360. 


I A FT" aaa & £3 4 8 
b ab aab aaab = = © 
bb abb aabb aaabb "= = 
- 684 a _—_— q $© 2a 
be abs aabc aaabc 4 yo. @ © 
bbc abbc aabbc aaabbc 45 90 180 360 


And in like manner we may proceed , what” ever Number be propoſed, and 
howſoever Compounded. 

But the ſame may alſo be done in divers other methods, (for we are not con- 
fined to proceed all ways in the ſame order, ) which in the reſult will be the ſame 
with this. Provided always, in what ever order we proceed, that we be ſure 
to take all the Prime Numbers, that are ingredients of ſuch Compound, with 
all the Degrees of them, and all the poſſible Combinations that may be made of 
them, not exceeding (in any) the Number of Dimenſions which they have in 
the Compound. And, that we may be ſure not to miſs any, it will be convenient 
to proceed, if not in this, at leaſt in ſome other regular order, that we may 
' know when we have all. And ſome other forms of proceſs we may after have 
occaſion to mention, ENES 

15. To find a Number, which ſhall have juſt ſo many Divifors, or ſo many 
Aliquot Parts, as is propoſed : And, in how many forms the ſame may be had; 
and, the leaſt in each form ; or the leaſt of all, that may have ſo many. 

The Number of Aliquot Parts propoſed, increaſed by 1, is the Number of 
Diviſors. This Number, weare to conſider , how many ways it may be expreſſed 
in Integers ; whether by one alone, or by the Multiplication of rwo or moret 
(As is to be after ſhewed at $ 17, 18.) And, as many ways as this may be _ 
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{ſo many forrss there are of Numbers which have juſt fo many Diviors: Namely, 
for every of the Integers by which fuch Number is to be expreſled, fo many 
different Prime Numbers are to be aſligned 3; and ſuch Degrees or Powers thereof, 
whoſe exponents are leſs by one than the reſpective Imegers which they repreſent ; 
and thoſe Powers or Degrees, (continually Multiplicd, if there be more of thew,) 
will have ſuch Number of Diviſors as 1s required. 

As for Example : If a Number be required which ſhall have gg Aliquot Parts , 
or, ( which is the ſame) 100 Diviſors. This Number 100, may be expreſſed 
by Integers (lingle, or Multiplicd into one another, nine ſeveral ways: 100 
_ JO x 2 = 25 X 4 =2FX2X2 = zZOXF= IOXIOZION XA =gxXoX4 = 
5x5*2x*2; And ſo many ſeveral forms there are of Numbers which ſhall have 
100 Diviſors, or 99 Aliquot Parts. Namely, if (for every of the forms wherein 

the Number 1Qao may be ſo defigned) we take ſo many 

100 #*? different Primes, as there arc Integers in ſuch defignation ; 
gox2 ah and each of them advanced reſpettively to ſuch Degree 
25*x4 4*hþ> whoſeexponentisleſs by onethan the Integer it repreſents. 
25x2x2 4a"'he AS4a", a®b, a*b, abc, ab, BUD, bro, f BO, 
20x 5s 4bþ% a*b*ca; whatever be thoſe Prime Numbers 4, 6, c, d, 
loxio 46? different each from other. ( As appears from F 1 2.) Bur 

Ioxgx2 4b*c not any other forms: As may be thence ſhewed, in caſe 

gxgx4 a*b'c: anyother form beatligned. As, for inſtance ; if any form 
gxex2x2 a*b*cd be aſligned wherein ( whatever be the other ingredients) 
2 there 1s the bare Square of a Prime Number ( ſuch as in 
none of theſe appears) as e?. For whateverbe the Number which the relit of the 
ingredients dehign, that Number ( becauſeof e* ) is to be Tripled (by $ 9.) 
But 100 is not the Triple of any Integer ( as not being diviſible by z:) And 
therefore cannot be fo deligned. And in like manner may be ſhewed, (with ſuch 
variation as the caſe ſhall require,) concerning any other form , different from 
thoſe aſligned. | 

Now tor finding the leaſt Number in each form, that ſhall have ſo many Di- 
viſors; no more is to be done, but for a, b,c,d4, &c. or ſo many of them as 
occur in each form reſpeCtively, to take ſo many ct the fmalleſt Primes, 2, 3; 
$, 7, ©c. And, of theſe, {till to aflign the lefler for that which is to have the 
greater Number of Dimenſions. (As 1s of it ſelf manifeſt.) So for the form 
a b«c, it is manifeſt, that if for a, b, c, we take 2, 3, 5, the Number muſt needs 
be leſs, than if we take 2, 3, 7, Or 3, 7, 11, or any other Numbers: And, (ſup- 
poling thoſe three to be taken,) it muſt needs be leſs if we aflign 4a =2, b=3, 
c=$5, than if we affign them any otherwife. Becauſe, in the compoſition, & is 
oftner to be repeated than 6; and this, than c. 

Now when it appears, which is the leaſt in each form; it is eaſily deter- 
mined upon view , which is the leaſt of all. As, in the preſent caſe, putting 
a=2, b=3, C=5,4=7; Its calle to judge that *b* cd, thatis, 16x8r 
x5 x7 — 45369, Is the ſmalleſt Number that can have 100 Diviſors. For it is, 
to 4* b* od; as d=7,toce=9: Anditis,to a? bee; as d=7, toa' = 32; And, 
to 4*b*; as ed = 35, to ai b*'=1776, And fo of the reſt. 

And, for the moſt part, thoſe are the ſmaller Numbers wherein more Primes 
be ingredients ; than where fewer Primes, but in higher Degrees; as ab = 
2x3=6, is leſs than = 8; though each of them have. four Diviſors. But 
it. is not always ſo; for a'b=8x3= 24, is leſs than abc =2x 3x5 = 30; 
(though the Number of Diviſors. be eight in each.) For here one Degree of a 
greater Prime c = 5, doth over balance two Degreees of a leſſer aa= g. 

16. It appears moreover ; That, wherever the Number of Diviſors is odd z 
ſuch Number is a Square: And, contrary wiſe, of every Square Number, the 
Number of Diviſors is odd. And, of every Non-quadrate Number , the 
Number of Diviſors is even: And, wherever the Number of Diviſors is even, 
ſuch Number is a Non-quadrate Number. 
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For every Diviſor, divides the Number 
(whereof when one is the Diviſor , 


ſors therefore go by couples, 


Square Root is to be added (which is the caſe of all Square Numbers, and of theſe 
only; ) this being ſolitary, makes the Number of Diviſors odd. 
1 36 1 aabb 1 $360 1 -aaabbc 
2 18 a abb 2 180 a aabbec 
2 23 b aab 3 120 aaabc 
+ 9 aa bb 4 90 At abbe © 
6 ab * c aaabb 
G6 #609 ab aabec 
t 73 I aaabb = at aaa bbc 
2 36 a aabb — bb FEST: 
© - 24 b aaab lo 36 ac aabb 
4 18 aa abb = ns aab abc 
6 12 ab aab = as be aaab 
8 9g aaa bb i8 20 abb aac 


17. A Number being propoſed z to find, how many different ways it may be 
Multiplication of 


deſigned by Integers ; whether ſingly or by the continual 
more than one. oy 

Firſt find out (by $ 14.) what are all the Diviſors of ſuch 
propoſed Number. Then, conſidering them all fingly ( be- 

inning at the greateſt and ſo proceeding te the leſler ; that, 

by keeping fuch order , we may be the more ſure not to miſs 
any ; ) inquire, what Number doth with every of theſe com- 
poſe the Number propoſed ; and if this chance to be a Com- 
pound , let this in like manner be reſolved into its Compo. 
nents, (and ſo onward as long as the Component is it ſelf a 

Compound; ) whereby, having thus run through them all , 

we ſhall meet with all the ways whereby the Number propo- 
ſed may ſo be deſigned by Integers. 

As for Example : Let ſuch Number propoſed , be 3603 
whoſe Divifors (found by F 14.) are 360, 180, 120, 90, 72, 
60, 45, 40, 36, 20, 24, 20, 18, 15, 12, 19, 9,8, 6, 5, 4, 3, 2, 1. 
where we ſhall find the firſt deſignation to be 360. (or 360 x1.) 
Then 180 *« 2. 120x3. g0x4. and (becauſe 4 =2* 2,) 
g0x2x2. Then 72x*x5; 60x6: and (hecauſe 6 = 3x2) 
60x 3x2, Theng5*8; and (becauſe 8 =4x2=2x2x2,) 
45 X4x2, 45x2*2x2. Then 40x*g; and(becauſe g=3 x 3,) 
40*3x3. Then 35x10; and (becauſe ro=H9 *2,) 36x5 x2. 
Then 30x 12; and (becauſe 12 =6x2=4*x3=3Xx2x2,) 
ZOX6X2, ZOX4X%3, ZOxX3x2x2, Then 24*15, and (be- 
cauſe 15 =5 *x3,) 24*5*3. Then 20x15, and (becauſc 
18—=gx2= 6x3==3Xx 32,) 20X9Xx2, 20Xx6x3, 20xX3x3x2, 
Then, (omitting 18 x20, as being the ſame with 20x153 
and reſolving 20=10*2 =5x4=5x2x2;) 13x 10x2, 
18x5x4, 13x5x2x2. Then (omitting 15x24, as being 
the ſame with 24*153 and ſo every where when a greater 
follows a leſs, as being had before; and rcſolving 24=12* 2 
e=$x3=6X4=6X2X2=4X3X2=3X2X2x2;) IFxXI23Xx2, 
15*8x3,15X6xX4, 15X6xX2X2,15X4X3X2,15X3X2X2Xx2, 
In like manner (omitting ſuch Combinations of 1 2 as have been 
already,) 12*(40=15x2=) 10*3, 12x6Xxx5, 12X5X3Xx2, 
In like manner, 10 *x (36:=18x2 = 12x3=—=) g*4, 
JO0XgX2x2, JOXG6Xx6, 10x 6x3Xk2, lox4x3%k3, 10 
x 3x 3X2x2, Then gx (4qq=20x2=10%4=) 5*5, 


propoſed by ſome other Diviſor ; 
the other is the Quotient ;) except only the 
Square Root, (where the Diviſor and Quotient are the ſame.) All other Divi- 
and make an even Number : To which when the 


360 


180 x2 
12OX 3 
g0X* 4 
JOX2X2 
72x5 
6Ox&6 
GOXZX2 
45 x8 
45 *4 x2 
45 *2XxX2x23 
4O0*9g 

HON ZXZ3 
36x10 
36xXFxX2 
30x 12 
ZOXGXZ2 
ZOX4Xx3 
ZOXZxX2Xx2 
24x15 
24x5XZ3 
20x 18 
20X9Xx2 
20X6xZ 
20xX3X3Xx2 
18x1Ox2 
19xX5X4 
18x5JX2Xx2 
IFxI2Xx2 
15x8Xx3 

15 X6Xx4 
IFXOXAXZ 
15 X4X*3 Xx 2 
IFXZX2XA2X2 
I2X10%*3 

12 *X6x5 
12X$%3*®2 
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J2XFXZX2 -. QOxXFX4Xx2, 9 XFX2X 2X2. Then 8X (45 =) 5X3x3, 
1OXg9X4 Jhen 6x (60 =) 6x5x2, 6x5x4Xx3, 6X5x3x2Xx2, 
1OX9X2X2 Laſtly, 5x (72 =) 4* 3*3*2, FX3x3x*2x2x2, (The 
IOxX6xX6 Diviſors 4, 3, 2, 1, aftord no new caſes; becauſe every 
IOXGXZX2 of them is leſs than 5, and cannot withour it, or ſome 
JOXAXZX2Z greater Number, make up 36c:) Which forms (in Num- 
lOXZXZX2X2 ber 52) are all the forms in which 360, may tims be 
gx8x5 _ exprelled by Integers. And how, to every of thcic forms, 
9xX5X4x2 we may fit ſo many forms of Numbers which ſhall have 
QXFXAX2X2 360 Diviſors, is before ſhewed at F 15. As,for 5xzx3*2«2«2, 
$xFxZXZ a*b"*c*def: And ſo of the reſt. 
GxXOXFX2 But, why I have here omitted ( for inſtance) 5 x72, 
GXFX4XZ 5X36x2, FX24x3, 5X153X4, 5X18x2%2, 5x12x6, 
GXEFXZX2X2 FXI2K3X2, Fxg9x8, JX9YX4X2, FX9X2XxX2X%2, 
CFXAXZXZX2 Fx8xX3X3, FXOXEXR, FX6X4X3, Fx6X3x2X2, 


5xX3xX3x2x2xXx2 and others of like kind; the cauſe is evident: Becauſe, 

the Numbers 532, 36, 24, 18, 12,9, 8,6, being, greater 

than 5 , all the Combinations which have theie ingredients were had bctore : 

For 5x72, Is but the ſame with 72 «5 and ſoof the reſt. And it is lo ordered 

all along, that whenever a greater Number comes to follow a leller, we may 
know that that caſe was (or ſhould have been) had beforc. 

But it 1s no way neceſlary that we ſhould always obſcrve this order ; for the 
ſame will hold , in whatever method we proceed; provided we be ſure to take 
them all, in whatever order. 

18. The ſame alſo may be thus had ; if the: Number it ſelf (of Diviſors 
required ) or the form thereof, be ſo exprelled in Species, as it may thence 
appear in what form it telf is Compound of the ingredient Primes: As if we 
put 43 b* c, for the Number 360—2x2x*2x3x*3x*5;, or for any other Number 
which is Compounded of the Third Degrce of one Prime, Multiplicd by the 
Second Degree of another Prime, and this by a Third Prime. 

For, however we are not by this directed how to proceed ( as before ) from 
the greater to the leſſer in a continual order (becauſe the Second or Third De- 
grec of a leſſer Prime , may pollibly be greatcr than the firlt of ſome greater 
Prime ;) yet we may thus, though in another order, mect with them all. 

And it will be then convenient (beginning with 1,) to take the Species or 
Symbols, firſt lingly, one by one (as a, b, c,) in ſuch order as they follow in the 
Alphabet: And then by Two's (as 4a, ab, ac, bb, &c.) and here, firſt thoſe 
that begin with 4; and here again 44 beforc ab, and this before ac, 1, &c. 
and then thoſe that begin with 6; and here (omitting ba, as being the ſame with 
ab which was had before,) beginning with b6, or ( in caſe there be not a ſecond 
b) with bc, and ſo onward: And then by Threes, and Fours, and ſo onward as 
there is occalion ; oblerving all along, as the caſe will permit, the Alphabetical 
order ; (that we may be the more ſure, not to miſs any.) Placing always, over 
againſt each, the correſpondent Diviſor ; which doth, with it, conſtitute the 
Number propoſed. As, againlit aa, putting abbc, which, with it, com-. 
pleats a4abbc, 


1 & bc I aaabbe 
a a'b* c a aabbec 
b a* be b aaabe 
c a*b* c aaabb 
a3 ab*c aa abbec 
- = Or thus rather, = "_— 
b* 43 C bb AaAac 
bc a3b be aaab 
a? b*c aaa bbc 
a*b abc aab abc 


a b* 
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And this we are to purſue ſo far, till, in that oppoſite rank, we nieet with the 
ſame (in the caſe of a Square Number propoſed ) or (if not a Square Number ) 
that which was next to tollow , in the firſt rank. ( As here, againſt a«c, we 
have ab», which was next to have followed if the firſt rank had proceeded:) 
For, when we be come ſo far, thoſe which were to have followed in the continua- 
tion of the firſt rank , do follow (in the ſame order, bur going backward,) inthe 


latter rank,cill we come to the greatelt of all, 


And having thus diſpoſed all the Divifors cbbaas 360' 
indue order ; we may then (beginning with cbbaaxa 180x2 
the greateſt, and ſo proceeding backward cbaaaxb 120Xx3 
to the Jeaſt,) compound each with its oppo- bbaaaxc 72x5 
lite, which ſtands againſt it, (As cbbaaa, cbbaxaa g90x4 
cbbaaxa, cbaaaxb, &c.) And when X 4X4 J9OX2 x2 
that ſecond Component is it ſelf a Com- cbaaxba 60x6 
pound; we are to reſolve it into its Com- xbxa GOX 3x2 
ponents; (as cbaxaa, cbaxaxa, &.) bbaaxca 36x10 
and fo continually till is be reſolved into XCX4 36x5x2 
Primes. caaaxbb 40x 9 
When we have thus diſpatched all the xbxb 40X3x3 
Diviſors of the latter rank ( for till then, baaaxbc 24x15 
there is no danger,) we are- to take herd, xbxC 24X5 x3 
That ſoine »f the Compoſitions already taken, cbb*aaa 45x8 
be not taken a ſecond time in another order ; XAAXA 45JX4x2 
and when they do ſo occur a ſecond time, XAXAXE AFX2X2X2 
we are to pals them by. And accordingly, cbaxbas 30x12 
when | come at c aa, I do not Compound xbaxa ZOXGxX2 
this with the whole of bb4 which ſtands xaaxb ZOX4Xx3 
againſt it, ( becauſe this hath been already xbxaxa' ZOXZX2X2 
contiderc, and there join'd in all the Com- bbaxeaa 18x20 
politions that it is capable of; but with all XCaxa 1$x10x2 
theſe Components of bb4, which had not xXaaxe 18x4x5 
before been fully conſidered. And when 1 XCX4X&a 1$x5x2Xx2 
come at cb: I omit, not only the whole of caaxbbxa 20x9X2 
baaa, (which ſtands againſt it) but all the xbaxb 20x6x3 
Components of it which have three Mem- xbxbxa 20X3x3x2 
bers, (becauſe not only thoſe of Four, but baaxchxa 12X15 x2 
even of Three Gomponents, have been full xcaxb 12X10x3 
diſpatched, betore we come at cb whic Xbaxe 12x6x5 
hath but two Components.) And when Kexbxa 12xX5x3X2 
I came at ca, I omit caxbbxaa, &c, be- aaaxchxb , $x15x3 
cauſe b b had been before conſidered. And xbbxc $xg9x5 
in like manner, at b4, [ omit all the Com- - xcxbxb $x5x3Xx3 
politions wherein cb, bb, ca, were ingre- cbxbaxaa 15x6Xx4 
dients ;, becauſe theſe had been before con- Xax4 15xX6x2X2 
ſidered, And in like manner, at 44, and Xa4aaxbx4 15x 4X3x2 | 
c, [omit all thoſe of two Members which - xbxaxax@ .z5x3x2x2x2 
might be Compounded with them; becauſe bbxcaxaa \ QXIOX4 
already had. As is to be ſeen in the order Xax4a 9X1OX2x2 
adjoined. | XAAXCXA 1 DX4xJx2 | 
Ard over againſt the forms thus expreſſed XCXAXAXA , DXFX2X2X2 
in Species; 1 have ſer the Numbers anſwer- caxbakbas TOXGxX6 7 
ingto them 3 which are the ſame with thoſe xb x4 1PX6x3x2 
at $ 17. but not in the ſame order. Be- *aaxbxb Jox4x3%3 
cauſe here I was guided by the forms of xbxbxaxa JoOx3x3X2Xx2 
Compoſition! in direCting the order z .but, baxbaxoxa. 'G6x6x5x2 
there, by the bigneſs of the Numbers. Xaaxcxb GxAaxyt3 
Having thus laid the Foundation of this xcxbxaxX4 \ GxX5FxXZX2K2 


Doctrine of Diviſors and Aliquot Parts; I 


aaxcxbxbxa 


ſhall give ſome Examples of Operations cx bxbxaxaxa 


concerning them; 


la 


4X5xZXZX2 
5 Xx ZX Z X2X2X2 


19. Of 
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19, Of the Number 110880: How many are the Diviſors, and Aliquot 
Parts? And which be they ? 

The Number 1 10880 divided, as is directed at $ 13, is reſolved into theſe 
Primes; 2, 2 2, 2, 25 3» 3, $z 7, 11+ And is therefore in this form a b* cde. 


11) 5) 7) 3) 3) 2) 2) 2) 2) 2) 110880 (55449 (27720 (13560 
(6930 (3465 (1155 (385 (77 (11 ( 


Or, I might at firſt cut off the Cypher; and, for it, ſet down two Diviſors 
2, 5 : And then, becauſe it is obvious to view, that 1 1088 1s divitible by 115 I 
might next ſet down 11 for another Diviſor. ( Becauſe by this means we come 
the ſooner to ſmall Numbers.) And then divide the Quotient 1008 by 2, and 3, 
as oft as I canz which done, we ſhall have 7 for the laſt Diviſcr. Or, I might 
have divided 11083 by g; (and for it ſet down two Diviſors 3, 3 :) For it isob= 
vious alſo to view that it may be ſo divided ; becauſe the Figures put together 
without regard had to the places, (as is uſual in the proofs of Multiplication and 
Diviſion,) may be ſo divided ; or, caſting away 9 as oft as may be, nothing re- 
mains; or, I may ſodo, for the ſame reaſon, with 1008 ; or, take any the like 
advantage for expedition, as the view ſhall direft. For it matters not, in what 
order we find the Component Primes, ſo we have them all. 

The Number therefore appearing in this form a* b® c de; it is manifeſt (by F 12.) 
that the Number of Diviſors is 6x 3x 2x2x 2 = 144 and, of Aliquot Parts, 
144—1=143. And thoſe, ( according to the method of F 18.) are found to 
be theſe that follow. | 


I I 110880 aaaaabbede 
" 2 55449 aaaabbede 
b 3 36960 aaaaabede 
c 5 22176 aaaaabbde 
da 7 15840 . aaaaabbee 
c Ii 1 0080 aacaabbed 
aa 4 27720 aaabbede 
ab ) 184.80 aaaabcde” 
ac Io 11088 - aaaabbde 
ie ". T9220 « aaaabbee 
ae 22 5040 aaaabbed 
bb 9 12320 aaaaacde 
bc I5 7392 aaaaabde 
bd 21 5280 aaaaabce 
be «+ in © 3360 *© aaaaabed 
cd 35 3168 aaaaabbe 
ce $5 2016 4aaaabbd 
de 77 1440 aaaaabbe 
444 8 13860 aabbede 
aab * = > 9240 « aaabcde 
aac 20 5544 aaabbde 
aad 28 3960 aaabbce 
aac 44 2520 aaabbed 
abb 18 6160 aaaacde 
abc . _x- _—  . aaaabde 
abd 42 2640 aaaabce 
abe 66 1680 aaaabed 
acd 70 1584 aaaabbe 
ace 110 1008 aaaabbd 
uy 4 20 » aaaabbc 
bbc 45 2464. aaaaade 
bbd 63 1760 aaaaace 
bbe 99 1120 aaaaacd 
bed 105 1056 aaaaabe 


Pre «© ; _.. aaaaabd 


Crap.JlI. 


and Aliquit Parts. 


bde 
cae 
aaaa 
aaab 
aaac 
aaad 
aaae 
aabb 
aabc 
aabd 
aabe 
aacd 
aace 
aade 
abbe 
abba 
abbe 
abed 
abce 
abde 
acde 
bbcd 
bbce 
bbde 
bede 


aaaaa 
aaaab 
aaaac 
aaaad 
aaaae 
aaabb 
aaabc 
aaabd 
agaabe 
aaacd 
aaace 
aaade 


450 
288 
6930 
4620 
2772 
1 980 
1260 
3080 
1848 
1320 
840 
792 


880 


AAaaaa be 
#44aabb 
abb cde 
aabede 
aabbde 
aabbece 
aabbed 
ada acdc 
"14 aabde 
aaabce 
aanabed 
aaabbe 
aaabhbd 
aaabbe 
aaaade 
aaaace 
aaaacd 
aanaa be 
aaaabd 
aanaabec 
anaabb 
AAaAaAaae 
aaaaad 
aaanac 
AATAHA b 
bbede 
abede 
A bbde 
abbee 
abbed 
aacde 
aabde 
aabec C 
aabed 
aabbe 
aabbd 
aabbec 


—— — — - - — —_— 


The ſame, ordered according to the greatneſs of the Numbers, will ſtand thus: 


[ 
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I © 


110880 


55449 


36960 
27720 


22176 


1 8480 
15840 
13860 
12320 


11088 


10080 
9240 
7920 
7392 
6930 
6160 
5544 
5280 
5040 
4620 
R 2 


aaaaabbeade 
aaaabbede 
aaaaabede 
aaabbede 
aaaaabbde 
aaaabede 
aaaaabbee 
aabbede 
aaaaacde 
aaaabbde 
Aaaa abbed 
aaabede 
aaaabbee 
aaaaabde 
abbede 
aaaacde 
aaabbde 
aaaaabee 


aanabbed 


aabecde 
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aad 28 3960 aaabbce 
abc 30 3696 aaaabde 

aaaaad 32 3465 boucde 
b e 33 3360 aaaaabed 
cd 35 3168 aaaaabbe 
4aabb 36 3080 aaacde 
aaaAcC 40 2772 aabbde 
abd 42 2640 aaaabce 
aac 44 2520 aaabbed 
bbc 45 2464 aaaaade 
aaaahb 48 2310 abcade 
ce 55 2016 aaaaabbd 
aaad 56 1 980 aabbce 
aabc 60 1848 aaabde 
bbd 63 1760 aaaaace 
abe 66 1680 aaaabed 
acd 70 1584 aaaabbe 
aaabb 72 1540 aacde 
de 77 1440 aaaaabbe 
aaaac 80 I 386 abbde 
aabd 84 1320 aaabce 
aaae 88 1260 aabbed 
abbec 90 1232 aaaade 
aaaaab 96 1155 bede 
bbe 99 1120 aaaaacd 
bed log 1056 aaaaabe 
ace 110 1008 aaaabbd 
aaaad I12 990 abbce 
aaabc 120 924 aabde 
abbd 126 880 aaaace 
aabe 132 8.40 aaabed 
aacd 140 792 aaabbe 
aaaabb L144 770 acde 
ade 154 720 acaaabbec 
aaaaac 160 693 bbde 
bee 165 672 aaaaabd 
aaabd 168 660 aabce 
aaaaetr 176 630 abbed 
aabbec 180 616 aacnde 
abbe 198 560 aaaacd 
abcd 210 528 aaaabe 
1 aace 220 504. aaabhd 
i / aaaaad 224 495 bbce 
bde 231 480 aaaaabc 
| aaaabc 240 462 abde 
| aabbd 252 440 aaace 
aaabe 264. 420 aabcd 
aaacd 280 396 aabbe 
aaaaabb 288 385 cde 
aade 308 360 aaabbc 
bbcd 315 352 aanaae 
abce 330 336 aaaabd 


20. Of Numbers (for inſtance) which have 12 Diviſors: To exhibit all the 
forms ; and, all the Numbers in each form ; not exceeding the Number 2 2433 
( which is the lowelt Number of the higheſt form 3) according to $ 15. 13. 

All the ways according to which 12 may be expreſled by Integers (as at $ 17. 
18.) are 13 =6x2=4xX3=3Xx2x2 : Which affords us theſe forms, 2", 1' b, 
a3 12, bc. Andiin each of theſe, the Numbers are as follow; being in all 21 :. 
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4 K 3 * 97 


4*5 


4 x 11 


x1O1 

x10Z 
x107J 
x109 
xX[13 
127 
X131 

x137 
x139 
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Crap. II. 


4 X IT * 


X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
Xx 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 


23 
29 
31 
37 
41 
43 
17 
19 
23 
29 
31 
37 
19 
23 
29 
23 


l 


OUT U UA OG NWN AN 


1012 
1276 
1364 
1628 
1804 
1892 

884 

988 
1196 
1508 
IGI2 


9X49 Xx 


OO UNO UNO NWHHNA 
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1305 
1395 
1665 
1345 
1935 
093 
319 
107I 
1197 
1449 
1527 
1953 
1287 
1683 
I 881 
1989 
150 
359 
359 
650 
850 
9502 
1150 
1450 
1550 
1850 
525 
825 
975 
1275 
1425 
1725 
1925 
2.94 
490 
1078 
1274 
1666 
1362 
735 
1617 
I911 
726 
1210 
1694 
1815 
1014 
1690 
1734 


Crae.lll. and Aliquot Parts, 


Theſe digeſted according td their natural order » Nand thus 


60 5OO 884 _ . 
72 Fl6 » 928 1308 1725 
84 $22 940 1312 1734 +» 
99 525 945 * 1314 1746 
" $32 950 1316 1748 
108 544 954 1323 + 1780 
I26 $50 «© 968 1340 1788 
132 558 975 1352 1804 
140 564 988 « 1356 1812 
, a $72 992 1364 =_ 
156 580 996 L_ » in 
160 gs * nog 1376 1827 
198 608 1014 1395 1845 
200 620 1035 * 1420 1850 
204 « 636 1036 1422 1854 
220 644 1060 1425 * 1862 
224 650 +» 1062 1449 1876 
228 666 1068 1450 188x * 
234 675 I071 * 1460 188 
260 +» 693 1078 1484 188 
276 708 i098 . 1494 +» 1892 
2 94. EET I 5O4 I911 
306 732 I 148 1508 1924 
303 735 1159 , 1524 1925 
3; BE 736 1164 I550 1926 
349 738 . 1180 1564 . 1935 
342 749 * 1184 1572 1 949 
348 748 1196 1580 1952 
350 765 1197 + 1602 1953 
BI - - « 7714 1204 IG12 1956 
364 804 1206 1619 - 1962 
372 o13  , woo 1628 t 972 
380 319 1212 1644 t 988 
392 820 bac + wn 1989 
7 825 1220 1660 2004 
416 336 , 1336 1665 « 2020 
444 846 © 1274 1665 2034 
460 850 1275 1668 2044 
4.76 852 _ . 0 2048 
486 « 855 1278 1690 
4.90 860 1284 1694 
492 868 « 1287 1696 
495 876 1292 1701 


2r. Thoſe Numbers which (for the bigneſs of them ) have the greateſ# 
Number of Divifors, and Ahquot Parts; have been wont to be made choiſe 
of, as moſt convenient for boſe ; eſpecially when there may be frequent occaſion 
of dividing things ſo deſigned. 

Hence it is, that the Enghiſh Peny is divided into Four Farthings , ( and 
almoſt &ll things in Four Quarters of a different Name, ) becauſe there is oft 
occalion to divide into halves, and then again into halves. Hence alfo the 
Roman Pound, (and that which we now call the Pound Troy Weight, ) is divided 
into 12 Ounces; and the Engliſh Shilling, into 12 pence; the Foor, into t2 In- 
ches; the Zodiack; mro 12 Signsz the Year, mto 12 Months ; becauſe, beſidg 
the Diviſion into Quarters , it is further diviſible made choije of ; becauſe 
( kelide the Diviſcrs by 12 of the Parts of this ) is is further di-ilible by, 5 : 

Fog- 
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I I I For which reaſon Ptolemy (and others af- 
2 $ 3 ter him) makes uſe of the Sexagenary di- 
4 3 | viſion, of Integers into firſt Minutes ; and 
6 4 ab of theſe, into Seconds ; and ſo ouward: 
12 6 ab And the Chineſes ( or Cathazans) Number 
24 o ab their Years ( and other things) by Revo. 
36 9 a*be lutions of 60. After this; 369 is looked 
48 10 | a*b ' on 2$ molt conſiderable, becauſe it may 
60 12 a be be further divided by 2 and 3 once more : 
120 16 abc W hich therefore is made the Number of 
180 18 Fil of” Degrees in a Circle; admitting of 24 Di- 
240 20 a be viſors. And if this be not enpugh, each 
360 24 | Vc of theſe is divided into 60 Mifutes ; (that 
720 30 a*b*c Is, by 4, 3 5, once more; ) and theſe into 
840 32 a3bed Seconds, and ſo forth. And the Engliſh 
1260 36 a cd Pound Sterling, 1s divided into 20 Shil- 
1680 40 abed lingsz which Number is diviſible by 4 and 
2520 48 a'b*cd 5, (as 12 the Number of pence in a Shil- 
5040 60 ab* cd ling, 1s diviible by 4 and 3;) which was 
7560 64 a\l3Ied accounted more convenient than to make 
10080 72 4d another Collection of Shillings by 12 ; be- 
15120 80 a*bicd cauſe this would not aftord a diviſion by 
20160 84 Eb cad ' 5- Sothat now 960 the Number of Far- 
25200 90 a*V* c*d things in a Pound >terling , is for the firſt 
27720 96 a b'cde ſtep (from Farthings to Pence) diviſible 
45360 100 a*b*cd by 4; for the ſecond ſtep (trom Pence to 
504.00 108 aV Ed Shillings) by 4 and 3 ; tor the third ſtep 
55440 120 a* Fede - ( from Shillings tc Pounds) by +4 and 5. 
3160 128 a*biede And ( without taking notice of the di- 
119880 | 144 a bÞcde viſion of Pence into Farthings ) the Num- 
166320 160 a*tBede ber of Pence in a Pound Sterling, 240 ; 
221760 168 ab ade is capable of 20 D:viſors ; and, of more 
277200 180 a*b*e* de than ſo, no Number 1s capable which is 
332640 192 a ede not greater than it. 
498960 200 a*b*c de In purſuance of which notion; I have 
554.400 216 a'V* de here Collected a Table of all thoſe Num- 
665280 224 a*bicde bers, which (of all not greater thun them- 


ſelves) have the greateſt Number of Di- 
viſors ; (together with the Number of Diviſors in each of them , and the Form 
of their Compoſition ;) as far as 665280, which hath 224 Diviſors. All 
which (except 1.) are made by the Compoſition of 2, 3, 5, 7, 11, (which I 
call a, b, c, d, e,) and the Powers of theſe, without admitting any other Prime. 
( But, if we wotld proceed to a greater Number of Diviſors, we muſt further 
take in f— 13.) And, of theſe, ſome are of that nature, that: none can have a 
greater Number of Diviſors , which is not at leaſt the double of them. Such 
are 1,2, 6, 12, 60, 360, 2520: But not any after theſe for a great 
way. 

22. For reſolution of ſome of the Queſtions above mentianed ( as at F 13, 
14, 17, 18, &c.) it is very convenient to have at hand a Table of Prime 
Numbers: (That we may know, by what Numbers to make trial of the Divi- 
fions therein dire&ted.) And, becauſe, in great Numbers, it would be tedious to 
make trial of all the Prime Numbers in order ; it 1s convenient alſo, to know, 
by what Prime ſuch greater Numbers may be divided. 

In order to which ; it is evident, that all even Numbers may be divided by 
2, (and, if the Quotient of ſuch diviſion be even alſo, it may be again divided 
by 2, and ſo continually as long as the Quotient is an &yen Number.) 

It is alſo evident, that all Numbers ending in 5, are diviſible by 5; and if 
in ©, then by 2and 5. And ſo continually, as long as the Quotient of ſuch 
diviſion ends in ©, Or $. 


I 


A— th. 


Crap. [I]. : and Aliquot Parts. 


It is knownalſo, That if the Figures of any Number being added promiſcuouſly 
(without regarding the places wheretn they ſtand) are divilible by g, (or caſting 
away 9 as oft as may be, nothing remain, ) fuch Number is alfo divilble by g. 
As in 29997z when (the Nines being left out, and) 24 7 = 9 being caſt away, 
nothing remains z whence we may conclude, 'tis divitible by 9 = 3 x3; I add 
further (though 1 do not find that others have taken notice of it) that the ſame 
holds alſo as to the Number 3. Thar is, from the Figures ſo promiſcuouſly added, 
if 3 being caſt away as oft as may be, nothing remain, ſuch Number is diviſible 
by 3: Otherwiſe, it isnot. As in 530967; where, all the threes, nines and 
ſgxes being left out (as manifeſtly diviſible by 3,) the reſt 5+ 7 = 12, is ſoalſo, 
(or, which is the ſame, 1-+-2=33;) ſo ther all the threes being caſt away, 
mthing remains; whence we may conclude, that the whole Number is divilible 
(though not by g) at laſt by 3. 

The ground of this and the former Obſervation is one and the ſame : Becauſe, 
the places increaſing in decuple proportion, if from 10, or any Number of tens, 
we caſt away all the nines or all the threes, there remains 1 , or ſo many ones. 
So that, in caſe of ſuch caſting away of nines and threes, 1 and 10, have the 
ſame remainders; and fo 2 and 20; 3 and 5o, &c. And conſequently 1, 10, 
1CO, 1000, &c. 2, 20, 200, 2coo, Cc. So that the ſame Figure, as to 
This, is of the ſame influence in what ever place it ſtand. 

23. Belide this, we have at the end of Dr. els Algebra, (Tranſlated and 
Publthhed by Thomas Branker, in the Year 1668. with Dr. Pel's directions, ) 
a Compendious Table of all odd Numbers (not ending in 5) as far as 100000; 
ſhewing not only, which of them are Prime Numbers but alſo by what ſmalleſt 
Prime Number every other of them may be divided. 

So that, whatever Number be propoſed, having divided it firſt by 2 and g, 
(and if you will by 3 alſo,) as oft as may be, if it be capable of ſuch diviſion : 
If the reſult of ſuch diviſion do not exceed 100000, we have direCtion in that 
Table, by what Prime it may be next divided; and then, by what Prime to divide 
the Quotient of ſuch Diviſion 3 and ſo continually, 'till we come to a Prime 
Number. 

The reaſon why, in that Table, he omits all even Numbers, and all ending 
in 5; is obyious: Becauſe it appears to view ( without help of a Table ) that 
ſuch are accordingly diviſible by 2, or 5. 

He might, for a like reaſon, have omitted alſo all that are divifible by 3, (be- 
caule this would preſently appear upon ſuch promiſcuous adding of the Figures 
as was but now mentioned; ) but that he could not well omit theſe, without 
diſordering the Form of the Table. 

Now becauſe, in ſuch Tables, it is of great moment that they be carefully 
Computed, and exaCtly Printed, (becauſe miſtakes therein are notealily obſerved 
and Corrected by the Readers Eye,) I have taken care to examin that whole 
Table very exactly, ( in the ſame method and with the ſame pains as if I were 
to Compute it a new 3) and find that, ' though it had been Computed and Printed 
with great care, yet ſome few miſtakes (and but a few) have 'ſcaped the Cor- 
reftors Eye. Molt of which are noted in the Table of Errata, Printed with it. 
Beſide which I have obſerved theſe that follow : Which (to ſave another Reader 
the like labour ) I have thought fir (for his caſe and ſatisfaction ) here to note. 
And, theſe being alſo amended as is here directed (beſide thoſe noted in the Prin- 
ted Errata,) the Table will then be very accurate; and (1 think,) without any 
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| Set 


Pag. | Numb, | For | Set Pag.| Nunb. | For 
3] 5SS79[ P|] 7 28 | $5609 | 3| P 
S | 9287 | 19 | 37 31 | 60701 | ot [101 
8 | 14873 | 73 [107 60799 | 63 |163 
11 | 20983 SL 3 33 | 644991 13| P 
16 | 30167 | 71 | 97 65479] 3| P 
31001 [--29 | 29 | 34 | 67993 1] P 
17 | 33499] 47 | P 38 | 75653 j151 | P 
19 | 37583 | 13 | 7 41 | 8ogst | 17 | 13 
21 | 40049 | 19 | 29 43 | 85909 j137 | P 
49599 | P | 3 44 | 86993 | 79 | P 
49759] 3| P 47 | 93719] 7] P 
41581 | 41 | 43 48 | 94769 | 41 | 97 
24 | 46199 | 73 | P 49 | 96109 | 3 | 13 
27 | 53941 | 13 | 17 | 97487 | 3 | 13 
28 | 54449 | 71 | P | 


Pag. 7. in the margin (after 43) for 3 7 ſet 47. 


By the help of this Table, if we. had the Number propoſed 53 9454600, it is 
eaſte to reſolve it into the Primes of which it is Compoſed. For firſt (becauſe 
of two Cyphers at the end) it is manifeſt that it may be divided twice by 2 , 
and twice by 5. And then (becauſe theſe Cyphers being cut off, the Remain- 
der is yet an even Number) it may be a third time divided by 2 ; and the reſult 
will be 2697273. And, if this Number were not beyond the reach of the Table, 
I ſhould ſeek it there; to ſee by what Prime it may be next divided. But, 
becauſe it is too big for it ; I find, upon conſideration, that, the Figures bein 
promiſcuouſly added , and 9 caſt away as oft as may be, nothing remains 3 an 
therefore that it may be divided by g : Which being done ; the next Quotient 
299697, may ( for alike reaſon) be again divided (not by 9, but) by 3. And 
the Quotient 99899 , is now come within the reach of this Table. And 
(without aſſaying the Numbers 7, 11, 13, &c.) I find, by the Table, it 
may be divided by 283, (but not by any ſmaller Prime; ) and the Quotient of 
ſuch diviſion will be 353, another Prime. And therefore the Number pro- 
poſed F39454600 =AX2X2XZ3XxXZX3X5 x Fx233% 353. 

Burt if, inſtead of 99899, I had come to a Number greater than this Table, 
and yet not diviſible by 2, 5, or 3 I muſt then (for want of ſuch Table large 
enough) have been fain to make tryal of the conſequent Prime Numbers 7, 11, 
13, Oc. 'till by help of ſuch I had brought it within the Compaſs of the Table: 
And, it no ſich can be found, before I come at a Prime as great as the 
_ Root of ſuch Number ; I may then conclude ſuch Number to be a 

ime. 
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Monſieur Fermat's Problems concerning Diviſors and 
Aliquot Parts. 


T is here proper to conſider of ſuch Queſtions (concerning Aliquot Parts) 
as thoſe on account of which Monlieur Fermat and Monſieur Frenicle did value 
themſelves ; as is to be ſeen in my Commercium Epiſtolicum, Epiſt. 1, 11 , 
12, 22, 25, 26, 31, 33. And in a Treatiſe purpoſely Publiſhed on 
this occaſion by Monſieur Frewicle , intituled Solurgs j tr Problematum , 

Circa numeros Cubos & Quadratos, que tanquam infolubilia univerſis Europe Mathe- 
maticis a Clariſſumo Viro D.Fermat ſant propoſita, &c. a D. B. F. D. B. invema, &Cc. 
(that is, 4 Domino B. Frenicle de Beſſy. ) Pariſiis apud Facobum Langlois, &Cc. 1657. 
in which he glories much that he was able toolve them. And amongit Monſieur 
Fermat's poſthumous Works , (Publiſhed ſince his death) the Publiſher is pleaſed 
to inſert his formal Chalenge of me to ſolve them ( with ſome others Letters to 
and from Monliieur Fermat, concerning the fame) in theſe Words : 


Problemata propoſita a D. Fermat. 


 Proponatur (ſs placet ) Walliſio,, & reliquis Anglie Mathematicis, ſequens Queſtuo 
Numerica. 

Invenire Cubum , qui additus omnibus ſuis partibm aliquotis conficiat Quadratum. 
E xempli gratia, Numerus 343 eſt Cubus a latere 9, Onmes ipſius partes altquote ſunt 
1, 7, 49, 9#e adjuntte ipſt 343 , conficiunt numerum 400 , qui eſt Quadratus 4 latere 
20, Queritur alins Cubus numerus ejuſdem nature. 

Queritur etiam numerus Quadratus , qui additus ſuis partibus aliquotis conficiat 
numerum Cubum, | 

Has ſoluriones expettamis : Quas, ſi Anglia aut Gallie Belgica & Celtica non dede- 
' rint,, Dabit Gallia Narbonenſis ; eaſque in pignns naſcentis amicitie D. Digby offeree 
& dicabir. 

But was not ſo kind (though he there irſert alſo divers Letters to and from 
Monſieur Fermat , concerning the ſame) as to inſert thoſe of mine, wherein | 
ſolved theſe (and others of) his Problems: Nor, of Monſieur Fermat, wherein 
he acknowledgeth that I had ſo done. Which are fo be ſeen in my Commerciam 
Epiſtolicum, at Epiſt. 23. 28, 29, 47. and elſewhere. 

To thoſe two Problems, I added a third of a like nature : 

 Invenire duos numeros Quadratos, qui partibus ſui aliquotis additi, eadem efficiant 
ſummam, Exenpli gratia, 16 -+8-|-4-þ-2+ 1=31=25-þ5-| 1. Inveniantur 
1/tinſmodi ali duo. | 

The whole Myſtery of ſolving theſe (and ſuch like) Queſtions, I there diſcover 
at Epiſt. 23. which depends on what is here delivered at $ 8, 9, 10, 11, 12. of 
the Chapter here next preceding. ; 

For, 1. A Number added to all its Aliquot Parts, is all one as the Aggregate of 
its Diviſors. 2. The Diviſors of any Power of a Prime Number, (as of 4 ) is 
a Geometrical Progreſſion from 1 to ſuch Power , (as for iriſtance, of «', the 
Diviſors are 1 4, 44, #?, 4*, a';) 3. And therefore the ſim of ſuch Geome- 
trical Progreſſion is the Aggregate of thoſe Diviſors. 4. This Aggregate is 
conveniently expreſſed by the Primes which Compoſe it. 5. The Diviſorsof any 
Power or Degree of one ſuch Prime, ſeverally Multiplied into all thoſe of any 
Power or Degree of any other Prime, give all the Diviſors of the Compound 
of thoſe Powers. 6. And therefore the Aggregate of thoſe firſt inro the Aggtcz 
pate of thoſe ſecond, give the Aggregate of the Diviſors of ſuch Compound. 
(For, by the common prattice of Multiplication, all rhe Members of one Num- 
ber or Aggregate, Mulriplied ſeverally into all the Members of another, are 

S 2 equt- 
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equivalent to the whole of the one, into the whole of the other.) 57. And there- 
fore the Primes Compoſing this laſt Aggregate , are the ſame with thoje of both 
the Apgregates which Compoſe it. 8. And the ſame is in like manner to be 
argued, in caſe any Power or Degree of a third, fourth, or further Prime , be 
continually Multiplied with thoſe foregoing ; ( provided always » that they be 
all ſeveral Primes and not any of the former repeated ; for, in ſuch caſe we are 
to follow the direCtion of $ 1 1, Chap. preced.) 

As, for inſtance; ſuppoſing 4= 2 and therefore a = 32: All the Diviſors 
hereof (or the Aggregate of ſuch Diviſors) are 1-þaFaa-+ a3 a*-|- 2 — 
1-|- 2-[-4-|-8-|-16-- 32=63=3*3X*7-. And ſuppoſing b = g, and there. 
fore 64 == 81 : The Aggregate of the Diviſors hereof are 1-þ-b-| b b-|-b3 -|- b4 
—1-|-3-|-9-þ-27+$1=121=11*11: And therefore, of 4. b*, the Aggre- 
gate of Diviſors is 63* 121 =3*3 *9, *XIIX11, And ſuppoſing further F=6, 
and therefore c3= 125 : The Aggrepate of the Diviſors hereof are 1 -[-c cc 
-|-c3=1-þ5-þ-25 # I25 = 156 =2XAX ZX13: And therefore, of a'b*c, 
the Aggregate of Diviſors is 63x 121X156 = 3x3X7, X11X11, X2xX2x3x13, 
or 2x 2x3x3x3x7x11x*11*13, And ſo onwards, in caſe of further Com- 
Politions. 

Now, this being univerſal z it will be eaſte to make application thereof, to 
the particular caſes propoſed; or to any other of like nature. 


eAs for Example. 


I. The firſt Queſtion, is, To find a Cube Number, which added to all its Aliquot 
Parts will make a Square ; (that is, the Aggregate of whoſe Diviſors ſhall be a 
Square Number.) 

Here it is manifeſt, that ſuch Cube Number muſt be either the Cube of ſome 
Prime, (or at leaſt the ſecond, third, fourth, or further Cube of ſuch Prime ; 
that is, ſome Power thereof whoſe exponent 1s diviſible by 3;) or elſe Com- 
pounded by the continual Multiplication of ſuch Cubes (firſt, ſecond, third, and 
{o forth, ) of two or more ſuch Prime Numbers. (For all ſuch, will be Cube 
Numbers, and no other but ſuch.) 

Now if we can find any ſuch Cube (firſt, ſecond, third, &c.) of any one Prime 
Number , whereof the Aggregate of Diviſors being expreſſed in Primes, thoſe 
Primes will be all Pairs, (that is, each of them occurring an even Number of 
times; ) ſuch Aggregate ('tis manifeſt) will be a Square Number ; and therefore 
ſuch Cube, will be ſuch as is required. 

And ſuch Cube is 343 =7x7*735 whoſe Diviſors are 1 « 7X49 x 343 = 400 
=2X2x2x2X5x5; Which is the Square of 2x 2x 5 = 20, 

When the Cubes (firſt, ſecond, third, or others,) of ſeveral Primes, have not 
their Aggregate of Diviſors expreſlable by Pairs of Primes ; yet may the Com- 
pound of Two, Three, or more of ſuch Cubes continually Multiplied ( which 
will alſo be a Cube Number,) have its Aggregate of Diviſors (which is the Com- 
pound of the ſeveral Aggregates continually Mnltiplied)ſo Int Namely, if 
| the Cubes ſo to be Compounded be ſo choſen as that, what Primes in exprelling 
[ ſome of the Aggregates be ſingle , may be Paired by like {.ngle Primes in ſome 
other of them. $9 

Thus, for the Cube of 47, the Aggregate of Diviſors (expreſſed in Primes ) 
is 2X2X2X2X2X3X5X13X*175 Where (beſide Pairs) we have 2, 3,5, 13,17; 
ſingly : And, for the Cube of 5, the Aggregate is 2 x 2 « 3 «x 13, where (beſide 
Pairs) we have 3, 13, ſolitary z which (joyned to thoſe before) ſerve to Pair 
3, 13, bur lcave 2, 5, 17, yet ſolitary: And , for the Cube of 13 , the Aggre- 
[ gate IS 2X2 % FxX7TX17, which afford fellows to $, 17, but leaves us 2, 7» 
' yet ſolitary : And, for the Cube of 41 , the Aggregate is 2x2*3x7*29x*29; 
where (beſide Pairs) we have 3 7, ſolitary; which afford a fellow to 7, but 
leave 2, 3, ſolitary. So that for the Cube of 47 *5 « 13 x41 , we have (beſide 
Pairs ) 2, 2, ſolitary. Which may thus be Paired. 
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For the Cube of 11, the Aggregate of Diviſors is, 2*x2x2x3x*61, where 
( belide Pairs ) we have 2, 3,651, lolitarys which afford fellows to 2, 3, but 
leave 61, ſolitary : And, for the Cube of 25 (or therhird Cube of 3,)fhe Aggre- 
gate IS 2X2x*11 x11x61 5 Which (beſide Pairs) aftords a fellow to 6x. So that, 
tor the Cube of 47*x5*x13x41x11*27, (or 27x 5* 11 *13x41 * 47) the 
Agerceate of Diviſors, is 2X2x2x2X2x3x5X*13Xx17, X2X2x3Xx 14, X2x2 
XFX7X17, X2X2X3X7X29X*29, 2X2X2X3Xx61, x2x2xk11x*1txX61: Or 
(putting the Primes in order) 2x 2X 2xX2xX2x2 X2X2X2X&2X2K2X2X2X2x2 
XZ3X3X3x3X5gxFx7Tx7XxitxIIxXi3xX1tg*u17*17x* 29x 2g9xX61x61; Where 
we have 2, ſixteen times; 3, four times; and 5, 7, 11, 13, 17, 29, 61, twice; 


which therefore ( being all continually . Multipled ) muſt needs afford a Square | 


Number. 

In like manner ; if with the Cube of 470x 5 « 1341 (as before) we Com- 
pound the Cubes of 2, and of 3 , where we-have the Aggregates 3 *x5, and 
2x2x2x5, Which (belide Pairs) afford us 2, 3, ſolitary z which affotd fellows 
ro 2, 3, that were ſolitary before. And therefore for the Compound Cube of 
47*5x13*41*2x*3 (or 2x3x5x13%4t*#47) we ſhall have ( in the Com- 
pound Aggregate of Diviſors) theſe Primes Components; 2, fourteen times ; 
3 and x, four times; 7, 13, 17, and 29, twice: Which being all\ continually 
Multiplied will alſo make a Square Number.” 

Theſe two Compound Cubes , if they be further Compounded with the Cube 
of 7 (which is no ingredient in either of them ) will aftord two more; whoſe 
Ageregateof Diviſors will (beſide the Primes in each of them reſpectively) have 
theſe farther Primes Components , 2, four times; and 5 twice: Which, being 
Compounded. with the fore-mentioned Squares , will {till afford Square 
Numbers. 

So have we five Cubes, whoſe Aggregate of Diviſbrs are Squares. 


Roots of the Cubes. 


13 X 4I * 47, 
13 X.41 x 47. 
11 X 13 X 41 * 47. 
7 *13 X41 X 47. 


CLE 
RR XR XR XR 


Roots of the Squares. 
"2 ER- 
2 x« (Eight-times) x 3 
2 x (Seven-times) x: 3 
2 x ( Ter-times) x 3 
2 x (Nine-times) # 3 


JT X11 x* 13x17 «x 29 x 61. 

x q x I; x 17 x 29. 

x 7X {1X13 x 17 * 29 x 61. 
Xx FX 7X13 X%X 17 *X 29, 


in all which I make uſe-of no Cube of 4Prime which is not leſs than x00. And, 
in like manner , may other ſuch Cubes be found; a$'is there ſhewed, at Epilt. 
23, and 28, Such as theſe : 


Roots of the Cubes. 


x 17 x $1 * 41 * 191. 

x 13 X 17 x 31 * 41 *«-Ig]. 

X 11 X 13} X 1J X 31 * 41 Xx 191. 

Y RX FIX 19% 17 X-31 XxX 41 * 191, 
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Roots of the Squares. 
. 

2 x (Twelve-times) 3*3x3x5x5x7Tx13x17 X29Xx29% 37, 

2 x (Fourtcen-times) 3x 3XZX5FxFx5Fx7xI3x17 X29X29Xx37, 

F x (Thirtcen-times)3 x 3X3XFxX7JxXIIXIZ3XI7TX29%X29% 37 xG1l. 

2 « ( Fifteen-times) 3Z*X3xZXFXFXTXIIXIZXITX2gX29K 37 KOI, 
 2*« ( Tem-times) 3*3xX5X13X*17x29X 37. 

2 « ( Twelve-times) 3*X3x5xX5X13*17x29x37. 


In all which I make uſe of no Cube of a Prime Number which is nat leſs 
than 200. 

But, inorder to make theſe. Inquiries for ſuch Cubes; it is expedient to have 
at hand a Table of the Cubes of Prime Numbers (and of the ſecond, third, or 
further Cubes, of the leſſer of them, ) or ofthe Roots of ſuch Cubes: : with the 
Aggregate of Diviſors (in each of, thoſe Cubes) exprefled in-Primes. 

And, to fave the Reader the labour of computing ſuch a-new, I here ſabjoia 
what [ have at hand : - 


Roots of. Aggregate of their Diviſors. 
the Cubes. 
I fs 
2 3 x F 
4 127 | 
8 3 Xx 11 * 3tk 'Q 
16 8191 
32 | 3x 5x*17 x 257 
3 2X2X2 x5 
9 I 093 
27 2 X 2. Xx 11 *x 131 & 61 
31 797161 
243 2X2X2X%2X2XxX5J X17 x 41 x 193 
5 2X2 X 3 XxX 13 
25 19531 


o 


IT x 71 x $21 
2 
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3 
2 
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3 
2 
2 
3 
2 
3 
2 
2 
5 
2 
2 
3 
5 
3 
2 
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Roots of | Aggregates of their Diviſors. 
the Cubes. : 
109 2X2X5 X11 Xx 13 * 457 
I13 2x*2x3Z3XJ5 x19 Xx 1297 
127 2X2X%X2X2X2X2X2 x2 x68 1613 
I31 2X2 Xx 1J x 19 x 2293 
137 2x2x3x5 x 23 x 1877 
139 2 Xx 2 82 x F x 67627 
149 2x2xXZ3Xx5xX5 x11 * 101 
151 2x2X2xu2%13 x 19 *« $77 
157 SES EI ITRADER TS 
163 2 Xx 2 x 41 x 2657 
167 2xX2XxX2Xx3 x" x 2789 
I'73 2X2XZXJ X29 x 41 x 73 
179 TRAIN Z3XI3XG RX 37 x 433 
181 2x2 x 7 Xx 13 x 16381 
191 2xX2%AAAILZI3xNX2KX2KXx3KN17 x298x 37 
193 | 2*2x5x5 x5 14453 
197 2X2XZ3X3 Xx 5 XxX 42691 
199 2X2X2X2X*5 x5 x* 19801 


If, in the Queſtion propoſed, it had been required that the Aggregate of 
Diviſors (of the Cube ſought) ſhould be (not a Square Number , but) the Double, 
Treble, or otherwiſe Multiple, of a Square Number : The proceſs would be 
juſt the ſame (and the ſame Table will ſerve, ) fave that, then, the Aggregate 
is to be diviſible by 2, 3, or ſuch other Number as is the exponent of the pro- 

ſed Multiple , and the relt of the Primes compofing it to be all Pairs. 

Thus, if the Decuple of a Square be required ; the Cube of 3 will anſwer it; 
where the Aggregate is 2x2 x2Xx5, that 1s, beſide 2 x 5 = 10, the other Com- 
ponents are Pairs. 

If the Quadruple of a Square (which muſt therefore it ſ&f be a Square; ) the 
Cube 7 Anſwers it; whoſe Aggregate is zx 2x 2*2x5x5: Out of which, if 
we exempt 2x24, the relt are Pairs. And fo will any other Cube whoſe 
Aggregate of Diviſors is an even Square , and therefore diviſible by 4. 

If the Sextuple be required : The Cube of 27 * 1 1 anſwers it 3 where the Aggre- 
gate iS 2X2Xx11X* 11x61, X2x2x2x3x61., Whencgif we exempt 2x3 =6," 
the reſt are Pairs: And ſowill alſo (for the famereafon) the Cube of 2 * 3 ; where 
the Aggregate is 3 x 5, 2x 2x2x5. And thelike in other caſes. 

Kut if ſuch Multiple ſhould be required, as that nd Aggregate can be found - 
(or not within certain limits) which, being divided by the Exponent of that 
Multiple, will leave the reſt of the Prime Components Pairs ; ſuch cafe (at leaſt 
within ſuch limits) is an impoſlible caſe. 

As, if we demand a Squares Multiple by 23, 43 or 47 3 and confine our 
ſelves to the Cubes of the Table foregoing ; it is manifeſt that (without aſſuming 
the Cube of ſome other Prime, or ſome further Cube of ſome of thele,) it cannot 
be done. For here, amongſt all the Prime Componetits of the Aggregates , 
the Numbers 43, and 47, come not at all; and though 23 come once (at the 
Cube of 137) yet it is there joyned with 1857 which (coming no more ) 
cannot be Paired by any ſuch Compoſition of the propoſed Aggregates. (Re- 
membring always, what was before noted, that the Aggregates for two or more 
Cubick Powers of the ſame Prime, are not here to be Compounded.) So that 
(within the limits of the Table ) the caſe is not poſſible. &nd the like may be 
ſhewed of many others: I ſay, not poſſible with rhe limics of this Table. Bur, 
to ſay it is not at all poſſeble , AnrF wr whole extent of all poſſible Numbers; 
is (I think) too bold an aſſertion for any to make'om. 

11. The Second Queſtion, is, To find a Square Number , which added to all its 
Aliquot Parts will makg a Cube ; (that 1s, the Aggregate: of whoſe Diviſors ſhall 
be a Cubick Number. ) 


And 
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Roots of 


I 


the Squares, 


| 


Ard here the proceſs is much the ſame as before ; ſave that here we ſhall necd 
a Table of Square Numbers, (as there of Cubes, ) with their Aggregate of Divi- 
ſors cxprelied in Primes : And here we are to find out, or ſo to Compound , 
the Aggregates, as that the Primes expreſſing them may be (not Couples or 
Duplicates, as there, but ) Triplicates: That is, that each Prime may occur 
three, ſix, nine, or other Number of times diviſible by three. 

But , though the proceſs be much the ſame, yet the ſucceſs will not be 
al:ogecher ſo ready as there z becauſe Triplicates of the Components will not 
be ſo eafrly adjuſted as Duplicates. ( And, for the ſame reaſons, if Biquadrates, 
or Suriolids, or ſome higher Powers , were required ;z the proceſs, would itill 
be much the ſame, but the trouble of finding ſuch would ſtill be increaſed.) 

Such Table ol Squares (becauſe I have it at hand) I ſhall here ſubjoin ; to ſave 
the Reader (who ſhall think fit to give himſelf the trouble of inquiring into ſuch 
Queſtions) the labour of Computing the ſame again. 


| Aggregate of their Diviſors. 


I 


- 
31 

127 

FII = 7 * 73 

2047 = 23 x 8g 

8191 

32767 = 7 x 31 x 15I 


$8 ® i 
1093 

9841 = 13 * 757 

88573 = 23 x 3851 

31 

=11 x 71 

19531 

488281 = 19 x 31 x« 829 
$7 = 3 * 19 

2801 

137257 = 29 * 4733 
6725601 = 3 *# 3 XxX 19 X 37 Xx 1063 


133 = 7 * IH 
16105 = 5 « 3221 
183 = 3 *« 61 
30941 

307 

88741 

301 = 3 8 127 
137561 = IFI XxX g1I 
$53 = 7 * 79 
871 = 13 x 67 
993 = 3Z X* 33l 


3x 7 x 67 


3 x 631 
37 *« 61 
7 * 409 


3 * 13 * 97 
SY = 7 @ 7 830 


3 x 1801 
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Roots of 
the Squares, 


Aggregate of their Diviſors. 


6321 = 3x7 x7 8 43 
6973 = 19 * 367 

8011 

9507 = 3 x* 3169 

10303 

10713 = 3 x 3571 
IISF57 = 7 * 13 * 127 
II99I = 3 X 7 x F71 
12883 = 13 x 991 

16257 = 3 X* F419 
17293 

18907 = 7 x 37 *® 73 
19461 = 3 x 13 *« 499 
224351 = 7 «x 3193 ® 
22953 = 3 Xx 7 x 1093 
24807 = 3 x $269 
26733 = 3x 7x 19x67 
20097 © 

30103 

32221 = 7 x 4603 
32943 = 3 x 79 X* 139 
36673 = 7 x 13'x 13 & 3t + 
37443 = JF x 7 x 1793 
39007 = Ig x 2053 
39801 = 3 x 13267 
44733 = 3 * 13 8.31 2 37 
49953 = 3.x 16651 
$1757 = 73 * 70g 
$2671 = 3 x 97 « 1$1 
$4523 = 7 * 7789 
57361 = 19 x 3org 
58323 = 3 * 19441 
63253 = 43 * 1471 
66307 = 6k x 1087 
69433 = 7 X 7 *« 13 x 10g 
72631 = 13 * 37 * 151 
73713 = 3 * 24571 
77007 = 3 x 7 x 3667 
79243 = 109 x 727 
80373 = 3 * 73 * 367 
86143 

94557 = 3 *# 43 * 733 
97033 = 19 Xx F107 
938283 = 3 x 181 x t$r 
100807 = 7 * 14401 
109893 = 3 X 7 x 5233 
113907 = 3 x 43 * 833 
120757 = 7 X 13 * 1327 
122151 = 3 # 19 * 2143 
124963 = 19 x 6577 
129241 — 7 Xx 37 * 499 
135037 = 7 # 101 * 191 
139503 => 3ZX7xX7X 13% 73 
144021 = 3 # 61 * 787 
147073 

IF17IE = 7 x 21673 
1538607 = 3 * 31 


_144 


Of Combinations, Alternations, Crar.lV. 


Roots of the Squares. | Aggregate of the Diviſors. 


401 161203 = 7 x 23029 
4299 | 167691 = 3 x 55897 
419 17598r = 13 * 13537 
421 177663 = 3 *x $9221 
431 186193 = 7 * 67 x 397 
433 187923 = 3 X* 37 X* 1693 


459 193161 3 x 31 X31 Xx 67 


443 196693 


449 202051 = 97 x* 2083 

457 | 209307 = 3 * 7 x.9967 

461 213083 = 13 Xx 37 *.443 

453 214833 = 3 * 19 * 3769 
467 218557 = 19 « 11503 

479 | 22991 = 43 *' 5347 

487 | 237657 = 3 * 7 * 11317 

491 241573 = 37 * 6529 

499 | 249501 = 3 * 7 x 109 x 109 


Now it is manifeſt, upon view, that (if we confine our ſelves to the limits of 
this Table) many of theſe Numbers are not of uſe to the preſent purpoſe. Be- 
cauſe many of the Primes ( amongſt the Aggregates) come but once; as 5. 29. 
71. dg. IOI- 139. 191. 307. 331. 397- 409+, 443: 571. 631. 709. 727. 
733. 757. 707. 829. 883. gil. 991. 1063. 1087. 1327. 1471. 1693. 
1699. 1723. 1783. 1801. 2053. 2083. 2143. 2801. 301g. 3169. 3193. 
3221. 3541. 3571. 3667. 3769. 3851. 4603. 4733+ FIO7. F113. $233- 
5347. $419. 6529. 6577. 7789. $011. 8191. 8269. 9967. 103C3. 11317. 
11503- 13267. 13537. 14401. 16651. 17293. 19441. 19531. 21673. 23029, 
24571. 28057. 30103. 30941. 55397. 59221. 86143. 83741. 131071. 147073. 
196693. Others but twice ( not thrice )' as 23. 79. 367. 499. 1093. And 
therefore cannot by any Compoſition (within theſe limits) make a Cube. And, 
conſequently, all the Squares to which any of them belong , are to be laid alide 
as not of uſe. And thoſe are, the Squares of 32, 64, 256, 27, 81, 243, 25, 
125. 625. 49, 343, 2401, 121, 169, 17, 289, 361, 23, 31, 41, 43, 53, 
59, 71, 73, 83, 89, 97, IO1, 103, ICcg, 113, 127, 131, 139, 149, 151, 
157, 167, 173, 179, 181, 193, 197, 199, 223, 227, 233, 239, 241, 251, 
257, 271, 277, 281, 283, 293 307, 311, 317, 331, 337, 347, 349, 
353, 359» 367, 379, 383, 389, 397, 491, 409, 419, 421, 431, 433, 443, 
449, 457, 461, 463, 467, 479, 487, 491. (And the Square of 1, is, in this 
caſe, inſignificant z becauſe a Multiplication by 1 makes no alteration. ) , And , 
theſe being laid aſide, we mult alſo lay aſide the Squares of 128, 9, 13, 47, 
61, 79, 229, 269. Becauſe, in thoſe that remain, 43 occurs but once; and 11, 
61, 97, 151, but twice. And, thoſe being laid aſide, we muſt alſo lay alide 
the Squares of 237, 211, 313, becauſe, in thoſe now remaining, 37, 181, 
occur but twice. And (137 being laid atde) the Squares of 16, 373, muſt alfo 
be laid*alide ; becauſe now 73 comes but twice, | 

So that we have now but theſe few left for conſideration ; the Squares of 2,4,8, 
3» 5, 7, 11, 19, 299 37, 67, 107, 163, 191, 263, 439, 499: Which, with their 
Aggregates, ſtand thus : | 


217 5|31 29]13%67 163]3X7xX19x67 
4|31 7]3x*19 -+; 187] 3x7x67 + 191][7X13X13x31 
81127 11|7x*19 67] 3%7X7x31 263|7*7x13x109 
13 1913 X 127 lO7] 7X13x 127 439[3 X31 X 3I X67 

| | 499|3%7x109x 109 

In which there is no Prime (amongſt the Aggregates) which doth not occur at 
leaſt three times. That is, 3 ſeven times ; (7 eleven times; :; 13 and 31 fix times; 
67 four times; 19, 109, 127, three times, 

Of theſe I will firſt conſider 127; which, becauſe it comes but thrice, we mul 
take all or none of them. Ifall, then this (at 107) brings in 13 3 which wuſt there- 
fore be trebled. And it muſt bedone one of theſe three ways, Either by taking in 
i he Squares of 3 and 29; or of 3 and 263; or of 191 alone. If 


b: 
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If the firſt way, this (at 29) brings in 67. Which 
(that it may be trebled) brings in two of theſe 3 
Squares 37, 163, 439. Of which if 16z be one, 
this (becauſe of 19) brings in the Squares 57 and i 1. 
And if, for the other, we take the Square of 37; 
this brings in 3 and a fourth time, and therefore 
either each of them muſt come in twice more (that we 
may have them ſix times) or elſe 37 muſt here be laid 
aſide. Now if, for 3 twice, we take (for one of them) 
the Square of 439, this brings in a fourth 64; which 
muſt not be (unleſs we could have it gx times, which 
we cannot.) Therefore, if at all, this 3 twice, muſt be 
ſupplied by the Squares of 67 and 499 (for there is no 
other ſupply ;) which brings in 109 twice; and this 


127 


19]3, 127 


7, 13, 127 
L3 


29|13, 67 


3, 7y 19, 67 
3, 19 

1, 19 

3» T7» 67 

3» 7» 7, 31 


49913, 7, 109, 109 


Ty 7» 13, 109 
Ty 13, 13, 31 


(that it may be tripled) requires the Square of 263. But, with this, comes 
in 13 a fourth time; and therefore (that we may have it ſix times) we muſt take 
in the Square of 191. But, by this time, we have 7 ten times; which muſt not 
be unleſs we could (which we cannot) have it twelve times. Therefore the Square 


of 37 mult here be laid aſide. If then (retaining that 
of 163) we take (inſtead of 37) the Square of 439 ; 
this brings in 3 a fourth time; which therefore we 
mult have twice more. But nat from the Square of 37 
(becauſe already laid by , and becauſe it would bring in 
a fourth 67;) therefore, if at all, from the Squares of 
67 and 499 (as before,) which requires that of 263 ; 
and, this, that of 191, as before, But now we have 
31 a fourth time, which requires it twice more; which 
is not to be had, ſave at the Sqyares of 4 and 5 ; whereof 
. that of 4 is not to be admitted, as being ihclided in 
that of 8 already taken. So that the Square of 163 
cannot be taken either with that of 359 or of 439, and 
muſt therefore be laid aſide; (and, with it, the Squares 
of 7 and 11.) And conſequently (retaining that of 3 
and of 29,) we muſt (for trebling of 67) take the he (rar 
of 37 and 439. Andhere we haye 31 twice, and mult 
therefore have ita third time : But not from the Square 
of 4; ( becauſe included in that of 8:) Therefore 
either .from that of 5, of 191. If from that of 5; 
we ſhall want a third 7 (having yet but two;) which we 
cannot have from the Square of 2 (becauſe included in 
$8; ) nor from 163 (becauſe already rejected;) nor from 
that of 11 (becauſealready excluded with that of 163 ;) 
nor from that of 191 , becauſe this would bring in a 
fourth 31, (which may not be, becauſe we cannor 
have it ſix times without the Square of 4, which is in- 


8 
I9 
107 
3 
29 
163 


127 
3, 125 
7, 13, 127 


7, 19 | 

3, 31, 31, 67 

3» Ty T» 31 

3» 7, 109, 109 
Ty Ty 13, 109 

7, 13, 13, 31 


31 

31 

I27 

3, 127 

Ty 139 127 
13 

13, 67 

3, 7», 67 


cluded in that of 8; ) nor from that of 69 (for the ſame reaſon ;) nor from 
that of 499, becauſe this cannot ſtand without that of 263 ; nor from both theſe 
together ; becauſe then we ſhall have it five times, but cannot have it a ſixth z 
(all the reſt wherein 7 1s oo being already excluded.) Therefore (omitting 


that of 5) we muſt (it at all | 
this brings in a fourth and fifth 13 ; which (for a ſixth) 
4 will require the _— of 2633 and this ( becauſe of 
109) the Square of 499. And this(belide Triplicates) 
brings in a fourth 3 3 (which therefore will afford, not 
a Cube, but the Triple of a Cube , if that had been 
required ;) we want therefore 3 witk more (to make 
' it up ſix times ;) but can haven of them from the 
Squares of 7 or 163 (as being already excluded, nor 
from that of 67, (as bringing if a fourth 31, ) and 
therefore not at all. And, co _— this firlt way 
{by the Squares of 3 and 29) doth not ſucceed. T 


havea third 31 from the r 4 


are of 191. But 
127 


I9]13, 127 
IO71]7, 13, 127 


3 
29 
37 

439 
191 
263 


7, 13, 13, 31 
7, 7», 13, 109 


499 
Po 


3, 7, 109, 1099 
Fhe 
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$1127 The ſecond way, (of ſupplying 13 twice, which at the 
1913, 127 Square of 107 were wanting) 1s, from the Squares of 
107|7, 13, 127 3 and 263: Which (becauſe of 109) requires that of 494. 
3113 And, becauſe (amongſt the Aggregates) we have 3 twice 
26317, 7, 13, 109 we mult have it a third time. It, for this, we take in the 
49913, 7, 199, 109 Square of 7, of of 1633; either of theſe (becauſe of 15) 
7|3, 19 brings in the other , and that of 11. And now, becauſe 
163|3, 7, 19, 67 of 67 once, we mult have it twice more. But not from 
11]7, 19 the Square of 29 ( being already excluded as not to be 
3713, 7, 67 taken with that of 3 3) and therefore from the Squares 
43913, 31, 31, 67 of 37, and 439. And, by this time we have 3 ix times 
6713, 7, 7, 31 (and more than ſo, we may not have it, unleſs we could 


have it nine times; ) and 4 we have # times, and therefore 


mult have it twice more: But, not from the Square of 2 ( as being included in 
that of 8;) nor from that of 191, (becauſe this would bring in 13 a fourth and 
fifth time , which would require a ſixth, from the Square of 29 already re- 
jetted z) therefore, if at all, from the Square of.67. But neither can this be , 
(becauſe it brings in a ſeventh 33 which may not be, - there being no more to 
make it up nine times : ) And, conſequently, the third 3 (wanting at the Square 
of 499) is not to be ſupplied from the Squares of 5, or of 163. If then (omit- 
ting theſe two) we ſhould take (for a third 3) the Square of 37 or of 439, 


8[127 
I913, 127 


10717, 13, 127 


3 
263 
499 

37 


439 


T139 Ty 7» 31 


Fr } 
D | 


13 


either of theſe (becauſe of 67) would bring in the other, 
and alſo require that of 29, or of 163, already rejected. 
If then ( omitting theſe of 37 and 439) we take (for a 
third 3) the Square of 67 3 this brings in 31, which is 
therefore to be Tripled. But not from the Square of 4. 


7,. 7, 13," 109 (asincluded in that of 8; nor from the Square of 191 


3, 7, 109, 109 (becauſe that would bring M 2 fourth and fifth 13, which 


3, 7» 67 
3, 31, 31, 67 jedted;) nor from the Square of 439 (becauſe of 67 


127 
3. 829 


7, 13, 127 


13 


Ty Ty I 33 109 
3, 7, 109, 109 
S. a Ty BY 


127 


3, 127 


Ty 13, 127 


would require a ſixth from the Square of 2y already re- 


there, which would bring in that of 29, or 37, or 163, 
already rejetted) nor from the Square of 5, becauſe 
(though that would afford a ſecond 31, ) a third would 
yet be wanting, and not to be had, And, conſequently, 


(there being no other place from whence to fetch a third 


3) this ſecond way will not ſucceed. 
The third way (for ſupplying 13 twice, which at the 


Square of 167 were wanting) 1s (omitting the Squares 
of 3, 29, 263,) from the Square of 191. And, becauſe 
here we have 31 once, this muſt be Tripled. But not 


from the Square of 4: (as included in 83) And therefore, 
if at all, either from that of 439 (where it is twice, ) 


or from the Squares of 5 and 67. If from that of 439 ; 
then 67 (here found) muſt be Tripled ; bnt not from the 


7, 13, 13, 31 ..Square of 29 (as already excluded ) therefore from thoſe 


3, Ty 67 
3, 7y 19» 07 


33 19 
7, 19 


127 


3z 127 
Ty 133 127 
7 139 13z 31 


31 


in To 7o 31 


3, 31, 31, 67 ,of 37, and 163; and this laſt (becauſe of 19) calls in 
x thoſe of 7 and 11. But, by this time, we have 3 five 
pom , and therefore ſhunld have it a ſixth time ; but not - 


om the Squate of 499 (for that would recall that of 


263 already rejeted;) therefore, if at all, from that of 
67; but we ſhall then have » ſeven times; which is not 
to be admitted, ſince we cannot have it nine times. There- 
fore ( omitting that of 439, and therefore thoſe of 37 
and 163) take we thoſe of 5/and 67. And, by this time; 
we have 7 four tithgs; and therefore, if at all, we muſt 
have it twice mare. qt not from the Square of. 2 ( 8s 
included in $;) forfr 

rejefted, with that of 439 3) fior from that of 1 1 (which, 
becauſe of 19, . wonld bring vs'back to that of 163 already 
rejected ;) nor Trota 499 ({Whith, becauſe of 199, would 


m that of 37 or 163 (2s already 


+ bring 


— 
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bring us back to that of 263 already laid afide;) and therefore not at all. So 

tha this third way fails alſo: And, conſequently, the Squares of 8, 19, 107, 
(where we meet with 127,) muſt all be laid aſide. 


and Aliguot Parts. 


We have then but theſe left to be further conſidered. 


2| 7 5|31 29|[13, 67 16313,7,19,67 439[3,31,31,67 
4! 713,19 37| 337, 67 I9QT}7,13,13,31 499] 33741 09,109 
3113 I1[7,19 67[3,7,7,31 263[7z7,13,109 


And here we will begin with the Prime 1cg; which becauſe it comes but 
once at the Square of 263, and twice at that of 499 ; theſe mult either both 
be taken, or both omitted. 


And becauſe, in theſe, we have 13 once; this muſt be 263|7, 7, 13, 109 
taken twice more. And therefore either from the Squares 499] 3, 7, 109, 199 
of 3 and 2g, or from that of 191 above; (ſince we have 3113 
it now but five times in all.) . 29]13, 67 

If the firſt way ; theny becauſe of 67 once, we muſt 37]3, 7, 67 
take it twice more ; from ty Squares of theſe three, 163|3, 7, 19, 67 
37, 163, 439. Firſt, let thoſe be the Squares of 37 and 713, 19 
163; therefore (becauſe of 19) we mulſt take alſo thoſe 11]7, 19 
of 75 and 11. And, by this time, we have 3 four times, 67|3, 7, 7, 31 
(and this affords us, not a Cube, but the Triple of a Cube, 439] 3, 31, 31, 67 
if that were required; ) we muſt therefore take it twice 
more; which is only to be had at the Squares of 67 and 26317, 7, 13, 109 * 


439 ( for now we have it but ſix times in all, ) but this 3, 7, 109, 109 


brings in a fourth 67 which cannot be admitted. Second- 3113 

ly, let it be the Squares of 37 and of 439; which brings 2913, 67 

in 31 twice, and we muſt therefore have it a third time. 3713, 7, 67 
Which if we take from the Square of 67 ; this brings in 439] 3, 31, 31, 67 
a fourth 3; which will require two more, from the _ 6713, 7, 7, 31 
of 7 and 163 3 which will bring in a fourth 67. If from #73, 19 + 

the Square of 191; this brings in a fourth and fifth 13, 163 [3, 7, 19, 67 
which cannot be admitted, becauſe we have not a ſixth. 

If from the Square either of 4, or of 5 ; cither-of theſe 263 [7s 7, 13, 109 
(beſide Triplicates) would leave us 7 four times ( which 499] 3, 7, 109, 109 
wonld afford, not a Cabe , but the Septuple of a Cube , 3113 

if that had been required;z) but this requires 7 twice 29[13, 67 

more. Neither of which can be had from the Squares of 3713, 7, 67 

67, Or 191, (as being already rejected; ) nor from that 439] 3, 31, 3, 67 
of 163 (as bringing ina fourth 673) and therefore, if at 19117, 18, 13, 31 


611, from the Squares of 2 and 11. But this woulM bring 

in 193 and therefore (to Triple it) will call the Squares of 7 and 163 3 (which 
Jaſt 1s already rejeCted, and would bring in a fourth 67; ) therefore not at all. 
Thirdly , (omitting that of 37) let this 67 twice, be taken from the Squares 
of 163 and 439. But this (becauſe of 19 ) calls in the Squares of 7 and 11 ; 
and conſequently, ( becauſe then we have 3 four times) the Squares of 27 and 
67 already rejefted. $0 that this firft way ſucceeds nor. 


263[7, 7, 13, 109 263][7, 7, 13, 109 
4991] 3, 7, 109, 1099 4991 3z 7, 199, 109 

3 13 3113 

29]13, 67 29[13, 67 

3713» Ty 67 -16313, 7, 19, 67 
43913, 31, 31, 67 43913 31, 31, 67 
4, $131 713» 19 

2 7 117, 19 

i117, 19 37 13» 7 67 

7\3» 19 67133 7» 7, 3! 
16313, 7, 19, 67 


if 
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26317, 7, 13, 109 If we take the ſecond way (of ſupplying 13 twice, 
499|3, 7, 109, 109 which at the Squares of 263. and 499 were wanting ) by 
191|7, 13, 13, 31 the Square of 191 (omitting thoſe of 3 and 29;) then, 
43913, 31, 31, 67 becauſe here we have 31 once, which muſt therefore be 
$713, 7, 67 ſupplied twice more: We will firſt try whether it may 
163[3, 7, 19, 679 be done by the Square of 439 ( where it comes twice; ) 
7'3, 19 and then whether it can be done without this. 
11|7, 19” If we ſupply it from the Square of 439 ; this brings 
6713, % % 31 in 67, which muſt therefore be Tripled : But not by the 
4131 . Square of 29 (as already rejected, and as bringing in a 
5 [31 | fourth 13;) therefore from thoſe of 37 and 163. Where 


becauſe we have 19 once, we muſt have it twice more, 

from the Squares of 7 and 11. And by this time we have 7 ſeven times, and 
muſt theretore have it twice more : And we have 3 five times, and muſt there- 
fore have it once more. Both which we may have from the Square of 67 ( and 
{rom thence onely, becauſe 3 is to be had no where elſe ;) and now we have 31 
a fourth time; which requires it twice more (that it may be ſix times; ) and 
theſe we have at the Squares of 4 and 5. So that now we have a Cube complea- 
ted; whole Components are, 7, nige times; 3 and 31, lix times; 


217 13, 67, and 109, three times. An@ the Square whence it ariſeth, 
3113 is that of 4 x5 x7 x 11 * 37.X 67X 163 x Ig1 *263 x439 x 499- 
29]13,67 Theremaining Squares which are not ingredients into this, are thoſe 


of 2, $, 29. 

Now if from theſe ( without the other) we could form another Cube , ſuch 
Cube would not only be another ſuch Cube as is defired , but (being a Prime to 
that already found) might be Compounded with that found, to make a third. 
Lut this cannot be : Becauſe (for theſe) we have no Prime that comes three tiwes. 

It remains to ſee, if (omitting the Square of 439) we 
263]7, 7, 13, 199 can otherwiſe ſupply 31 twice, which at the Square of 
49913, 7; 109, 109 191 were wanting. Where hrit it is manifeſt, that (the 
19117, 13, 13, 31 Square of 439 being laid aſide) thoſe of 37 and 163 


373, 7, 67 (becauſe of 67) muſt alſo be laid aſide, unleſs we can have a 
16313, 7, 19, 67 third 69 from the Squareof 29, Which cannot be becauſe 
29113, 67 this would introduce a fourth 13, and we have not two 


more to make up ſix. Then, having laid by that of 16 3, 
we mult (becauſe of 19) lay by thoie of 7 and 11. $6 
263|7, 7, 13, 109 that there remain only the Squares of 2, 4, 5, 67, to 
499|3, 7, 109, 109 ſupply 31 twice ( becauſe we have it once) and 7 twice 
191 |7, 13, 13, 31 (becauſe we have it four times) and 3 twice (hecauſe we * 
4,5|31 have it once.) Now 31 might be ſupplied twice from 
6713, T» 74 31 the Squares of 4 and 5, (but then we could take no more, 
becaugthat of 2 is included in 4; and 67 would bring 
in a fourth 31.) Or it might be ſupplied by one of thoſe ( ſuppoſe 5 ) with that 
of 67. And thus we ſhould have a ſupply of 31 twice, and of 7 twice, and 
of 3 once: But there wants another 3 (which the remaining Squares of 2 and 4 
cannot ſupply) to compleat the Cube. So that this affords, not a Cube, but ; 
of a Cube. There is therefore no other Cube. ( but that before aligned ) 
here to be had, retaining (as is hitherto ſuppoſed ) the- Numbers 109, 
109, 109. | 6 
Let us therefore now leave out 109, and conſequently the Squares of 263 
and 499 where it is found; and ſee whether the remaining Squares will afford 
ſuch a Cube as is delired. Now theſe are, | 


2] 7 3|13 7000 29]13,.67 67]3,7,7,30 191|[7,13,13,31 

* 4131 $13! 111719 37 1334767 163 |3,7,19,67 439|331,31,67 
713, 19 Of theſe, we will firſt begin with 19, which comes 
11|7, 19 thrice ( and but thrice) at the Squares of 7, 11, 163. 
1633, 7,19, 67 Where we have 67 once, and therefore muſt have it 
37|3, 7, 67 twice more. Now if, for one of theſe, we take the 


43913, 31, 3I, 67 | Square 
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Square of 439 , or of 29. . If that of 439; this brings 11|7, 19 
in 3 a fourth time; which may nor be , becauſe ir comes 163[3, 7, 19, 67 
not twice more to make up ſix tires. Therefore (ifat 37 | 2, 7, 67 


Square of 37; we muſt, for the cther, take either the + | 3, 19 


all) it muſt be that of 29, (or clſe 37 muſt be laid afide;) 29[13, 67 
But this brings in 13 once, for which we- may have a 3113 
{econd at the Square of 3, but then we cannot have a 

third without a fourth, at the Square of 191, There- 


tore (waving that at the Square of 3) we muſt take 713, 19 

both (if at all) at the Square of 191. Now this brings 11[7, 19 

in 7 a fourth time, which calls for a fifthand ſixth: One 163[3, 7, 19, 67 
of theſe we might have at the Square of 2 ; but then we 37]3, 7, 67 
cannot have a ſixth without a ſeventh. Therefore (wa.« 29[13, 67 

ving that at 2) we muſt (if at all) take both at the 191[7, 13, 13, 31 


Square of 67. But here, beizde a ſecond 31 (for which we 67]|3, 7, 7, 31 
may have a third at the Square of 4, or of 5,) we haveza 4, 5[31 
fourth time (which will make up , not a Cube, but the 
1riple of a Cube, ) which is not to be admitted, becauſe 
we cannot have a fifth and ſixth. And conſequently, the 7|3, 19 
Square of 37 muſt be laid aſide, (as not to be joined either 11 [7, 19 
with that of 439 or 29;) but (waving that) we muſt 163]3, 7, 19, 67 
have recourſe to the other two (at 29 and 439) for Tri- 29j13, 67 
pling of 67. Now here we have 13 once; and therefore 43913, 31, 31, 67 
mult have it twice more; not from the Square of 23, 19147, 13, 13, 31 
(becauſe, as before, if we take a ſecond here, we cannot 
have a third without a fourth ; ) but that of 191. 
Which doth not only ſupply 13 twice; but alſo +7 and 31 which were alſo 
wanting : So that we have now a ſecond Cube, ſuch as was deſired ; whoſe 
Components are, 3, 7, 13 19, 31, 67, thrice taken. And the Square whence it 
ariſeth, is that of 7 x 11x 29*« 163 x 191 x 439+ 

And if ,, from the remaining Square of 2, 4, 3, 5, 
37, 67; we could form a third; this, Compounded 2 
with the laſt foregoing (as Prime to it ) would form a + 
fourth. But this cannot be , becauſe no Prime doth here 3 
thrice occur , but only 7 and 31: And neither of theſe F 
can be thrice taken, without being incumbered with 3, 37 
which cannot be Tripled. $So that, retaining 19 (as is 67 
hitherto ſuppoſed) we can have (from thence) no other 
Cube than what is already found. | 

Let us now therefore lay by 19 3 and conſequently the Squares of +, 11,163, 
wherein it is found. And we have then theſe onely left for conſideration. 


7 

31 

13 

31 

3, 7, 67 
3» 7s Ty 31 


2 7 3|13 29|[13,67 67| 347,731 439|3,31,31,67 
4\3t 531 373,767 191]7,13,13,31 


We have here 67 three times, at the Squares of 29, 37, 439. And (with 
theſe) we have 3 twice 3 which calls for a third from the Square of 67. And 
we have 13 once, for which we might have a ſecond -at- the Square of 3 ; but 
could not then have a third without a fourth ; there- 
fore (waving that) we take both from the Square of 191, 29]|13, 67 
And we have then 31 four times, and therefore muſt 37|3, 7, 67 
take it twice more from the Squares of 4-and of 5. But 43913,.31, 31, 67 
we have 7 four times; yet cannot find it twice more to 6713, 7, 7, 31 
make itup ſix times z nor indeed once more, becauſe we 191 |7, 13, 13, 31 
cannot here Compound the Square of 2, as being included &4|31 
ig that of 4. So that, with 67, we may make up, not $[31 
a Cube, but a Sextuple of a Cube. | 
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Suppoſe we then that 67 be laid aſide ; and therefore the Squares of 2g, 37, 
439- Thoſe that then remain are, ; 


2/7 431: 3113 $531 67[3,7,7,31 191[7,13,13,31 


Of theſe, that of 67 muſt be laid aſide (becauſe 3 occurs but once,) and con- 
ſequently ( becauſe 7 comes then but twice) that of 2 and 191. And for the 
other three (of 3, 4, 5,) the Number 13 comes but once; and 31 but twice. 
So that no further Cube can be hence expected. 

We conclude therefore ( having fully conſidered all ) 


4131 that (within the extent of this Table) we may have two 
$|31 Squares (and but two) ſuch as are delired ; whoſe Aggre- 
713, 19 gate of Diviſors ſhall be a Cube. Namely, the Square 
11'7, 19 of 7 x11 x29%* 163 * 191 * 439, Whole Aggregate of Divi- 
3713s 7» 67 vidors is the Cube of 3x7x*x 13* 19 *31*67. Andthe 


6713, 7» 7» 31 Square of 4x5 x7x 11 x 37x67 * 163 x 191x* 263 x 439 
163]3, 7, 19, 67 *499; Whoſe Aggregate of Diviſors 1s the Cube of 3 x ; 
I9117, 13, 13, 31 XTXTXTJXI3XIQN3IA ZIXGT X 109. 
263|7, 7, 13, 109 And, if any think it worth the pains to ſeek out more z 
439[3, 31, 31, 67 they muſt enlarge the Table, to take in more Primes, or 
49913, 7, 199, 109 more Quadratick Powers of theſe Primes. 

It had been eaſie to have rendred this buſineſs more 


713, 19 ſtupendious (as ſome other would have done, if (con- 
11|7, 19 cealing the methods whereby I came at them ) I would 
29113, 67 have performed the Multiplications here directed ; and 


3, 7, 19, 67 then, in thoſe great Numbers,exhibited theſe two Squares, 
7, 13, 13, 31 Withthe two Cubes thence arifing ; affirming, that (within 
43913, 31, 31, 67 ſuchextent of Numbers) there is no other $quare Number 

(beſide theſe two, vaſtly great,) which added toall its Ali- 
quot parts will make a Cube : Or perhaps, having aſſigned thoſe two, propoſed a 
Challenge (to all the Mathematicians in Fraxce, ) to find a third within thoſe limits. 
But this would ſerve only to amuſe a Reader , not to inſtruct him. And I chufe 
rather (in what I publiſh) to inform my Reader, by what ſteps I come at thoſe 
diſcoveries I make, and whereby he may (if he pleaſe) attain the like; deſigning 
more, the benefit of others, than oſtentation. 

I may here add (as is done after the former Queſtion,) thas the ſame method 
is tobe uſed , if (inſtead of a Cube) it had been demanded, that -ſuch Aggregate 
ſhould be the Triple (or other deſigned Multiple ) of a Cube: ( fuppoling fuch 
deſigned Multiple to be poſſible:) Of which I have given ſome inſtances as I paſſed 
along ; and might have done more if it had been needful. 

But we muſt not then demand the Duple , Quadruple, Sextuple of a Cube, 
or otherwiſe Multiple thereof by an ewes Number : For all ſuch are impoſlible. 
For, ſince every Quadratick power of a Prime Number (be it the firſt, ſecond , 
third, or further Square thereof, ) hath, for its Diviſors, ( beſide 1 ) all its De- 
grees or Powers ſo far ; ( as, for inſtance, a* hath for its Diviſors 1, «, aa, 43, 
a+, a\, a*,) and all theſe ( becauſe it is a Quadratick Power ) are (exchiding i ) 
in Number even; ( and every of them either odd or even according as is the 
Prime 4 whence it ariſeth; ) and conſequently, the Aggregate of all.except 1 , 
an even Number ; (for an even Number of odds, as well as an even Number of 
evens , will ſtill make an even Number; to this even Number , it 1 be added 
(which is alſo an Aliquot part, and therefore a Diviſor, ) this always makes 
the whole Aggregate an odd Number: Which therefore cannot be Duple of 
Cube, or irs Multiplc by an even Number. And the ſame wilbhold as well for 
the Quadratick Powers of any Compound Number : For (as was fhewed before) 
the Aggregate of Diviſors of ſuch Compound Square, is always Compounded 
of ſuch Aggregates of Diviſars of ſome Qpadratick Powers of Primes ; which , 
being (as is now ſhewed) odd Numbers, their. Campound muſt be fo too. For 
an odd Number, Multiplied by an odd Number ( and ſo continually ) will ſtil} 
produce an odd Number ; and therefore, not the Puple ( or otherwiſe Multiple 
by aneven Number) of any Number whatſoever. 


In 
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In the former Queſtion , concerning Cubick Powers, whoſe Aggregate of 
Diviſors ſhould be equal to a Square, ( or a Ceſigned Multiple of a Square, ) 
this will not hold. For there the Aggregate may be cithcr an odd or an cveri 
Number. Yet with this diverſity : lt the Prime & be 2, then all the Degrees 
thereof will be even Numbers , to which when 1 is added the Aggregate will 
be odd. If the Prime 4 be 3 (or other odd Prime,) and the Cube thence ariſing 
be the firſt, third, fifth Cube, (or other in odd places) whoſe Number of di- 
menſionsis 3, 9, 15, or other odd Number ; the Number of Diviſors, without 
1, Will be odd alſo; and therefore, with 1, it will become even. Burt if ſuch 
Prime 4, be cdd, and the Cubick Power thereof be the ſecond, fourth, ſixth, 
or other in even places , whoſe Number of dimenſions will therefore be 6, 1 2, 
18, or other cven Number (whith will therefore be Quadratick as well as 
Cubick ;) here the Number of Diviſors without 1, will be even, and their 
Aggregate even; and therefore with 1 , the Aggregate will be odd. And 
accordingly an eltimate is to be made of the Compounds of ſuch Aggtegates: 
For, if all the Compounding Aggregates be odd, the Compotnd will be alſo 
odd ; bur if any one of them be even, the Compound Aggregate will be even. 
I forbear to purſue this to any nicer deterniination: But any who pleaſe may 
purſue it further. ART 

II. A third Queſtion I added to thoſe two; not as a tiew difficulty, but as a 
trial whether Monſieur Fermar did throughly underſtand the myſtety of his own 
two Queſtions ; and did not only by chance light on them: For if he throughly 
underſtood thoſe , he muſt needs be able to ſolve this with much eaſe; which 
it ſeems, by Epiſt. 37. he did not find fo ealie; and therefore, what ſolation 
he did find , he choſe rather to conceal than let us know it. Nor doth any 
where let us know , whether he were able to ſolve his own Queſtions.. Bu 
Monſieur Frenicle, gives ſolutions both of this and thoſe ; but without acquain- 
ting us by what methods he came at them z which makes me think they are not 
better than mine. 

The Queſtion is this : To find rwe Square Numbers , which added to their Aliquot 
Paxyts ſhall make the ſame Number (or, whoſe Aggregate of Diviſors ſhall be the 
ſame; ) As for inftance 16|-8+4-+3þ1=31=25+5+13 Ler two ſuch 
other be found. ; 

Now 'tis manifeſt (by what hath been before delivered) that any Multiple 
of thoſe two (16 and 25 ) byany other Square which is a Prime to both of them 
(as 9, 49, 121, &c.) will do what is deſired. For the Multiple of 31 , by 
the Aggregate of Diviſors of any ſuch other Square, will be the Aggregate of Di- 
viſors, both of 16, andof 25, Multiplied by ſuch Square. As for inſtance , 
becauſe 9 + 3-|-1=13 3 therefore 31*13 = 403, 1s the Aggregate of the 
Diviſors , as well of 16x9 = 144 , as of 25x 9= 225. 

But, if we would have others than the Equimultiples of 16 and 25 3; we may 
make uſe of the fornier Table of Squares ; wherein (becauſe we do not meet 
with any ſingle Squares , (other than thoſe of 4 and of 5,) whoſe A te of 
Diviſors is the ſame) we are ſo to Compound two or more of them in ſeveral 
parties , as that the Aggregates be the ſame. As, tbe Squares of 


29x6 
+031. ging £39 £35757%13 x Z1 x67. 
2X19X*29 
3x8 x37 ZX7X13Xx67Xx127. 
7 x$x 29x67 


3x4x11 x 19*37 ZX3ZXTXTXI3ZXIDOXIIXGTXING 


Tx8x29867 
ZXFXILHI9N 37 


- 1 o 
Y * oh ariſe from Compounding the _ of the Primes leſs than 106, 
V 


[2 X3ZXJTXJTKIZXIQNGI XGTXI2T, 


Squares of 2. 
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And more Couples than theſe are not to be- fougd within thoſe limits , unkeſs 
by Multiplying both the Numbers of ſome of theſe Couples by ſome common 
Square which is a Printe to both of them ; which may be done at pleaſure. But 
if weextend the limits, to other Primes , and other Powers of theſe Primes, 
we may have more without ſtint. 

And by the ſame means we may have Three or more ſuch Squares, whoſe 
Aggregate of Diviſors ſhall make the ſame ſum. As (amongſt theſe) we have 
Three. Namely the Squares of | 


Tx8x29x67 ? | 
3X4Xx11 * 198 3703538 787#r3nIgK at EG7KIE, 
3*5 XII XIQX 37 


But if we enlarge the bounds, we may find others (Two's, Threes, Fours, &c. ) 
in great Multitudes, whoſe Aggregate of Diviſors ſhall be the ſame. As any 
man by experience, may find, who ( without going farther ) will give himſelf 
the trouble of purſu ing the whole Table here given, as I have done thoſe Primes 
which are fimaller than 100. FO | 

I forbear to purſue more Queſtions of this nature z but, according to the ſame 
method, any others of. like kind may be diſpatched; 
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Pag. 13+ after line 6. add , 


N D in Cenſorinus, De Die Natalj, Printed at Mamburgh, 1614. 
we have in Pag. 93 and g6. Sex millia DCCCCXL, for 6940. 
And Pag. 94. == millizam CCCLXXXIV, for 2384. And Decem 
millium CCM, for 10800. And Pag. 111. Mile IDC, for 1600. 
So that it need not. ſeen ſtrange, that (in this ancient Mantle- 
tree) Milleſimo ſhonld be expreſſed in Letters ; while the latter 
part of the Number 133 is written it Figures. | | 
A farther account of this Mantle-tree may be ſeen in the Philoſophical 
Trenſaftions, Num. 154- for the Month of December, 1683. 
And Dr. Thomas Smith, now Fellow of Magdalen College in Oxford, (a Reve- 
rend and Learned perſon, and a curious obſerver of Antiquities, both at home 
at in foreign Countries, as far as Greece and Twrky,) hath ſhewed me the Copy 
of an Inſcription not much later (than that of this Mantle-trce) which he ſaw at 
Briſtol; over the great Gate of the College there , commonly known by the 
name of St. Awzuſtines, REX HENRICUS SECUNDUS ET DO- 
MINUS ROBERTUS FILIUS HERDINGI FILIH REGIS 
DACIAZ HUIUS MONASTERII PRIMI FUNDATORES 
EXTITERUNT, 11s. (with four Statues over the Gate.) Whete ; 
inſtead of 4, we have the ſame Figure reverſed : Bnt either of them dothequally 
agree to ( what was the old ſhape of this Figure) F. And the difference of is 
from what we now uſe, doth rather confirm the Antiquity, than give us any 
cauſe to doubt its being genuine. And this Inſcription, being but ſeven years 
later than the other z they do mutually confirm eath other. 


Pag. 14: after linz 2. add, 


UT, upon further ſrarch, I find the uſe of theſe Numeral Figures to have 
B been yet Anciencer, even in theſe parts of the World. 

* And, in particular, I find, that one Gerbertxs of Gereberths, was$killed therein z 
and bronght the knowledge thereof, our of Spain, Ihto France, in the Tenth 
Century : As appears by divers paſlages in his Epiſtles extant, with this Title 
Gerberri Epiſtole ; publiſhed at Pars in the yeat 1611, ( in Number 160.) with 
2n account of his Life ſubjoined : And again in the _ 1636, (in Number 161.) 
T8 which is added a ſecond ColleCtion, (in Number $5.) 


V 2 He 


Additions and 
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He was bred a <Honk at Fleury in France, ( AMonachus Floriacenſis, ) of the 
Order of the Benediftines : (as appears Epilt. 70.) He was, after that, an Abbat 
Cenobii Bobienſis ( who were Kenedictines alſo,) as we ſometimes find it; or 
(as cligwygere) Abbntia Sanifi Coriyeriy in Italy * AS appears, Epiſt. 2. 3. 4. 5. 
12. 14689. 24. $3. 136. But he oft complains of his ill uſage there ; as Epiſt. 5. 
7. 11.2.0 14616; 19% 23+ 34-385. 40- 46. 84. QI. 92. 117. 118, 143. and 
elſewhere. He ſtiles himſelf Scholaris or Scholaſticus, or quondam S-polafticus , 
Epiſt. 7. 12. 145. 161. 

He was afterwards ( as we find in Baronius and others) Archbiſhop of Rhemes, 
in the year 992 3 thenof Revenna inthe year 996; and afterwards Pope of Rue, 
in the year 993, or 9993 and ſodied in the year 1003. Whence that verſe , 


Sgandjt ah R.: Gerbertus ad R, poſt Papa vigens R. 


Which we find Cwith Tome little variation) in moſt of thoſe that write 
of him. 

That he was a diligent. inquirer after Books (which he cauſed to be purcha- 
ſed or tranſcribed at his own coſt ) to furniſh a Library; appears from his 
Epiſt. 7.8.9. 16. 17. 24. 25. 26. 38. 49. 44. 45- 56. 65. 69. 71. 72. 73. 82, $7. 
91. 92. 96. 193. 104. 10y. 108, 116, 123. 130. 1,32. 134, 148. 152. 153. I54- 
and, the ſecond Colle&ion , Epiſt. 9. 1 3- 28. ' Arid, particularly, Mathematical 
and Aſtrological Books and Inſtriments z as at Epilt. 5. 17. 24. 25. 71. g1. 92. 
1 39+.434, 148, 1:92-153+ 154- 2nd. in the ſecond Collegtion, Epilt. 9. And 
inpſpycd «(it ſeems) -one Gosbertus , tq that purpoſe , (horrawed from the 
Archbiſhop af Trevers, ) whom, he ſeems loth ro. part with; as at Epiſt: 38. 

6..69. .127- | | | . 

, That. he w particularly inquiſitive into this Algoriſmus os Abacus yl ( that is, 
the practiſe of Arithmertick by theſe muneral fl ures,) appears from his Epiſt. 
17. De Multiplicatione & Divifione , libellum a ly eh Hiſpano editum, Abbas Guar- 
NCr {18 penes Vos a—o__ s &jus, exemplar in commme T0gamuys. . And Epilt. 25. De 
Multipliratione & Diviſione nymerorum , Joſeph Saptens ſententias quaſdam edidit ; 
eas Pater meus Agelhero , Remorum Archiepiſcopus, veto ſtudio habere cupit, This 
Joſeph Hiftens , or Joſeph Sapiens, ſeems tg be. lome eAour , in Spain , $kilfull 
iu theſe atlairs, | _— 

"Tis true that , even before the uſe of theſe nureral Figures , we muſt belicve 
that there were Rules for Multiplication and Divifion of Numbers. But this here 
(after which be inquires with.ſo mucl>diligepce) ſeemgto be ſome new Curioſity, 
not what was befare cammonly, known. And therefore, molt likely, that of the 
Abacuq or Algariſms; that is, the way of Computatian by the numeral Figures : 
Whevein the method of Multiplication and Diviſion 1s much more expedite, than 
what cauld be performed by the. Roman numeral Letters. And it is the more 
likely, becauſe this was to come from Spainz whence , we know , this piece of 
Learung (brought thither By the 440ors ) was propagated to other parts of 
Europe. " 

| Add, to put. it more out of doubt , we have, in his Epiſt. 28. (of the ſecond 
Colleftion ) the Word Abacw exprelsly uſed: where, writing to the Emperor 
Otho, ( who is ſaid to have been one of his Scholars in this piece of Learning ) 
dcliring a Reſtitution of what- had been by kim granted , but by ſome other 
taken away, he writes thus: Hinc a vobis liberaliter collata, ſed a quodam neſcio 
car ablata, reſtitns ſibs petiit veſter G ( Gerbertus ) extrems wuwnerorum Abact , 
veſtrum definiat. ( Decretum or Mandatum , or ſoine ſuch Word, ſeems wanting, 
to be joined with veſtrum,) Where though he give himſelf the Title of extremus 
24mergrum Abaci; (the ſinalleſt Number of the Abacrs, )-in a Metaphorical ſenſe ; 
yet it argues, that the proper ſenſe (from whence this Metaphor was taken) 
was then in uſe; and known to the Emperor Orho the Third, to whom he 
Writes. 
3ut that which (of all that we meet with un his Epiſtles) doth moſt confirm 
it, is, what we have in his Epiſt. 160, or 161. Where he not only mentions 
Rationes numerorum Abaci (the way of Computing by the Numbers of the Abacus; ) 
but names particularly , Digits, Articles, and Ainutes; and that he had _ 
excrciſec 
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exerciſed in this kind cf Study, for divers Laftres of years before ; and that it 
was a method bricf in words , but large in ferſe; and very convenient to be ap- 
plied to Menſurations. The'Epyſtle 1s this: Conſtantino ſuo Gerbertus Scholaſticus, 
Vs Amicitie pene impoſſibilia reigit ad poſſibilia, Nam quomodo Rationes Numerg- 
rum. Abaci explicare contenderem , wiſe te adhortante, 6 mi dulce folamen labarim 
Conftantine ? Trnque cum aliquot luſtra jam tranſierint, ex quo nec librum nec exercitinn! 
barum rerum habuerimns ; quedam reperita memoria tiſdem verbis proferimus, quedam 
-81ſdem ſententits, Nec patet , Philoſophis ſine liters, hec alicui arti, vel ſibi, efſe 
contrari2. Quid enim dicit effe Articulos , Digitos , Minmud\, qui auditor majorum 
fore dedignarur ? Vult tamen wider ſolus ſcire, quod mecum ignorat z ut ait Flaccus, 
Qnid cu11 1dem numerns modo ſimplex, modo compoſitus; nunc Digitus, mc conſtituatur ut 
Articulns? Habesergo(talium dilygens inveſtigator ) viam Rationss; brevem quidem verbis, 

fed prolixam Sententiis; & ad Colleftionem Intervallorum & Diſtributionem, in Aftuali- 

bus Geometrici Radii, ſecundum inclinationem'& ereltiovem , in jpeculationibus & 

attualibus ſimul dimenſiones , Cats & Terre, plena- fide comparatam. 

This Epiſtle, I gueſs (by the Title Scholaſtiens ) was writteri while he was 
yet but barely.a ek, (before he was Pope, Biſhop, or Abbat ; ) and there- 
fore ſome years before the year 990. And that he had then for ſome Luſtres 
of years (ſuppoſe, 10 or 15 years) been diverted from theſe Studies. But , 
thar (before that time) he had written ſomewhat of this way of Computation z 
(which therefore we may ſnppoſe to have been about the year 970, or ſoon 
afrer : ) That ſomebody, who underſtood it not , (whom he calls Philoſophus ſine 
liters ) had been cavilling at itz as thinking it unreaſonable , that the ſame 
Figure ſhould tignifie ſometime a lefler , ſometime a greater Namber ; ſometime 
a Digit, ſometime an Article ; that is, that it ſhould ſignifie ſometime ſo many 
Ones, ſometime ſo many Tens, or Hundreds, &c. (according as it ſtands in the 
firſt, ſecond, or confequent places.) That he had (together with this Epiſtle ) 
fent to his Friend Conſtantine (at his requeſt) an account of this matter: If not 
every thing juſt in the ſame Words as formerly, (having not the Book at hand, 
nor ſcen it now for many years, ) yet at leaft to the ſame ſenſe as before, 
Shewing (amongſt other things ) that it was neither contradictory to it ſelf, 
nor to any other art of Numbering. But, did briefly, and in a few Figures, 
expreſs (in ſenſe) what would otherwiſe require a great many Words: And , 
that it was very applicable and accommodate to Terreſtrial and Celeſtial Specu- 
thtions ; and Menſurations by Inſtraments. ; | 

Which is fo juſt a CharaQter of this way of _—_ by theſe Numeral 
Figures, that we cannot doubt it to be intended of them. And conſequently 
{thetime he lived in being unqueſtionable, by reafon of his being afterward Pope 
Sylveſter the Second,) that it was in uſe, and known to this Gerberr, and by him 
brought into Fraxce, about the middle of the Tenth Century. (Suppoſe, about 
the year 960, or 970.) And that it was ſomewhat earlier known in Spazn, from 
whence he had it. 0 

And moreover (»pon conſulting that edition of his Epiſtles in Quarto, in the 
year 1611.) I find ſubjoined, ro that his Epiſtle to Conſtantine, this Note of the 
Publiſher , Hac Epiftola preficitur libello ſuo, de Numerorum Diviſtone z Cujus intium 
eſt.” De Simplict : $4 Multiplicaterts ly ve numerum per fingularem , dabis unicui- 
gee Digito Smgularem , & omni Articulo Decem ;, aiferte ſcilicer , & converſim, G&c. 
(Which confirms the conjefture I before made, that ſome ſach Treatiſe was ſent 
with this Epiſtle.) Of which Treatiſe Fohannes Baptiſta e HMaſſonws ( the firlt 
Publiſher of theſe Epiſtles) rells us, (in his Epiſtle Dedicatory) he had a Ma- 
nuſcript Copy. | ; 

What is become of this Book of his ( De Numerorum Diviſione) or whether it 
he yet any where extant, I cannot tell. But by ſo much of it as 1s here repeated, 
we have reaſon to believe, that the Contents of it is to ſuch purpoſe as we have 
mentioned. ( Eſpecially if we take in what we find elſewhere in confirmation 
of it.) And thus much as to what wehave of this matter in his own Epiſtles. 

Gmilielmus eAMalmesburienſis ( in Hiſtory De Geſtis Anglorum, lib. 2. pag. 64. 
Printed at Francford, in the year 1601, and Written about the year 1150.) 
gives this further account of this ſame Gerbert , (but , by a miſtake makes him 
to be the ſame with Pope Fohn XV, inſtead of Pope Sylveſter Il.) That he = 

| y 
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by Nation a French-man; That, from a Boy, he was bred upa e3onk at Fleury 
( Floriacum, ) That he made thence an eſcape by night ; and went into Spaiz, 
there to learn eſrology (and ſuch other Arts) of the Saratens : That he made 
therein great proficiency , beyond that of _— , eAlcander, and Firmicas , 
( where, by eAlcander , 1 ſuppoſe is meant eAl-kindi.) In eArithmerick alſo, and 
e Muſick, and Geometry; which Arts he brought back with him into France , 
whete they had been a long time diſuſed , That he was the firſt who got from 
the SMacens the $kill of the Abacus; and taught ſuch Rules concerning it , 
as that the Abaci/#s themſelves were hardly able to attain to the underſtanding of 
them , with much more to the ſame purpoſe, Ex Gallia natus, Monachus a puero 
apud Floriacum adolevit : eMoxque cum Pythagoricum bivium attigiſſet , ſeu tedia 
Monacharus , ſeu glorie cupiditate captus , notte profugit Hiſpaniam, animo pracipue 
intendens ut eAſirologiam & 1d genus artes a Saracents adiieerer. ——— &CAd bos 
Gerbertus proveniens , deſiderio Eoiefocke Thi vicit ſcientia Prolemeum in Aſtrolabis, 
Alcandrumin Aſtrorum interſtitio, Tulium Firmicum in Fato. . De Arithmetica, 
eWUuſica, & Geometria , nihil attinet dicere , quos ita ebibit ut inferiores ingenio ſug 
oſtenderet , & magna induſtria revocaret in Galliam , onnino ibi jam pridem obſoletas. 
Abacum certe primns 4 Saracenis rapiens , Regulas dedit que 4 ſudantibus Abaciſtis vix 
intelliguntur, w Es: | 

He tells us further, that Gerbertus, after his return into Fraxce, did, in theſe 
Studies, hold Correſpondence or Communication with divers Learned Men ; 
ſome of whom he names; and, amongſt them, one Conftantinus, an Abbat, ( Abbas 
S. Maximini ) ad quem edidit Regulas de Abaco. ( To whom he wrote his Rules of 
the Abacs,) The ſame, I ſuppoſe, with that Conſtantius or Conſtantinus, whom 
he mentions in his Epiſt. 84. 92. 142. 161. and (in the ſecond Colleftion ) 
Epiſt. 33. (who was firſt, it ſeems, Scholaſticus Floriacenſis, and afterward 
eAbbat of another place.) And theſe Rules de Abaco, the ſame ( or of like 
nature) with the Treatiſe ſent to Conftantines with the Epiſt. 161. written 
to him. | | LE | 

And, that herein he inſtrufted many great perſons: Amongſt whom he men- 
tions Robert ( Robertus, Rupertns, Rodbertus, Rothertus, for ſo many ways I find iv 
written) Son of Hugh Caper, and ( after him) King of France; and the Empe- 
rour Orbo: (one of whom, by way of requital, advanced him to the Arch- 
biſhoprick of Rhemes; the other of them, to that of Ravenna, and the Popedom 
of Rome.) Which agrees very well with Epiſt. 153. 154. being a Letter of the 
Emperour to him, and of him to the Emperour, to that purpoſe. 

And, of his having been in Spain, and thoughts of going thither again ; 
we have intimation in his Epiſt. 45. 46. 73- So that all hitherto agrees 
very well; with what was ſaid before, and what we meet with in his own 
Epiſtles. 

, other ſtories he hath of him, that ſeem fabulous; which he took up 
( he tells us ) upon the common report ; to which he ſeems himſelf to give no 
great credit; and which the Relater of his Life ſubjoined to the firſt Edition 
of his Epiſtles(in the year 1611.) takes notice of, and refutes. As doth Barexins 
alſo, who yet otherwiſe was no Friend to Gerbertrs. 

We have juſt the ſame account of him, .in Yincentius Belovacenſis, (who wrote 
about the year 1250.) in his Speculum Hiſtoriale; Tranſcribed, I ſuppoſe, from 
William of Malmeſtwry; from whom ( as John Gerard Ueſſius tells nd be Tran- 
ſcribed a great part of his Speculum Hiſtoricum. But he cites, for it, Guillerinus ; 
which may by as ecaſie a miſtake be mis-written for Guilielmus, as he mis-writes 
Bacchus for eAbacus; and as afterwards he uſeth Guillerns for our William the 
Conquerer z with many other the like. And ( out of both ) in the Centuriatores 
Magdeburgenſes, ( who call him &Gilberrus. ) And (much of it) in Fohn Bromton , 
(another of our Engliſh writers; ) and many others. All agreeing as to his great 
Skill in Aſtrological and Mathemartical Learning (a rare thing in that A ez) 
and many of them particularly mentioning his skill in the eAbacns; learned from 
the Saracens at Hiſpalis ( Sevil ) in Spain; and his Regule de eAbaco written to 
Conſt.intins of Conſtantinns, | 
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Now that which makes me give the more undoubted credit to theſe writers 
(though a great while after, ) as to his $kill in Algori/m or Abzcns fo carly ; is, 
the concurrence of thoſe paſſages which favour it, in his own Epiltles yet extant, 
For, otherwiſe, it is very poſlible (if nothing of this kind had appeared in his own 
writings, or of thoſe who were his Contemporaries,) that thoſe who ſhould 
(after one or more Hundreds of years, when the names of Abacus and Algoriſmus 
were cone in uſe) write the Hiſtory of Gerberrus,” might ( by a Protepis or An- 
ticipation ) make uſe of one or both of thoſe Words; (which, when they wrote, 
were oſed tor Arichmerick,) to expreſs his $Kill in Arichmetick, (though perhaps, 
not this kind of Arithmetick, ) though the words were uot known in the time 
whereof they wrote. But, finding the word Abacus (in this ſenſe) more than 
once ufed in his own witings z there remains no ſcruple but thar the thing was 
then'inuſe, and known to him: And therefore (as before we argued ) about the 
middle of the Tenth Cemury ;z and then, by him, bronght into France, and 
known then to inquiſitive Learned men (thoſe eſpecially who had to do with 
Aſtronomical Tables) though not yet into common uſe amongſt the ordinary ſort 
vf men. And how much earlier yet it had before been known in Spain (amongt 
the. Adcors or Saracens) from whence he had it; doth not appear. 


Pag. 33- after line 11. add, 


' A ND the ſamel ſince find itt Robert Record's Whetſtone of Wit , (Printcd at 
| London by fhon Kyngſton , Anno Domini 1557, ) in that Chapter where 
he treats of the Extrattion of Roots , Square and Cubick. 


| | Pap. 634 line 38. 


Nfpead of, Robert Record, about the year 1552, as I am informed , Read thr 
I Robert Record in his Whetſtone of Wit, (that is, Cos ingenit; fo called, I ſup- 
poſe, with Allnſon to the name of Coſſick Numbers, and the Rule of Coſ5:) be- 
ing a4 Treatiſe of Algebra, Printed at London, in the year 1557. * (Proceeding 
as far as Quadratick Equations. ) And which he calls alſo The Second part of 
Arithmerick : ( Having before treated of what we call Common Artbmerich, ins 
former Book of hisz: which in later Editions, is called the Grownd of Arts, but 
was by himſelf at firſt, as I gueſs by his Citations in the later Book , call'd the 
Pathway.) And W.P.: in his Pathway to Knowledge; in the year 1596. Which 
ſeems to be a Tranſlation of ſonie other Author; and wherein (hy conſtant miſ- 
take) he-puts Ziky'for Eqial, x 


Pag. -142. wet after lite 14; add here followeth , 


UT I fear it would be too long to inſert that whole Treatiſe of Mr. eMHerry. 
B For though he deſcribe each caſe, with the Demonſtration thereof as briefly 
as well he could; yet, the caſes being very many , the whole makes a pretty 
big Book of it ſelf; and would take up a great tnany ſheets of Paper. 

I ſhall content my ſelftherefore, rogive a Sperimer thereof, with the method 
of his proceſs: And leave the Bpok it ſelf (which came to my hands from Mr. Merry, 
by Mr. Coins, to diſpoſe of as 1 thought fit, in the Savilian Library (or Ma- 
thematick Study) in Oxford; that it be not loſt. That, in caſe any ſhall think 
fit to Print it, it may there be found. 

The occaſion of it was this. - Frames van Schooren , in-the firſt patt (as he calls 
it) of his Geomerria Carteſiana, (Printed at Leyden in the year 1659.) at pag. 
401, C&c. inſerts. a Treatiſe of. Fohannes Huddenius (or Van Hudde , ) of the 
Redution of Equations : Written by him, the yeat before, in Low-dutch, (1 ſuppoſe) 
and ty Yan Schooten put into Latin, and ſb ordered as now it is. 

Hein, after other Rules of ReduCtion, fuitcd to ſeveral caſes; he comes, 
at Pg. 439. to his Eleventh Rule : viz. How to Rednce all Equations , ( whether 
Laral or Numeral, ) which may be produced by eHultiplication of Two others, in 
e;thr of which one or more Terms be wanting; 

Iy 
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In order to which, he ſuppoſeth all his Equations (as well Compound, as 
Components} to be put over to one ſide, (fo as that the whole of each, be equal 
to nothing; ) and the Root (or unknown quantity to be ſought) he always calls 
x; and the firſt Term (that wherein hath the greateſt Number of Dimenſions,) 
to ſtand Affirmative, and clear of all AﬀedCtions ( having no other Co-efficienr 
than 13) and the laſt Term (having no Dimenſion of x ) to be abſolutely known. 
And then, as to the 24, 3d, 4th, Terms, &c. (that is, thoſe wherein the Di- 
menſions of x are fewer by 1, 2, 3, &c. than in the firſt Term, ) the Co- 
efficients together with their Signs (be it--or — ,) he calls p, q, r, &c. So 
that -|-p ſignifies the Co-efficient of the ſecond Term with its own Sign ; but 
2p; the ſame with the Contrary Sign; and ſo of the reſt. | 

Afte this genetal Conſtruction, (omitting the forms of Lateral and Quadra- 
tick Equations, as ſufficiently known,) he purſues his Rules (as to other Equa- 
tions not exceeding ſix Dimenſions, ) in the following Pages as far as pag. 458. 
which he diſttibutes into Five parts. The firſt whereot is this: 

If any Equation , having 6 or fewer Dimenſions, can be produced by the eAſulti- 
plication of two athers, whereof the one ſhall have but one Dimenſion ; and, is the other 
one or more Terms wanting : It will be in one of theſe Forms following; and will be aj- 
' vided by each of , or at leaſt by ſoxe one of, the Equations thereto adjoined : Thar is, 
' 8 by each of them, if coupled by the word And; or by One of them, if coupled 


by Or. 
a?, pxx, gx, 7 =0. by x-i-p=0, and x+—=0. 
x*, px3, qxx, rx, $=0. By x-+p=0, or x|—=0. 
x*, pa?, ®, vx, 5=& | By x-+p=0, and x-| —*=0, 
x*, px3, qrx, *, 8=0, By x+p=0, and x£ /——=0, 
x*, *. qxx, FX, 120. By x+—=0, and x3 /—9qz=0, 


And fo forward for more than three pages, containing in all 42 Forms. . _ 

And then proceeds to the ſecond , third, and following parts; each-con- . 
Y taining many caſes. | a 
'F But gives us no account , by what methods he came to theſe Reſolutions ; nor 
any Demonſtrations of them. But found them (1 preſume) by conſidering all 
the poſſible forms of ſuch Compoſition, and making Remarks thereon, 

Of all theſe Forms ſeverally (with thoſe that follow,) and in the ſame order 
(that it may the better be compared with theſe of Hudden, ) Mr. Merry gives 
us the Invention, and the Demonſtration ( where it is needful ) in manner fol- 
lowing. | 


Il | Xx**F+d=o. | 
x at - : E 
x3+bx*--dx+bd=0, 
Therefore, x-|-p = o, and x+= = Os 


I. x3*Þ-cx+d=o.? 
wo" in T 


x*Þ-bx3-cax*-bdx+bd=o, 
P --bc 
| | Therefore, x 4-p=0, 


Emendations; 


r, Or, ater tobd= *?, 


x'p£ix3-þbcx*+dxbbd=0, 
—+b 


Therefore , x -þ _ =0 


-” 


III. x3**.d=0, 
x+b=o0o. $ « 


a +bw*Þdx+bd=s. 
Therefore, x-+p=0, and x+—=& 


IV. w1#Zixþd =o. . 
x+b=0o. 
B+ be? D=x*+h4d=0. 
Therefore, xp=0. and xþ-/ —=0. 


Conſtr. | 1 |p = b. Hyp. x +p = o. Equit. I. 


Conſtr. |2|—bd = — 5, and q ===. 


2. |3 bb =— and y — =Þ. 
2 Hyp.|4|x+/ =0. Equat. 2- 


w— 
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x—þbþ=o0o. 


ov tated 


x* —b x3 —_— * +bd=0. 


Therefore, x-|-p = o. and Sf — = 


Conſtr. |1]p = — 6. Hyp. x-+p = ©. Equat. 1. 


Conſtr. |2|s5=bd. gq= = T=—bb, —=bb, 


am & SS a... 8 
/2-13]/ ——=6. —& _ b. 
3. Hyp- g|x—=—=0. Equat. 2+ 


V. x\ —bx* b-d=0. 
x +b=0. 
x\*—bba*+dx+bd=0. 

Therefore, x x-þ—=0, atid +3 —q=0. 


þ, 
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Or, x3-bbx *—d= oy - 


X — += ©, 


HH —bbe* —dx+bd=0. 
Therefore, x-þ—= o. andxt/—q=o0. 
Conſtr. | 1]bd = 5. 

Conſtr. |2|id=r. 
I-”"2-13 —— df » 
| ot Hom Ad 
3. Hyp.|4|x+ , =&x Eb ==0. Equat. 1. 


Conſtr. 5|—q=bb. 
a F- a ds pho 
6. Hyp. [7 xTy/ —q=b. Equat. 2. 


And in like manner for the following caſes; which I forbear to repeat. 

Now the proceſs hereof is manifeſt. For, ſuppoſing (in all of them ) one of 
the Component Equations to be x -- b=0o. And, in the other of them, one 
Term to be wanting : This, as to a Cubick Equation, admits but of one caſe. 
Which is the firſt of theſe: (For the other Component , being a Quadratick , 
hath bur one intermediate Term , which can be wanting.) And if, there, the 
Component Equations be Multiplied , one by the other ; the Compound is , 


x3 +bx*+dx--bd =o, 
That is, a3-þpa*þ- qu-pr =0. 
( And ſo in other caſes ;) where it is manifeſt, upon view, that p =b; and 
therefore x-|-p=x-+b = o. And again,becauſe b4q==r; and q=4; and there- 


bd r ; 
forc 5 =, = b. Therefore alſo x TI= x-|-b=0o; which are therefore 


coupled by And. Namely, xp =0: And x+- - =0. 


But, as to a Biquadratick , (where the other Component , being a Cubick , 
admits of two intermediate Terms, ) there be Three cafes. For either the 
Former, or the Latter, or both of the intermediate Terms may be wanting. 

If the Former ; then (as appears upon view) p=6; and therefore, x -|-p = 


x—+b=o0, 
If the Latter; thens= bd, and r=4, and == - And therefore, x 4- 
-—-=xþb = 


Both which caſes belonging to the ſecond Form ( x*-|-p x3-þ- 9-|-r=0,) 
therefore x -|- b, may be ( ſometimes) x+-|- p ; ſometimes  -|- =, ( but not 
both of them) which-therefore are coupled by Or. Namely, x þ+p = 0: 
( as in the former caſe?) Or, wofo= =0©, a$1n the latter. 


But if both the intermediate Terms be wanting; then (as appears upon the 
Multiplication ) the Compoannd wifl be of. the third Form. And therefore , 


( as appears upon view) p—=b; and alfo - =b. And therefore, x-|- p = x-|- 
_ — x-|-b=0: And the two Equations coupled by 42d. Namely, x-|-p = o, 


$ 
and x —_ = 0 | | 
And hitherto the proceſs is ſo obvious to view, that he did not think it 


neceſſary to annex any demonltration of it, 
In 


:, -” 
—_ _—_— —_— " " 
——_— 
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In the fourth Form; where the fourth term is to be wariting, and therefore 
r=0; this isto be no otherwiſe done, than either by making d — © (ia the third 

' form, or the latter caſe of the ſecond) which cannot be, (becauſe then will atfo be 
bd=0,) or elſe (in the former caſe of the ſecond form.) +-d+be = 9: 
And therefore d = bc but with contrary ſigns, that they may deſtroy each 
other. In order to which, c (in the former caſe of that form) muſt be {ſo que- 


lifed as todo itz which is done by putting = inſtead of c: And then whether 
it be -+-d or —d; and (accordingly ) 4+-& or — &, ( as in the two caſes of 
the fourth form) the thing is done; > 

The former caſe he demonſtrates thus : It is firſt obvious to view, that p=b, 
and therefore x + p=x+b= 0: Which is the former of the two Equations. 
Aid then, — b4=—5, and q="7 + Ad therefore =*=þb, and VERb/ 
And x+ / —= x+6b= 0: Which is the latter of the two Equations. 
Which are therefore to be Coupled with 4rd. = - £ 

The latter (where it is —d and alſo — b )) he demonſtrates if like ;panper. 
For firſt 'upon view) p = —b. And therefore x-þ p=x—+b=0: Whichisthe 
former of the two Equations. Then 5s = bd; and q= =- : And therefore, 


4 =—bb; and —— =bb; and /—=b; and — y ——=—b and there- 


mp PX 11 
fore x—y/ —=#—b=0 : Which 1s the latter of the two Equations; 
which are therefore Coupled with Ard. Namely x +-p'=,03 and x + 


w— 
—_— 


7 
In the fifth Form z where the ſecond term is wanting , and therefore p — ©: 
This muſt be.; either by making b=0, (inthe third;:Formy; 'or ſt caſe 
of the ſecond Form , ) which cangot be ; ( becauſe then alſo bd = 0; ) or elſe 
C8 the ſecond caſe of the ſecond Form) making +b-+-c= 0. . And therefore 
=c, but with contrary ſigns : Which is done by putting — 6 for c (and re- 
taining +b in its own place) or #6 for c', and.then-purting.— b for 4b in . 
the latter place 3 which are the two cafes of the fifth Form. And either of them 
he thus demonſtrates, \.\ bo 


Fot firſt it is manifeſt upon view ; that bd=s, abd * d = ry (that-is, | 
+4d=r in the former caſe; or —d=r In the latter caſez) and therefore, 
_=#b, and x += =x 26=0: Which is the former 6f the two Equitious. 


- | | Wm k : \TETY' 
Aad then q&z=—bb, or —q=bb; anditherefore, /.—q= 1b; and. at. 
—-q—=x*b=o0: Which is the Jnr of to two Equations 3 which kre he 


. $ . ; | 
fore coupled with 4nd. Natnely, x +-—=0 , and x V2 0M, d $2 


And theſe are all the caſes that ate ſuppoſed to happen'in'the Cubidk Arid Bi- 
quadratick Equations ; ſuppoſing cne of rhe Components to'be-bur of one dimen» 
ton; and the other to want one or more of the intermediate Terms. \..-..... 1 

\'But in:thoſe of five or.-ſix dimenſions, the caſes are» much. more numerous : 
Which I do not here repeat. Burt. thejr ſeveral detertminatiphs are to;beiſery in 
Hudden;, and the Invention and Demonſtration thereof in Merry. * Briefly de- 
ſigned ( as theſe former are) but eaſe to be underſtood , by the Explications I 
have given of theſe. 


Yet, even in theſe , we are not to ſuppoſe that all the Diviſive Equations 
poſſible be here given us in the ſeveral caſes : Or, that theſe be all the Cha# 
raCters that may be given of ſuch Forms of Compoſition-- 


"4. X 2 For 


— 
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For (to go no farther than the firſt Form, ) it is manifeſt , that not on] y 
x4-p=0, and x+==0, will divide it ; but alſo x? -|- S =0, For be&- 
©IF y bd 


cauſe of b4q =r , and b =p, 'tis manifeſt that ry === d; and therefore x*-1- 


= +x*-+-4—0. But this is not within the ſcope here deſigned ; which was , 
to find the valne of x +b inother Terms: Not, of xx +4 : which belongs to 


the ſecond part of his Rule. | | 
Again, one of the moſt obvious CharaCters of this Form of Compoſition ,. is 
that pq —=7- (Becauſe p=b, and q=d, and therefore pq — b4=r:) Which 
is the CharaQter that Harrior gives of this Form ; being the ſame with the fifth, 
ſixth, ſeventh, and.cighth, of his Cubick Equations (which he calls Reciprogals., 
Chap: 32-) which differ only as b and 4 (one or both) are ſuppoſed to.in- 
clade the ſigns + or»—. But neither doth this Character ſuir the prefent” 
delign,, which was,. by ap uniform faſhion in all , to deſign the ſimple Compo- 
nent Equation. And even this Charafter is virtually included in that , where he 


gives us x+ — =0O, Or —=p=b; and therefore, Pqe=r. 
Ati the like may be obſerved in other Forms. 


_— Par. 277. at theendof Chap. 70. add, 


LF? N this occaſion, I think it not amiſs to inſert a Geometrical Conſtruftion 
, of Quadratick Equations (becauſe it my ſeem new,) as I received it lately 
in a Letter from Thomas Strode, Eſquire; of Maperton in Dorſertſhire; which I 
ſhall.give/'you: in his. own words; with my Letter to lum thereupon the next: 
Morning. 


357 OE > mga Fy. | 48515 110 .f 
TEE To-the Reverend. John Wali Dr. of Divinity, in;Oxfora, 
PA = — _ Maperton, Nov, 3: 1684. wh = x 


Reverend Sir, -.. |. " 7 7 

THE: favesr whithizou formerly did me in antying a knot in' your nioft 1 
f Ap Treatiſe'De -Aricheerica Iafinjtorum R induiins me oh 
preſext this incloſed paper unto you. If ſuch a mean SubjetF, as the Lineal" 
Solutiaia of Plain Problems can give you any druertiſement 1 Þ donbt not but 
this: wil. The (methoa"being (as 1 conceive ) wholly New-;, and ſo eaſie as 
can be deſired : ( For what more facile than to make an Ioſctles Triangle +) 
And ſo univerſal, that I have not met with one univerſal Sura; whoſe Root: 
cannot be found this way, though T have above 270 Problems belonging to- 
Triangles containing univerſal Surds, though many of them do oafif of 
6 or 6 Magnitalder, = 0=] {op oat Oe dive Dates, 108 

The firſt Problem is common , ' but not the. mauner of (Reſolution... The 
ſecond.) hoth as to the Problem and Reſolution is New ; and [have done is. 
two ſeveral ways, toſhew that by this method many Problemsimaybe teſolved: 
divers ways, F have: added a third Problem that is nemly hatsbed.,. which 


came ind my mind fince't wrote therveſt, I am 2 51 307 « 
- 21) \ 012: $41 Wt | : by 4 t 511 | 
I ecod36D1int £2 Bt 57 IE 
S I R, , jt '3 1 , «£ 
D 2d if: vd-n. Your maſt humble Seryatit,, ' , 7 | 


'Silin 5:2 219756 : 
Tho. Strode. © 
= I To 


Emendations. | 


— 


I. To divide che Triangle A BC from the ys D withoue tht Tyiariple, aFol, 


with a Right-line O D. 

From the Point D., draw two, Lines 
Parallel to the ſides AC, C B thr ough which 
yoh-concerve the Line of diviſion v; D will 
paſs, as DF, DV. Divide C'B 3 mG, 
a ktol; that is, tal: 63, CG. 
Toin FG : And niake AE Parallel to FG, 
makg, E H=4 CY. From CH, wich the 
diſtance CE, draw two Arches which inter ww 
at W. Make EN=EW: Biſet C 


0: Join O D, Then A ACB . ARCO : 


: K . 1: as was deſired. 


II. To divide the A ABC, into two 
equal parts, with a Lize Parallel to the ſide 
BC, yet ſo that a common way be left 
z0 the inward A ANE, bythe ſide A B, 
(athe QPLBE,) that the A ANE= 
Trapez, C L PMN. 

Biſct CBinD, BL in R: Alike 
DM=BL: From M and D, with the 
diſtance DR, draw'two Arches "which in- 
rerſett at O. Make CF=CO: FG=BR: 
GE Parallel to CA; NE Parallelto BC, 
and Þ L Parallel to BA.\Then the A ANE 
=Trapez, C LP N,. as wat deſired. * 


Me... Biſt LD in R, antocmis.. 
. Adaks C A =.3C D: From A and © 


D. "with the diſtance C R, draw two Arches 
which interſet} at EB. Make CI =CE, 


and1OELR: Drew 0 M Parattel.to 


CF: And MN Parklkel to DC, ar L P 
Parallel-to'F D. . Then the & NF M= 
Trapez, CLPN, as ts deſired. | 
Theſe Problems are reſolved by the bilp 
of an Tſoſceles Triangle. For, m the £4 
Figure , CW H would be an 1ſofceles 
angle if the ſided. CW, HW. were av. 
Inthe fecond, MO D : Inthe third AED. 


Therefore we muſt ſeek after its Property : 
Which is, that if a Line from its Vertex do 


divide the Baſe into unequal Seqtnea 5 'as 


BE «ith divide the Baſe: AC, wi. Ex then 

the:Square of that Line BE, with — 

angle of the Segmems , & A EC, # 

to the Square of B A, (Let d=BE, 

xm n=EC, b=83F; then dd 
bÞ. ' the $ e0 Je 
laoghhd oo the DAE 'f '%s Yo 

0 4 Square of +, (that «,bb—la= 


So that, if a Square be — by a / Pk ole, eh, the hs Fre "ol bs 
the Rett-angle , (EF=nwl, [7 he Baſe of fo 
eHifBE, BF, =4d-;. art'its 

&d by a Relt-angle ; then AC thei 
fb pwre'hvs frues, ts 


COT LEW 


= If a Square be increa 


wee Live fe 


ks 
Y. 5 
$« © 


ED IIISAs COLOEINS 
id eq nas door ahaha 


164. Additions and 


In the ſt Figure, ha ng made CF .CG:: CA CE. LZett=CE, and 
M=CF: Suppoſe a= OC: Then there mill ariſe this Analogy , 

2.1::t4Ay (tt-4 Ms). a=0C. 

So, in thy Surd you ſee here 1s # Square tt, whoſe ſdew t=d=CE, and 
a Relt-angle 4 Mt, whoſe ſides are E=|1=CE and4M=n=EH; and C H = 
n— 15s the Baſe of the Iſoſceles A CW H; and its ſides CW, CH, =CE - t, 
Therefare EW =E N=\y:tt+4 Mt. And CN=t+y/:ttþ41t. Which 
Biſett mn O; thin CO =1t+34/:tt+4 Mt; a # defered. | 

In the ſecond Figure: Letc= CB: h=- BA: d=BL. Then, after duc or- 
dering, you will fndz; c . h :: C=3d—y $cc+4 dd—cd). a= BE. Thu 
Surd, doth confift of a Square % cc-+ 2d d—4 cd, whoſe Root s 5; ct d= 
DR—d; and the Reft-angle cc —4cd; whoſe ſides are,c=CD=n, and 
IC—=d=CM=], Therefore MD the Baſe =d =n—I=BL; and CO 
=CF=y:;jcc+idd—-cd. eAnd FG = BR=;,d.. endCG=y: 
2cc+idd—cd:+id. end BG=BC—6CC=c—id—y:;ccþ+:dd 
—cd. eAnd BC. BA:: BG , BE=a; ai#de'red. 

In the third Figmre: Let c=DC: h= DF: d= DL. Suppoſe a=D M: 
Then c.. h :: c=3d—y (2cc+%&dd —cd), a = DA. (Ihe ſame Ara ogy 
as in the laſt.) This Smd y/: 4 cc 2dd—cd; doth conſiſt of a Square c © + 5 
dd=cd, whoſe ſides c —-4d =b=CR AE; leſſened by a Rett-angle 7, cc, 
whoſe ſidesare C=CD=1l, andic=C A=n. eArndaD=-cþ+ic-ln 
».the Baſe of the A AED. Therefore CE= C1—y:3ce+;dd—cd. end 

O=y/:3cc+iddcd;+id. And DO=CD—COmc—;d— 
#/:3cc+2dd—cd., And * 

CD.FD:: DO. " .” 
C.h:i c—idoy:icc+:iddocd. a; 4 # deſired. 

Il. .To find a mean Proportional berween any two Lines , without erething a Per- 
penaicnlar, 6 
; Let r=$.4$= 2. be the Lines, | 

eMake AE=r=$8. EC=rs = 6. Frow 
A and C , with he diftance 5B Tt —8, draw tno 
Arches which Interſeft at B: Jon EB: tw=y rs; 
The Line deſired. . 

Demonſtr. To rs add rr —rr. Then /irt-+rs 

| —TT; 4 the Line ſought : Here i a Square tr dimi- 
riſked by a Refi-angle rr —TS, whoſe ſides are r=1Il=8: r—$3$-n=6. There- 
fore BE mill befonnd : For [+ ge AB, BC, it an Tſoſceles A. 

Tt may likewiſe be done by adding $$— $$ 101S:; But then many times it will nos 

come within the condition required. | 


To this Letter ( which I received over night) I ſent an Anſwer the next 
Morning: Wherein, not medling with the: particular Problems, ( which | 
leave as I find them, I return Anſwer only as to (what was chiefly intended) 
the uſe of an Equicrural Triangle in the ſolution: as follaweth. 


-For the Worſhipful Thom Strode, Eſq; at Meperton in Dorſerſhire. 


Oxford, Novemb. 12. 1634. 
"Thask you for your civil Letter of Novemb. 3. which 1 received, 
\ Laſt N tight. | 

' Tour Notion of the Equicrural 'Triangle, . s true and ſound; 

And is applicable to the Geometrical ConflrutFion of all Quadratich Equus 

tions: And eonſequently to all ( Linear ) Problems which amount to ſich 


Egaations, And « virtually contained in the common conſtruition of ſuch. 


p29 OY ORE IRS ———_ 


Emendationgs. 


: 12k fools Enaam0ns are redacible to one of theſe Formty i 1 oe, 
OTTER PUISTEE | .--& \aca. © 6. 


gu Hr Ty 
Il. RqT XR =ec#t. 


Where %, is the Sum ; X' the Difference ; eAF the Reft-angle , of two 
Quantities ; mhereof 4. i the Greater, E the Leſſer. And each of them 
hath twh Roots, A, E; which are either, both Affirmative or both Ne. 
gative, as in the firſt Form, or elſe the one Afermative and the other 
Neewttve ,- a#\WW the latter. | 

And the Reſolution of them all depends on this Notion : 

#4 ITE. L X ZZ XK Zq—X 
=—, end therefore T x es a. 
" E 2 2 4 
( which i the ſame) Ng —Xq=a 4. 


=o&&. Or, 


So that, in the former , having Z and tA given, we find X = v/: 29, 
— 4 A. In the Latter, having X and Ai given, we find A =vw: 
Xq+4 A. And then having % and X, we have A and E, | 


I. +32ty/4Zq—A:=+44-E. 
Or, — IvV:ifq=—=E; = — A, —E. 


II. +; s tu. vi3Xq ot: _ + 4.—E. 


Or, _. P ori V: 1X q-|-o/E: =—A. -|- E. 


The Geometrical Conſtrudtion of all which, ts contain:d in this one 
Scheme : Where, of the tws Cotentrick Semicircles , % « the Diamtter 
of the Greater, X of the Leſſer, and / A. a Right-ſine in the one, and 
a Tangent to the other, (as BG,or D F,) By the help of which, with the 
Diam:ter or ( Semidiameter ) of the one, we have that of the ether : That 
i; If AE, or (its half ) C F, be givin; ths (with FD) gives CD, 
(the half of BD:) If BD or (its half ) CD be given; this (with D F) 
give CF, the half of AE. 

' And, in the former caſe ; the Roots R, are -j- AD, -\+ DE, (forward) 
Afermatives ; or (backward) —E D, —- DA, Negatives. Jn the Latter, 
the Roots are +<BE, —=ED; or + D E—EB. | 

Now your Conſtruction (by | Equicrural 
Triawetes ) Juft the [ame ; ſave that, 1 
ſtead of the common Center C, you make 
ue of any Point (4 it may happen) in the 

erpenaicular CV. And then, having the 
Difference of the Squares of AV, BV ; 
ana therefore, of AC, BC; (for thoſe - 
Squares are but the'ſame with theſe increaſed by the common Square of CV, 
which alters not the Differente of Squares; ) namely ., (that is, the RefT- 
ancle ABE, or ADE, or the Square of DF:) By thit Differente of 
Squares givin , with the ſide of oneof them, (AC, or BC; that#, 2% 
or + X ; ) you have the other , and all the Points ABDE,; with the ſame 
Roots as before : Whereof, ſcmetime the one, ſometime the other, ſolves the 
Problem; aud ſorctimes both, WH 


Aaaitions and : 


So that , the Conſtruttion being ( for ſubſtance) the ſame with the other ; 
where ever that 1s applicable, this is ſo to: That is, in all Quaaratick Equations, 
and all Lineary Problems amounting to ſuch. 1 am , 


SIR, 


Your very humble Servant , 


John Wallis. 


Pag. 314. after the end of Chap. 81. add as followeth, 


OR a further evidence of the uſefulneſs of this method of Infinites, I ſhall 
here inſert, as a Specimen thereof , a paper which 1 lately received ( while 

this is in printing) from Mr. Fohn Cſawell, M. A. Vice-Principal of Hart-hall in 
Oxford: Wherein he gives a brief and clear account of many of thoſe Propo- 
ſitions , which were wont to be accounted great Myſteries in Geometry. As 
here it follows : | 


The Notes or Symbols uſed , are theſe 


b. Baſe. 

5. or 0. Curve Snrface of a Sphere, Cone or Cylinder. 

7. Radius of a Circle. When referr'd to a Cone or Cylinder, r ſignifies the 
Radius of the Baſe. 

c. Circumference of that Circle. 

©. A Circle. 

©OAB. The Area of a Circle whoſe Radius is AB. 

o. Perimetcr. 

[. Latus or fide of a Cone or Cylinder. 

p. Perpendicular to the Baſe. 

7, The number of Elements , of which « is the leaſt, © the greateſt. 


I ſuppoſe a Figure made, of parts infinitely ſmall, called Elements or indiv1- 
ſibles; in which ſenſe a Line confiſts of Points , a Sorface of Parallel Lines, and 
a Solid of Parallel like Surfaces; and if through the Elements a Perpendicular be 
drawn, the number of Points of the Perpendicular , is the ſame with the number 
of Elements. | 

So a Parallelogram, Priſm or Cylinder is reſolv'd into Elements equal, Parallel 
and like to the Baſe; a Triangle into Lines Parallel to the Baſe, but in Arithmetick 
proportion ; as are alſo the Circles which conſtitute a Parabolick Conoeid ; and 
the Perimeters which conſtitute the Plane of a Circle or the Surface of an Iſoſceles 
Cone. 

A Cylinder may be reſolved into Cylindrick, Curve Surfaces, having the ſame 
Axis and Height, and are therefore as the Elemental Perimeters of the Circle on 
which they inſiſt. 

But to ſhew univerſally into what Elements I reſolve each following Figure , 
I mention the number of Terms firſt, and then the Baſe or greateſt Element ; 
for inſtance, when 1 ſay that a Sphere is = Zr 5, 5 implies that [ reſolve it into 
Concentrick Surfaces, whoſe number is r the Radius; when I ſay that a Cone is 
==} pb, b ſhews that I reſolve it into Planes Parallel and like to the Baſe, whoſe 
number 1s p the Perpendicular, 

if the Terms of a Series areall equal, the ſum is equal to one Term Multiplied 
by the number of all. Theretore a Parallelogram, Priſm or Cylinder is = pb; 
2rd a Cylinders Curve Surface & = lc. 

A 
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|- @ 


A Series of terms in Arithmetick proportion is = nx Do , but the middle | 
Element is = _— Therefore a crown or plain Ring included betweer-two 


Concentrick perimeters , is equal to its Latitude Multiplied by its middle peri- 


meter; and the fruſtum of a Parabolick Conoeid 1s equal to the Altitude Multi- | 
plied by its middle Circle: A Triangle is = $ pb: A Circle = _ ; cof an Iſoſceles "I 
Cone is = + lc. A Cylinder =; rs. | 4 
The Sum of a Rank of Secundans (Series Secundanorum) i. e. of terms propor- 
tional to Squares of Numbers in Arithmetical proportion infinitely many , and f 
whoſe firſt term is O, is =4#n@; as is ſhewn in Arjthmetica infinitorum, There- | 
fore a Pyramid or Cone is = *pb; a Sphere = rs. 1 
Suppoſe g t (half a of Square inſcrib'd in a Circle) and mT WELL, 
GT (half of a Square Circumſcrib'd) be turn'daboutthe |__|, | 
Diameter HG ; there will be produc'd a Cylinder in- ? Fs PE Þ 
ſcrib'd in a Sphere, and another Circumſcrib'd. When TIX 
therefore I mention the crown of a Line, for Example ,|/ | /F._*. | 
DB, I mean the crown produc'd by turning DB about <7 TR 
HG. Sobythe Cone CH T, I mean the Cone produc'd / Pom. | 
by the Triangle CHT in the foreſaid rotation, mid li 
Then is the crown 4b = © (ad) cb—©Oab= Oca V E | 
=2an; ſothe crown DB= OAN, &c. Therefore | Mi 
thediſh »b BH T=Cone CH T =3 Cylinder CHTm; 
therefore the Sphere = + Cylinder Circumſcrib'd. dy 


: —= Sphere = 3 Cylinder = 4 is = = Therefore | 19 
s =; that is the Surface of the Sphere is equal to the | 14 
Curve Surface of the Cylind. Circumſcrib'd. G i" 

s Sphere =s Cylind. = le=2rc==40. 5.e. the Surface of a Sphere is is 
Quadruple of its great Circle. [\; 

Total s Cylinder . 5 Sphere :: 4©+2©O. 40 :: 3 . 2. Sothat, the Cylind. 
Circumſcrib'd . Sphere :: 3 - 2 both in Solidity and Surface: 

The parts of the Cylinder intercepted by planes Parallel to the Baſe, are alſo 
ſeſquialter of their correſpondent Spherick ſeCtors; (that is, the Cylinder made 
by converſion of AD4da, is 4 of what is deſcrib'd by converſion of the ſector 
BCb.) prov'd by the like reaſoning}; alſo the intercepted Surfaces of the Sphere 
and Cylinder are equal: (For Example, the Surface B b = Cylindrick Surface 
Dd=6cmxDad.) Whence it follows, that the Surfaces of the five Zones 
are proportional to their Altitudes, or intercepted parts of the Axis of the 
Sphere. | LO | 

Yr” Cylinder Circumſcrib'd . Cylinder Inſctib'd' :: Cmq. CPq ::2. 1. And 
Cylinder Circumſcrib'd. Cylindre Inſcrib'd :: Cm3>.CP3::; 2/2, 1. F 

The Surface of a Conick Rhomb G mH Infcrib'd in a: Sphere, is = mH « A” 

© Cm; and its ſolidity = * HG x © Cm. | b. 
A 


& Conick Rhomb Inſcrib'd . s Conick Rhomb Circum- 
ſcrib'd :: CFq.Ctq::1.2; and the Conick 
Rhomb Inſcrib'd . Conick Rhomb Circumſcrib'd :; CF3 
. Ct :: 1 . 24/2. But sSphere=GHxoCm, and 
Sphere =} HG x © Cm; therefore 5 Sphere . & Conick 
Rhomb Inicrib'd :: GH. mH:: 4/2 . 1; and Sphere 

- to Conick Rhomb Inſcrib'd :: 2 . 1. | 

If FEG half an D—_ Triangle Infcrib'd in a 
Circle, and A DB halt another Circumſcrib'd be turn'd 
about A B z there will be produc'd an Equilateral Cone 
Inſcrib'd in a Sphere , and another Circumſcrib'd. 

s Cone FEG=oEGxEF, andbthe Baſe = © EG x 
(EG=);EF: So that the Curve Surface is twice the 
Bale, therefore all 6 is = 36, | 


Y 
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er=;ÞPx 


{Z.CDB=30%= EBD ; therefore EDZEB=EC : Therefore ©CD=40: 
CE = Sphere. Therefore 5 Sphere tob Cori. Circumſcr. :: © CD. (OoBB=) 
©C©CD—OCB::: 4. 3; therefore 5 Sphere . Total s Con.Circumſe.:: 4.93 
and Sphere . Con.Circumſc. :: 3 CB x 5,3CBx Total ©::4.9. £<o that Con. 
Circuinſe. Sphere :: 9 . 4 both in ſolidiry and Surface. Therefore, Con. Cir- 
cumſc. Cylind; Circumſc . Sphere :: 9 . 6 . 4 both in folicity and Surface. So 
that the ſeſquialter reaſon of a Cylinder to the Sphere both in ſolidity and Sur- 
face , ſo highly valued by eArchimedes, is continued in an Equilateral Cone, 2s 
was firſt demonſtrated by Tacquer. 

o Con. Circymſc. & Con. Infſc. :: BDq.. GEq:: 4 . 1; and Circumſc. Cone 
to Inſc. Cone :: BD3. GE3 :: 8. 1. 

If in and about the fame Sphere be Inſe. and Circamlc. an- Equilateral Core, 
Cylinder, and Conick Rhomb; their Surfares and folidities wilt be one to another 
as the following Numbers; as will be manifeſt if the- terms of the foreſaid rezſon 
be reduced to the ſame denomination, by which means there will ariſe many 
other proportions , and the principal of thofe , which Torricelizs has demon- 
ſtrated of ſpheral Solids, (from whence the rſt are eaſily derived.) 


Surfaces cn Equilat&al C6ge, Cylitider, Rhothb. Circumſcrib'd to Sphers. 


Solidities R 
-1.1,., J6.24.164/ 2.16, 12.04/2.9, 
Cylind. Rhomb. Cone Inſcrib'd : : 22 .49.324/2.32. 224/216: 9. 


If AGF half a Segment of a Circle, be turn'd about the 
Diameter A c\, there will be protluced the Segment of a 
Sphere, whoſe Elements are OH B, ©DE, &c. but ©HB 
=O©OAB—o©oAH, and ODE = © AE—©AD, and OF G 
=OAG—©AFz and the Series OAB, OAE, © AG :;: 
1” ABq, AEQq AGq:: AfxAH, APxXAD, APAxAF :: 
F AH, AD, AF, -e. a Rank of Primans (Series Primanoram ) 
and conſequently = OAGx 7 AF. Ard OAH, OAD, ©AF is 
} a@ Rank of Secundans ( Series Secundanorum) therefore = AF 
3O0AF, Therefore the Spherick Segment is = AFx: © 
A AG—;oAF=;AFx:g0FG-F+i»4AF (which Theorem 
is uſed in meafuring the crown of a- brewers Copper ) = + 
AFx: OF G4 $AF*E5x40FG=toFGraFrx (EDEUTACHY 
Which is the Theorem of Archimedes, fippofing the Diameter known, theres 
fore hot {© teady for praiſe a5 the precedent. 


Of the Segment of a Pyramid or Cont. 


Suppoſe A; B; C, D, E the Elements of the Segment of 4 
Right-angled Triangle cnt Parallel to the Baſe, the Squares 
of which Elements cohſtitute a Square Pyramid, and the 
differetice of the Eltments from &, fiþpoſe b, e, 4, &c. and 
Bq=AA—2Ab+bb. 

that A+E=Z : Thetrefbre, 1 Rare 6 c, 

C, 

Eqz=AA—2Axxx, 
But AA, AA; AA isa Series of quali, therefore =pAA; - 
and the Series 2 A b, 2A c, &c. primans, therefore =pA x; andbb;cc,dd, &c. 
is a Series of ſecundans , thetefore = 3 þ + #. Therefore the fruſtum of the 
Square Pyramid is = px: A&— Ax+F+#*+=px: AEÞEx'# (which is one 
heorem) =#px: 3AE++4#= (becanſe +x = AA=—2AE-PEE)Spx; 
q+AE—+Eq (a ſecond Theorem) =4 pxZ A+ "any third Theorem 3 
=3Px ZE + Aq (afourth Theorem) of = $PxZq= AE (a fifth Theorem) 


+2 AK. c- Fg . | 
—- ==iÞx: Zq-|-Aq4-Eq.(« dxth Theorem.) 


It 


Emenaations. 
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If the given fruſtum were of a Cone , ſuppoſing AE Diameters of the Baſes , 
Multiply the ſolidity found by either of the former Theorems, into 4#5. And 
ſo by ſubſtituting apt Numbers , thoſe Theorems may be applied to Triangular 
or other many ſided Pyramids, and are of good uſe in meaſuring Timber and 
Brewers Tuns. | 


Of the Fruſtum of a Spheroeid. 


Suppoſe CBE, a quarter of an ellipſis, whoſe ſemiaxes are RB 
CB, CE, and the rate (or proportion) of the ſemiparameter, to P 
OD F 1 OCB—O©OCD H Fg , 
CB,as to rt; therefore the Elemental O » mp = -x OCB—O© cr G 
OGHY , ©CB—oOCG ®" n 
Therefore the fruſtum of the Spheroeid is=—px: ©OCB—z F D 
©CG: =} px—x20CB+0CB—— © CG =2px: &» Cc 


2 ©CE--o HG; which is the Theorem for meaſuring Wine and Ale cask3 
according to Ornghtred. 


Of the Fruſtum of a Parabolick. Spindle. 


Suppoſe A the Axis of a Parabola, and P an ordinate to that : 
Axis divided into innumerable parts by B, C, &c. drawn T : 
Parallel to the Axis, whoſe differences from A, ſuppoſe », m1, &c. 

hb=A—7 Bqz=Aq—2Ann1 
that is, C=A—m Therefore, Cq=Aq=—2 Amemm 

E=A—x Eq=Aq—2Ax+xx 
But Aq, Aq, &c. 1s a Series of equals, therefore = pAq, and : 
2 An, 2Am, &c. (by the nature of a Parabola) is a Series of P 
ſecundans, therefore =px4Ax. And nn, mm, x x, isa Series 
of quartans , therefore = *px x : Therefore the fruſtum of the Pyramidoeid 
made of Aq, Bq, Cq, &c. is = Px AA—F$Ax+; xx=3 Px: 4xx-þ2 AA 
(AA—2Az= EE—xx=3P*:2AA+EE—+xx. Therefore if a Seg- 
ment of a Parabola cut off by a Line Parallel to the Axis , be turn'd about its 
ordinately applicate P; the fruſtum of the acute Parabolick Conoeid fo generated, 
or as ſome call it a Parabolick Spindle, is=$P x: 20A-þ ©E—? ©x. So that 
the fruſtum of a Parabolick Spindle is leſs than the fruſtum of a Spheroeid of the 
ſame Baſe and height by 0x x3P; and for the moſt part gives the capacity of 
Casks nearer the truth , than the Theorem of Onghrred , who ſuppoſes Casks to 
be fruſta of Spheroeids, or than that of others by Multiplying the Circles at the 
Bung and Head into half the length of the Cask,which ſuppoſes it to be a Parabolick 
' Conoeid, or than laſtly with others to ſuppoſe them for fruſta of Cones. 


Of Cylindrick, Ungles. 

Suppoſe ABCP a Quadrant of the Baſe of a Right A 
Cylinder, whoſe ſide CD imagin Perpendicular to the wm a 
Baſe ABC; and through the Points ABD let a Plane alt ED _ 
paſs cutting off the Ungula ABDC, ſo that the Tri- 


, Alſo imegin a Point e at the top of the Ungula over E, 
and a Peint g over G, p over P, &c. Therefore the 
Ungyla will conſiſt of Right-angled like Triangles HEe, C B 
mGg, nPp, &c. :: HEq, mGq, nPq; conſe- 
quently if the Baſe ACB be a Parabola, the Ungula C 
will be =XABx ABCD,, if the Baſe be an Ellipls, | - g 
the Ungula is =+AB x A BCD, if the Baſe be an 
Hyperbola whoſe Tranſverſe Diameter is :, the Ungula 


__ CT x ABx A BCD, which is the Cubatyure of Parabolick, Ellip- 
Y 2 nl 


angle BCD is ſuppoſed Perpendicular to the Baſe ABC. [. 


Additions and 


tick , or Hyperbolick Ungles invented by Gregory Sr. Fzxcent , and prolixly de- 
monſtrated by Tacquet in his'Cylindricks , but better and before done according 
to the method of indiviſibles by our Country-man Richard Albizs , (that js, 
Richard White, ) in his Nemiſpherinm difſettum. And by the ſame method any 
other Ungles or Segment of an Ungle, cut off by a Plane Parallel to the Place 
BCD, may be reduced to a Plane body, if the Sum of the Series HEq, mG q, 
nPq, &c. is known, and may ſerve for meaſuring the drip or fall of a Pyra- 
midal] Tun. 

The Elements of the Curve Surface of the Ungula are Ee, Gg, &c. :: BE, 
mG,M&c. :: 6HE, emG, &c. which are the Elements of the Surface of 
a Conoeid produc'd by the converſion of the Figure APCB about AB. Therefore 


x 5 Conoeid. So that if the Baſe be the Semiſegment of a 


o Ungnlz = - =C 
O ; 

Circle, the Conocid will be the Segment of a Sphere, and & Ungulz — 
CD CD AC ACq 


| x0 ACxn=— = 
BC nc "a -aG 
of the Curve Surface of a Circular Cylinders Ungula. 


x CD; which is the Quadrature 


Tacquets Anmlars demonſtrated from their Center of Gravity. 


Let DHE repreſent any Figure , that has a 
Diameter :H ,m perpendicularly biſeCting its 
ordinately inſcripts; to one of theſe ordiuates 
DE produc'd, draw a Perpendicular P Z, about 
which turn the Figure DHE, the round Solid 
ſo produc'd is call'd a Ring, and particularly 

; | a Gircv!37, kiliptick, Parabolick or Hyperbo- 
lick Rirg, according as DHE is a Circle, Ellplis, Parghola or Hyperbola. 
If the Point P call'd the Pole of the Ring, be without the Perimeter of the 
Figure as of DHE, the Solid is call'd an open Ring : If Þ be in the Perimeter 
as of the Figure EF P, 'tis call'd a clos'd Ring. The —_ arg Part of the 


Ring, is that which is produc'd by - | the _ arg Part of the Figure. 

Suppoſe += generating Figure D HE, and the periphery deſcrild by the 
Center of gravity in the Circumvolution of the Figure : I ſay the Ring is = 9, 
as follows from what Dr. Walks has demonſtrated of the Center of gravity. 

The outward part of a Ring exceeds the inner part by twice a round Solid 
produc'd, from the generating Figure turn'd round its Axis. For draw any 
Line Z C Parallel to P m, cutting the Axis Hmin C, and ſappoſe CG=C n: 
Therefore 6 Z G—o Zn=0 G n=2 6 cn, in thelike manner all the peripheries of 
the outward part cxceed the inner peripheries, by twice the periphery whoſe 
Diameter is the diſtance of the-two Points. 

Every Elliptick Ring (under which I alſo comprehend a Circular Ring ) is 
to a Spherocid of the generating Ellipfis , 2s the periphery deſcrib'd by the 
Center of gravity to 4 thickneſs of the Ring: + . 93 DE :: @. + DE. 

A Parabolick clos'd Ring is, to a Conoeid:praduc'd by the Parabola :: 16 . 3 
for ſuppoſe EFP to be a Parabola, therefore its Ring ® =3 F:BxEPx9PB, 
and the Conocid =; FBx4EPx@PB. ThereforetheRing to Conceid :: 2 . 
$23 26 » $+ 

A Parabolick open Ring 1s to a Conoeid of the, generating Parabola, as eight 
Diameters of the periphery deſcrib'd by the.Center of gravity to 1+ Latitude 
of the Parabola DH E. For its Ring e® =DE x+Hmx*q@Pm; andthe Conoeid 
is =: Hmx;DExg Em. Therefore theRing toConoeid :: FoPm . $5 6 Em 
*: ;a6Pm. z3EM. 

The extern, part of a Parabolick clos'd Ring,, is to the intern. part :: 11. 5. 
For the extern. part = intern. 4-2 Conoeids =intern. + (2 **zRing =) $ 
intern. + extern, Therefore & extern. = 7#.intern. Therefore extern. . in- 
er. :; 11 , $. | 

The 


4 
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The extern. part of an Elliptick Ring is =intern. + (2 Spheroeids =) 2 x z 
WW. 4DE EE 
—— x Ring. | Fherefore , extepi. — intern. = =— x -CXtCFRs | INtErt, , SO 


3T X 
that whoever gives the proportion of an Ethptick Ring to a Spheroeid , ar of 
the extern, parg af an Elliptick Ring to the ipgern. will Square the Circle. © 
| For the perimeter of the generating Figure put f'; ſo the Surface of the Ring 
g=7®, 

—þ extern. part of the Surface of any Ring exceeds the intern by twice the 
Surface of a Conpeid of the generating Figyre, which is demonſtrated ag the like 
Theorem of the folidity. :'--* —_ 

Coroll, The extern. part of the Surface of a Circular Ring, exceeds the intern. 
by twice the Surface of- the Sphere, 4. e. by eight times the generating Circle. 

The Surface of a Circular Rihg ;- is to tbe generating Cixcte,” as 2 to the Ra- 
dius of the Circle, and therefore to the Surface of the Sphere, as & to the Di- 


Ly 


ameter of the generating Circle # f : 4rf 3. .3 7. | 


Suppoſe _——_ ;m—— part of the Surface of a Circular Ring. Therefore # r 


* © O I _ 2E—80., —FE—4r©. 
.S::0.E- I=2 1480 Thergfare-w© =, 10, of T herefore E 


.I::rE.rvli: 0 k4rQ. O—4r0 :: qr. —47,, _ 

So that whoever finds the proportion of the Surface of a Circular Ring, to 
the Surface of the Sphere, or to the generating Circle, or the proportion of 
the _ part of the Surface of a Circular Ring, to the intern. will Square 
the Circle. ' ps 


Angular Sections. Pag, 66. after line 16. add as followeth , 


HE Right-fine of an Arch or Angle propoſed (with its Radius) being thus 
known: The Secant, Tangent, and Verſed-ſine thereof (and of its Comple- 
ment toa Quadrant) are thence derived, by known methods. In order to which, 
it will not be amiſs here to adjoin, the Equipollence (or 'I-Jwauie) of the various 
Deſignations of each of them', according to their reſpeCtive Relations one to 
another : Which at the deſire of Mr. oh Coftins, I drew up (a great many 
years ago) in this Form. BB. 
| LetR, be theRadius; S, the Right Sine; =, the Co-ſine, or Sine of the Com- 
plement; T, the Tangent; - , the Co-tangent; /, the Secant; ©, the Co-ſecant z 
V, the Verſed Sine; v, the Verfed-ſine of the Complement. Then is, 


1: ; TR TR R 
— $a Poo CC — Yn GB = Somme cnn rnetened —— /-[*_. R?. 
$.= 4% dag" xv wn ſoit 77: REM Wy 
zZR_R - R*? —_ A” cs O#s b 
—_ —n == —Y == TR: SO =y/:2VR V*. 
a "Ws 0s. " "0 _ 2 _ $ 
E=4/: RS; =—=r/ == =P. vR 
: WW. : R* 
=— 2D tro x =RoOoV=y:2UvR-r, 
endured an,” 
=; SR — «N23 3. — }, £3 TE EEE: 
T=— = "L== x0 EZ: =: R:== = ———— 
SR. * 
RaaY R v2 VReV 
= a ER — «-DN3 3, of hs "TH ES 9 
7 vp S "of: Ws: <> (RI) (Eye R= T = x: R* == 
=R R 


Additions and 


ll — 


Ke R* " F*. mm 
ſ=< nA—_ ea RERPn_z=C OR: sf. 
"" BR - 8 2 ©) #O NE OOR -! 

o: Own: $ of RE: BED ; -S$y ROV y/:2 ko 
2 R*, R#+ R SR 
o=ETTIESYRrt=/ Rint TR: = 

ſR = 7K Dire == R 


TREE oe RS: oT” Rov  v/i2VR-V*:" 


| ING » —— Þ: 
V=R5is=R7vy: R—S:=RyFTER Terr MN == 


..... Jo w__ = —=R REARED —R:= RF Vi2uR—y'. 


” __ IY"P22%. er LT I 
o=RIS=RpvVR=—DP;=RI—=ERTIET=Re —=Re R 


TR TR R hs 
=R7 RT =R37vſ =R7/ _ 


- T.Rr+ SR Rx 
—— - | Tr=/n =Sc=R =/"— TI 
G of =0*—7=S'+S, 


- The Demonſtration of all, is cafily - 
| derived from the inſpection of the 
= | Figure adjoined, with ſpecious Com- 
R J' putation, and the ſubſtitution of E- 

quivolent deſignations. 
0 The Sines, Tangents, and Secants, 
T are the ſame for an Arch, and for its 
| Supplement, or (Complement to a 
Senucircle.) But the Verſed ſine is, 
SS V in one, the difference, in the other , 
R - ſum of the Radius and the Co- 

ine. 


On this occaſion, I have thought fit here to ſubjoin, an Ingenious Propoſition , 
ſent me to demonſtrate , by Mr. George Fairfax, (an Ingenious perſon, and good 
Mathematician, who at that time, taught Mathematicks in Oxford: ) Which, 
though it be not peculiar to this ſubjeCft, (but alſo otherwiſe uſeful, in ProjeCtion,) 
is yet proper enough far this place , in caſe a Line of Sines, of Tangents, ot 
Secants, or others relating to a Circle, (or otherwiſe,) be to he projefted on 
another Line. 

He ſent. it me on Saturday night, Sept. 19. 1678. incloſed ina Letter of that 
date; ( the incloſed Problem bearing date the day before,) which on A4onday 
morning, Sept. 21. I took into Conſideration, and ſent him the Demonſtration 
( here annexed) the ſame day. Both which , becauſe written in Latin, I here 
{ubjoin (juſt as they were written ) in the ſame Language. 


Urcantur CT CB Angulum quemlibet facientes BCT, & ad nxan 
D harum linearum CB, duco quamcungque Parakelam (quam Primam 
wvoco) ST. 
i» CB inprimo punitum quodlibet A, unde ad quelibet X & L inCZ 
afſunepts, duco AX AT, que ſecabunt Parallclam (primam) in K & L. 
Drvidatur K L quomodocunque , puta more lines ſnunm, ſi ip/a KL fit 
ſinus totws, 


Sed 


Emenaations. 


Sed hic (tollende confuſtonis , & vitamde proltixitatis canſa) Dividator , 
inquant K L bifariam in G punt#o; & duite AG ſecet TN in. 

In eadert CB, ſum altad quodlibet punt3um B, ducendo BX BT, que 
fecent Parallelam Primam', in M &N. 

Si, inquam, dividatur M N-bifariam in'l (qualiter ante fecabatur KL in 
G5) Dro, quod BI tranſebit per Y. 

Preteres, duc ad libitum al:am quamennque I Js CE, ab Arn- 
gmariprntto C, Et ad hanc duc etiomubicunque Parallelam (Secundam) 
VU. Et apunits D ad libitum aſſumpto , in nova hacret#a C E, emit- 
puntur ad priſfina ills punita XZ, recte DX DZ, que Secundz hujc 
Parallele occurant in punitis O & P. Secetur OP bifarians (rurſus) in F. 

£no facto : Dico iterinms , D*F etram per Ts trenfive. | 

Demgne, fi altud quoduis punitum , puts ipſum F , eligatnr in refta 
CDE; &, ff iterum ab E ad priora'illa puntha X & 2 ejiciantar rette 
EX EZ, que V U ( Secundane Paralleters) in Q &R (quorum I eft 
needing punitis) interſecabunt. | | . 

Dico, & EH per vetus illnd punitnm, nimirum pet Y, tranfire. Sic 
i celerrs. 

Ut vero nude he afſeverationes noſty# (qua niminm temerarie atioquin 
videantar ) Demwnſtratione aliqua Geometrica Corroborenter , ſnmmopere 


exoptat , 
Sept. 18, 1674. Georgins Fairfax, 


Propolitionem fic Demonſiro. - - 


Um K L rea, ſit refte C 

AB Parallela quzvis, \ 
(quippe Parallelzs omncs, cra- 
ribs AX AT imterceptas, 
ſemiliter ſecabit AY rea, ) 
eam ſumo que per X tranſit ; 
adeoque proKL, habeoX1, 
(punitis XK coincidentibus ; ) 


quam in g, utcunque ſecet AY , 
re(t a, 

Item, pro MN (coinciden- &:>;& 
nt Rae. Lunt | oe + 
ſit in 1 ſimiliter ſeit a ac fnerat > "no | Ro 
Xl in g. - | P 

F/ . * - : , 

2 quacunque it aque ratione \ 3+ y 


tXnadX1l, in eadem erit \2 

X1ad Xg. Tundiſque Bi RY 

1Y, in eagem erunt (propter Fo : 

communes Altitudines ) [i- | > a: J> 

angula XBn X Bi ad XAl IS 
XAg; we XZn XY1, ” ah N 2 
ad XZ1 XY eg, reſpeitive. E : | 

Aadeoque & XBn XZ n ſimul, v / 4 

boceft X BZ, ad XAI1 XZ1 ' : | 
ſomul,hoc eſt XAT ; item XBi _ 


Additions, SEC. 


X Yi ſomul, hoceff XBiY adXAgXYg ſimul, hceſt X AY. Adeo- 
que ſimiliter ſecatur Triangulum X BT per lineam ( ex redtis compoſitans ) 
BiY, atqueXAZper AgY rettam. Sed & ſimiliter ſecatur idem XBY, 
per BY rettam, (propter communis baſis communem ſectionem Y.) Quod 
fieri non poteſt niſi BY reita per i tranſeat , ſitque B1Y wnarefta; reita 
zeitur Bi fic dividens Xn ut rettam X | deifra Ag, tranſit per Y. 

Pariter de punito D, ſumpta OP in ea Parallela que per X tranſtt, 
(coincidentibus O X,) ſecetur X pint, ut ſectaeft Xling; atque jun- 
gantur Df fY. 

Propter Parallelas, tum'C A X1, tum CD Xp; ernttum AT in 
|, tm DZ inp, ſimiliter ſeit, atque CT in X. 

Suxt ergo Triangulorum XA1l X Ag XZIXYg altitudines, in 
eadem inter ſe ratione, ac altitudines Triangulorum X Dp,XDf, X Z p, 
XYf; ſed & (propter baſes X1 Xp ſimiliter ſeitas ing & f) baſes item 
habent in eadem inter ſe ratione, Ergo & Triangula Triangulis ſunt inter 
fe in eadem ratione. Adeoque XAg XYg ſimul, be eſt X AY, in 
eadem rationead X A1 X Z 1. fimul, hocet XAZ;, quaXDf XYf 
ſimul , hoc ef XDfY, ad XDp XZ p ſimul, hoceſt XDZ. Et 
propterea in eadem ratione ſecatur Triangulum XAT per AY reitam, atque 
Triangulum X DT, perlineam (ex rei compoſitam) D f Y. Sed & ſtmiliter 
ſecatur idem XD Z per D Y redtam, ( quod fiers non poteſt nift D Y 
retta per f py gms , ſitque DEY una retta:) Reta iettur Di fic di- 
videns Xp ink, ut [ dividitur in g, tranſit per Y. 

Tdemque de punito E, &c. fimiliter demonſtrabitur. 


Þ Sept. 21. 1674: | Jo. Wallis. 


I have here alſo thought fit (as pertinent to this Subje&)ts adjoin a Paper which 
I received lately from Mr. John Caſwell, containing a brief ( but full) account of 


the Doftrine of Trigenometry, both Plain and Spherical. 


Emenadations. 
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Other EMENDATIONS. 


Ecauſe the Omiſſion or Miſ-placing of a Point or Letter, (which in Books of 21:9- 

B ther nature, are n0t worth noting :, as not diſturbing the ſenſe ;) may, here, ſore- 
* rimes be more confiderable , than the Omiſſion or Miſ-writinz C <. Weed elſewhere :; 
(which yer in Diſcourſes of this nature can hardly bt avoided by the carefulleſt Printer ; 
eſpecially in the Author abſence :) I bave therefore ( for the Readers eaſe) carefully oak 
lefted ſuch of this kjnd as 1 have obſerved. ( And moſt of thoſe which here follow, are 
but ſuch Literal Faults ; which in other Books are wont to be paſſtd by, without noting.) 
Which if the Reader, with his Pen, think fit to amend there will, I hope, be none left (or 


but few) that ny give him any diſturbance. 
Note here, that in numbring the Lines, a Double Line is reckoned for Two. 


FER MET 
Page 6.1ine 10. And a Vindication, &e, ſhould bave followed l, 2, Ibid. !. 27. fut San-Vincent, for and 
Vincent. 

A'LGEBR A, 
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p. 191.5... P.143--17+ 6, for 16.1.21, — for -þ-. f+194+142-3655b. 1.13. 3bf fe. Lult. -- for—. ps 
1954.19. for —- pol 964l.10. + for —- p.200.1.42. from them. p.212. 1.pen. 4r, for ar. p.21 8.4.2 
ib. p-22641.3. 2 for g 1.17. —2n44, 1.33.-—m*". 1.40.--41%. p.227.1.2. 5, for 8.1.8. Ufor IP, I 22. 
I-44. þe228.1.3. 314d, for las, L.17.inas, for Ina. 1. amep. n4a, for nav. p.229.1.10. -\- 117. 1.11.12 
mts. 1.23. 321% p-2301-30- 4 for 2. 0-23 11:32. mn = 306 1.31. 1998. f+232-4.5.0,351. 4233. 1.26. 
+ for—+1.16.C, for AC. 2374.11. 621. $235.11. 205. $2394.24. Or (Which. 1.42. 2:6.p.243« 
4.antep. 700«$-2451.33.=25+ $+255e l. 20, = & << 1:27. 3-07» $+256. I.5. == 3.003. l.79.c == 3. 228 
1.23+ $010. 4.36. 4b—7- p.259+l.7. 4=EC. p-262.1.12, EAE. p.263.Fig.1.the lines FS,FS, are wanting 
+267. Fig. 2. wants the lines AB AB. p.27 11.50. B Sq. p+275 4.20. the Streight line. p.286.1 7. Ar: for 
An41 1.33- —4,for —2. p.295+1.21.thought it. p.298.1.36. Men, Angels,for more Angles. /.42.Angels 
for Angles. p-304-4-41+ #444. 1.44+ 444, for 4444. $+305 1.2 1.t+ for —. p.307-4.4. 36 for 16. p.3 134.19. 
t4,for 3f. $3 16+ 1.18. Importing, I.51. as, for or. 1.58.1,4,16. p.318. 1.13. 630 for 30. 1.26. Series of 
Roots univerſal. p.324-4.42- 1:42,45,46+ V for 4/+ $+3294-16, 243 +140, DH for BH. p.3 341.18. 
CC.i # CC. forec .11C. 1.34. {jor —- +337» Fig. EP are wanting between DH. 1.30. are then the. 
9.339419 128 for 28. 1.24. + for — mn the laſt place. p4343.4.1. 1-4-2%- f.3 44+1,ult.$x9.p.357-Figs 
OR areſct 100 bigh, p.35341-16--1-9% for +449 f+370-1-37+ 153+ f+372+ haute. 2 4, for 20. 


CONO-CUNEUS. 
Epif.1.pen. with ſo much. p.1.1.36-Sa,for SA. p-24.2.SRa, 1.10. Cs. 1.28.—&. 1.45. Points o-p.4: 


1.21, C Q d. f+7+1+ 2325+ + jor Þ. 1.409. Aye _ 1.26,2$. + for t. 1.40. 0.060. p.10-1,18. add A. 
1.26. 


—_— 


Emenaations. 


1.20.—6.l.ult.and antep. RA.12.1.5.0r Ad.p.1 2.Col.5, there wants F © in the middle, and — © at the 
bottom. p-15.1.31. to A UV. 1,32.cutd e. 


ANGULAR SECTIONS. 


P.2 1.15, But /:4Aq 1.21. :: EB. p.41.7. Aqq — Pqq ==. p.3-1.44. ſubtraQted, 1.45.45, 1.C ſore. 
p.10.,33.7-t A. $-13+1.25 .Sextants for Quad1ants. p. 154.30. Chap. 1. for Ch. 29. (and/o every where, 
and Ch.2. for 30.) p-18.1.24. prt out Rqq=-p.20.1.8+4Rqq. p.23.1.3.Kqq i the ſecond place, 1.38.5 for P. 
1.44. then 1s. p-24-1.4.4. P for A. p-27-1.34. + for the latter -—., p.28.4.pen. E for A. p.z0.l.14.(=Ry: 

1xy/5—1')p-31-l.pen. even for over. l.ult. of 4. p.38.1.25. 24Cc- ib, thatof B p.41.1.9. c for C.p.39. 
1.2. pur out 2. p.42-1-12. =10Rqq=. f.52o1+4.3. D for B. p.5 54.8. A162. $4574.23. 4/:10-1-2y 5: 
1.30. A=55 + f-58.1.32. 4/:2—y/« f-594-19. $103. p.60:1.9. may Canans. p.65.Col.1.18.for 43. 


ANGLE of CONTACT. 


P.71.Title. A Defenſe of the Treatiſe of the Angle of ContaCt. (an1 ſo al aiong.) 1.7.the 53 Chap. 
1.24.DEA.p.74-1.15. be argued. p.75.4.23. Totum & Ablatumy ſed non item Refiduum. 1.24. not. p.96. 
1.43. wanting 2. f.794.13 fecir.p.$6.1-2.et.1.3 uramvi.p.87.1. [3-utrum vis. 1.47.habent. p.$8.1.5.ſu- 
Pervacanea. {.6. adjungam. [.7, faciat.}.29,25 , momento. f, 9541.43.quod lic, 


COMBINATIANS. 


P-1194-35-1-=2,for e=2-1-40-None of theſe: p.1314-19: 169 for 196, p-132-1-37. 1494 for 1458. 
wo 33-1 pen. furthe: diviſible by 3+ After this, 60 is made choice of- /. ult. by12 and the a. wh 1234s 


2-C/or C,,p,135-{-4.where for when- p.137 +8 Solutio- 434-candem- p-139 {13+ 47 fot 470. p.145+ 


1.46, 67 for &. p 147-4-13- alone fo: above p:148-1-20» 13,19,67, f-1494 ut Septuple for Sextuple. 


ADDITIONS. 


P.143-4.16. and in. p-156+1-16. quas, p165-1.2. RqFZR=—— Fe 9.166 1.10 Caſwel. y.167.amep- 
; 0 mwie p. 168, Fig. 2+ x for G-p-171.1.37 T* for ky 172.11. R* + T', for R* + 77 


Note, that ſince the Printing of what is here ſaid, pag.-153. (concerning the 
Inſcription at Briſtol,) Having deſired ſome- to view it, I have this account of it ; 
That they find the Inſcription, but not the Date. Which therefore ſeems (by 
ſome accident) to have been defaced, ſince Dr. Smith ſaw it.there. 
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unto, and to Trigonometry. 
-| 11]. Of the Angle of Contaft ; with other things bs . - ry 
| ing to the Campos ſition of Magnitudes, the Inceptives of 


ba. 'S OTH wg 
Hiſfozidal =! Practical. 


/) $SHEWING, 2 / 


| The Original, Progreſs, -and Advancement 
thereof, from time to time; and lags 
1g! 


Steps it hath attained to the Hei 
which now it Is. Kee 


With ſaves Aditi TR EA TISES, 
I. Of the Cono-Cuneus ; being a Body repreſenting i in part 


a Coms, in n pare a Cuneus. 


I. Of Angular Seftions ; and other things relating there. 


$, 
and the C of Motions, with the Reſults a 
IV. Of =rouhg | Aternations and Aliquot Parts. 
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Of Infuute Progreſſuns. -CnarXCVIL 


I I .'C \ 
: — A — __ <0 2 ad 2 4 
rum $, tz erunt ad invicem ut —- ad boc eft, us 2t + s+2; 


2t+-2* 


ſeu ut t 4-1 ad $+ 1, # pris. 


| uod bereas, {i Seriem (verbi gratia) Primanorum,nunc dicam ut O, 1,2, 3, 
4 ST” I, 23 = 5» &Cz nunent 5, 1 342 Pp 3 2,43, &Cz ſeu 1535537494GC, 
 uippe hec omnia , in Serie infinita , coincidunt z pariter atque Expoſite Figure c0in- 
cidunt Inſcripta, Cireumſcripta, & Intermedie omnes, Sectionibus ad minutiſſuma con- 
timuatis. Ut moneo ad Schol. Prop. 182- Arithm, Infin. & ad Prop. 1, Cap. 5. de 
Motu. | Si 
nan j d tu vis) Setos efſe Axes, earundem Figurarum ſecundum ratio. 
= + pl nr continuam z puta Triplam: Nempe, VA,V B, V CF D, &c. 


ol | | —# 


a a © & DS 5 : * &c. A 
z A | _ EY HT "it 21cawerypags.2 nel 

at 2,42, 3447; & ©, os os Ns 3X3 ZX3x3 : 
&c, ut =2, =%n 2? —*® —>* Se. ſeu —» —» Cc, 

deoque AB, BC, CD, &c, my, 3 3x3 ſ Z 3X3 $*3x3' 


© DS b 
Et Baſes, in Triangulo quidem (Diametris Proportionales) ut b,” 2 _ , en &e. 


I 
In Parabola (in ſubduplicata ratione Diametrorum) at b, by 3, b / 5 by ryan c. 
b b 
In Parabole complemento (in duplicata ratione diametrorum) ut b, — » —_—— 
. o. "XI JX 3X 3x3) 
—_— : —_ &c. Adeoque interjetta Parallelogramma , ( ſex , ut tw loqueris, 
partes Figure) AB, By,C8, &c, in ratione ex baſium & altitudinum campoſita) in 


; 2ab 2ab 2ab 2ab 2ab 
Triangulo, ut — > ,&C: In Parabola, ut ——»» —— 
$39 SU3*I08 RINET 34/3 3X3 v/3X5" 


2ab | | 2ab -2ab-— 
_ » &c.. In Parabole Complemento, ut 
ZXZCZy/*ZXZXZ» | | 

-2ab 
ZXZXZXZXZX3XIXIXS ? 


2 0 2 
ſeripti Parallelograzmi ab) _ = # ſeu; in Parabola, Ro > in. Parabils 


2 
ZXZXI ZXIX3X 3x3x3) 


&c. wideogue Figura inſcripta, in Triangulo, erit (circum- 


| 2 
Complemento, — = 7; =7+. 


Er univerſaliter, ſi ſit ratio VB ad V A ut 1 ad (Integrum, Frattum, Surdum vt 


. ; CL on. Sane; 
quemlibet,) Figura ex Parallelogramms inſcripta, erit, in Triangulo g—__ b; in Pa- 


cx ] 


SGowP . Z _ : . 
rabola "7 a a bz in Complemento Parabole, ers b. Quod, alibi demonſtra- 


en, 
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2um, [Nempe, ad prop. 8, & ry, cap. przced. hvjus,J longins oft quam mt hic com- 
mode inſeratur. 


"Hee eff, Poſito 2 =4 erit in Parabole complemento, 77 ; in Triangulo, 5*: in 
Parabola, . Poſiroz —=9g , erit, ;*5, y*, 3%. Poſito & = 100; erit, 553355, 5325, 


22, Erin aliis caſibus ſumiliter. | 
Sed, quo propizs 2 ſuperat 1, eo propirs accedet Figura inſcripta ad expoſitam. Adeo- 
que poſuro,verb1 gratia,'.=1.0002900 1, (quadrato numero,quo fit v7 non Surdu,nempe 
0.0002,0001, 


=1.0001;)erit, in Parabole Complemento : 
vez al p *0.0006,0015,00292,0015,00C6,0001 


0,0002,0001, | ©O 0CO2,0001, 
In Triangulo © * In Parabola -. Yue 
0.00c4,0006,0004,090 1 0,0003,0003,0001T 


proxime accedint, ad 5, 4,4; que eſt vera ratio Figurarum expoſitarum. Quod magis 
adhuc patebit, ſi, pro 1.0001, ſumeretur 1.00000001 ; aut i plures adhuc Ciphre 
quorlibet interponerentur locis Frattionum decimalium, 

Perum fs bnjuſmods Figure concipiantur in ſemet inverſe poſite (ſen, ut tu loqueriy- 
ſubcontrarie,) dutte: Ducentur, non quidem planum in planum, quo fiat plano-planum, 

td, Ordinate in Ordinatas reſpettive ſuniptas, (manente ubique que prin erat communi 
altitudine.) Hoc eſt, bB 8 Rettangulum, in eAltitudinem B A, & ſic in ceteris. 

(Que itaque Altitudo, ſi foret, ut apud me, ubique eadem ; negligi jure poſſet ; ut 
ſola haberetur Reftangulorum conſideratio: Hic vero, quoniam eſt alibi alia, ad calculum 
revocanda eſt.) 

Veletiam A þ Parallelogrammum, in Altitndinem Bb, & ſic in reliquiss Hoc eft, 
ABxBþ8xBb, BCxCy x Cc, CDx D f*x Dd, &c. 


= === : Tan 3 Y% = 


Adeoque partes Solids adjacentis Triangulo: Xx — x » -|- _ Ry prac 
que p J - _ 7 zZ 7 1 oo 23 7? » 
DL IT Zo! Z—1_ Z—1 Z——T 
IT; &c: ſeu mT —I, + ——-in7 —, + ——ir 
Z —T Z—1 7 —1 , JF } 
73 2 X X r —  —— 
1, &c. Hoc eſt, = Zz, + = z, + o— z3, (= "x 
Z— Z— —_—_ 
TI" + "03 &c,) —_—_— &c. Hoe eſt, omnine, 
JT 7Z —1 
One MMH - 
| gn 7 —L 
: Z—_ I Z —1 Z—1k I 
Adjacentis Complemento Parabole; x —xQ ——» + -—- * -xQ: 
=” Z Z 2 
2-1 Z—] 2 Z3-—1 7 — 


I Z 1 
> Q:Z—1.+ = Q: 2*—1. 


pe 5 => > &ez eu 


bas Z3 nn Zens 27D op 27 Zont 
+1, + =7 in7* =o 2 7 1, &c, Hoc eft, a - > 


4-z 
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LU 74 — 273 +223 +Z—! Un P=RID +223 zz —r 
lo I + 
Z 
ZI 27,2 


+ 


aarum ſumma — — 
| 7 —T 
Adjacentus Parabole 


Ls 


Z —T P 
= ares Ol 29" V7 —1.+ 


—1, &c. Que ſumma equatur Surdo alicus novs generts adbuc eAnonymo. 
Z —1 Z—1 
In caſu Triangulorum, pro 5-— — _— babemus nos *%;. 


— _ 
Z —T 2T.—2 Z —T 
In caſu Complementorum Parabole;, pro ns Wi = = Tx habemus ns 


5+. (eAdquas, rationes Settiont tha accommodate, eo propins accedunt, quo 7 Propins 
ſuperat 1.) 


I 
In caſi Parabolarum ;, pro Surdo illo eAnonymo, habemus TS» progee hoe ttcus. 


que deſignando, quos progreſſus fecimus , videas ad Arithm. Infin. prop. 166, & ſe- 
nentes. 

s Sin tibi adhuc ſpes eſt, in ſeriebus adhuc perplexioribus (propter interjeforum Soljdy. 
rum altitudines inequales,) rem felicius aſſequendam, quam ego in ſimplicioribus (propte 
ſumptas altitudines equales) aſſecutus fuerim}, per me liceat inquir«s bonis avibus. Eique 
inquiſitioni hattenus ego tibi viam preparavt , interjettorum Solidorum in expoſitis ate 
Figuris quas querebas rationes (pro quacunque Ax Settione in Geometrica ratione con- 
tinua) exhibendo. 

HMetuo autem ne eo ſemper res redeat (quocunque te vertas) ut incidas in Seriem Ra- 
dicum Umver ſalium, Apotomarum ( ſi Circmlum aut Ellipſin ſeiteris, ) vel (ſi Hyper- 
bolam) Binomiorum. Et quidem cum ego, ſumplicioribus inſiſtens , 1 avia devenerim, 
baud ſperandum videtur ut perplexiores ſettants felicius res ſuccedat. 

Quam autem iſtiuſmodi Series Radicum Univer ſalium, ad congruam Seriem e/Equa- 
lium, rationem habeat ;, nec numeris vers, nec etiam hattenus receptis Surdis Radicbu, 
explicari poſſe; jam ſatis demonſtraſſe videammr , ad Prop. 189, 190, Arithm. Infin, 
Owippe, quo 1d fiat, oftendimus, dividz oportere numerum imparem in duos equales in- 

, tegros: Et e/Aquationum ordinem inquirendum, qui fit Lateralibus & Quadr atics in- 
rermedins , (habeatque radices plures quam unam , & pauciores quam das : ) Quorum 
utrumque eſt & very, Sed aliuſmods Surdum cogitandum, adhuc Anonymun. 

' Dus cujuſmods ſit , illic explicavimm : Et (prop. ſeq.) oſtendinnes, quomodo poſſn, 
continua approximatione, veris nameris quam proxime explicari ejus valor ; (non mins 
quan valor Radicis Surde y/ 2.) 

Ut id folum ſuperſit, ut inter ſe conveniat Marhenaricis, quo velint charailere Surdun 
illum deſignare, puta, illo quem ibidem exhibemus, mf 11% ;, vel alio quovs, ( prout jan 
convtenit medium proportionalem inter 1 & 2, charattere of 1% 2, vel / 2 imſinuare.) 

Arque eo ſaltem rem illam ulterins provexi quam a Gregorio San-Vincentiano favtun 
eſt, (qui illic, ſi memini, ubi tu dicis, conſiſtit.) Lui multa quidem habet nobiſcum com- 
munia ; qQuamquam enm non ante viderim, quam foripſerim Trattatum them. Sed neque 
dum evolvere contigit ; utut eum ſatis eſtimo, ſepiuſque ſtatuerim evolvendum. Nec 
dubito quin que de continuo proportionalium termmatvonibus habet , woftris conſentiant , 
utut ad manum non fit liber quem conſulam, dtque ex inventis mes propriis ea de- 
Auxerim. 


Arque hac ſunt, Vir Clariſſime, que ad quaſita tua reponenda cenſii. 


Tuus ad Dfhcia, 


JOHANNES WALLIS. 
[ 
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[ have given inſtance in this Letter to P. Berrer, to ſhew how that general Do- 
Qrine-of Infinite Progrellions 1s applicable to particular caſes ; ſuch as that here 
mentioned, And in the fame manner, it will be caſy to apply what itt the pre- 

. ceding Chapter is abſtra&ly delivered, whether to Figures, or other Quantities 
as occaſion ſhall ſerve. ; 


CH A P. XCVIIL 


A Method of Approaches, for NuMERAL QussTiI ONS; 
occaſioned by a Problem of Monſ. Fermart. 


EFORE lygleave this DoCtrine of Progreſſions, I ſhall ſubjoin bne 0- 
ther ſort of Progreſſion, which, though it be not an Infinite Pro- 
greſkon, yet may ſometimes proceed very far before it conie to ade- 
termination. 

It is much of a like nature with that Proceſs for finding the greateſ# common 
Meafwre of Two Commenſurable Quantities, direfted by Exclid, ( at prop. 3. 
ib, 10, ) and of common uſe amongſt Arithmeticians for the Abbreviating of 
Frations 3 ( in purſuance of prop. 2. /ib. 7. cl.) But this muſt needs be more in- 
tricate, as being imployed in more perplext inquiries. 

It was occaffoned by a Problem propoſed by Mor. Ferma as a challenge to all 
the Mathematictans in Ewope, in the year 1659, in this Form. 

eAny non-quadrate Number being propoſed, there are inmmmerable ſquare Numbers, 
which Malriphedinr that Non-quadrate, and then aſſuming an Unize, wilt makg a Square. 
As for example , 3 is a Non-quadrate number, this Multiplied by 1 (which is a Square) 
and then aſſuming 1, makes 4, which 1s a Square number: Again, the ſame 3, Multt- 
tiplied by the Square 16 , and then aſſuming 1, makgs 49, which is a Square. And 
infteadof 1 and 16, there may be fownd other Squares innumerable, which will do the 
ſame, The thing required 15, A general Rule how to do it for whatever Non- 
drate number propoſed. As for inſtance, let ſuch ſquare number be found, which MMul- 
”"_ by 149, Or 109, Or 433, &c, will by aſſuming an Unite, makg a ſquare 
HWMyer . 

To this, the Lord Vicount Brozncker gave a preſent Anſwer. 

Let » be any number given (Square or not-Square, Integer or Fracted z) and let q 
be any Square (Integer or Frafted) taken at pleaſure,and rthe Root thereof : And 
d(=q & n) the difference of qand », (that is, 4=q==n, of = n—9, ac- 
27 36 


X : + F 
cording, as qor » is bigger.) Then is, -- (= —_— 7] the Square required. For 


49, _4a9+-dd_ 4qm-aq—2qntm_ gag _ oF qv 
wn Aha dd qq—2qu--m qq —2qu-jm 4qoOn quon 


\ 


This ſhort Rule (thus ſhortly demonſtrated) gives not only Squares inmame- 
rable (as was deſired) but all Squares poſlible (Integer and Fratted) which ſolve 
the Queſtion. (As doth alſo another of mine to the ſame putpoſe.) -As is demon- 
ſtrated in my Commercium Epiſtolicwm , Epiſt. 16. And the fame Rule ſerves, if 
inſtead of aſſuming —"—_— it had been ſaid efuning any Square aſſigned, ſappoſe bb. 
Savethar then, inſtead of 495 we muſt take 44#6, And then (as before 


A 3a 
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449 __ 44n-|-dd Ee.. + it 1.4 Pn it talf YR, «hs. 
©1> AR * [ih FF =" 
q +2, 4-z 
bþ = ——bx ——6 


The other Rule to the ſame purpoſe (and of the ſame extent) was this. Sup. 
Pole we | 


» any number given, 

a any taken at pleaſure ; which dividing 

q any Square at, pleaſure; gives 

-m the Quotient of ſuch Diviſion. a) q (72. 

p any number at pleaſure. | 

o the Quotient of divided by 4p. 4p)m(0 

d (=oac pn) the difference of o aand pr, whichſoever of them be greater, 
. 


ma 
Then 1s 1 
tiplied by z will want 1 of a Square. And the ſame multiplied by a given Square 
bb, will be yet a Square; and this multiplied by », will with 66, make another 
Square. The demonſtration is (for ſubſtance) the ſame with the former Be- 
cauſe (by conſtruCtion) ma = 9. 

This being thus fully ſolved ; it was then declared by the Propoſer, That the 
Problem was intended (though no ſuch thing was therein expreſſed ) of Integer 
Numbers only: Whereas the Square thus aſſigned may chance to be a Fraction, 
And it was then demanded further, how to give ſuch a Square in /ntegers. 

In anſwer to this, was ſhewed, Firſt, that in this caſe, the number propoſed 
muſt at leaſt be limited to a Non-quadrate : For, if a Square, thus multiplied into 
another Square, will be a Square alſo; which therefore cannot differ from ano- 
ther Square by ſo little as 1, if both be Integers. | 

And then, that ſuch Square (found as before) will always be an Integer,when 
dd is an Aliquot part of 49 ; and therefore dof 2 r. 


the number ſought ; namely, which is it ſelf a Square ; and if mul. 


+. 2 r . 
But becauſe 2 » may chance to be a Fraction, even where — an Integer ; 


s SS 
therefore, inſtead of 7, we now ſubſtitute =, and therefore 9 = —» and d=q 
rr 


5S 
On n=—On; and therefore, inſtead of dividing 2 7 by 4, we now divide 


25 SS 
—by zo — ; that is (multiplying both by x7) 2 57 by arr © 55. If there- 


rr 

fore, by any means, we find the Multiple of » (the Non-quadrate given) by 
any Square, 'to differ from any other Square (whether greater or leſſer thanit,) 
by an Aliquot part of a double ReCtangle of the Roots of thoſe Squares (ſuppoſe 
77 a 55 an Aliquot yu” of 275) this double ReCtangle divided by {ſuch dit- 
ference, is the Root of ſuch deſired Square. And one ſuch being found, others 
— may be thence derived; as is there ſhewed at large at Epsft. 14-17. 
18. 19. 

And how ſuch one may be firſt found, from whence to derive the reſt, we 
have given ſeveral methods in the places cited. But that which I here principally 
intend, and which I propoſe as a patern to be imitated in other inquiriesof like 
nature, is that of the Lord Vicount Brouncker ; which I have there briefly ſet 
_— -r by him delivered) at the end of Epi/f. 17. andthen more fully explained 
at cpi/f. lg. 

The 


——— -- — — 


ClurX Cynr AMithed of | 
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' The Mettiod'i is this.- IEEE ETPEET Br vel c whe 1 = 
Suppoſe we (for example) ont 2% 5 2g2 
oe ir ul e690 FETs he 


{ - 34 S113 25. ; p 0 
OOO "we DOTSTED ALE TE" a oe 
That is 444-|-15=64ab- :ibb = 5 ot Sr + os at 2; 4 
4, 2þ>4>b. \ 31 21:96; | 
4= bbc. And 1 rs, 5:16 
4644- Bb + 4ccc 1 =66b+ +665 +6 

That 1s 2bc+4cc+1= 3b6b= < 

2c >b>c v. 


2eeo+ nedoger 1 yee- 664-494 , ” tt 
ASI SEOEAE : . As _—_ 


Oat. 
c=4d 


Þe 
3dd+-6de+3ee+1 S44dF 44e+ 348 
2de+3ece =4add=, ; 

f. 


- 


2e > De | 
ad = 


0 hs 
Tr 20f <p $00 never Bef ring 
95» aged es, 
7f>t> C. 
HH —_ 
Serge +1 417 = —_— TOY 
£ 


* 
_ 
* - 
"ll * 
- 


22 >} > 
=2+b 
62g -j-6gh+gg+T1=48g+3gh + 4b 
3867 _ — — op F 


$3; 


3 bb+6bjb53j+ ey bkek 2hj4-4bb 
4bj-+ 31g +2 =3hh 


25 = 
j =1. 
Therefore == 2 
S= & 
WE 89 
f= - 3 101 
IS BY | 38 Þ* 
d= 38 \qizlo 
c = 7I ” þ 
b =109 
4 =180. 


And in the like manner may we proceed for any other Nog-quadrate mimber 


ſed. 
ad” If this be thought too ſhort a deſcription of that Method , it may be thus far- 


ther explained. 
For as much as 2 = 13 is the number pro ofed , which being Multiplied into 


a4 (aSquare to be ſonght) aſſuming 1 ill niake ” 444-1 = 13 44 I, tobe 
are number in Integers: It is manitſt ( (upon view) that ſuch Square number 


u 
2 needs be leſs than Q: 44, = 16 44, but morethan Q: 34,= 9g 44. (For 4 
AaaZ being 


E7 
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being by conſtruCtion an Integer, 'tis evident that 16 4 4 >, 13 44+ 1 > gas.) 
Let it be either: Q; 3.4-}-b; or Q;: 44—4; ( {@ that b.be the difference of its 
Root from the Root, of the next Greater, or,the next Leſſer Square.) Of which 
fince we may indifferently take either, we have here thought fit to take the 
Leſſer, (and ſo allalong, that the Proceſs may be the more uniform ;) Q: 3 a-+6, 

Then, becauſe 13 aa + 1 = ({: 3456: =) g4a+64b+bb,; thatis, 

(rejefting Equals on both ſides,) JET 1=64b+bb; it hence appears, thar 
b is leſs than a, but greater than 3 4. Forif 6 = a, then 3 a+b = 44 (which 
is too big ; and much more would it be too big, if b > 4.) And if b =+ a, and 
therefore 2b = 4; then (hecquſe of the Equation 4 44+ 1 = 646 + bbal- 
ready found) 16 bb +1 would be equal to't 2 66 | bb'= 13 bb; butit is more 
than ſo. Therefore 2 b >a Sb. | 

Be it a= b-+c, and therefore (becauſe of the Equation 44 4-{-1=6 4h 
+ bb, already found) 4bb+ 8be- gcc +1=6bb+6be+bb; thatis, 
(rejeCting, Equals on both ſides) zbe+þ-4cc+r=3bb. Whence we collet 
(in like manner as before) 2c > b Sc. | 

Be ith =c +4. Wherge it will follow (as inthe operation appears) 24>cB4, 
And again (putting 6=g-j-e,) we find 2£>d4>e. 

Then putting 4=e-þ f, we findee- x = Gef.-4ff; and thence conclude 
7f>e>6f. For if e= 7 f, then ſhould 6ef Þ-4ff =42 ff + 4ff= 46ff 
be equal to ce--1=49ff-+15; but it islefs thanſo. Andit e=6F, then 
6ef+4ff = 36ff+ aff = 40ff ſhould be equal to ee-4- 1 =36 ff 4-1; 
bur it is more than ſo. Therefore e is more than 6f; but leſs than 7 f. That is, 
7 f>e > 6f. And in like majner in thoſe that follow. 

Now, that we be not at too great a loſs, and put to too many eſlays, for the 
finding ſuch limits, (as here, 7 f and 6 f for the limits of e;) we may obſerve 
that-if we divide thegumber prefixed to the Rectangle, by that prefixed to the 
Square of the number, whoſe 1tmits are ſought, the Quotient will (almoſt all- 
ways) give us one of the limits, or at leaſt a number yery near it. As, in the 
preſent caſe (ee-þ 1 =6ef+4Fff) dividing 6 (prefixed toef) by x (pre- 
fixed, or ſuppoſed to be prefixed to ee) the Quotient 6, diredts us to 6 f, as one 
of the limits, or at leaſt very near it. And, upon trial, putting e = 6f, we 
ſhall find (as before) 6 f, too little; but putting e= 7 f,. we ſhall find this too 
big : And therefore the limits 7 f >e > 6f. And the like in other caſes. 

Now for as much as the differences 6, c, d, &c, are (by conſtruftion) Integer 
numbers, and do continually decreaſe; it muſt needs be, that either the Proceſs 
muſt run on infinitely (of which we ſhall ſpeak in the next Chapter,) or elſe that 
at length (at leaſt when we come to 1) we ſhall fall on ſuch a difference as may 
be an aliquote part of that next before it, if any ſuch be. (Much after the ſame 
manner as in ſeeking the greateſt common meaſure of Two numbers propounded, 
by 2 el. 7.) And when that happens, inſtead of ſuch limirs (as here + f>e>S&f) 
we may come to an Equality. As in the preſent caſe, when we come at 4 j 
-|- 375 + 1 = 3b h, taking þ=2j (having found'by the former Equation, that 

It is greater than z,) wekened55h 3jj+1(=21jj+1) = 12j5: Which 
may well be if we put j == 1, and conſequently jj=x,alſo. And then, putting 
1 for the value of j, we have (going backward) the values of b, g,f,e, 4, c,v, 
and at length of 4 = 180, (as in the operation foregoing ;) the Square of which 
Multiplied by 23, will, by the Addition of 1, become a Square number. 

And if, inſtead of aſſuming an Unity, had been ſaid afſuming a given Square, ſup- 
poſe 4 3 the Proceſs would have been juſt the ſame, fave that we muſt at firſt, for 
-|- x, have put -+ 4, and ſo all along ; andat the end, inſtead of jj = 1, it would 
have been jj = 4, andtherefore 5j=2. And (thence going backward) weſhould 
pf. 4= 180, have found 4 = 360 = 180x 2. 

ut this may ſdffice to explain the Proceſs, 

- Patchere be divers expedicnts yet, remaining, for ſhortening the work ; eſpe- 
cially where the Proceſs would otherwiſe prove long. bY 

Firſ, 'whereas.ixthe former Proceſs, when a Quantity fell between too limits, 
we a}weys made als of the /eſſer limit, (making Addition to it ;) we might, if 
We had pleaſed, have always made uſe of the Greater. (making defalcation from 
i. Þyt the inoſtcxpedicas way, for ſhortening the Proceſs, is to make uſe ſome- 


tne 
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time of the aue,, and ſometime of the other, according as this or that comes 


neareſt the tru | 

Thus in the former caſe , becauſe 
1644>1344-+1 >9gaa,and there- 
fore the Root thereof leſs than 4 «, but 
more than 3 «,, I took for it 34+b. 
But, becauſe 16 a4 doth leſs exceed, 
than 9 44, comes ſhort of 13 44-1; 
it had been more compendiaus to take 
for uri Root 44 — : 3 ing tgp 
1344+ 1=I644 — 3 y 
tranſpolition) 8 ab — bb = 3 a4— 1. 
Whence follows 3 b >4> 2 b. Then 
(becauſe, here, 2b comes nearer the 
truth) I take a = 2b4-c. And fo on- 
ward, as in the operation adjoined. 
Which makes the work ſhorter than it 
was before, by about a Third part. 
And gives us, at length, f=1 ; and 
therefore e(=2f) =2.4(= 2 e-+f) 
=5$5. (=84--ec) = 38. b(= 26—&) 
=71-andtherefore a(=2b+c)=180, 
as before. Which therefore affords 
as was deſired, n4a4 = 13x 180x 180 
= 421200 = 649 x 649, —1: That 
is, a Square number wanting 1 ; which 
therefore aſſuming 1, becomes a Square 
qumber. 

And to ſhew that this Method will 
ſervenat only for finding ſmall or mo- 


n=z19. 
1344--1I=1644—— | 
Bab—bb= mt 
36>4>2b 
4= 
16bb-þ-8bc—bb= 12bb-+-1 2bc+3cc— 1 
zbb-j-1=4bc+3cc 
2c>Sb>e 
b=2c—o 


126 —12cd-þ3dd+1=8$c© —4gcd4-3cc 
cc +1=8cd—34d 


64dd— 16de-bee4-1=64dd-=$de—34d 


34d+1=8de—ce 

ge>Sd4 B20 
nie {rae i aff 1=t660+Bef 
I2ce--12 3 1=1 ef—ee 
WER 

F==02 


fe=s. 


Therefore e=2 


d=s 
£e=38 
b=71 
a=130. 


derate numbers (ſuch as 180, or the Square thereof,) we give there (at E v1 9) 


an Example for finding a Squareanſwering to the Non-qu 


adrate 109. (Which of 


all that Adorſ. Frenicle did attempt, requires the greateſt Square ; and which he 
acknowledgeth he could not find, but was taught it by 24. Fermar. 


a= C 
36bb-j-26bc-4-gee-+-1=40bb-j-20bc4-bb 
16bc+gcc=5bb— 1 
46:>b>3c 
b=4c—d 


64cc— 16cd-[-gcc=80«—40d-|-5d4--1 


24cd.—. | 
$4>>3 2 
c=34+-e 
&c. 


From which ariſe 


y=Ll 
| X=2y=2 
a= 4x+y=9 


34 —X29 


$q—r = 31712 
3p +q =101661 
40 —P = 374932 
m= 2#+0 — 851525 
8 =20 mn = 17405432 
kh= 21 +-m= 35662389 
;$ = 4k +1 = 160054988 
h = 35s —k, = 444592575 

= $gh-þi= 2382567863 
4 Ig —b = 16233472466 
e = 7f+g =116016875125 
d= SS = $63850903159 
t = g3d-þe = 1807569584602 
b = 4c —d = 6666427435249 
a= 2b-þc = 151404244551CO 


and «bring thus found (a number of 14 Figures) the Square thereof (of 27 Fi- 


gures) 
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gures) Multiplied-by i99, (which will be a number of 29/ Figures ) with 1 
added, will be a ſquare number ; whoſe Root will be a numbex*of 1 5 Figures, 

The like I had done before (Epift. 17.) by another Method, (and it may as well 
be done by this) for the Non-quadrate 149. Where I find a = 2113761026; 
(of 10 Figures,) the Square of which (of 19 Figures) 44679856496714 40406, 
Multiplied by 149, wants1 of 665729861801044619601 (a'mumber ot 21 Fi- 
gures) the Square of 25801741449, a number of 11 Figures. 

A Second expedient! (in molt cafes, «ſpecially where the operation would moſt 
run out in length,)-doth yet ſhorten: the work by about one half. 

It depends on this Rule. before ſhewed, that *f 'the Non-quadrate propoſed Mul- 
tiplied by any Square, differ from any other _ (whether greater or leſs than it,) 
by an Aliquote part of a double Reftangle of the Roors of thoſe Squares, the Quotient of 
that divided by this, 15 a Root of the Square deſired. (Suppoſe 2 7 5 divided by arr  {:.) 
W hich muſt necds happen, (as oft otherwiſe, ſoat leaſt) whenever ſuch difference 
is 3, or 2. (For as 1, will divide any Integer ; ſo will 2 divide any even number, 
and therefore 275. ) So that, whenever (in the Proceſs) we find a Multiple of 
the given number by-a Square, to exceed another Square by 1 or 2, or to come 
ſhort of it by 2; we may by the help of any ſuch, find ſuch a Multiple as wants 
but 1 of a Square. Which often happens, and eſpecially when we have moſt 
nced of ſuch a help. © 

Thus 2 (that is, 2x 1;) exceeds 1by 1 ; therefore 2 x 1 x 1 =2, (that is 27) 
divided by 1, is 2 =a; and 2 aa = 8 wants 1 of 9g, which is a Square. And the 
ſame 2 (that is, 2 x1) wants 2 of 4, therefore 2 « 1 x 2 = 4, divided by 2, gives 
2 =4as before. So 3 (thatis, 3 x 1) exceeds 1 by 2, therefore 2x 1 « 1 = 2, 
divided by 2, gives 1 = 4. And 3 (that is, 3* 1) wants 1 of 4, which is a Square, 
and therefore a= 1, Apain 5 x 1 exceeds 4 by 1, therefore 2* 1 x 2 = 4 divided 
by 1, gives 4==4; and 5 x 4x 4 = 80 = 244, wants 1 of 81, the Square of g. 
And 6x 1 exceeds 4 by 2, therefore 2 * 1 x 2= 4, divided by 2, gives 2 = a, and 
6X4 = 24 wants 1 of 25. And 7 x1 wants 2o0f gz thereforeax1 x3 =6 di- 
vided by 2, gives 3 =«. And8x1 wants 1 of 9, therefore 1 = a. And 10 ex- 
ceeds 9 by 1, therefore 2x 1 x 3 = 6 divided by 1, gives 6 = 4. And 11 x1 ex- 
ceeds 9 by 2, therefore 2x 1x 3 = 6 divided by 3, gives 2 = a. And 12 «4 
— 48, Wants 1 of 49; and therefore 2 = 4.. Again, 2x9 exceeds 16 by 2; 
therefore 2x 3 x 4 = 24, therefore #= 12 =4; and naa=2x12 x 12 = 288 
wants 1 of 28g the Square of 17. And the like will hold in greater num- 
bers. ; 

Thus, for Example, ſuppoſing » = 13, we have (in the latter Proceſs for this 
number) 3 bb -|- 1 = 4bc-|- 3 cc, and therefore 2c > b> c: Whence it is ma- 
nifeſt, that if at firſt, for + 1, we had put — 1, it would have been 3 bb — 1 
=4bc+3 cc, and therefore 2c =b, (forthen 12 cen =8cc+ 3cee=11ce 
which will certainly be if we put cc =1.) Therefore c = 1,b(=32c) = 2. 
a(=2b-þ-c) = 5. Whoſe Square. (25) Multiplied by x 3, is 325, whichdoth 
(by 1) exceed (324) the Square of 18. And therefore 2 *« 5 x 18 = 18a, = a, will 
(by that rule) be the Root of another Square, which Multiplicd into 1 3, will 
(by 1) come ſbort of a Square. | 

In like manner, ſuppoſing » = 109; we ſhall (continuing the Proceſs for 
that number as is directed) come at this Equation 16 k/ + 5l/= gkk—1, 
and therefore 3 />k>2/1. Which (if at firſt we had for - 1 put —1) 
would have been 16k 1-+5!1=9gkk +1; and therefore k=2 /. Putting 
therefore k, = 1 , and going backward, we ſhall find «a = 851525, (where 
now ſtands m,) whoſe Square Multiplied by 13, would (by 1) exceed .a Square, 
(continuing the former Proceſs but' to /, which was there continued to y 3) 
and (by help of this ſuccedaneous 4,) find the true a= 151404244 55100, whoſe 
Square Multiplied by 109 ſhall (by one) come ſhort of a Square. 

[n like mauner, ſuppoſing » = 433. Putting 433 =4 4-1 = 441 44— 42 4b 
-+ bb; and continuing the Proceſs as is direCted,we ſhall find 809-1 —=380p-4-9pp, 
and. therefore 5 p > 0> 4p. Therefore, if at firſt had been put 433 44—1) 
it would have been 8 00—1 =380p-+9pp, and gp =o. And from hence 
the ſiccedaneous a= 347483377; whoſe Square 120744697291 324129 Mul- 
Hplied by: 432 gives $2282459327143347857, Which exceeds (by 1) the Square. 
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of 7230660684. And therefore 5025068784834 
899736 (the double Reftangle of the Roots, ) 
is the true « required ; whoſe. Square 25251316 
292322095858983939617172869696 (of 38 
places) Multiplied by 4.33 gives us 1093381 9954 
$75467506949045854235552578368 (of 41 Fi- 
gures) which comes ſhort (by 1) of the Square of 
104564907854286695 717. Which vaiſt number 
is here diſcovered by a Proceſs of 15 Politions. 
Which number- 1s the laſt of the Three (149, 
109, 433, ) Propoſed by. 24. Fermat , as inſupe- 
rable, which aro there all diſpatched, at Eps/f. 
17. 19. 
"aber the ſame Method, thoſe other Two 
propoſed by AL. Frenicle, (at Epiſt. 26) as beyond 
our reachs (namely, 15t and 3133) are ſolved 
alſo, at Epiſt. 37. 29. 


N=433. 


rs 
gp=0=15 
40 -|-p —=S#= 21 
28 4-8 == 47 
3 %-|-# = —= 162 
4l — m=k = 60: 


138-51 =} =7975 


2: -|-kh =h= 16551 
3D =g = 41675 


14g —b =f = 566941 


4j kg, few," 2309442 
3e —f =4 = 6361385 
24 +e =c = 15032212 
4c + d =b = 66490233 
$bor =a= 347483377 


151 * Q: 140634693: +1. = Q; 1728148040. 
313 x Q; 18193801 55564160: + 1, = Q: 321881208291 34849. 


And the like may be done in the ſame manner whatever Non-quadrate be nro- 


poſed. 


And having found one «, we may by that find a Second ; and by it, a Third ; 


and ſo infinitely. For if 744 want but 1 of a Square, ſuppoſe 11; then 2 a/ (or 
which is all one, that divided by the difterence 1,) gives a Second a; and this, a 
Third ; and ſo on. But this expedient though it gives Infinitesz yer not all the 


Squares, but skips over many of them. 


A Third expedient (which may well nigh ſerve as well, if we think fit to wave 
the Second) is this. When we come at the Firſt 2, (or at « the ſuccedaneous of 
it,) inſtead of putting 1 for the difference of that place, we may as well ſuppoſe 


it greater than 1 ,* and then the operation will 
proceed as before till we come at the like caſe 
a Second time; and if we there wave it alſo, it 
will ſo proceed to a Third; and ſo to a Fourth ; 
and ſo on as far as we pleaſe. 

Thns, ſuppoſing (as before) 2 = 13. When 


N=a 1g. 


$=1 
r=2 


q=2r-|-5=5x.e 


p =84—r = 38 


—_— 
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we come at 4ef--3 ff = 3ee—1, and may 
(as before) put e==2f (ſuppoſing f= 1,) and 
ſogo backward tod = 5 (which I ſhall now call 
«, Or the firſt ſuccedaneous 4a,) and ſo to a = 180, 
(which I will now call A:) If we will (as we may) 
ſuppoſe f > 1.3 then will be e<2f: Beir 
e=2f—g (as wehad before b = 2c—4,) and 
ſo onward to 8,B,y,C, (and further if we 
pleaſe,) as in the Scheme adjoined. Where «, 
8, y, denote ( what we call) the ſuccedaneous 4 
(that is 2 4 « —1 equal to a Square,) but A,B,C, 
the true az every of which will give (as is re- 
quired) 244 -þ 1 equal to a Square. 

Where it is obſervable to the eye, that in e- 
very ſtep, (as from « to A, from A to &, from 
8toB, &c,) the form of Proceſs is juſt the ſame 
(as d= 2e+f, anſwering toa=2b -|-c; and 
e=z2f—g anſwering to b=2c—4d; and ſo 


qr m— ORG 
a=20-|-p = 180, A 


m=$n—0 = 1369 

l = 2m—n = 2558 

& = 21 -|-m= 6485. 6 

5 =8k—l =49322 

h = 2s —k,= g2159 
g=2h+i =233640. B 
f =8g —b= 1976961 

e =2f —g = 3320282 
d =2e +f =8417525.% 


c=$4—e = 64019918 
b =2c —d=119622311 


a=2b-|-c =303264540.C 


Qc. &c. 


every where ;) till we pleaſe to give over the Proceſs as is here done at r,s. Which 
renders the continuation of the Proceſs (after the firſt «) very eaſy; only by re- 
peating the ſame Multiplications, Additions and SubduCtions, that were before. 


And 
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And we may here obſerve alſo, (that by the Rule aforeſaid) as from «, we. 
may find A; ſo B from A, and C from 8, and Dfrom B, and E from y, and F from 
C, and ſo onward.” But it may fo happen ſome- 


N =21. times, that in the Proceſs, «, 8,4, &c. appear not 
d=1 at all, but only A,B,C, &c; Asif »=3, or 
c=24=2. @ = 7, and many the like caſes. Which. yet hinders 


not the Proceſs. 


BE S=g Fourthly 3 In caſe » (the Non-quadrate propo- 
=" 30+c= 124.4 ſed) be not aprime number, (as are thoſe Lins. 
e=104—b=15 mentioned , 13, 109, 249, 151, 313, 433,) but a 
f= 2e—a=218. 8 Compound number, (as 21 3x #4,) the ſame ex- 
—_— mr pedient will ſerve with ſome little alteration. For 
| on = as oo 53! B it may ſochance, that (as before) «, #,, (for the 

= 2gT/= 1320: ſuccedaneous 4) may not appear at all : Or if they 
5 =10h—g = 12649 do, that then ” « a may not exceed a Square juſt by 
kh= 21—h=23978. y 1, but by ſome other Aliquot part of the double 


Re(t-angle. In which caſe, the forms for a, 8 
{= 2k-+i=60605 &c. gy like among themſelves) may hoe 
m= 21 +k=145188. C . 
CITY OY be juſt the ſame as thoſe for A, B, C, &c, As 
&c. &c. for inſtance, in the Scheme adjoined ; putting 
. 5 = 26, 
A Fifth expedient is that of Epiſt. 14. and 17. for finding a continued Series 
of other Squares after the Two firſt found as before. Let » be the Non-quadrate 
propoſed ; r the Root of the Firlt Square (found 
7 Into 1 7 into 1 as before) and e=24: nrr+ 1. : Then is, the 
' t firſt ſuch Root r, (or r into 13) the Second, r into 
Et—T #4 t; the Third, rintortr—1. And fo forth, asin 
f3—28 x the Table adjoined. Wherein the numbers pre- 
1 —3 tt 1 y fixed in the Firſt Column are Monadicks , or U- 
Z 
A 


15 —4t3 +3t nites z in the Second, Laterals; in the Third, Tri- 

15 —51t+-6it—1. angulars; in the Fourth, Piramidals, (made by the 

Cc. &c. continual Addition of Triangulars;z ) and fo on- 

ward. Or thus, if fors, *ztr —1,t*—2tr, &; 

we put t,#,x, &c: Thenis, 4 =tt—1, x=tu—t, y=tx—h, A =tya-x, 


and ſo on. Or thus, ſuppoſe » = 3 ; then is ſuch Series the Reſult of this con- 
tinued Multiplication 


zZintoQ:1x3z3x34x34ix 34: x 3 425x &c, 
If » = 2, then 


21nto Q: 2x FEx5 ix gi2xg i62ug 25x &c., 


And the like in other Caſes ; where the Firſt and Second being found as before, 
the reſt are continued in this order ; namely, the Numerator of the adjoined 
FraCtion ſtill equals its Denominator wanting the Denominator next foregoing 
and the Denominator is equal to the Numerator of the Term foregoing turned 
into an improper Fraction. 

A Sixth expedient is this: Having found (as in the expedient laſt mentioned, 
or otherwiſe,) ſuch a Series for any expoſed Non-quadrate ; ſuppoſe for » = 2: 
We may have thence a like Series for the Multiple of ſuck Non-quadrate by any 
Square number ; ſuppoſe by mm, as «mm; (for finding »mmaa.) Namely, by 
dividing the Series of Roots already found, by » the Root of ſuch Square ; (that 
1s, ſuch of thoſe Roots as are capable of ſuch Diviſion ; which happens ſometimes 
in every place, ſometimes in every Second place, ſometimes in every Third; 2 
ſo forth.) la this manner. | 


/ 


2 into - 
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8, intoQ;1x5px52x5 x5 122 x5;244, Ge, 
18, imo Q:4x33i*33%2 x 33 4224 &c. 
32, into Q;3x39t*3334* 33 24% Sc. 
52, into Q: 14* 1973x197 133 Oc, 

72, into Q: 2x 33x 33 43*33 724% Oc. 
98, Into Q): 10 x 197 ! x 197 of Ec. 

128, into Q:F1x &c. 

162, Into Q: 1540x &c, 

200, into Q: 7x197 tx 197 138 Oc. 

242, into Q: 1260 x Cc, 

288, intoQ: 16x 33 $x 3344 x33 424% cc, 


2, into Q: 2x 5Þx5 {x 5342x5232 x 57784, Se, 
d 


That 1s, 


2, into Q: 2, 12,70, 408, 2378, 13860, &«, 
8, into Q: 1, G, 35, 204, 1189, 6930, Ec, 


18, itoQ: '4, 136, 4620, Ec. 

$2, iQ: y, 20a, 3465, &c. 

5o, into Q: 14, 2772, &c. 

93, io Qt 3, 68, 2310, &c, 

98, into Q: 10, 1980, &c. x 
128, into Q: Fl, . 
162, into Q: 1540, &c. ; 
20c, into Q: ", 1 386, - &c. 
242, into Y: | | 1260, Cc. 
255; into Q; . ob, ..,. 364. 1155, &c.. 


More Expedients may be there ſeen in the places cited : And others may far- 
ther offer themſelves in praCtiſe, it any ſtall think it worth the while to purſue 
the Inquiry. Wh, | 

What = the Methods of 41. Fermat or A. Frenicle! herein, I cannot tell : 
For though they ſeat us many challenges, (which were performed by us,) yet they 
would neyer beſo kind, (thoughſometimes they ſeemed to promiſe ir,) as to let 
us know how themielves performed any of thoſe Problems which they propoſed 
to us; (ſave only a lame accopnt, in 4. Freznigle's Book on this occaſion, of ſome 
little of what is here perfectly delivered ; and that after it had been here done 
much better.) But l think we may well be confident (from their manner of ma- 
naging theſe conteſts,) that if they had better Methods than thoſe of ours, they 
would have gloried in out-doing us therein. But when they ſaw that we had with- 
out their help, found Methods of our own, as good or better than theirs, they 
thought it fit ro conceal their own. 

But that which I aim at, in diſcovering theſe Methods ; is not ſo much for this 
one Queſtion, (which perhaps may nor deſerve it) as to give a Patern, how 0- 
ther Numeral Queſtions of like nature (or eveii more perplexed than this) may 
in like manner be ſolved by continual approaches, till we come to a coincidence, 
even without an Infinite Proceſs. / T0032 

There remains but one thing further, concerning this Queſtion, (which was 
defore intimated :) Namely, whether for every ſuch Non-quadrate propoſed, 
there may be (as is affirmed) ſuch a Square z- (of 'which we are to ſpeak in the 
next Chapter :)-Bur that, if one, there may'be Infinites, (and how to be found,) 
ls ſhewed already. | - 
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CHAP. XCIX. 
The fame further purſued. 


HE Propoſition of the foregoing Chapter is this, ny (Inreger) Nos. 
quadrate number being propoſed, as n;, there are (in Integers) Squares jn. 
ninicrable, as aa, which being Multiplied into that Non-quagrate, andthe 
Product uicreaſed by 1, Will mcke a Square: Suppoſe n4a+ x =|| 

The Theorem is to be demonltrated z and the Problem to be ſolved, How to find 
ſuch Squares for any Non-quadrate propoſed. | 

This hath been already thus far conſidered the former Chapter. Namely 

That it is at leaſt in FraQtions, univerſally true, ( that ſuch Squares may he 
found, and how to find them,) whatever be the number propoſed, Quadrate or 
not Quadrate ; Integer or Fradcted. 

Thar, in Intepers, it canaot be dane, if the number propoſed be it ſelf a Square 
but for Non-quadrates anty. | | : 

That in caſe any one ſuch Squaxe may be found , in Integers, there may be 
found Infinites of ſuch ; and how they may be found. 

That ſuppoſing (in Integers): oge ſuch Square poſſible 3 a Method: is ſhewed 
how it may certainly be found; and therefore Infinites of ſuch. ; 

But it may yet be a Queltion, whether ſuch preſcribed Method will always come 
to a Determination; or may not ſometimes run on infinitely (withonr ſhewing 
any ſuchz) as would the. Method; for ſeeking a common Meaſure, if applyed to 
Incommenſurable Quantities. 

It remains therefore to be Demonſtrated, That whatever: (Integer) Non-qua- 
drate be propoſed; there is. (un Integers) ſuch.a Square poſſible: And'conſequent- 
ly, Infinites of ſuch. Which I ſhall firſt inquire (by way of Analytical Inveſti- 
gation). whether true or not z, and then Demonftrate it ſyntherically. 


The Inveſtigation. 


16-4441 be an Integer Squaze 3, then is. /:-44+|-1'; (the Root of it) an 
? : 


Integer number. W hich.muſt be greater than a;y/.», but leſs than ay n+ hoon 
| 24of # 


(For the Square of the former will ben aa; and of the latter za «—- pofrmendss 
"7 5 4s 
And becauſe the numbers 4, are by.conſtruttionIntegers ; therefore — 

' : a, 2 a A 4: p 
(the diffexence-6f' thoſe limits Y is leſs than 1. And conſequently y/ wy "4 
muſt he that Integer which doth next exceed the Surd 4 y/ 115 and by an excelsleſs- 


than — | | 
 _,&44/#a 1-48 

Let wbethenext Integer. number greater than y#; 
theComplement of this tothar, p=mm=yn;et; 

.. .z.. Andtherefore the Complement of a4/ to: «1! wil 
IR beiep =anwawl7; | | 
oP. ia ſo an-Integer number next- greater than the 

918 raw 4 #: LEP | = e656 

"Ps 95 And becanſe.ep;. the:Complement of ſuck Surdtd' 

OPASR NP” am may be greater than 1 ; (for though p'be 16 than 
7, yet ap may be greater :) let z be the Integer next 

leſſer than «p. And therefore that taken from this, 

leaves the Complement of 4 /#, to / (the next Integer greater than it) 4Þ—. 

i 


« - —  - — 


=l—ay/t, <a 7 


I Yr Y 
Put WE —= OI, a CP — . — . 
qa, r: Se Therefore - "377 27> ap —z: Andaap az <r. 


od and 
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v: 22 4pr: +z 


and therefore (by the Do&rine of Equations) 4 < ——- : and 
2 
4:22 -j-4prifz , 
f S—_— 


But (as before) = < ap ; therefore - <P. 


v:2&-|-4pr:+z : | 
p - Which are the limits. 


Z 
Therefore - <p< 
Which Reſult is no ways impollible. For Two rational numbers a, z, may be 


ſo taken, as that — may be leſs than p, but want of ir io little as that the 
difference may be leſs than any aſlignable ; and therefore ſo little as that 


*L2Z-1-5D0Y:;4-Z . 
vi 7 + may be greater than it. And therefore the cafe always poſlible: 
2 


If any doubt of that Lemma, it may be thus proved. 


4 
itt it is , that z,4, may be ſo taken, as that — may be a Frattion (in 
Certai aA 


Rationals) leſs than the froperes (Irrational) p, yet come ſo near 2s to want 
leſs thas any ailignable difference. Let ſuch minute difference be y ; and therefore 


| * | & 5:4 of = z 
<+5 =p. tis further required, that ; +y (=p)< COnmoge —_ 
a | | Ma 24 
That is, 2z-|-24y<y/:zz +4pr: +z. That is (fubduQting Equals, ) 
z+24y<E y/:z=+4þr: And (taking the Squares) 224+ 4zay + 4a4yy 
zz 4-4pr. That B, 4z4y+Fqaayy< pr; of Zhy- aayy< pr. 
Be it 249 44yy =pr —s (2 poſitive quantity, or more than © ; and 
therefore 5 leſs than pr.) And therefore (the Affirmative Root of that Equa- 

/*ZLL% Fm $; 2, :4 — i — 
1 TS EDS (bf _ ES 
A 
=y. Which is poſſible; and therefore the Lemma well aſſumed. 
__ PR” VEE | pr —$:—z 
I add, ex abundant; ; Dividing both by y,' we have - — 
=4. Therefore, taking = at pleaſure; if we ſo take y, as that a thus deſigned 
Z 
be 4 Rational Quantity (not a Surd 3) and ſo great as that - be leſs than p; we 


then have the 4,anſwering to that z z which if it provea Fration, Reduce both toa 
common Denominator,and (rejecting it) reſerve the Numerators for z4,in Integers, 


The Derh1onſtration. 


The:nuntber #being a Non-quadrate; and'therefore 4/7 Sard : Let m be the next 
integer greater thawir-z and therefore-the Exceſs leſsthan't, That is, m—y/n<< 1. 
4, oof | - 
-Put we p= Fn af re and PF == 20 
| # | 
And ler Two Integers z; 4, beſo taken, as that -” be leſs than p, but 


. "7 . T3 | 4 Wo - - 
uv nd —» greater than 1t. That is - <p< y TS TE 
F 


hich hari hay bedone, we have proved alteaty.) 
Therh, becatiſt = <p, ant'z<< ap; therefore'is ap— x a/poſitive quatitity, 

or mores thran'o: - 
Again, becauſe p< 


YL EF STE, herefore 24 p<v/125Þ+4proþ4, 


and 


n 
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and 2 a4p—z <y/:2z-|-4pr. And (taking the Squares) 4 4app — 4 apz 
+ z22<z2-|-4pr. And therefore 444pp—44pz<4pr. That is, a«p 
: 


- 
—42<r; and 4þÞ —=i<C vn, That 1s, 7c AM—A LL 


I 
———, Therefore am —2<Ca,y'n- 


244/07 244n 
But (as before) ap —z, that is 4mM—ay/ n— %, isa Poſitive quantity. And 


theretore am — z >> Ay the : 
Since therefore 4» — Z (which we will now call) is an Integer, ( becauſe 


I 
a, 11, Z, are ſo,) greater than av x, but leſs than ay » ST : the Square 


of this will be an Integer, greater than aa (=Q: ay n:) but leſs than naa+1 


| I I , 
-|- (= Q:a/n+-[- ——_ :) between which there comes no other Integer 
a 


4naa 
but a4 1: Therefore the Square of | =am—z, is the very ſame with 


naa4-1; which is therefore a Square number. 

Ir is certain therefore, that for any Integer Non-quadrate #, there is an [nte- 
ger Square 4a, (which will make 244 -þ-t a 2 are number,) and therefore In- 
finites of ſuch : Which was to be demonſtrated. And how ſuch may be found, 
. was ſhewed before. 

I might here (out of this conſtruftion) ſhew another Method for finding ſuch «; 
namely, by taking z, 4, ſuch as is here directed; and ſhew expedients how theſe 
may be readily fonud. 

But the former method is ſufficient. Which I propoſed, not ſo much in refe- 
rence to this ſingle queſtion (which hath been ſufficiently purſued already,) but 
as a Specimen for ſolving other Numeral Queſtions, to which that, or other ſuch 
like Methods may be applyed. And therefore I ſhall purſue the preſent queſtion 


no farther. 


CHAP. C. 
A Concluſion of the whole. 


Shall here conclude this diſcourſe,which I have the rather undertaken, to ſa- 

tisfy an Obligation which might ſeem to lye upon me, from an intimation 

(in the clcſe of my Matheſis Univerſalis, or Opus Aruthmeticum,) as if 1then 

intended to publiſh a Treatiſe of Algebra. Since which time I have beendi- 
verted from what I then intended, 2nd put upon other Studies. 

Much of what I might then have ſaid, hath been ſince ſaid by others : Which hath 
therefore made it leſs neceſſary for me to diſcourſe the ſame things again at large. 
I have choſen therefore herein, to give a brief account of Algebra ; from what 
Principles, and by what ſteps it hath made its Progreſs ; aud to what: paſs jt is 
arrived at this day: Pointing ſhortly at what hath been done already ; (yet not 
ſo ſhort, but that it may clearly be underſtood,) with the true grounds and natural 
Oorigine of ſuch proceedings: Adding all along (of my own) what ſeemed proper 
for-the ſupplying of defects, or clearing what was obſcure. | | of 

[ ſha!! make no Apology for writing it in Ergliſh ; though moſt of what I have 
hitherto publiſhed m Mathematicks, be written in another Language. 'For fince 1 
find thoſe of other Nations inclinable to write in their own Language, (as judging 
thoſe concerned to learn their Language, who have a mind to underſtand their 
Writings;) they have no reafon to take it amiſs that I do the like. I have there- 
fore thus done it, to gratify thoſe of our own-Nation; many of whom 1 find very 
capable of theſe Studies, without being expert Maſters of the Latine Tongue 3 
nor is It any prejudice, to thoſe who underſtand both our own Tongue, : and the: 
Latine alſo. | fp | 
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